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1. Introduction

Exceptional objects and exceptional sequences have been studied in various contexts. The terminology
“exceptional” was first used by Rudakov and his school [33] when dealing with vector bundles on the complex
projective plane P2, or more generally for del Pezzo surfaces. They proposed a useful way to construct
exceptional objects from given ones by means of left and right mutations. These mutation operators induce
an action of the braid group B, on the set of exceptional sequences of length n. Bondal and Polishchuk
conjectured in [4] that the semi-product of the braid group B, with Z™ acts transitively on the set of
complete exceptional sequences for any triangulated category which is generated by an exceptional sequence
of length n.

For a finitary category A over an algebraically closed field, which is a hereditary length category,
Schofield [36] exhibited an algorithm to construct all exceptional objects in A. This algorithm is in fact
effective for any field by Ringel [32]. By using Schofield’s algorithm, Crawley-Boevey [6] showed that the
braid group acts transitively on the set of complete exceptional sequences in the module category of a finite
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dimensional hereditary algebra over an algebraically closed field. A simplification of the proof and a general-
ization to hereditary Artin algebras were given by Ringel [28]. Later on, Meltzer [21] proved the transitivity
for the category of coherent sheaves over a weighted projective line. More generally, the transitivity also
holds for any exceptional curve (cf. [16]).

Given a finitary hereditary abelian category A, we have the so-called Ringel-Hall algebra H(A) [26,27].
For a finite dimensional hereditary algebra A over a finite field, which is of finite representation type, Ringel
proved that H(A) := H(modA) is isomorphic to the positive part of the quantized enveloping algebra
associated to A. For any hereditary algebra A, Green [11] introduced a bialgebra structure on H(A) and
showed that the composition subalgebra C(A) of H(A) generated by simple A-modules gives a realization of
the positive part of the corresponding quantized enveloping algebra. Based on works of Ringel and Green,
Xiao [38] defined the antipode for the extended Ringel-Hall algebra #(A) and proved that H(A) has a
Hopf algebra structure. Moreover, he showed that the reduced Drinfeld double Hall algebra of A provides a
realization of the whole quantized enveloping algebra associated to A.

The exceptional objects play central roles in the connections of H(A) with Lie theory. Indeed, as men-
tioned above, the composition subalgebra C'(A) is defined via simple A-modules, which form a complete
exceptional sequence when suitably ordered. Moreover, each exceptional module belongs to C(A) for any
hereditary algebra A by [41,7]. But in general, an exceptional sequence may not provide building blocks for
C(A). The reason is that the simple generators can not be built from a general exceptional sequence by
using the Ringel-Hall multiplication. This problem has been resolved in [7] by introducing new operators
in H(A), the so-called left and right derivations, to serve as a kind of “division”. However, the situation
is different at the level of categories. Namely, the subcategories generated by two mutation-equivalent
exceptional sequences (in the same orbit under the action of the braid group) always coincide, see for
instance [6].

The purpose of this paper is to establish a framework rather than #(.A) in which mutation-equivalent
exceptional sequences play the same role. We intend to deal with the reduced Drinfeld double Hall algebra
D(A), which can be roughly thought as two copies of H(A). In fact, we will show that the subalgebras of
D(A) generated by mutation-equivalent exceptional sequences coincide. This follows from explicit expres-
sions of mutation formulas in D(.A), see Propositions 3.2 and 3.3. These formulas give an accurate recursive
algorithm in D(A) to express each exceptional object in terms of any given complete exceptional sequence.
In particular, for a finite dimensional hereditary algebra A, we obtain the explicit recursion formulas in
D(A) to express each exceptional module via simple modules. We remark that the results in [37] imply
that the derived Hall algebra of A, which can be thought as infinite copies of H(A), also fits our desired
framework.

The paper is organized as follows. Section 2 gives a brief review on Ringel-Hall algebras and their
Drinfeld doubles, as well as the braid group action on the set of exceptional sequences. The main results of
this paper are stated in Section 3, but two alternative proofs of Proposition 3.2 are given in Sections 5 and
6 respectively. In Section 4 we treat the projective line case as a typical example, and in Section 7, we give
the paralleled results in Lie algebra case. The last section includes some applications.

Throughout the paper, let & be a finite field with ¢ elements, and v = ,/g. Let A be a finitary (essentially
small, Hom-finite) hereditary abelian k-category, and we always assume that the endomorphism ring End 4 X
for each indecomposable object X € A is local. For each object X € A and positive integer n, we denote
by nX the direct sum of n copies of X. Let &2 be the set of isoclasses (isomorphism classes) [M] of objects
M in A, and indA be the complete set of indecomposable objects in A. We choose a representative V, € «
for each a € . Let A\, A2 € &2, we denote by Vi, 1, the direct sum V), @ Vy,. Let K(A) denote the
Grothendieck group of A, and we denote by t = t4 the rank of K(A). We write MeK (A) for the class of
an object M € A. For a finite set X, we denote by |X| its cardinality. For each A € & we denote by ay the
cardinality of the automorphism group of V). Let A be always a finite dimensional hereditary k-algebra, and
denote by modA the category of finite dimensional (left) A-modules. Let X be always a weighted projective
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line over k of weight type (p1,p2, - ,p:) in the sense of [10], and denote by coh-X the category of coherent
sheaves on X.

2. Preliminaries

In this section, we review the definitions of Hall algebras, exceptional sequences and quantum binomial
coefficients, and collect some necessary known results. Let A be a finitary hereditary abelian k-category.

2.1. Drinfeld double Hall algebras

Given objects A, B € A, let

(A, B) = dimyHom 4 (A, B) — dim;Ext!, (4, B).
This descends to a bilinear form
(=, =) : K(A) x K(A) — Z,

known as the Fuler form. The symmetric Euler form (—,—) is given by («, 8) = (o, 8) + (8, ) for any
a,f € K(A).

The Ringel-Hall algebra H(A) is by definition the C-vector space with the basis {u,|a € &} and with the
multiplication given by uqaug = vleh) Yorew ggﬁu,\ for all a, 8 € &, where géﬁ is the number of subobjects

X of V, such that V)/X and X lie in the isoclasses a and f, respectively. By Riedtmann-Peng formula
[24,22],

v [Bxty(Va, V)| ax
928 = THom4(Va, Vi) @aap’

where ExtY (Vi V3)v, denotes the subset of Ext’y (V,,, Vj) consisting of equivalence classes of exact sequences
in A of the form 0 = Vg — V), =V, = 0.

Let K = C[K(.A)] be the group algebra of the Grothendieck group K(.A). We denote by K, (resp. Kyy)
the element of K corresponding to the class o € K(A) (resp. the object M € A). The extended Ringel-Hall
algebra is the vector space H(A) := H(A) @c K with the structure of an algebra (containing H(A) and K
as subalgebras) by imposing the relations

KauM = 'U(a7M)uMKom fOr any « € K(A)7 M € A,

where and elsewhere we write ups for upy if M is an object in A. Green [11] introduced a topological
bialgebra structure on 7:l(A) by defining the comultiplication as follows:

A(urKy) = E v<°“’5>azﬂggﬁua[(wrV ®@ugK,, forany A € Z,v € K(A).
A
a,BeP

Moreover, there exists the so-called Green’s pairing (—, —) : H(A) x #(A) — C given by the formula

6 ’
(ur Ko, ux Kg) = OAN = (e8)
ax

This pairing is non-degenerate and satisfies that (ab, c) = (a ® b, A(c)) for any a,b, ¢ € H(A). That is, it is
a Hopf pairing.
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Now we introduce the reduced Drinfeld double of the topological bialgebra H(A). For this let H*(A)
be two copies of H(A) viewed as algebras, and write their basis as {uf K|\ € 2,y € K(A)}, and the
comultiplications are given by

+ By @adp N 4 +
Auy K,) = Z vl ﬁ>z—>\ga[3uo¢ Kipiy @ug K.
a,feP

The Drinfeld double of the topological bialgebra #(A) with respect to the Green’s pairing (—, —) is the
associative algebra D(A), defined as the free product of algebras H T (A) and H~ (A) subject to the following
relations D(a,b) for all a,b € H(A):

Z(al,bg)bf *ay = Z(ag,bl)a{ * by, (2.1)

where we write A(cF) = Y. ¢ @ i in the Sweedler’s notation for ¢ € H(A) (see for example [5]). The
reduced Drinfeld double D(A) is the quotient of D(A) by the two-sided ideal

[=(Ka®1-1®K_o,a € K(A).

For each object M € A and ¢ € Z, we sometimes also write K3, for K, ;. We have the following
fundamental result of the reduced Drinfeld double Hall algebras for finitary hereditary abelian categories
due to Cramer.

Theorem 2.1. ([8]) Let A and B be two finitary hereditary abelian k-categories such that there exists an
equivalence of triangulated categories F : D*(A) = D®(B). Then there is an algebra isomorphism ® :
D(A) = D(B) defined by: For any o € K(A), ®(K,) = Kp(a); and for any object M € A such that

F(M)= N[-n] with N € B andn € Z,

@(Uﬂ) — ,Ufn(N,N>uﬁﬁK1:{:/n’
where .=+ (resp. —) if n is even (resp. odd).
2.2. Ezceptional sequences

An object V,, € A is called exceptional if Exti\(Va, V..) vanishes and End 4V, is a skew field. In our case,
it is a field. A pair (V,, V) of exceptional objects in A is called ezceptional provided

Hom 4(Vs, Vi) = ExtYy (V3, Vi) = 0.

A sequence (Vo , Vay,, -+, Va, ) of exceptional objects in A is called exceptional provided any pair (Va,, Va,)
with 1 < i < j < r is exceptional. It is said to be complete if r = t4, the rank of the Grothendieck group
K (A). For any exceptional pair (V4, V3), let €(Va, V) be the smallest full subcategory of A which contains
the objects V,, V3, and is closed under kernels, cokernels and extensions. As an exact extension-closed full
subcategory of A, €(V,,Vp) is itself abelian and hereditary, which is derived equivalent to the module
category modA, where and elsewhere A is a finite dimensional hereditary k-algebra with two isoclasses of
simple modules ([13,14,17]).

According to [3,6,7,28], for any exceptional pair (V,, V3), there exist unique objects L(a, 5) and R(«,
with the property that (L(«, 8), Vo) and (V3, R(a, 8)) are both exceptional pairs in A. The objects L(«,
and R(a, ) are called the left mutation and right mutation of (V,,Vs), respectively. Moreover, if £
(Vays Vags +, Vi) is an exceptional sequence, for 1 < i < r, we define

B)
B)
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L &= ( aps "t ’Vai—17L(ai7ai+1) V V iy T 7Va7~)a
R g - ( oyt Vai71 ) Vai+1?R(ai7 ai+1)7 VozH,za Tty Var)-
Then L;€ and R;E are both exceptional sequences.
Recall that the braid group B, in r — 1 generators o1, 09, - -+ ,0,_1 is the group with these generators and

the relations o;0;410; = 04103041 forall 1 <7 <r —1 and 0305 = 00, for j > i+ 2. The braid group B,
acts on the set of all exceptional sequences of length r via ;€ := L;€ and o} 1€ .= R,E. Two exceptional
sequences of length r are said to be mutation equivalent if they belong to the same B,.-orbit.

2.8. Quantum binomial coefficients

In Hall algebras, the following notations and relations are frequently-used. Let i,l be two nonnegative
integers and 0 <4 <, set

t=1
and
¢ - : m
(2)
Then |I] = o =1[1], |I! = v\2/[1]!, H] vi=9) [ |. For a polynomial f € Z[ ~1] and a positive integer d,

we denote by f(v)q the polynomial obtained from f by replacing v by v?
The following lemma is well-known (see for example [30]).

Lemma 2.2. For any integer | > 0,

> ] =o. 22)

For any exceptional object V € A, set ui(t) = 1/([t]Yen uy" in the reduced Drinfeld double Hall algebra
D(A), where €(A) = dimgEnd 4 V). We have the identity ui( ) = = (vt

3. Main results
In this section we state our main results of this paper. For any exceptional sequence £ = (Va,, Va,, -+, Va,)

in A, we denote by Dg(A) the subalgebra of D(A) generated by the elements {ul , Kq,|1 < i < r}, and
call Dg(A) the subalgebra generated by &.

Theorem 3.1. Let A be a finitary hereditary abelian k-category. If two exceptional sequences £1 and E; are
mutation equivalent, then Dg, (A) = Dg,(A).

Proof. Let r be the length of & and &. By induction, we assume that & is obtained from &; by one step
left mutation (resp. one step right mutation), i.e., & = L;(&1) (resp. £ = R;(&1)) for some 1 <4 < r — 1.
Moreover, by the definitions of L; and R;, we know that & and & only differ in two components. Thus we
assume that & and &; have length r = 2 without loss of generality. In this case, by [13,14,17] we know that
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the category €(&;) is derived equivalent to modA for some hereditary k-algebra A with two isoclasses of
simple modules for ¢ = 1,2. By Cramer’s Theorem 2.1, which states that the Drinfeld double Hall algebra is
derived invariant, we further assume that € (&) is just modA. Now the result follows from Proposition 3.2
(resp. Proposition 3.3), which gives an explicit expression of uf for the left mutation L(a, 5) =V, (resp. of
uf\c for the right mutation R(a, 8) = V3) in u, ug:, Ko, K4 for any exceptional pair (V,, V3) in modA. O

Let (Vi, V) be an exceptional pair in modA. Denote by e(a) = (o, o), e(8) = (5, 8), and

(o, 8)

(o, )

(o, 8)

e f) = 3.8)°

, m(a, B) =

The following two propositions provide explicit formulas in the reduced Drinfeld double Hall algebra for the
left mutation and right mutation respectively.

Proposition 3.2. Let (V,,V3) be an exceptional pair in modA with the left mutation L(a, B) = V.
(i) If (o, B) <0, then
n
Z (ve(@yn=iyE =iy i ut;
7=0
(if) If ndimV,, > dim V3, then
n . . . .
u$ = v P Ky Z(_l)J (UG(@))—("—1)("—7)ug("—J)ugug(ﬂ;
j=0
(iii) If 0 < ndimV, < dim V3, then
u$ = K+na Z(_1)1’(ve(a))—(n—l)(n—j)U;F(n—j)ug:ui(j).
J=0

Proposition 3.3. Let (V,, Vg) be an exceptional pair in modA with the right mutation R(«, 8) = Vi.

(i) If (o, B) <0, then

uy = Z(*l)j (Ue(ﬁ))mfjuét(j)ui:u;(m_j);
7=0

(ii) If mdim Vs > dimV,, then
uE = (@) 3 (1)1 (uFD) D)y ) Ty ) g

J=0

(iii) If 0 < mdim Vg < dimV,,, then

wf = Y (1) (D) D med)y FO iy B

Jj=0

Kimﬂ-



256 S. Ruan, H. Zhang / Journal of Pure and Applied Algebra 224 (2020) 250-271

Let Dg(A) be the subalgebra of D(A) generated by all K,,a € K(A), and all uf corresponding to
exceptional objects V) in A. We call Dg(A) the double composition algebra of A.

Proposition 3.4. Let A and B be two finitary hereditary abelian k-categories. If A and B are derived equiv-
alent, then Dg(A) = Dg(B).

Proof. By Cramer’s Theorem 2.1, the derived equivalence between .4 and B implies an isomorphism between
their Drinfeld double Hall algebras. Moreover, note that the derived equivalence preserves exceptional objects
in both categories. Thus Dg(A) = Dg(B). This finishes the proof. O

Theorem 3.5. Let A be a finitary hereditary abelian k-category. Assume that A satisfies the following con-
ditions:

(i) there exists a complete exceptional sequence in A;
(ii) the action of the braid group B, on the set of complete exceptional sequences in A is transitive;
(iii) for any exceptional object E € A, there exists a complete exceptional sequence £’ in A such that E € £'.

Then for any complete exceptional sequence £ in A, Dg(A) = Dg(A).

Proof. Obviously, by definition we have an inclusion Dg(A) C Dg(A). To finish the proof we only need to
show that for each exceptional object E in A, the generator u3, of Dg(A) belongs to Dg(A). For this, choose
a complete exceptional sequence £’ in A such that E € £'. By transitivity we obtain that Dg(A) = Dg/(A)
according to Theorem 3.1. This finishes the proof. O

Corollary 3.6. Let A = modA for some finite dimensional hereditary algebra A or A = coh-X for some
weighted projective line X. Then for any complete exceptional sequence € in A, Dg(A) = Dg(A).

Proof. By [6,28] and [16] we know that A satisfies the conditions in Theorem 3.5 in both cases. This finishes
the proof. O

Remark 3.7.

(1) In the case A = modA, the simple A-modules form a complete exceptional sequence when suitably
ordered. Hence the double composition algebra of A can be defined via simple modules, which in fact
has been adopted as its original definition, see for example [27,38]. Moreover, in this case, the above
result is closely related to [7, Corollary 5.3]. For this we only need to observe that, under the natural
embedding

H(A) = D(A);uq — ul,a € 2,

the left and right derivations ;0,d; of H(A) associated to each simple A-module S; are related to the

adjoint operator [u; ,—] (see for example [20, Proposition 3.1.6]).

(2) In the case A = coh-X, the double composition algebra Dg(A) appears in different contexts, which will
be discussed in detail in Subsection 8.3.

4. Typical example

In this section, we consider A as the category coh-P! of coherent sheaves on the projective line P! over k.
The Ringel-Hall of coh-P! has been widely studied, which are closely related to the quantum affine algebra
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U, (522), see for example [15,1,35,5]. This is our original example for Theorem 3.1, and the content in this
section itself is of interest.

For the category coh-P1, it is well-known that the exceptional objects coincide with the indecomposable
vector bundles, which are all line bundles by [12] and hence have the form O(i),i € Z. Moreover, each
exceptional pair in coh-P! has the form (O(i), O(i + 1)), i € Z. In this case n = n(O(i), O(i + 1)) = 2 and
m = m(O(i),O(i + 1)) = 2. The left (resp. right) mutation of (O(i), O(i + 1)) is O(i — 1) (resp. O(i + 2)),
which comes from the following Auslander-Reiten sequence for j =4 (resp. j =i+ 1):

0—0@UH-1)—0(HdO(H) — O(G+1)—0.

We will give explicit expressions in the reduced Drinfeld double Hall algebra of coh-P! for the elements

“(io(iq) and u(ig( ) corresponding to the left and right mutations of the exceptional pair (031),0(i + 1))

i+2
respectively.
Recall from [35] that for any j € Z,

+ _ . * + + + -+ +
Alug()) = o) © 1+ Ko @ o) + kzo Ok Ko ©Uog-r (4.1)
>

The elements @f, k > 0 play important roles in the study of D(coh-P!), for its concrete definition we refer

to [35, Example 4.12]. We emphasize that ©F = (v —v~') Y u¥, where S; denotes the set of torsion
SeS,

sheaves of degree one, and |S1| =g+ 1. Let 6 = (5(?) — O. Then
AOF) =05 @14+ Ki5®0F and (0F,07)=q—q¢ L. (4.2)

Proposition 4.1. For any i € Z,
2
+ _ ot j -1, E(2—5) +(7)
Uoii-1) = Kot Z(_l)]vj Yo(s) “E(z’“)“ou‘)'
=0

71—

Proof. By duality, we only show the formula for “25( 1)- Using (4.1) and (4.2), we obtain that

T - + = (-
Ui Yoty = Yo+ ow T 01 Kow (Uou to))
_ - + 1o g
= UpynUon T (@—1)7 01 Kp;),
and

uSHO1 = Or U + K_sup; 1) (0 Kogi-1),07)

7

= @fug(i) + (¢ — qil)K_(;ug(i_l).

Hence, ©] = (¢ — 1)[ug(i),u5(i+1)]K@(i) and uz(ifl) = (q— q_l)_lKg[uJ(g(i),@f]. Observing that K is
central and Ko ;) Ks = Ko(i+1), we obtain that

+ _ -1, +(2), — + = + - +(2)
Uo(i-1) = Ko(iv1)(v Uo (i) Yo(i+1) ~ Yo Yo+ %o T Wo<¢+1)uo(i))- o

Proposition 4.2. For any i € Z,

2
+ _ i, j—1, () +(2—7)
Uo(it2) = Z(_l)w “0(Z+1)“E(i)“0(z’+f) Kg(z‘)'
=0
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Proof. By duality, we only show the formula for ug(i +o) Using similar arguments as those in the proof
of Proposition 4.1, the element @f can be expressed by the elements in D(coh-P!) corresponding to the
exceptional pair (O(i), O(i + 1)) as follows:

Of = (¢ = Vlugyy usasnEop-

On the other hand, by definition 0] = (v —v™!) Y ug, and for any S € Sy,
SeS1

O@es _ O(i+2) 3 SO0+ _

Jo@),s = 9s,0¢+1) = 95,06i+1)
Hence,
+ot
Ch Uo(ir1) = (v—v" Z us O(H—l
SeS1
_ -1 8,0(i+1 + +
=(w—vY) Z {806+ )>(qu5@o(z‘+1) T Ui 42))
SeS1
_ -1 + -1, +
=(@-v"") ) (VUgeo(itr) TV Uo(ita)
SeS
(v—v~ Z “0(z+1)“s (1-q” Z UO(1+2)
SeS SeS1
- u@ i+1) ®+ + (1 —q 1)(1 + q)ug(i+2)'
Therefore,

ug(i+2) =(1-¢ )+ Q)il[@i—’ug(i-&-l)]

—1 — —
=q(1+0) " luon) vour Ko Ut

=( +(2)

_ +(2 _
VUi Uoe) “$(¢+1)“ou)“0(i+1)+” UO(Z)UO(ZH))KO@ U

5. The first proof for Proposition 3.2

In this section, we present a fundamental proof for Proposition 3.2 by using explicit comultiplication
formulas in the reduced Drinfeld double Hall algebra D(A) := D(modA) of the module category modA.

For the exceptional pair (Vy,Vs) in modA, if (a,8) < 0, then V, and V3 are two simple modules in
modA, where V3 is the simple projective module and V,, is the simple injective module. In this case, the
formula in Proposition 3.2 (i) is well-known, see for example [7, Proposition 4.3.3]. Hence we only need to
prove the statements of Proposition 3.2 (ii) and (iii) in the following, in which case n = n(a, 8).

5.1. The case of ndimV,, > dim Vj

That is, (Va, V) are the slice modules in the preprojective or preinjective component of modA. The left
mutation V,, of (V,,V3) is given by the following Auslander-Reiten sequence by [7]

0=V, = Vie — Vg —0.

We have the following result:
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Lemma 5.1. ([7]) If f : Voo — Vg is an epimorphism, then Kerf =2 V), @ Viq with 0 < i < n — 1, where
Vi & V4. Moreover, each Vy, is a submodule of V., and has no direct summands which are isomorphic
to V,.

We will give the proof of Proposition 3.2 (ii) by considering whether (V,,Vp) lies in the preinjective
component or in the preprojective. We only give the proof for the result of u+ since the formula for u; can
be obtained dually.

5.1.1. (V, Vi) lies in the preinjective component
In this case, for any 1 < j < n, each non-zero morphism from Vj, to Vs is an epimorphism, whose kernel
has similar description as above:

Lemma 5.2. Let 1 < j < n and f : Vjo — V3 be an epimorphism, then Ker(f) = Vy,, ® Via for some
0 <i<j—1, where Vy,, contains no direct summands which are isomorphic to Vo, and it fits into the
following exact sequence

gy Vij—iya —= Vg —=0.

Moreover, [Ext) (Vj, Va,,) s EndpaVg] =1

Proof. For the epimorphism f : Vo, — V3, we have the exact sequence

)
0 ——Kerf ® Vin_jjo —= Via ® Vin_j)a . Vs —— 0.

Then in a similar way to [7, Lemma 4.1.2], we can prove the first statement. Since Homy (Vg, Vi, ;) = 0, we
obtain that (Vs, Vy,,) = —dimyExt) (V3, V3, ). On the other hand, (Vj, Vi, ,) = (B, (j —i)a—B) = —€(B) =
—dim;End, (V). Hence, [Exty(Vs, Va,,) : EndaVs] =1. O

Lemma 5.3. Let 0 < j <n—1. Then

n—j—1

+ - _ *5(:3) +
Un oty = U3 W ja T > vV K _guy e
=0 An— —j,it gé-}n,\ i- L)a;éo

n—j,i

Proof. Note that

Aug) =ug ® 1+ K_g®ug +else

and
A(U?Lj)a) (n e ® 1+ K ®“(n et Z” “Pa,_ J“EKW DHa—p ®uzn_j + else,
where the sum on the right-hand side is taken over all the isoclasses k,_;’s satisfying gB k ;é 0, and by

Lemma 5.2, (8, k,—;) = (8, (n — j)a — B) = —e(B) and
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[Exta (Va, Vauoyi @ Via)vi .|
[Homa (Vs, Va, ;. ® Via)|
1
- |EXtA(Vﬁ7 V)\n—j,i)v(n—j—i)a |
|HOII1A(V,3, VAn—j,i)|
= ¢ 1.

Up—j =

Thus, by (2.1) we obtain the desired identity. O

Lemma 5.4. Let 0 < j <n—1. Then

+ -t j(n=3) | ™7 4, =0, F
Ul jyalts e = T T ugul, +
n—j—1
—e(B i+J +
e 3 3 IR [P e
=0 An— ]19272)\7‘3 ;)?750

Proof. Observing that

(n—j)au;_a = ( 6(61))](” g,

g(n Ja, ja’u"r-ta = (Ue(a))J(n_]) ’?] U:

and

T + _ o {(n—j)a—Bja) An—jit(i+ia, +
Uy iiatio =V Innjatiaga Ur, jit(i+i)a
= (v e(OZ)) j(n—j) (i+ja  +
Jicjoo Yx,_ji+(i+5)a
Zﬂ} ut
J

_ e(a n—j)
= (v ( )) s An—jit(i+j)a’

we finish the proof by Lemma 5.3. O

Proof of Proposition 3.2 (ii) for the preinjective case.

Z(_l)j (ve(a))_(”_1)("_j)uz(”_j)ugug(j)
§=0

n

(=1) (@)= (=D =5+ (=) (r=j=D+j(=1),, ( jals ja

=
3 |l
(=)

(—1)7 (v<())IG=D=i(n=i)y, + el U ;ra

<~
Il
<

-

:( (fl)J( e(a)) J(i— 1){ ])uﬁunaJr

7=0
n—1n—1—j

_ j j(j—1) | i+J

v e(B)K_ﬂZ Z (—1) (v(@))i=D) ’jj} Z u+n7jj+(i+j)a.
j=0 i=0 An— ;19;(3”/\5 ;):l#o

By Lemma 2.2 the first term in the final equation vanishes
Py S =y %o we obtain that

. Moreover, let ¢« + j = ¢, then using
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n

S (= 1) (@) =D ) 1)y )

j=0
n—1 t¢
o K, ST S (1) ()i 1)‘ ] 3 W
t=0 j=0 An—jim ,gf;{rf)“]tj;éo
=) '

where we have used Lemma 2.2 again for any ¢ # 0 in the last equation above. This finishes the proof.

5.1.2. (V, Vi) lies in the preprojective component

Lemma 5.5. Let 1 < j<n-—1, and

be a short exact sequence in modA. Then

(1) HomA(Vﬁ, ‘/YCJ) = EndAV5 = EndAch;
(2) V., is indecomposable, a., = ag, and gfma =1.

Proof. Applying the functor Homy (V, —) to the sequence (5.1), we obtain that
HOHIA(VB, %J) = EndAVg.

Since Vj is exceptional, End V3 is a field. So Homy (V3, V¢, ) is an one-dimensional vector space over End, V.
Hence, V., is indecomposable, and thus EndaV; is a local k-algebra. We claim that Enda V., is a field.
Indeed, for any 0 # b € EndaV.,, there exists g € EndaVp such that by = pg. Clearly, g # 0, so g is an
isomorphism. Suppose that b is nilpotent, say b™ = 0 for some positive integer m. Then @g™ = b"p = 0,
and thus ¢ = 0. This is a contradiction.

Applying the functor Homa (—, V,,) to the sequence (5.1), we have the following exact sequence:

* *

P
0 — EndyV,, —— Homy (Vj, Ve,) —— Homy (Via, Vi,) -

We claim that ¢* = 0. Indeed, for any f € Homy(Vp,Ve,), we can write f = ap for some a € EndaVp,
since Homp (Vj3,Ve,) is one-dimensional over EndsVs. So ¢*f = f¢ = apy = 0. Hence, EndpV,, =
Homy (V, Ve, ). Thus, Enda V., = EndaVjp as fields, and then a.; = ag.

Since Homy (Vg, Ve, ) as an End, Ve, -vector space is one-dimensional, it is easy to see that gfj ja=1 10O

Lemma 5.6. Let 1 < j <n—1. Then

+ - _ e(a)y—i(n—73),,— +
Ua-as = 45 o +Z 2 T Kt
=L cigl, 1070

Proof. Note that

n—j
Alwg)=uz @1+ K _3@ugz + > Z biug K i ® uj, + else,

i=1 Cit g(‘ 7@#0
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where

by = plf—ioia) gf  deilia _(c(a))~i°

gcuwé ag Qi
On the other hand, we have
n—j—1
+ _ .t + + +
Al jya) = Wiy @1+ D @ity pakia ® Ul + Kinjpa 8 U, + else,
i=1

where

‘EXt}\(V(n—j—i)a7 Vie)Vin—syal
|H0mA(Vv(n—j—i)om V;a)‘
— (ve(a))(n—j—i)i/(qe(a))(n—j—i)i

a; = (v<())(n=i=0i

= (v~ (n=i=i)i,

Hence, by (2.1), we obtain that

e +
u(n_j)auB UIB (” ])04+Z Z bian - Jj— Za u K—zau(n—j—i)a

=L cirgl ;o #0
e « —(n— 7)1 +
- uﬁ (" L + Z Z ( ) (nd o Ue K_w‘u(n—j—i)oz
=gl ia#0
e(a) —i(n=34),,— T
=ugu (n Ma +Z Z uciK,mu(nijfi)a. O
B Cl gc 1a7£0

Lemma 5.7.
uiaug = ulgu:{a + Z Z ('Ue(a))fmu;K_muzl_i)a + viE(B)K_guj.
=L eigl, 10 #0

Proof. Note that

n—1
A(ug):uE@)l"'K*ﬁ@“/;"‘Z Z biug, K_jo & uy, + else,

Z 1 gC ZOC#O

-2
where b; = (v(*))~%"q;,. Moreover,

n—1
A(u;a) = u;a & 1 + Z aiuz’;l_i)aKza ® uza + Kna &® una + G/OUJIBK (% U + elbe
i=1

where a; = (v(®))=("=)i_and G, = Uw,nafmw = v=<®) (¢*(5 —1). Hence, by (2.1), we obtain
the desired identity. O
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ut =
Lemma 5.8. Let 1 < j <n—1. Then u(n als Yja =

n—1i — . +
J :| Ue, Kfzau(nfi)a :

(ve(a)>j(7z—j)| uﬁ na + Z Z (Ue(a))j(n—j)—m‘

- C7 gf, ch;éo
Proof. For any positive integers ¢ and j,
€ 1+7)o € ij | i+
u;rau;ta _ (U (a))z]gfa JJO)( Ul e = (U (a))z] J} U(H_])
Hence, by Lemma 5.6, we obtain that
+ + e(a)y—i(n—j3),, — ot +
U jyatts Wa = U Un_j)a m+Z Z (=) U, Kmiott_j_iyathjo
=1 eiigl o0
:( (a))](n j) U’ﬁ na+z Z (Ue(a))—i(n—j)-‘r(n—j—i)j Tl]—z:| U;Kfiau(tlfi)a
=1 Ci chI 1@750
—(pye(@)\i(n— ) e(a (n—j)—ni | n—1 _ ) +
=(v )J J uﬂ na—i—z Z j }uciK,mu(nq)a. O
i=1 Cit gf}, La;éo

Proof of Proposition 3.2 (ii) for the preprojective case. By Lemmas 5.7 and 5.8 we get

Z(_l)j (UE(Q))f(nf1)(nfj)u;r(nfj)ugu;r(j)

=0
:Z(_l)j(ve(a))( D=j(n=3),, ( iall u,
=0
:(E(_l) ( e(oc))](] 1)| uﬂ na+z Z 6 —nig, _Kﬂau(n e
j:O - C1 g“z 1&#0
n—1n—j

”;Z} K_mu(n i) + Uﬁe(ﬁ)K_ﬁu’JYr'

LYY S (cay(eee)iton -

For simplicity we denote the right-hand side of the last equality by Ry + R2 + R3 + R4. By Lemma 2.2 we
have R; = 0. In order to finish the proof it remains to show that Rs + R3 = 0. In fact, by convention, we

set u, = 0. Then

R2 + R3
n—1ln—j A ‘
=20 X Wy K, Gett=n i)
I=0 =1 cpg? 0 #0
n—1ln—1

tl = +
j } ucnftK*(n*t)auta

- Z Z Z (—1)7 (v<(@))IG=D=nn=t) ;

=0 t=j B
J T en—: e, _yi(n— a7
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n—1

i e(a i(G3—1)

=0 j=0

1 D DR L) T 7

B
Cn*fgcn,t,(nft)a?éo

-+

—~
o

= (v (O‘))*"Qu;l K_,o (here we have used Lemma 2.2)

e

5.2. The case of 0 < n(a, 8)dimV, < dim Vg

That is, (V,, V3) are the two projective modules in modA with V, simple projective. Moreover, V, is the
simple injective A-module which can be determined by an arbitrary short exact sequence of the form

00— Via — Vg —V, — 0.

In this case, Lemma 5.5 holds for 1 < j < n, and Lemmas 5.6 and 5.8 hold for 0 < j < n — 1. In particular,
Ve, = V,. Then the proof of Proposition 3.2 (iii) is analogous to the proof of Proposition 3.2 (ii) for the
preprojective case, which will be omitted here.

Remark 5.9. Dually, Proposition 3.3 can be proved in a quite similar way.
6. The second proof for Proposition 3.2

In this section, we produce a short proof for Proposition 3.2, which benefits from the explicit expression
of Cramer’s isomorphism in Theorem 2.1.

For the same reason as that in Section 5, we only prove the statements (ii) and (iii) in Proposition 3.2.
Thus for the exceptional pair (Vi,V3) in modA, we assume (o, 8) > 0 and then n = n(«, §). Denote by
D*(%(V,,V3)) the bounded derived category of ¢'(Va, Vi) with the translation functor [1].

6.1. The case of ndimV,, > dim Vj

Set Vg = Vg[—1] € D*(%¢(Va, V). Then € (Va, Vi) is derived equivalent to € (V,, Vs). By Cramer’s
Theorem 2.1, we have the isomorphism

®: D(C(Va, Vi) = D(E(Va, Vi),

which preserves uf and u$, and sends ug:, to v~ mquKig
Note that V,, and Vs are simple in € (V,, Vp/), and the left mutation L(V,, Vg/) = V,, which is given by
the standard exact sequence

0—Vg —V, — Ve — 0.

By Proposition 3.2 (i), the following equality holds in D(%'(Vy, Va)):
uE = 3 (1) () )y y ).
3=0
Using Cramer’s isomorphism ®, we obtain the following equality in D(%(Vy, V3)):

u$ :Z(_l)j(Ue(a))(nfj)ui:(nfj)(U €(B) :FKM) +(j)

=0
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Notice that

WEO DT K gut ) = o Bn=DamB) gy T 0)

= 2D =ni)e(0) fe =)y Fy D),

Hence,
uff - 'Ue(ﬁ)Kiﬂ Z(_l)a (ve(a))_(”_1)("_3)uf("_])u:guf(”.
j=0

6.2. The case of 0 < ndimV,, < dim Vj

Set Vo = V,[1]. Then € (Vy, Vi) is derived equivalent to € (V,, V). By Cramer’s Theorem 2.1, we have
the isomorphism

@2 D(C(Var, Vp)) = D(E (Va, V),

which preserves ug and uf, and sends ui to vf(a)uinFa.
Note that Vv and Vp are simple in €(V,/, V), and the left mutation L(V,, V) = V5, which is given by
the standard exact sequence

0—Vg—V, —nVy —0.

By Proposition 3.2 (i), the following equality holds in D(%'(Va, Vs)):

n

uE =Y (1) () DDty D),
=0

since €(a’) = ¢(a). Using Cramer’s isomorphism ®, we obtain the following equality in D(%(Vy, V3)):

n
(@) (n—3) (€ (n—j
uy =D (1)) (T )
3=0

)ug (ve(a)u§K¢a)(j).

Notice that for any positive integer ¢,
(,Ue(a)ul:K$a)(t) _ (,Uﬁ(a))ft2 K¥tau$(t).

Thus,

n
. n—i)—(n—i 2_ ;2
(=1)7 (p(@))(n=3)=(n=3) Ko
§=0

<

n—j)aui(n_j)uf%[(q:jauj(j)-

Moreover, observe that

WEODUER L =G mDa=B) [y F =)y E

(o) 2D R F Dy

and
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(n—4) = (n=35)*=j*=2j(n—j)+nj = —(n—1)(n—j).

Hence,

uF = Ktna Z(—l)j(ve(a))_("‘1)("‘3')@:(”‘”uguj(j).
§=0

Remark 6.1. Analogously, we can prove Proposition 3.3 by using Cramer’s Theorem 2.1.
7. The versions of Lie algebras

Let A be a finitary hereditary abelian k-category as before. Let D’(A) be the bounded derived category
of A with the suspension functor 7. Denote by R(A) the root category D’(A)/T2. The automorphism 7T
of D*(A) induces an automorphism of R(A), denoted still by 7. Then 72 = 1 in R(A).

By using the Ringel-Hall algebra approach, Peng and Xiao [23] defined a Lie algebra £L(R) := L(R(A))
via the root category R(A). The nilpotent part of £L(R) has a basis {u[a, ujran|M € indA}. To simplify
the notation, in what follows we write Vp, := T(V,) and ur, = uy,., for each o € Z. In this section we
will show that the main results in Section 3 also hold under the framework of L(R).

Let (V,, V) be an exceptional pair in A. Recall that

(o, 8)

(o, 0)’

(o, 8)
(8, 8)

Now, let us recall the left mutation L, () and right mutation Rg(«) of (V,, V) in the root category R(A)
(see for example [3]). If (V,, V) is orthogonal, i.e., Hom(V,, Vs) = 0 = Hom(V,, Vrg), then L, (8) = Vg
and Rg(a) = Vpq. Otherwise, there exists ¢ = 0 or 1, such that Hom(V,, Vyig) # 0. In this case, the left
and right mutations are determined respectively by the following canonical triangles

n(a76) = m(avﬁ) = , = |n(a75)‘7 m = |m(a>6)|

VTB E—— La(ﬂ) E—— nVsza E—— Vg
and
Vo ——= mVrig — Rg(a) — Vra.

The following result provides explicit formulas in the Lie algebra £(R) for the left mutation and right
mutation respectively. For the proof we refer to [18, Proposition 7.3] (see also [31,23]), where the proof is
stated for tubular algebra cases, but it is in fact effective more generally.

Proposition 7.1. Let A be a finitary hereditary abelian k-category. Let (V,, Va) be an exceptional pair in A
with Hom(Vy, Vig) # 0 for i =0 or 1. Then

(—1)n(n!)U[LO(5)] = (aduTia)"uTg
and
(m!)u[Rg(a)] = (aduqu/g)muTa.

For any exceptional sequence &€ = (Vi , Vo, -+, Va,) in A, the subalgebra generated by {uq,, urq,|1 <
i <r} is denoted by Lg(R). As an immediate consequence of Proposition 7.1, we have the following
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Proposition 7.2. Let A be a finitary hereditary abelian k-category. If two exceptional sequences & and E;
are mutation equivalent, then Lg (R) = Lg,(R).

Let Lg(R) be the subalgebra of L(R) generated by all ujyn’s and wjpps’s with M exceptional in A,
which is called the composition Lie algebra of R(A). By definition, it is easy to see that the composition
Lie algebra is invariant under derived equivalences. Moreover, in a similar way to the proof in Theorem 3.5,

we obtain the following

Proposition 7.3. Assume the conditions in Theorem 3.5 hold. Then for each complete exceptional sequence

Ein A, Le(R)=Ls(R).

Remark 7.4.

(1) In the case A = modA, the simple A-modules form a complete exceptional sequence when suitably
ordered. Hence the composition Lie algebra can be defined via simple modules, which in fact has been
adopted as its original definition, see for example [25,23].

(2) In the case A = coh-X, the composition Lie algebra is a nice model to realize the loop algebra of the
Kac—Moody algebra associated to X, for details we refer to Subsection 8.4.

8. Applications

8.1. Analogues of quantum Serre relations

We provide some analogues of quantum Serre relations for any exceptional pair (V,, Vg) in A.

Proposition 8.1. Let (V,, V) be an exceptional pair in A,

(i) if (o, ) <0, then

n+1 m—+1
Z(fl)juf("ﬂﬁ)ugufu) —0= (,1)ju§(m+1—ﬂ)u§u§(ﬂ;
§=0 §=0
(ii) if (a, B) > 0, then
n+1 ‘ ‘ ) ) m+1 . ) . .
Z(—l)ﬂ(ve(a))”juﬁ(”“ﬂ)uguf(” — 0= (—1)7 (Uf(ﬁ))*mjUi(m""l_ﬁui:ug:(ﬂ'
j=0 =0

Proof. If (o, 5) < 0, then (V,,Vs) are two relative simple objects in € (Vy, V3), thus the first statement
is well-known (see [27,29]). If (o, 8) > 0, then one can use a similar proof as that for Proposition 3.2 in
Section 5 or Section 6 to obtain the result. O

8.2. Lusztig’s symmetries

First of all, let us recall the isomorphism between the double composition algebra Dg(A) := Dg(modA)
and the corresponding quantum group U,(g) (cf. [38]), which is defined on generators by

0:Dg(A) — Uy(g), uf — Ei, ui — —v"VE, K, K;.



268 S. Ruan, H. Zhang / Journal of Pure and Applied Algebra 224 (2020) 250-271

The notations used here for elements of U,(g) are the same as those in [20, Chapter 3]. Lusztig [20 Chap-
ter 37] defined four families of symmetries as automorphisms of U, (g), which are denoted by T} , and T},
where e = +1 and i € [.

In the left mutation formula in Proposition 3.2(i), V,, and Vg are two simple A-modules, say a = i and
B = j. By the standard exact sequence

00—V, —V, —nV, —0,

where n = — 282 we obtain that dimyV, = dimgV; + ndimgV; = €(j) + ne(é). Besides, e(v) = (y,7) =

(4,2) 7

(j + i, j + i) = €(j) +n- (i, j) + n2e(i) = (j). So —dimgV, + e(7) = —ne(i). Henee,

n

G(U;) — Z(il)r(ve(i))nfr(i,ufe(i)Fi)(nfr)(7U75(j)Fj)(7vfe(i)Fi)(r)
r=0

= (=1)"Hy=e@ i(_1)7'v—re(i)1:i(nfr)FjFi(T)
= (=1 DT (F).
Since €(j) = €(y), we obtain that
Ty (Fy) = (=1)" o @6(ur). (8.1)
Similarly, we obtain that (see also [7,31])
T/ (E;) = v~ sV te®g(y ). (8.2)

In the right mutation formula in Proposition 3.3(i), V., and Vj are two simple A-modules, say o = ¢ and
8 = j. By the standard exact sequence

0—mV;, — VN —V, — 0,

where m = 72(3 ])), we obtain that dim;Vy = €(i) + me(j) and €(A) = €(7), thus —dimgVy + €(A) = —me(j).

Hence,
O(uy) = Z(_1)?”(@60’))mfr(_vfe(j)Fj)(r) (—v~ O F) (=@ f;)(m=)

_ ( m+1 —e( ) E r —re(] ( )F F(m )

= (—1)m+1v_6(’)T{,’71(Fj)'

Since €(i) = €(\), we obtain that

T (Fy) = (=1)"™ o ™6 uy). (8.3)
Similarly, we obtain that (see also [7,31])
T)_\(Ej) = vt uf), (5.4

We remark that all four kinds of Lusztig’s symmetries have appeared in Equations (8.1)—(8.4).



S. Ruan, H. Zhang / Journal of Pure and Applied Algebra 224 (2020) 250-271 269

8.3. Double composition algebras for weighted projective lines

The composition algebra C(X) of coh-X is defined by Schiffmann [34] as the subalgebra of the Ringel-Hall
algebra H(coh-X) generated by up(e),! € Z; Tr,7 € Z»o and ug,;,1 <i <t,1 < j < p; — 1, which has been
used to realize a certain “positive part” of the quantum loop algebra of the Kac-Moody algebra associated
to X.

Later on, Burban and Schiffmann [5] defined an extended version of the composition algebra, denoted
by U(X) := C(coh-X) ® K, where K is the group algebra C[K (coh-X)]. They showed that U(X) is a
topological bialgebra and then defined DU (X) as its reduced Drinfeld double. Meanwhile, Dou, Jiang and
Xiao [9] defined the “double composition algebra” DC(X) of coh-X as the subalgebra of D(coh-X) generated
by two copies of C(X), say C*(X), together with the group algebra K.

Proposition 8.2. Keep notations as above. The following subalgebras of D(coh-X) coincide: DC(X) =
DU (X) = Dg(coh-X).

Proof. It has been mentioned in [9] that DC(X) = DU(X). By [5, Corollary 5.23], the subalgebra DU (X)
is generated by ué(f), Z € L together with the torus K. Note that each line bundle O(Z) is exceptional in
coh-X. Hence by the definition of Dg(coh-X), it contains DU (X) as a subalgebra. On the other hand, since
Po<z<>O(Z) forms a tilting object in coh-X, they can be arranged as a complete exceptional sequence of
coh-X. Then by the Main Theorem we obtain that Dg(coh-X) C DU(X), which completes the proof. 0O

Remark 8.3. The above proposition shows that for the category coh-X, the reduced Drinfeld double com-
position algebra DU (X) defined by Burban and Schiffmann, and the “double composition algebra” DC(X)
defined by Dou, Jiang and Xiao, both coincide with the double composition algebra Dg(coh-X) defined
via exceptional objects. Moreover, by Corollary 3.6, they can be generated by any complete exceptional
sequence in coh-X.

8.4. Composition Lie algebras for weighted projective lines

Now we consider the composition Lie algebra of the Hall Lie algebra £(R) := L(R(coh-X)) associated to
coh-X. In [6, Theorem 2], Crawley-Boevey found a series of elements ey, fur, by and ¢ (where v = * or ij
for1<i<t,1<j<p;—landr € Z)in L(R) satisfying the generating relations of the loop algebra of the
Kac—Moody algebra associated to X. We show that the subalgebra of L(R) generated by these elements,
which we denote by L.(R), is nothing else but the composition Lie algebra Lg(R).

Proposition 8.4. Keep notations as above. Then L.(R) = L&(R).
Proof. We first claim that Lg(R) C L.(R). In fact, note that £.(R) contains the elements ;) and ujp

for M = O,0(&) and S;;, where 1 < i < ¢,1 < j < p; — 1. Moreover, these elements form a complete
exceptional sequence in the following way

(Ov O(av S17P1—17 ce 7511; T ;St,Pt—lv Ty Stl)'
Hence the claim follows from Proposition 7.3.

On the other hand, we need to show that L.(R) C Lg(R). By definition we know that the following
elements of L.(R)

Cxr = UO(ra)]y Jor = —UTO(—r&)]s €00 = U[S,;], Jvo = —U[TS,;]
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belong to Lg(R) for r € Z and v = 45 with 1 < i < ¢,1 < j < p; — 1. It suffices to show that the other
generators of L.(R) can be generated by these elements. In fact, for any r € Z, hyy = [€xr, fx0] € L&(R).
It follows that ¢ € Lg(R) since [hy 1, he —1] = 2¢. Moreover, by induction on the index j (we write * = 0
for convenience), we can obtain ey, fur, by belong to Lg(R) for v = ij and r # 0 by using the relations
Cyr = [ev07hv’r]afvr = [hv/rafvo] (U/ =1,j — 1) and hy,, = [evr7fv0]~ O

8.5. Bridgeland’s Hall algebras and modified Ringel-Hall algebras

Let A be a finitary hereditary abelian k-category with enough projectives. In order to give an intrinsic
realization of the entire quantized enveloping algebra via Hall algebras, Bridgeland [2] considered the Hall
algebra of 2-cyclic complexes of projective objects in A, and achieved an algebra DH,eq(A), called the
reduced Bridgeland’s Hall algebra of A, by taking some localization and reduction. By [39,40], DH ea(A) is
isomorphic to the reduced Drinfeld double Hall algebra D(.A). In order to generalize Bridgeland’s construc-
tion to any hereditary abelian category A, Lu and Peng [19] defined an algebra MHz /3 tw rea(A), called
the reduced modified Ringel-Hall algebra of A, and proved that it is also isomorphic to D(A). Hence, our
results can also be applied to DH cq(A) and MHz /2 tw,red (A)-
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