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1. Introduction

A toric degeneration of a given projective variety X is a flat family of varieties whose central fiber is a
toric variety Xy and all of whose general fibers are isomorphic to X. The resulting toric variety X, has a
rich information on the original variety X. Hence, providing a toric degeneration is a useful tool to analyze
algebraic varieties by using toric geometry. In the present paper, we study a new family of toric degeneration
of Grassmannians.

Let K be a field. We use the notation Gr(r, n) for the Grassmannian, which is the space of r-dimensional
subspaces of the n-dimensional vector space K™. The studies of toric degenerations of Grassmannians, flag
varieties, Schubert varieties and Richardson varieties are an active research area in various branches of
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mathematics, such as algebraic geometry, algebraic topology, representation theory, commutative algebra,
combinatorics, and so on. For the study of toric degenerations, see, e.g. [2-5,7,13,14] and so on. There are
many ways to construct toric degenerations for them. The main example of toric degenerations of Gr(r, n) is,
so-called, the Gelfand-Tsetlin degeneration (see [12, Section 14]). Moreover, the theory of Newton-Okounkov
bodies can be applied to provide toric degenerations of varieties (see, e.g., [9] and the references therein). We
can construct Newton—Okounkov bodies of Grassmannians from plabic graphs, which are certain bipartite
graphs drawn in the disc, by a combinatorial manner ([14]). Furthermore, tropical geometry is also used
for the study of toric degenerations of defining ideals in general ([11]). Namely, the top-dimensional cones
of tropicalizations of varieties are good candidates to give toric degenerations, see [4, Lemma 1] and also
[11]. It was also prove in [8] that the tropical cones arising from matching fields are a subfamily of Stiefel
tropical linear spaces.

In addition, the theory of SAGBI bases can be also applied to provide toric degenerations. This is the
tool we will use in the present paper. We refer the reader to [15, Section 11] for the introduction to the
theory of SAGBI bases. For specifying the monomial order for SAGBI bases, we use matching fields in the
sense of [16], which we will explain in Section 2. Note that the same approach of using matching fields to
obtain toric degenerations of Schubert and Richardson varieties has been studied in [6] and [1], respectively.

Let us review the previous known results from [7,13] which are strongly related to our main theorems. In
[13], Mohammadi and Shaw discuss a necessary condition for matching fields to provide a toric degeneration
of Gr(r,n) as follows:

Theorem 1.1 (See [13, Theorems 1.2 and 1.3]). If the matching field A of Gr(r,n) produces its toric degen-
eration, then A is non-hexagonal. Moreover, the converse is also true for r = 3 under the assumption that
the matching field ideal is quadratically generated.

(The terminologies will be defined in Section 2.) Hence, for the discussion of the existence of toric
degenerations of Gr(3,n) from matching fields, the quadratic generation of the matching field ideals is quite
important. It is mentioned in [13, Example 3.12 and Remark 3.13] that the matching field ideals are not
necessarily quadratically generated. Thus, identifying families of matching fields with quadratic ideals is a
natural problem. As a nice class of matching fields, s-block diagonal matching fields are introduced to be
expected that their corresponding ideals are quadratically generated ([13, Definition 4.1]), and the following
is proved:

Theorem 1.2 ([13, Theorem 1.4 and Corollary 1.5]). The ideals of 2-block diagonal matching fields for
Gr(3,n) are quadratically generated. Moreover, every 2-block diagonal matching field gives rise to a toric
degeneration of Gr(3,n).

Furthermore, in [7], Theorem 1.2 is generalized for any r. Namely,

Theorem 1.3 ([7, Theorems 4.1 and 4.3]). The ideals of 2-block diagonal matching fields for Gr(r,n) are
quadratically generated. Moreover, every 2-block diagonal matching field gives rise to a toric degeneration

of Gr(r,n).
Taking those theorems into account, we prove the following main results of the present paper:
Theorem 1.4 (See Theorems /.2 and 5.3). Given a = (aq,...,as) € L5, with Y., a; = n and a; € {1,2}

for i ¢ {1,s}, consider the s-block diagonal matching field Ay. Then the matching field ideal Jp, has a
quadratic Grébner basis. In particular, Jp, is quadratically generated.
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Moreover, the generating set {det(xy) : I € 1,,,} of the Pliicker algebra <, , forms a SAGBI basis for
oy, with respect to the weight matriz M, associated with Ay. Consequently, every A, gives rise to a toric
degeneration of Gr(r,n).

We notice that Theorem 1.4 directly implies Theorem 1.3. Moreover, as we can see in Sections 4 and 5,
the proofs become a little simpler than those of Theorem 1.3.

The paper is organized as follows: In Section 2, we prepare the necessary terminologies and the notation
we will use. In Section 3, for the proof of our theorem, we recall the theory of toric ideals of the edge rings and
their Grobner bases. In Section 4, we will give a proof of the first half part of Theorem 1.4 (Theorem 4.2).
In Section 5, we will give a proof of the second half part of Theorem 1.4 (Theorem 5.3).

Acknowledgments
The authors are partially supported by JSPS KAKENHI §18H01134 and #20K03513.
2. Pliicker algebra and s-block diagonal matching fields

Given integers r and n with 1 < r < n, let I, be the set of all r-subsets of [n] = {1,2,...,n}. Let
matrix of variables and let R = K|[x]| be the polynomial ring with rn variables. fh; P?d;ker ideal I, is
defined by the kernel of the ring homomorphism

Y :S— R, P+ det(xy),

where x; denotes the r x r submatrix of x whose columns are indexed by I. The Pliicker algebra <7, ,, is
the image Im(¢) of this map, which is isomorphic to S/I,.,,. The Plicker algebra <. ,, is well-known to be
a homogeneous coordinate ring of the Pliicker embedding of the Grassmannians Gr(r,n), called the Plicker
embedding.

Let &, denote the symmetric group on [r]. An r x n matching field is a map A : I,,, — &,. For
I={i,....5p} €1, with1 <i; <--- <i, <n and a matching field A, we associate the monomial of R

XA(I) *= To(1)iy """ Lo(r)ies

where 0 = A(I) € &,.. We define a ring homomorphism

Ya S — R, Ya(Pr) = sgn(A(]))xa 1),
where sgn(o) denotes the signature of o € &,.. Then the matching field ideal Jp of A is the kernel of 4.

Definition 2.1 (Coherent matching fields ([16, Section 1], [13, Definition 2.8])). A matching field A is said
to be coherent if there exists an r x n matrix M € R"*" with its entries in R such that for every I € I, ,,
the initial form inps(det(x;)) of det(x;) with respect to M, which is the sum of all terms of det(x;) having
the lowest weights, is equal to 15 (Pr). In this case, we call A a coherent matching field induced by M. For
the matching field ideals, we use the notation Jy; instead of Ju if A is a coherent matching field induced
by M.

In the original definition [16, Section 1] of coherent matching fields, the initial form is set to be the sum
of all terms having the highest weights, but we usually employ the definition with the sum of all terms
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having the lowest weights when it is related to the context of tropical geometry, following the convention
of our main reference [13].
The main object of the present paper is the following matching fields:

Definition 2.2 (/13, Definition 4.1], s-block diagonal matching fields). Let a = (a1, ...,as) € Z2 such that
Yi_jai=n.Fork=1,2,... s, let

I ={op—1+ 1ok +2,... o} = [ag] \ [or—1],

where ag = 0 and oy = Zle a;. Note that ay = n. Then the s-block diagonal matching field A, associated
with a is defined by

Aa(D) = (12) if |INI,| =1 where ¢ =min{t: I, NI # 0},
an id otherwise.

Any s-block diagonal matching field A, is coherent. In fact, A, is induced by the following weight matrix
My:

a1 al_l e 1 Qo e a1+1 e Qg e as_1+2 as_1+1
ng (n—1B - 28 s,
n/Br—Q (n_ 1)ﬁr—2 257"—2 ﬁ'f—Q
where > 0.

Example 2.3. If r =3, n =9 and a = (2,2,2,3), then
0 0 0 0 0 0 0 0 0
M, = 2 1 4 3 6 5 9 8 7.
900 800 700 600 500 400 300 200 100
On the other hand, if r =4, n =9 and a = (5,4), then
0 0 0 0 0 0 0 0 0
5 4 3 2 1 9 8 7 6

900 800 700 600 500 400 300 200 100
90000 80000 70000 60000 50000 40000 30000 20000 10000

M, =

Remark 2.4. (a) When a = (n), i.e., s = 1, the corresponding block diagonal matching field is so-called the
diagonal matching field (see [16, Example 1.3]). This actually gives rise to the Gelfand-Tsetlin degeneration
(see [12, Section 14]).

(b) In [7], the terminology “block diagonal” is used for “2-block diagonal” in the sense of Definition 2.2.
Namely, the first example of Example 2.3 is not block diagonal in the sense of [7].

Let wy = (w1, ..., wy) be the second row of M,. Note that, for I = {i1,...,4,} with1 < iy <--- < i, <n,
we have

Aa(I) = (]. 2) — Wiy < Wiy

Thus w, is useful to study A,. Moreover w, satisfies
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i<jandwi>wj:>wi>wi+1>~-~>wj_1>wj. (1)

In the present paper, we mainly consider s-block diagonal matching fields A, such that a; € {1,2} for
all i ¢ {1, s}. This is equivalent to the condition

i< jand w; < wj; > Wiy > Wigr = Wj > Wit > -+ > Wy (2)
In particular, if s = 2, then the condition (2) is always satisfied.
3. Edge rings of bipartite graphs

In this section, we recall the notion of edge rings of bipartite graphs. We will see that the matching field
ideal of a 2 x n matching field A is the toric ideal of a certain bipartite graph associated with A. We will
also discuss Grobner bases of matching field ideals. Consult [10, Chapter 5] and [18] for the introduction to
the toric ideals of graphs and [10,15] for the introduction to the theory of Grébner bases.

A graph G is said to be simple if G has no loops and no multiple edges. A graph G is said to be bipartite
if the vertex set V(G) of G can be divided into V(G) = U UV with E(G) C U x V, where E(G) is the edge
set of G. Let G be a finite simple bipartite graph on the vertex set V(G) = {u1, ..., um U {v1, ..., v,} with
the edge set E(G). Let R = K([s1,...,8m,t1,...,t,] and S = Kz, : {u;,v;} € E(G)] be the polynomial
rings over K. Then the toric ideal Ig of G is the kernel of the ring homomorphism 7 : § — R, z;; — s;t;.
An even cycle in the bipartite graph G of length 2q is a finite sequence of vertices of the form

O:(uiuvjuuimvjm"'7uiq’vjq) (3)

where {u;,,v;,} € E(G), {ui,,vj,} € E(G) for 1 <k <q, {us,,,vj,} € E(G) for 1 <k < q—1, and there
exist no repeated vertices. Given an even cycle C in (3), we write fc for the binomial fo = [I{_, i —
Tiyj, HZ: T, ;. belonging to Ig. The following proposition is due to Villarreal [17, Proposition 3.1].

Proposition 3.1 (/10, Corollary 5.12]). Let G be a bipartite graph. Then the reduced Grobner basis of Ig
with respect to any monomial order consists of the binomials of the form fc, where C' is an even cycle in
G. In particular, 1o is generated by those binomials.

Let Ajps be the coherent matching field induced by a 2 x n weight matrix

M:(o 0 -+ 0 0)7

wy w2 - Wp—-1 Wnp

where w; # w; for any i # j, let Gas be a bipartite graph on the vertex set {u1,...,u,}U{v1,...,v,} with
the edge set

E(GM) = {{ui,vj} Lw; > wj}.

It is easy to see that the matching field ideal Ju,, coincides with the toric ideal Ig,, of the bipartite graph
Gys. Let

0 0 - 0 0
Mdiag(n n—1 - 2 1)'

Then Maiag is a weight matrix of a diagonal matching field. It is known [16, Proposition 1.11] that G5 and
G My, are isomorphic as graphs. Moreover, Jiz,,,, has a quadratic Grébner basis with respect to a reverse
lexicographic order ([15, Remark 11.11]). Thus we have the following in general.
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Proposition 3.2. Let A be a coherent 2 x n matching field induced by a weight matriz M. Then there exists
a reverse lexicographic order < such that

G ={xyxr; — rijare - {ui, vel, {ui, v}, {uk, v}, {ug, v} € E(Gur),i < k and j < {}

is a (quadratic) Grébner basis of Jo with respect to <. In particular, Jp is generated by quadratic binomials

mnY.

Let a = (a1,...,as) € Z%, such that >0 _,a; = n, and let wo = (w1,...,w,) be the second row
of My. Let Ga = Gy, In order to prove our main theorem, we need a quadratic Grébner basis of I,
with respect to a reverse lexicographic order defined as follows. Let < be a reverse lexicographic order on
S = Klx;j : {ui,vj} € E(Ga)] induced by the ordering of variables such that x;; > xy, if either (i) ¢ < k or
(if) i =k and j < L.

Proposition 3.3. Let a = (ay,...,as) € Z5 such that y;_, a; = n and a; € {1,2} fori ¢ {1,s}. Then the
reduced Grébner basis of I, with respect to the reverse lexicographic order < is

G = {xyxy; — Tijare - {us, ve}, {ui, v}, {ur, v}, {ur, v} € E(Ga),i <k and j < (}.

Proof. Let G = G,. From Proposition 3.2, I is generated by ¢. Note that the initial monomial of each
TigThj — TijTe IS T40T; with respect to <. Applying Buchberger’s criterion [10, Theorem 1.29], it is enough
to show that the S-polynomial S(f, g) of any two distinct binomials f and ¢ in ¢ reduces to 0 with respect to
% . Note that the initial monomials of f and g are different. From [10, Lemma 1.27], if the initial monomials
of f and g are relatively prime, then S(f,g) reduces to 0. Suppose that the initial monomials of f and g
have exactly one common variable. Then the degree of S(f,g) is three. Suppose that the remainder h of
S(f,g) with respect to ¢ is not zero. By Proposition 3.1, we may assume that h is of the form

h=fc= Liyjy LigjaLigjs — LiyjsLiogs Liggo # 0,

where C' = (i1, j1,12, j2, 3, j3) is an even cycle of G of length 6. Let A = (a;;) be the n x n matrix where

0 otherwise.

{ 1 if {’U,i,’l)j} S E(G),
aij =

Then the cycle C' appears in A as one of the following submatrices of A:

11 1 1 11 1 1 11 11
1 1], 1 1),(1 1 11 , 1 1],(1 1. (4)
11 11 11 11 11 11

If By = (é (1)> is a submatrix of A corresponding to the ki, ko-th rows and the k3, k4-th columns of
A, then we have wy, > wg,, Wi, > Wk, Wk, < Wi, and wg, < wy,, a contradiction. Hence B; is not a
submatrix of A. Similarly, By = (? (1)) is not a submatrix of A. Thus it follows that, each matrix in (4)

contains at most one 0, and hence C' has at least two chords. If C has a chord at a position marked by * in

* 1 1 1 * 1 x 1 1 1 * 1 1 1 1 1
1 1), 1 1}),([1 1 «|,([1 1 |, 1 1|,({1 = 1],
1 1 =% 1 1 =% 1 % 1 1 1 1 * 1 1 1
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then C' has a submatrix of one of B = <>1k %) and <} i) Then B corresponds to a cycle C” of length 4

in G and for belongs to ¢. Moreover, the initial monomial of fo/ divides one of the monomials of h. This
contradicts the hypothesis that h is a remainder with respect to ¢. Thus we may assume that

my Mg g

6o/ 1 1 1
Ll 10 1),
0\ 1 1 1

where /1 < £5 < f3 and m; < mg < ms is a submatrix of A. Then
min{wy,, we, } > max{wm, , Wiy, Wy} and Wy, > we, > max{w,, , Wn, }-
Hence we have
Wy, Weg > Wiy = Wey > Wiy, Wing -

If we, > we, (r€SP. Wiy > Winy ), then wy, > we, (resp. wy,, > Wy, ) by condition (1). This is a contradiction.
Thus we have

Wey > Wy > Winy = Wiy > Wing > Win, -
We now show that my < £ < f3 < mg3 < f3. Suppose that ({3 <)l3 < mg. Since wy, > Wy, We

have wy, > wy, by condition (1), a contradiction. Suppose that ¢; < mg < f3. Since wy, > wy,, we have
Wy > Wy, by condition (1), a contradiction. Suppose that

(mg <) ms3 < Zl(< 52)
Since wy,, > we,, we have wy,, > wy, by condition (1), a contradiction. Thus ¢3 < mgz < ¢3. Suppose that
Uy < my(< mg). Since wg, > Wy, We have wy,, > Wy, a contradiction. Thus m; < f2 < mg < ¢3. Suppose
that ¢4 < my < £s. Since wy, > wy,, we have wy,, > wy,, a contradiction. Therefore my < £ < o < mg < £3.
Since Wy, < we, > Wy, > Wy, < Wy, this contradicts to condition (2). O
4. Quadratic Grobner bases of s-block diagonal matching fields
Recall that the matching field ideal J, of a matching field A is the kernel of a ring homomorphism

Yp:S=K[Pr:1€l,,] > R=Kl[z;; :1<i<r1<j<n]

defined by A (Pr) = sgn(0)rs(1)i, = * To(ryi,, Where I = {i1,... i} € L, with iy <--- <4, and o0 = A([).
From now on, we identify a variable P; with

B3| i A(I)=id and || if A(]) = (12).
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Lemma 4.1. Let A, be an s-block diagonal matching field of size r x n associated with a € Z.< . Let

Then we have the following:

iy
19
13

(51
12
i3

19
11
13

My

Ty |

Tr |

[J1] i1
J2 iz
Bl eSandii<j; = |88
LJr ] Lir |
1] 2]
e i1
s J3 €S and i2<j1 — 3
LJjr ] Lir |
2] i1 ]
J1 . . 12
J3 11 < J2 i
ok €S and iy < s e
LJr | L%r
[J2] K
i o iz
Nl esand 't S — |
. J3 < i .
L Jr ] K3
[J2] [i2]
11 2'1
s J3 ES(lndi2<j2 — 3
L Jr ] L i
% = min{/, my}
€Sand "7 max{ Lk, Mk =
fork=23,...r
Wy, > Wiy,
W, > Wiy,
€S and {1 < my, =
mo < 62,

1< <t < <1<,

I1<n<je<---<jr<m,

i, = min{ig, i} for k=1,...,r

g = max{ig, ji} for k=1,...,n

by < my for k>3

11
J2
J3

Jr |
7]
J2
J3

2]
j_1
J3
LJr

]2

]1
J3

Jr
jg
11
J3

my
my

ma2
m3

my

i
j
J3 | e JA.
Ljr ]
_jl_
i
I3 | e JAL
Ljr ]
_12_
i
I3 | e JAL
Ljr ]
o
12
-/
Js| e JA.,
Ljr ]
_12_
i
J3 | e JA.
Ljr ]
017 T4
2| ™
— | *s ms
6.1 Lmy ]
fl_ 'ml
mo fg
l3 | | ms3
L | Lmy ]

S JAa,

(iii)

€ Ja,- (vii)

Proof. It is easy to see that, if a binomial f appearing in (i) — (vii) belongs to the polynomial ring S,

then ¥ (f) = 0 and hence f € Jy_. Thus, it is enough to show that the second monomial of any binomial

appearing in (i) — (vii) belongs to the polynomial ring S. First, we show that
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i < tpyq and jp < jpoq for k=1,2,...,r—1. (5)

Suppose that (i, j) = (ik, ji). Since i} = i, < ji, we have i} < ipi1,jr1. Hence i < iy ,,. In addition,
Je = Jk < Je+1 < Jiyq- Suppose that (i}, j;) = (jk,ix). Since i}, = ji < ig, we have i} < igy1, k1. Hence
i, < ij,q- In addition, j; = ix < g1 < Jj g

(i) From (5), i1 =4} < ih < --- < i and j1 = j] < j4 < --- < jl. By the hypothesis, w;;, > w;, and
wj, > wy, If (7, j5) = (i2, j2), then w;, > w;;, and w;, > wj, is trivial. Suppose that (i5, j5) = (j2, i2).
Then iy < j1 < jo =iy < jy = ip. Hence w;, > w;;, and wj, > wj;.

(ii) Since iy < 71 < Jo2, we have (Zé,jé) = (iz,jg). From (5), 11 < iy = ZIQ < ’Lé < e < Z/T and g1 < J2 =
Jh < -+ < jl. By the hypothesis, w;, < w;,, wj, > wj,.

(iii) From (5), j1 < ja(< j3) < jg§ < --- < j. and 5 < --- < i,.. Since i < js, we have i1 < iz < 1. By the
hypothesis, w;;, > w;,, wj, < wj,.

(iv) From (5), i < --- < i, and j§ < --- < j,.. By the hypothesis, w;, > w;,, w;, < wj,, and i1 < jo <
73 <ig < i3. Ifi; < j1(< g2 < ig), then Wi, > Wiy, A contradiction. Hence

J1 < i1(< g2 < jz <idp < ig).

Thus j1 < i1 < i§ and ja < iz < i3 = j3. Since w;, > w;,, we have w;, > w;,. Suppose that w;, < w;,.
It then follows that w;, < w;, < wj,, a contradiction. Hence w;, > wj, .
(v) From (5), i5 < --- <, and j§ < --- < jl. By the hypothesis, w;, < w;,, wj, < wj,, and iz < jo < js.
Then i1 < 19 < Zé and 71 < J2 < Js S]é
(vi) By the hypothesis, wy, > wy, and wy, > wy,, is trivial. By the same argument in the proof of (5), it
follows that £1, 0, < £5 < --- < £, and {1,mhH < mf < --- < ml.
(vii) By the hypothesis, wg, > wy,, and w,,, > we,. Moreover, since

51 mq
1€2 mo
ts and |3
6 m,

belong to S, ¢5 < ¢3 and my < mg. Hence my < {3 < {3 and V5 < l3 < mg.

Therefore, the second monomial of any binomial appearing in (i) — (vii) belongs to the polynomial ring
S. O

Let < be a reverse lexicographic order induced by the ordering of variables such that

i Jn
22 J2 ) ) ) )

> | . | <<= fork=1,2,...,t —1and i; < j;. (6)
iy Jr

The following theorem is the first main result of the present paper:

Theorem 4.2. Let Ay be an s-block diagonal matching field of size rxn associated witha = (a1, ..., as) € Z%,
such that Y ;_ja; = n and a; € {1,2} for i ¢ {1,s}. Let G be the set of all binomials appearing in
Lemma 4.1 (i) — (vii). Then %, is a quadratic Grébner basis of Ja, with respect to the reverse lexicographic
order <.
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Proof. Suppose that ¥, is not a Groébner basis of Jy,. By [10, Theorem 3.11], there exists an irreducible
homogeneous binomial ©w — v € Ju, such that neither u nor v belongs to the monomial ideal generated by
the initial monomials of the binomials in 4,. Note that the initial monomial of each binomial in ¥, is the
first monomial in Lemma 4.1 (if the polynomial is not zero). Let

111 [221 iq1 Ji1] [Jat Jai

212 122 1d2 J12 J22 Jdz2
u g . . .. . a,nd ’U fr— . . ... . s

Z'17‘ i2r idr jlr j2r jdr

where
11 191 141 Jin J21 Jdi
112 122 1d2 J12 J22 Jd2
> . > > . and . > . > > .

Z'17" i2r idr jlr j2r jdr

If i1 > iyp for some 3 <k <rand 1 < pu <n <d, then u is divisible by the initial monomial of a binomial
appearing in Lemma 4.1 (i) — (vi). Thus we may assume that

i1 <o Zligp and g <o < dak

for all k # 2. Since u — v belongs to Jy,, it follows that ¢, = ju, forany 1 <pu < dand k # 2. If i = juo
for any 1 < p < d, then u — v = 0, a contradiction. Hence

din | f2n | |%an| _ |t | |fe1 || %d
112 122 1d2 J12 J22 Jd2

is a nonzero binomial in I;,. We may assume that u is the initial monomial of u —v. From Proposition 3.3,

i ] [im] _ [ia] [im] ¢ 1,
ip2 | |in2 2 | |22 @

there exists a binomial

. . . . tp2 || W2 . e ..
where 4,1 < 4,1 and i,0 > d,2. Then . . satisfies the condition in Lemma 4.1 (vii), and hence
ir ] Ligr
Tul inl Tul inl
iz | {in2 || ine | [ie
f= ™3] |™3|—|®3| |™3]| isa binomial belonging to %, whose initial monomial is the first monomial.
im" im” iur inr

Since the first monomial of f divides u, this is a contradiction. O
5. Toric degenerations associated to s-block diagonal matching fields

In this section, we provide a new family of toric degenerations of Gr(r,n) (Corollary 5.6). For this goal,
we recall the notion of SAGBI bases for the Pliicker algebra.

Definition 5.1 (SAGBI bases for the Pliicker algebra). We say that the generating set {det(x;) : [ € I, ,} C R
of the Plicker algebra 7., is a SAGBI basis with respect to a weight matriv M € R™™ if iny (. ,) =
Klinp(det(xy)) : I € L. ,,], where inp (7. ,) = Kliny (f) @ f € ]
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Theorem 5.2 ([15, Theorem 11.4]). The generating set {det(x;) : I € L. ,,} of the Pliicker algebra <, ,, is a
SAGBI basis with respect to a weight matriz M € R™™ if and only if Jy = iny,, (Ir,) holds, where wys is
the weight vector on S induced by M and A is the coherent matching field induced by M.

The following is the second main result of the present paper and the essential statement for the existence
of toric degenerations arising from s-block diagonal matching fields with certain conditions.

Theorem 5.3. Let a = (a1, ...,as) € Z% such that y.;_,a; = n and a; € {1,2} for i ¢ {1,s}. Then the
generating set {det(xs) : I € 1, ,} forms a SAGBI basis for the Plicker algebra <., with respect to the
weight matriz My associated to the block diagonal matching field A,.

Note that the case s = 2 of Theorem 5.3 was proved in [7, Theorem 4.3]. Moreover, as described below,
the proof of Theorem 5.3 looks simpler than that of [7, Theorem 4.3].

Let Aa be an s-block diagonal matching field associated with a = (ay, ..., as) € Z% such that >0, a; =
n. Let A, be the toric ring arising from A,, i.e., S/Ja,, and let Ay denote that of the diagonal matching
field, i.e., Ag = A(,). Let [A]s denote the K-vector subspace of A generated by elements of degree 2 in A.

Our proof of Theorem 5.3 essentially consists of Theorem 4.2 and the following lemma. Note that the
condition “a; € {1,2} for ¢ ¢ {1,s}” is not required in this lemma.

Lemma 5.4. Let a = (ay,...,as) € Z% such that >.;_, a; = n. Then dimg ([Aa]2) = dimg ([Ao]2).

Proof. Let ¥, be the set of all binomials appearing in Lemma 4.1 (i) — (vii) and let < be the reverse
lexicographic order defined by (6). Since we do not assume a; € {1,2} for i ¢ {1, s}, %, is not necessarily a
Grobner basis with respect to <. Let (in<(%,)) be the monomial ideal generated by the initial monomials
of the binomials in %,. Then (in<(%,)) is a subideal of the initial ideal in.(Ja,) of Ja,. Let .# be the set of
all quadratic monomials in S\ (in<(%,)). It is known that the set of all quadratic monomials in S\ in<(Jy_)
is a basis of [Aa]2 (see, e.g., [15, Proposition 1.1]). Since (in< (%)) C in<(Ja,), it follows that .# spans
[Aa]2. Thus it is enough to show that

(i) the cardinality of .# is independent of a;
(ii) A is linearly independent over K.

First, we prove (i). Let

61 mi
£2 mo

u= |G| |ms| .. (+)
o] Lm,

Case 1: |[{{1, 02, m1, ma}| = 2.
Then ¢; = m; and 5 = my. Given positive integers 1 < p < v < n, the number of monomials v € .Z of
the form in (*) such that {¢1,¢2} = {u, v} is equal to

|{(€3,...,€T,m3,...,mr) < £k+1,mk < Mpg1, My < Uy, for k > 3, and v < €3}|

since such a monomial is of the form (), where ¢ < 41, mp < mgy1,mi < g for k > 3, and v < £3. The
number of such monomials is independent of a.
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Table 1
Case 2-1.
wx > Wiy > Wiy wx > Wy, < Wy wx < Wy > Wy, wx < Wy < Wiy
A A A Ha2 K1 K2 M1 M2
M1 2 M1 A A A A A
53 ms3 ég m3 Zg ms3 @3 ms3
Table 2
Case 2-2.
Wy > WX > Wy, Wy, > wx < Wy, Wy, < WX > Wy, Wy, < wx < Wy,
1 A M1 M2 A A A 2
A 1o A A H1 2 ©1 A
Z3 ms3 63 ms3 fg ms3 é3 ms3
Table 3
Case 2-3.
Wy > Wy, > wx Wiy > Wy < wx Wy, < Wy, > wx Wy < Wy, < wx
M1 H2 A A 2 A A A
A A 1 H2 A M1 231 p2
L3 | | m3 L3 | | ms L3 | | m3 L3 | | m3

Case 2: |[{{1, 02, m1,ma}| = 3.

We show that, given distinct positive integers 1 < A, u1, g2 < n, the number of monomials u € .# of
the form (x) such that {¢1, %3, m1,ma} = {\, p1,p2} and {€1,¢2} N {m1,ma} = {A\} are independent of a.
If A < p1 < pe, then the possible patterns are listed in Table 1, where pu; < f3, ps < ms and f3 < ms.
If u1 < A < pg, then the possible patterns are listed in Table 2, where A < f3, uo < mg and f3 < mg. If
1 < po < A, then the possible patterns are listed in Table 3, where A\ < £3 < mg. Thus the number of such
monomials u € .# is independent of a in this case.

Case 3: |{{1,02,m1,ma}| = 4.

We show that, given positive integers 1 < p; < pa < pg < pa < n, the number of monomials v € # of
the form (x) such that {1, 0y, m1,ma} = {u1, o, 13, 4} is independent of a. Then the possible patterns
are listed in Table 4, where uo < f3, g < ma, €y < ms, pug < 04, pa < mp and 4 < mj. Thus the number
of such monomials u € .# is independent of a in this case.

Next, we prove (ii). On the contrary, suppose that .# is linearly dependent over K. Since the set of
all quadratic monomials in S \ in<(Jy,) is a basis of [Aa]e, there exists u € .# such that u belongs to
in<(Ja,). Then there exists a binomial v — v € ¥, such that inc(u —v) = v and v ¢ inc(Jy,). Since
ve (S\inc(Ja,)) C (S\ (inc(%a))), we have v € . Let

Kl miq /1 m’l

62 mo :2 m:Q

U= & ms and v= |3 mg

| [ my 2] [ml
Since u and v belong to .#, we may assume that ¢ < my and ¢, < mj for each k =1,3,...,r. Moreover
since u — v belongs to Jy,, we have {{;,my} = {¢},,m},} for each k =1,2,...,r. Thus (¢, my) = (¢},,m},)

for each k = 1,3,...,r, and (o, ma) = (mh, £5) with ¢y # maq. Since {l1,l2,m1,ma} = {€1,05,, m},mb}
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Table 4
Case 3.
Wy, > Wy > Wiy > Wy, Wy > Wy, > Wy < Wy Wy < Wiy > Wy > Wiy
rua] ras] [H1] [ H2] ra] ria] [p2] [ Ha] Tz sl [H2] [ Ha]
12 Ha H/s H4/ M2 3 M/s Hl/ M1 Ha M/S ﬂl/
[3 ms s Z3 mg ég ms s ZS mg 53 ms s ZS mg
Wy > Wy, < Wyy > Wy, Wy > Wy < Wyy < Wy Wy < Wyy > Wyy < Wy
rua] raus] [ms] [ Ha] T [Hal [m3] [ ra] 2] [Hal [w3] [ pa]
K2 Ha M1 H2 M2 n3 H1 H2 751 n3 B K2
by | |ms | | £y | | mj by | |ms | | L5 | |mf L3 | |ms | |5 | |m)
Wy < Wy < Wyy > Wy, Wyy < Wy < Wy < Wy,
2 3 u3] [ pa M2 T Ma 3 Ha
M1 Ha M/l M% M1 3 H,1 H%
Ly | |ms | | L5 | | mj L3 | |ms |, |£5| |m)

holds, v and v must appear in the same case above. However there is no such a pair of monomials in any
case above, a contradiction. Thus .# is linearly independent, and hence a basis of [Aa]2. O

Proof of Theorem 5.3. Our goal is to show that J, = iny,, (Ir.) by Theorem 5.2.
The proof is based on the same idea as that of [7, Theorem 4.3]. By the way of the proof employed there,

we see that we may prove the following:

o Ja, is quadratically generated,;
o dim([Aa]2) = dim([Ap]2).

Both assertions are the consequences of Theorem 4.2 and Lemma 5.4, respectively. O

Remark 5.5. Let us explain how our proof of dim([A4a]2) = dim([Ag]2) becomes simpler than that of [7,
Theorem 4.3]. The proof of dim([Aa]2) = dim([Ag]2) in [7] consists of three lemmas, [7, Lemma 3.10-3.12].
Roughly speaking, the idea of the proof is to find a basis for [Aa]2 and a bijection between a basis for [A4a]2
and the well-known basis for [Ag]s. For this, we need much more detailed case-by-case discussions than ours.
On the other hand, we use the special property of initial ideals ([15, Proposition 1.1]).

On the other hand, [7, Theorem 4.1] only claims the quadratic generation of Jy_, while Theorem 4.2

claims the stronger property.

Corollary 5.6. Each s-block diagonal matching field associated with a = (ai,...,as) € Z%, such that
S ja;=n and a; € {1,2} fori ¢ {1,s} gives rise to a toric degeneration of Gr(r,n).

We conclude the present paper with the following:

Question 5.7 (cf. [13, Remark 3.14]). Does every s-block diagonal matching field give rise to a toric degen-

eration of Gr(r,n)?
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