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0. Introduction

Categorical Galois theory, as developed by G. Janelidze ([27,32,3,30]), is a general framework that allows
the study of central extensions or coverings of the objects of a category. A large collection of examples
has been given, ranging from the Galois theory of commutative rings of Magid ([35,10]) and the theory of
coverings of locally connected spaces to the central extensions of groups, Lie algebras, or, more generally,
central extensions in exact Mal'tsev categories [31].

The main ingredient of this theory is the notion of Galois structure, which is defined as an adjunction,
with the right adjoint often taken to be fully faithful, and a class of morphisms in the codomain of the right
adjoint, satisfying suitable conditions, in particular admissibility, which amounts to the preservation by the
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left adjoint of certain pullbacks. For example, the inclusion of any Birkhoff subcategory of an exact Mal’tsev
together with the class of regular epimorphisms always forms an admissible Galois structure ([31]).

In [8], Brown and Janelidze used this theory to describe what they called second order coverings for
simplicial sets, using the adjunction given by the nerve functor and the fundamental groupoid, and the class
of Kan fibrations. In fact, they restricted their analysis to Kan complexes, as this condition implies the
admissibility of these objects for the corresponding Galois structure. Later Chikhladze introduced relative
factorization systems, and showed that the induced relative factorization system for Kan fibrations is locally
stable, so that the Galois structure induces a relative monotone-light factorization ([15]).

On the other hand, regular Mal'tsev categories were characterized in [11] as the categories in which
the Kan condition holds for every simplicial object, thus extending a theorem of Moore stating that the
underlying simplicial set of a simplicial group is always a Kan complex. Moreover, regular epimorphisms
in the category of simplicial objects then coincide with Kan fibrations. This suggests that the inclusion of
groupoids into simplicial objects in any exact Mal’tsev category might induce an admissible Galois structure.

The main objective of this paper is to show that this is indeed the case, and, more precisely, that the
category of groupoids in an exact Mal’tsev category is always a Birkhoff subcategory of the category of
simplicial objects. The paper is organized as follows: we begin with some preliminaries, to fix notation and
provide the background notions. We then construct the reflection of the category of simplicial objects into
the subcategory of internal groupoids. Next, we characterize the central extensions for the induced Galois
structure. In the next section we compare our construction with the homotopy relations for the simplices in
a Kan complex, which are used to define its homotopy groupoid. Then we prove that the Galois structure
admits a relative monotone-light factorization system. We end the paper with a discussion of reflexive
graphs, seen as truncated simplicial objects.

1. Preliminaries
1.1. Simplicial objects

Let A denote the category of finite nonzero ordinals, with monotone functions as morphisms. For a
given category C, the category Simp(C) of simplicial objects in C is the category of functors A°? — C.
Equivalently, an object X of Simp(C) is a collection of objects (X, )nen together with face morphisms
di: X = Xp—q for all n > 0 and 0 < 4 < n, and degeneracy morphisms s;: X,, = X, 41 for n > 0 and
0 < ¢ < n, satisfying the following simplicial identities, whenever they make sense:

didj =dj_1d; 0<i<j<n+1

s;8; =5j418 0<i<j<n

disj=sj_1d; 0<i<j<n-—1 (1)
disj =1 ie{j,j+1}

disj =s;di-1 0<j<i—1<n-—1.

When necessary, we will write d or s& to distinguish the face or degeneracy morphisms of different simplicial
objects. A morphism f: X — Y in Simp(C) is then a collection of morphisms f,: X, — Y,, that commute
with face and degeneracy morphisms, in the sense that d}-{ frny1 = fndzX and s}{ fn = fnJrng{ for all 7, n.

If X is a simplicial object, we will denote Dec(X) the décalage of X [26], which is the simplicial object
(Xn+1)n>0, whose face and degeneracies are the same as those of X, without the last faces dp1: Xp41 — X
and last degeneracies s, : X,, = X, 41 for all n > 1. The simplicial identities imply that the morphisms
dpy1: Xny1 — X, form a morphism of simplicial objects ex: Dec(X) — X. Since all these morphisms
are split (and thus regular) epimorphisms, € is a regular epimorphism in Simp(C), although it does not
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need to be a split epimorphism. Notice that Dec defines an endofunctor of Simp(C), and € is a natural
transformation from Dec to the identity endofunctor.

A is a skeleton of the category of non-empty finite totally ordered sets, and there exists exactly one
functor from the latter category to A. In particular, since the poset Py, .. (N) of non-empty finite subsets
of N (ordered by inclusion) can be seen as a subcategory of non-empty finite totally ordered sets, there is
a unique functor ®: Py, . (N) — A that maps any set with n+ 1 elements to {0,...,n} and any inclusion
map to an injective morphism in A.

For a given simplicial object X, and for every n > 2, one can consider the restriction of ® to the poset of
proper subsets of {0, 1,...,n}; taking the opposite functor and composing with X: A% — C gives a diagram
in C. The limit of this diagram is the n-th simplicial kernel of X, and denoted K, (X). In particular, we
have morphisms p;: K, (X) = X,,_1 for i =0,...,n, satisfying d;p; = d;j_1p; for all 0 < i < j < n, and the
morphisms p; are universal with this property. Thus the face morphisms dy,...,d,: X, = X,,—1 induce a
canonical morphism &, : X, — K,(X). Following [19], we say that X is exact at X,,_1 if k, is a regular
epimorphism, and exact if it is exact at X, for all n > 1.

Moreover, for every n > 2 and 0 < k < n, we can also restrict ® to the poset of proper subsets of
{0,...,n} that contain k, and then compose the opposite functor with X. The limit of this diagram is the
object of (n,k)-horns A?(X), and it is equipped with morphisms v;: AZ(X) — X, for 0 < ¢ < n and
i # k that satisfy the identities d;v; = dj_1v; for all 0 < i < j < n and ¢ # k # j, and are universal
with this property. There is then also a canonical arrow A} : X,, — A7?(X) induced by the face morphisms
di: X, — X, for i # k, and X is said to satisfy the Kan property if all these morphisms are regular
epimorphisms. Moreover, a morphism f: X — Y between simplicial objects is called a Kan fibration if for
all n and k the canonical arrow 67 in the diagram

X)) Xap) Y — Y, (2)

| - s
>‘k
AR(X) — o AL(Y)

(where the inner square is a pullback) is a regular epimorphism.

For every n > 1, we denote A,, the full subcategory of A consisting of the ordinals with n+ 1 elements or
less, and Simp,, (C) the category of functors A% — C, whose objects we called n-truncated simplicial objects.
The inclusion A,, < A then induces by precomposition the truncation functor Simp(C) — Simp,,(C).

An internal reflexive graph in C is simply a 1-truncated simplicial object. A multiplicative graph is then
a reflexive graph endowed with a partial multiplication m: X; xx, X1 — X; that is unital and compatible
with the domain and codomain morphisms ([13]), and an internal category is a multiplicative graph whose
multiplication is associative. All these conditions can be summarized by saying that an internal multiplicative
graph is an object of Simp,(C), such that the square

Xgi}X]_

W

X1T>X0

is a pullback, and an internal category is an object of Simp5(C) such that the square above and the square
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X3A>X2

W

X2 —_— X1
da

are pullbacks. Moreover, an internal category is an internal groupoid if and only if any of the squares

d d2

X5 SN X1 Xo — X3
of e owtoal
X1 — Xo X1 - Xo

is a pullback. Internal functors are also the same thing as (restricted) simplicial morphisms. Moreover, any
internal category can be extended to a simplicial object by simply taking its nerve. From now on we will
thus consider Cat(C) and Grpd(C) as full subcategories of Simp(C); more precisely, a simplicial object X
is an internal category if and only if the commutative square

d
Xn *0> Xn—l

@ Jaems

anl To> Xn72

is a pullback for all n > 2.
1.2. Mal’tsev categories and higher extensions

A finitely complete category C is called a Mal’tsev category if every internal reflexive relation in C is an
equivalence relation [11-13,2]; when C is a regular category, this condition holds if and only if the composition
R o S of two equivalence relations R, S on the same object X is an equivalence relation. When this is the
case, Ro S is in fact the join of R and S in the poset of equivalence relations of X. Accordingly this poset
is a lattice. In fact this is a modular lattice ([12]), i.e. we have the identity

RV(SAT)=(RVS)AT

for all equivalence relations R, S,T on X such that R <T.

An important property of Mal’'tsev categories is that the inclusion of the category Grpd(C) of internal
groupoids into the category MRG(C) of multiplicative reflexive graphs is an isomorphism, and that the
truncation functor MRG(C) — RG(C) is fully faithful ([13]).

For a variety, this is also equivalent to the existence of a ternary operation p satisfying the equations
p(z,y,y) = x and p(x,x,y) = y. In particular, the categories of groups, R-modules, rings, Lie algebras
and C*-algebras are all examples of Mal’tsev categories; other examples include the category of Heyting
algebras, any additive category, or the dual of any topos [5].

In any regular category, a commutative square

x-257
|
YﬁW

<~
>
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of regular epimorphisms is called a regular pushout or double extension if the canonical morphism
(f,9): X =Y Xw Z is a regular epimorphism ([29]). These double extensions are stable under pullback

along a commutative square in any regular category.

Proposition 1 (/6]). If C is a regular Mal’tsev category, then

e any square of the form

X257z

Il

YT>W

where hf = jg, gs =th, fs =1y, jt = ly and g, h are reqular epimorphisms is a double extension;
e a square of regular epimorphisms

X257
| £
YTH/V

is a double extension if and only if f(Eq[g]) = Eq[h], i.e. if and only if the morphism Eq|g] — Eqlh]

(where Eq[g] and Eq[h] denote the kernel pairs of g and h respectively) induced by f and j is a regular
epimorphism.

We can also define a triple extension as a commutative cube

for which all faces, as well as the induced commutative square

x -9 vz

L

X —— Y Xw zZ'
(f.9" ’

are double extensions. Triple extensions satisfy the same properties as in Proposition 1: in particular, a split
cube between double extensions is always a triple extension.

1.8. Categorical Galois theory and monotone-light factorization systems

We recall some definitions from [31,32].
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A Galois structure T' = (C, X, 1,U, F) consists of a category C, a full reflective subcategory X of C, with
reflector I: C — X and inclusion U: X — C, and a class F of morphisms of C containing all isomorphisms,
stable under pullbacks, closed under composition, and preserved by I. We will call the morphisms in F
extensions. Let us write, for any object B of C (resp. of X), C | B (resp. X | B) for the full subcategory of
the slice category C/B (resp. X /B) consisting of extensions f: X — B. Then any arrow p: E — B induces
a functor p*: C | B — C | E defined by pulling back. If p is an extension, this functor has a left adjoint
pr defined by composition with p; the extension p is said to be of effective F-descent, or simply a monadic
extension, if the functor p* is monadic.

Moreover, the reflector I induces, for every B, a functor I®: C | B — X | I(B) which maps f: X — B
to I(f): I(X) — I(B); and every such functor has a right adjoint UZ: X | I(B) — C | B, defined for any
g: Y — I(B) by the pullback

BX[(B)Y—>Y

_
UB(Q)J J{g

B ———— I(B).

The object B is then said to be admissible if U? is fully faithful, which is equivalent to the reflector I
preserving all pullback squares of the form above. A Galois structure I' is said to be admissible if every
object is admissible.

Given an admissible Galois structure, an extension f: X — B in C | B is said to be

o trivial if it lies in the replete image of U, or equivalently if the square

X X5 1(X)

fl |1

B ——1 (B)
is a pullback;

e central, or alternatively a covering, if there exists a monadic extension p: E — B such that p*(f) is
trivial;

e normal, if it is a monadic extension and if f*(f) is a trivial extension (that is, if the projections of the
kernel pair of f are trivial).

Example 1. If C is an exact Mal’tsev category, X is any Birkhoff (i.e. full reflective and closed under quotients
and subobjects) subcategory of C, and F is the class of regular epimorphisms, then the Galois structure T’
is admissible, and moreover, every extension is monadic and every central extension is also normal ([31]).

When C is the category of groups and X the subcategory of abelian groups, the central extensions in this
sense are exactly the surjective group homomorphisms whose kernel is included in the center of the domain
([31]). More generally, in any exact Mal'tsev category with coequalizers, the central extensions of the Galois
structure defined by the subcategory of abelian objects are the extensions such that the Smith-Pedicchio
commutator [Eq[f], Vx] is trivial ([23]).

If T is a Galois structure where F is the class of all morphisms in C, admissibility is equivalent to the
reflector I being semi-left-exact in the sense of [14]. Any morphism f: X — B in C induces a commutative
diagram
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when the reflector I is semi-left-exact, it preserves the pullback in this diagram, I(f’) is an isomorphism,
and f” is a trivial extension by definition. Moreover, in that case the classes £ of morphisms inverted by
I and the class M of trivial extensions are orthogonal to one another, and thus the two classes form a
factorization system (£, M) in C ([14]). The trivial extensions are then stable under pullbacks, but the class
£ does not have this property in general. In order to obtain a stable factorization system, one can localize
M and stabilize £, as in [9]; this means that we replace £ by the class £ of morphisms for which every
pullback is in £, and M by the class M* of morphisms f that are locally in M, in the sense that there exists
a monadic extension p such that p*(f) € M. In the context of Galois Theory these are precisely the central
extensions. The two classes £ and M™* are orthogonal, but in general they do not form a factorization
system. When this is the case, the resulting factorization system is called the monotone-light factorization
system (£, M*) associated with T

In the case where F is no longer the class of all morphisms in C, it may not be true that every morphism
admits a (£, M)-factorization. Nevertheless, this is still true for extensions; it is then natural to extend the

notion of factorization system to the case where only some morphisms have a factorization. This was done
by Chikhladze in [15]:

Definition 1. If C is a category and F a class of morphisms of C containing the identities, closed under
composition, and stable under pullbacks, a relative factorization system for F consists of two classes £ and
M of morphisms such that

(1) € and M contain identities and are closed under composition with isomorphisms;

(2) € and M are orthogonal to one another;

(3) M CF;

(4) every arrow f in F can be written as me for some m € M and e € E.

Then any admissible Galois structure I' = (C, X, I, F) yields a relative factorization system for F with &£
and M consisting of the morphisms inverted by I and the trivial extensions, respectively. When moreover
this factorization system can be stabilized, then the stable factorization system (£, M*) (where £’ is the

class of all morphisms for which any pullback along an arrow in F is in £) is called a relative monotone-light
factorization system for F.

Example 2. If C is the category of simplicial sets, X the category of groupoids, I the fundamental groupoid
functor, and F the class of Kan fibrations, then every Kan complex is an admissible object, and the central
extensions were called second order coverings in [8].

This Galois structure admits a relative monotone-light factorization system, as shown in [15].

Example 3. In a finitely complete category, any object X has a corresponding discrete internal groupoid.
This defines a fully faithful functor D: ¢ — Grpd(C). If C is exact, then this functor admits a semi-left-
exact left adjoint Iy : Grpd(C) — C ([4]). When C is moreover Mal’tsev, C is in fact a Birkhoff subcategory
of Grpd(C), and the central extensions of the Galois structure (Grpd(C),C, Iy, F) (where F is the class of
regular epimorphisms) are precisely the regular epimorphic discrete fibrations ([22]). This Galois structure
admits a relative monotone-light factorization system ([16]).
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2. The reflection of simplicial objects into groupoids

Convention. For the remainder of this article, C will denote a regular Mal’tsev category. For a given simplicial
object (X,,)n>0 with face morphisms d;: X,, — X,,_1 for n > 1 and 0 < i < n, we will denote by D; the
kernel pair of d;. When necessary, we will write DZX for the kernel pair of dfg.

Note that Simp(C), being a functor category, is also regular Mal’tsev.

Lemma 2. If X is a simplicial object in C, all the commutative squares given by did; = dj_1d; for i < j
are double extensions. Moreover, if f: X — Y s a reqular epimorphism of simplicial objects, then the
corresponding commutative cubes are triple extensions.

Proof. If i < j — 1, then we have a diagram

J
Xnt2 <ﬁ> Xn+1
-

dj71

Xng1 <:2> X,
.
where the two squares obtained by taking the horizontal arrows pointing to the right and to the left both
commute (i.e. d;d; = dj_1d; and d;s;_1 = sj_2d;). On the other hand, if j = ¢+ 1, then at least one of the
inequalities 1 < j < n + 2 is strict, hence at least one of the diagrams

J d;
Xnt2 & Xop Xpyo —— Xnq1
J
dll J/dl 51,—1TJ/di Si—lTJ/di
dj71
Xn+1 ﬁ Xn Xn+l T) Xn
i _

will similarly yield two commutative squares; in any case, the commutative square d;d; = d;_1d; is a double
extension by Proposition 1.

Moreover, any morphism f: X — Y of simplicial objects has to commute with the face and degeneracies;
hence, when f is a regular epimorphism, every square

fn+1
X7z+1 e 1/n-"-l

o

an—>Yn

is a double extension. The resulting cube will then always be a split epimorphism between double extensions,
hence a triple extension. 0O

Remark. The pullback X; x x, X; of dg along d; coincides with the object of (2, 1)-horns A?(X), and similarly
the other two pullbacks X; x x, X1, which define the kernel pairs of dy and d;, coincide with the objects of
(2,2) and (2,0)-horns, respectively. In particular, Lemma 2 shows that every simplicial object satisfies the
Kan property and that every regular epimorphism is a Kan fibration for 2-horns. The proof for the higher
order horns can be done in the same way, using n-fold extensions for n > 3, as in [19].

As a consequence we have
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Corollary 3. If f: X — Y is a regular epimorphism in Simp(C), then f(DX A D?g) =DY A DE{. Moreover,
for any i < j < k, we have

do(D; A D;) = D; A D;
dj(Di N Dk) =D; NDy_4
di(Dj A\ Dk) = Dj,1 ANDp_q.

Proof. By Lemma 2 f: X — Y induces a triple extension. In particular the square

(d,d5°)
Xn I Xn—l XXn,z Xn—l

| !

Yn Yn—l XY, _o Yn—l

—
(@ .dy)
is a double extension, so that

F(DF A DJf) = f(Bql(d,d})]) = (df . d}) = D ADJ.

107 (2]

Moreover, dj, is a component of the regular epimorphism ex: Dec(X) — X, and thus the cube

d;
Xn+3 ? Xn+2

dr—1
NN

o] " X X
d;

d;

5 —1,
D, G — X1 d;

dp 71\ \d]P

Xn+l d;_; > Xn

is a triple extension; in particular the squares

(di,d; (di,dy,
Xn+3 *; Xn+2 XX,,,_H Xn+2 Xn+3 *Z Xn+2 XXn+1

. [ l

X2 @) Xnt1 Xx,, Xnt1 KXnt2 @ah Xnt1 Xx, Xnt1
1y 7 -

Xn+2

and

(dj,di)
Xn+3 7 Xn+2 XXn+1 Xn+2

i l

X"‘*Q(d*}j,l,dk,ﬁx"‘“ X x, Xnt1
are all double extensions, which implies the desired equalities. O

Lemma 4. For any simplicial object X, the following equivalence relations in X1 are all equal:

dO(Dl A DQ) = dl(Do A DQ) = d2(DO A Dl).
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Proof. We prove the first identity; the other one is obtained in a similar way. Since D1 A Dy = d3(D1 A D3)
and do(D1 A\ D3) = Dy A Dy, we have

do(Dl A D2) = do(dg(Dl N Dg)) = dl(dO(Dl A Dg)) = d1(D0 N DQ). O
Definition 2. We will call H;(X) the equivalence relation dy (DF A DY).
Proposition 5. Let X be a simplicial object in C. Then for all n > 2 the following conditions are equivalent:

(1) D; ND; = Ax, forall0<i<j<n;
(2) DO/\Dn:AXn;'
(8) there exist 0 < i < j <n such that D; ND; = Ax, .

Moreover, X is an internal groupoid if and only if it satisfies these conditions for all n > 2.

Proof. It is clear that (1) implies (2) and that (2) implies (3); we prove that the third implies the first by
induction. We first consider the case where n = 2; if D; A D; = Ax,, and k is such that {0,1,2} = {3, j,k},
we need to prove that D; A Dy = Ax,. We have d;(D; A D) = Ax, and

dj(Di N Dk) = dk(Dl A Dj) = AXl

by Lemma 4, and thus D; A Dy, < D; ADj = Ax,.

Assuming now that the condition holds for n, we prove that it holds for n + 1. Assume that D; A D; =
Ax,.,; then taking images by dj, (for k ¢ {i,7}) on both sides shows that Dy A D;» = Ay, for some 7', j',
and thus, by the induction hypothesis, for all +/, j’. In particular, for any 0 < r < s < n + 1, we have for
some 1/, s’

di(Dr A Ds) <Dy ADg = AX"a
so that D, A Dy < D;; and similarly D, A Dy < Dj, so that D, ADy, = Ax

Now X is an internal groupoid if and only if the squares

nt1

d
Xn *0> Xn,1

dnJ{ J{dn -1

Xno1 To> Xn—2

are all pullbacks. Since we know already that they are all double extensions, this is equivalent to the fact
that the pair dy, d,, is jointly monic, and this is equivalent to (2). Thus any internal category always satisfies
the second condition, and conversely any simplicial object satisfying the first one is an internal category
where the square

XQLXl

"

X1 — Xo
do

is a pullback. This condition is equivalent to the internal category being a groupoid. O
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Note that in the above proof we only needed to know that X was an internal category to prove that
it satisfied the conditions; so this gives us a new proof of the fact that any internal category in a regular
Mal’tsev category is an internal groupoid.

Corollary 6. The subcategory Grpd(C) of Simp(C) is closed under quotients and subobjects.

Proof. All the intersections that characterize internal groupoids in Proposition 5 are preserved by regular
epimorphisms of simplicial objects, which shows that groupoids are closed under quotients. Furthermore,
they are also closed under subobjects; indeed, if m: X — Y is a monomorphism in Simp(C) with Y a
groupoid, then for any 0 < ¢ < j < n, the cube induced by the identity d;d; = d;j_1d; and m yields a
commutative square

X Y

(di,d; >l l(divd])

anl XXp_o anl T Ynfl XY, _o Ynfl

where the horizontal arrows are monomorphisms and the right-hand vertical side is an isomorphism, and
thus the left-hand vertical side is a monomorphism. Since it is also a regular epimorphism (by Lemma 2),
this means (d;,d;) is an isomorphism; hence X is an internal groupoid. O

Remark. In fact Corollary 6 also characterizes Mal’tsev categories among the regular (or even finitely
complete) ones: indeed a reflexive relation R < X x X is just a subobject of the reflexive graph (X x
X, X,m1,m,0x), and by taking iterated simplicial kernels, one can extend this to a monomorphism in
Simp(C), whose codomain is just the nerve of the indiscrete equivalence relation/groupoid on X. Thus
every reflexive relation is a subobject of a groupoid, and a relation is a groupoid if and only if it is an
equivalence relation. Accordingly:

Corollary 7. A regular category C is a Mal’tsev category if and only if Grpd(C) is closed under subobjects
in Simp(C).

Convention. For the remainder of this article, we assume that the category C is exact.
In this setting, we have

Theorem 8. If X is a simplicial object in C, then the quotient % and the object Xg admit a groupoid
structure

do
P
dy

and taking the nerve of this groupoid defines a functor Iy : Simp(C) — Grpd(C), which is left adjoint to
the inclusion Grpd(C) — Simp(C).
In particular, Grpd(C) is a Birkhoff subcategory of Simp(C).

Proof. Note first that since by definition Hy(X) < Dy A Dy, dy and dy: X; — X, factor through the
coequalizer n; of Hy(X) as d_om and d_1n1 respectively, and dp and dj have a common section 180, which
we will also denote 5g, so that we get a morphism of reflexive graphs
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1 X
X1 (%)
d1 s
do ?1
Xo.
Let us then form the pullback
% X dz X3
Hi(X) " Xo Hi(X) H1(X)
. _I
do l@
X )
H, (IX) — XOa

to prove that the reflexive graph (3) is a groupoid, it suffices to prove that there exists a morphism
dy: % X X, % that satisfies the relevant identities.
By Proposition 4.1 in [6], 71 X171 X1 Xx, X1 — )P% X X, ﬁ—i is a regular epimorphism, and as a consequence
SO is
X, " X,
X )
Hi(X) 7" Hi(X)

(mdo,mda) = (m x m1) o (do,d2): Xo —

which we will denote 7;. We also define Ho(X) = Eq[n2]. Now to prove the existence of d;, we need to show
that md;: Xo — % factorizes through 72; for this it is enough to show that n1di (H2(X)) = Ax,, which
is equivalent to di(H2(X)) < Hy(X). Since dy and ds are jointly monic by construction, we find that
Hy(X) = dy ' (H1 (X)) A dy ' (H1 (X))
=dy ' (do(D1 A D2)) Ady ' (d2(Do A D1))
= (DO V (D1 AN Dg)) AN (D2 V (DO A\ Dl))
Using the modularity of the lattice of equivalence relations on X5, one sees that this is equal to

((Do V (D1 A D3)) A Do) V (Do A D1) = (Do A Do)V (Dy A Do) V (Do A D).

From this last expression, we get that di(H2(X)) = di(Dg A D3) = H;(X). This proves the existence of
d; such that d_lng = midy. Let us also denote 55 the unique morphism % — % X X, % such

T T — — : : X X X
that dgsg = 1Hi((1X) and doSg = Sodi, and 357 the unique morphism T (1X) — H1(1X) XXo T, (1X) such that
des1 =1 x, and dysy = 50dp. Using the fact that 7, and 72 are regular epimorphisms, one can now easily

T(X)
prove that all the simplicial identities are satisfied. This endows the quotient graph with the structure of

a multiplicative graph, which is then automatically a groupoid, which we denote II;(X). We also denote
nx: X — II;(X) the morphism of simplicial objects induced by 1x,, m1 and 12. We can show that 7, is a
regular epimorphism for all n, by iterating the argument showing that 7, is a regular epimorphism.

It remains to prove that II; is indeed a left adjoint for the inclusion Grpd(C) — Simp(C). For this we
must prove that for every morphism f: X — Y to a groupoid Y, there exists a factorization of f,, through
Mn: Xn — I1(X), for all n (note that such a factorization is unique, as every 7, is a regular epimorphism).
The case n = 0 is trivial as ng is the identity. For n = 1, it is enough to prove that Fq[fi] > H;(X), or
equivalently f1(H; (X)) = Ay, . Now

AHL(X)) = f1dY (DF A DY) = dY fo(D§ A DY) < dY (DY A DY) = Ay,.
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This shows that the truncation of f to a morphism (f1, fy) of reflexive graph factors through the groupoid
X1 /H, (X), with a factorization (g1,90 = fo); applying the nerve functor allows us to extend this factor-
ization to higher levels, resulting in morphisms g, : I (X),, — Y,,. Then the factorizations f,, = g7, for
n > 2, can be obtained from the universal property of the pullbacks defining each X,, and Y,,. Then since
each 7, is a regular epimorphism, the morphisms g,, define a morphism of simplicial objects. O

Let us denote H,(X) the kernel pair of n,. We have proved already that Ha(X) = (Do A D1) V (Do A
D5) V (D1 A D3). For the next section, it will be useful to prove a similar formula for H, (X), for n > 3:

Proposition 9. For all n > 2, we have

H,(X)= \/ (DiAD;).

0<i<j<n

Proof. We prove the result by induction on n. The case n = 2 was done in the proof of Theorem 8. Now
let us assume that it holds for n; since by construction the square

0 (X) i1 —2 s T1(X),,

-
[ 1l ldn

I (X),, — T3 (X) -1
is a pullback, so that the two morphisms dy, d,,+1 are jointly monic, we have for n 41

Hy1(X) = Eq[nn41] = Eqldonn+1] A Eqldny1mn+1]
= E(J[nndo] A EQ[nndnJrl] = dal(Hn(X)) A dr:}rl (Hn(X))
Moreover, by the induction hypothesis we have the identities
H,(X) = \/(Di A Dj) = do \/(D; A Dj)
0<i<j<n 0<i<j<n+1
and
Hy(X) = \/(Di ADj) = dnya \/(Di A D;)
0<i<j<n 0<i<j<n+1
Combining all these, we get the identity
H,1(X) = [ DoV \/(Di AD)) | A | Duya Vv \/(Di A Dy)
0<i<j<n+1 0<i<j<n+1

From there we already see that

Hppl(X) > \/(Di A D).

0<i<j<n+1
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For the converse inequality, first note that

\(DiAD;j) < | Do v \V(@inDy) | |,
0<i<j<n+1 0<i<j<n+1

and thus, since the lattice of equivalence relations of X, 1 is modular, we have

Ho1(X) = \/(DiAD;)V | Do A | Duya Vv \/(Di A D)

0<i<j<n+1 0<i<j<n+1

Now to conclude the proof it is enough to prove that

Do A | D V\/(DinD;) | = \/(DoA D) (4)

0<i<j<m 0<j<m

for all m > 1, which we will do by induction. The case where m = 1 is trivial, so let us now assume that
(4) holds for some m. Then we have

dm | DoA | Dyt v \/(Di A D;)
0<i<j<m+1

< dm(Do) A | din(Ds1) V' \/ din(D; A D;)

0<i<j<m+1

= Do A | D vV \/(D; A Dy)

0<i<j<m

= \/(Do A Dj)

0<j<m
=dy \/ (Do A Dj) |,
0<j<m+1
and as a consequence we have
Do A | Dinga V \/(Di AD;)| <DV \/(D0 A D).
0<i<j<m+1 0<j<m+1

It follows that the left-hand side must be equal to

Do A | Dnyr V\/(Di ADj) | A | D v \/(Do A Dy)
0<i<j<m+1 0<j<m+1

Now since Vo<, 11(Do A Dj) < Do, using again the modularity law, we find that

Do A | D V\/(DoADj) | = \/(DoA D),
0<j<m+1 0<j<m+1
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and this is smaller than (Dm+1 Vv \/ogi<j<m+1(Di A Dj)), which concludes the proof. O

Remark. If the category C is not only exact Mal’tsev but also arithmetical ([39]), then the category Grpd(C)
coincides with the category of equivalence relations, which is thus a Birkhoff subcategory of Simp(C). Note
that in that case, H1(X) = do(D1 A D3) = Do A Dy, since direct images preserve intersections of equivalence
relations (by Theorem 5.2 of [7]). Accordingly our reflection becomes a reflection of Simp(C) into Eq(C).

Since every groupoid is a quotient of an equivalence relation, Eq(C) is closed under quotients in Simp(C)
if and only if Eq(C) = Grpd(C).

Corollary 10. An exact Mal’tsev category is arithmetical if and only if EQ(C) is a Birkhoff subcategory of
Simp(C).

Remark. Note that, in contrast with the Smith-Pedicchio commutator, which yields a left adjoint of the
forgetful/inclusion functor Grpd(C) — RG(C) ([38]), we don’t need to assume the existence of any colimits
to define H;(X).

3. Characterization of central extensions

Being a Birkhoff subcategory of the exact Mal’tsev category Simp(C), Grpd(C) is admissible in the
sense of categorical Galois theory, when F is the class of all regular epimorphisms. In this section we will
characterize the central extensions with respect to this reflection.

Convention. If f: X — Y is a morphism in Simp(C), we will denote F,, the kernel pair of the corresponding
morphism f,,: X,, = Y, for all n > 0. Similarly, for morphisms g: Z — W and f': X’ — Y’ in Simp(C),
we will denote the corresponding kernel pairs G,, and F, (for n > 0), respectively.

First, we note that Proposition 4.2 of [31] implies, in our case, that trivial extensions f: X — Y are

characterized by the property that F,, A H,(X) = Ax,_ for all n > 0, that is:

Fy A \/DiAD; | =Ax,

0<i<j<n

for n > 2 and
Fy /\d0<D1 /\D2) = Ax,.

Our characterization of central extensions is then obtained simply by “distributing” the intersection with
F,, appearing in these equations with the join or image. In other words we have

Theorem 11. A regular epimorphism f: X — Y s a central extension with respect to the Galois structure
induced by the reflection of Simp(C) into Grpd(C) if and only if

di1(F1 A Do A Dy) = Ax, (5)
and, for allm > 2 and i,j such that 0 <i < j <mn,
Fn/\Di/\DjZAXn. (6)

To prove this we will need a couple of lemmas.
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Lemma 12. Let

be a pullback square of regular epimorphisms in Simp(C), and let n > 2 and 0 < i < j < n. Let us denote
d; the face morphisms of the simplicial object P, and D} their kernel pairs. Then

F, \ND; /\Dj = AX" = F;l /\D; /\D; = Apn.
Proof. Since pullbacks in Simp(C) are computed “levelwise” in C, for all n the square

P, " X,
.
i |1

Zn —— Ya

is a pullback. Therefore, in the cube

P,

Xn
\ ‘ f'n
I
(dj.d}) Zn gn
J{(dz‘,dj)

Po_1Xp,_y Pooy — | X1 Xx,_p Xn—1

N N

Ll XZy o L1 — Yp_1 Xy, _, Yn_1

F

the top and bottom faces are pullbacks; one can then show that the square

Pn — (Pn—l XP,_s Pn—l) XZp_1Xz Z Zn

n—24n-1
’
In

Xn — (Xn-1 XX, Xno1) X¥,ixy, ,Van Yo

is a pullback, which implies that
9n(F}, NDj N D}) = F,, A D; A D;. (7)

In particular, F), A D A D;- = Ap, implies that F,, ND; AD; = Ay, .

For the converse, the equation (7) shows already that if F;, A D; A D; = Ax, , then I}, A D{ A D} < G7,.
Since it is also smaller than F},, and since f;, and g;, are jointly monic by construction, we have F;, AD;AD’; =
Ap . O

n

n)

Lemma 13. Let f: X — Y be a split epimorphism, with section s: Y — X, and let A, B be two equivalence
relations on X, with respective coequalizers qa,qp. Assume that we have a diagram
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X/A - x 2,5 X/B

ol ®

Y/A Y ——= Y/B’

where the vertical downward arrows are split epimorphisms, and the upward and downward squares commute.
Then the following conditions are equivalent:

(1) Eq(f]A(AV B) = Ax
(2) Eq[f]NA=Ax =Eq[fI]\B.

Proof. First of all, we have the inequality

(EqlfINA)V (EqlfI A B) < Eq[f] A(AV B),

which immediately proves that the first condition implies the second.
For the converse, we can complete the diagram (8) by taking the pushouts of the top and bottom spans.
This yields a cube

X —® X/B

N, W 1D

qa y I8 Y/B'

qa’

X/A ——|— X/(AV B)
AN A
Y/A —— Y/(A'V B')

which is a split epimorphism between double extensions, hence a triple extension. In particular, the square

X 9z X/B

l<QA,f) \b

X/A XY/A’ Y — X/(A\/B) XY/(A/VB/) Y/B/

is a double extension. Assume now that Eq[f] A A = Ax = Eq[f] A B. The first equality implies that (g4, f)
is a monomorphism, hence an isomorphism; then so is v in the diagram above, and thus the left and right
faces of the cube are pullbacks. Similarly, the second equality implies that the top face is a pullback as well,
and then so is the square

X Y2, X/(AV B)

| |

Y —— Y/(A'V B,

since it is the composite of the top and right faces. This implies that Eq[f]A (AV B) = Ax. O
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Proof of Theorem 11. Let us consider the diagram

X f

Now assume first that f is a central extension, so that the left-hand square is a pullback. Since by construc-
tion IT; (X xy X) is an internal groupoid, (6) holds for II;(7;), and then by Lemma 12 it also holds for m
and thus for f.

Assuming now that (6) holds, then again by Lemma 12 it also holds with 71 : X xy X — X so that for
all 4,7 such that 0 <i < j < n,

Eq[(m)n] A D; A Dj = A, xy, X,-

But 71 is a split epimorphism in the category of simplicial objects of C. Thus in particular, for all 0 <7 <
j <mn, (m1), and D; A D’ satisty the assumptions of Lemma 13, and thus we have

Eq[(m1)n] A Ha(X xy X) = Bq[(m)a] A [ \/ DIAD) | = Ax, xy, X,

0<i<j<n

This implies that the left-hand square is a pullback; thus 7 is a trivial extension, and f is a central
extension. O

The equivalence relation Fy A Dy A D; is the kernel pair of the arrow 63: Xy — A3(X) x AZ(Y) Y2 defined
as in (2). Since 63 is a regular epimorphism in C whenever f is in F, Fy A Dy A Dy is trivial if and only if
the square

X, —2 v,

x| ¥
A2(X) —— A%(Y
3(X) T A3(Y)
is a pullback. The triviality of F5 A Dy A Dy and Fy A Dy A Dy can be interpreted in the same way with the
horn objects A? and AZ.
Moreover, the higher order conditions F,, A D; A Dj = Ax, imply that all the morphisms 607, for n > 2,
are isomorphisms, and thus that all squares

are pullbacks. One can prove that the converse is true as well.

Corollary 14. An extension f: X — Y in Simp(C) is central with respect to the reflection of Simp(C) into
Grpd(C) if and only if [ is an exact fibration at all dimensions n > 2 in the sense of Glenn ([21]).
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4. Comparison with simplicial sets

As noted before, the left adjoint to the nerve functor between groupoids and simplicial sets is the fun-
damental groupoid functor [20]. For a simplicial set X which satisfies the Kan condition, also called a
quasigroupoid, this left adjoint can alternatively be described as the homotopy groupoid (see [1,34]). One
defines the homotopy relation on X3 by saying that two elements (or 1-simplices) f,g € X3 are homotopic
if and only if there exists a € Xo such that do(a) = f, di(a) = g and da(a) = sodi1f = sodig. This is
always a reflexive relation (since for a given f one can take a = sof), and using the Kan condition one can
then prove that this is actually an equivalence relation. The homotopy groupoid is then the groupoid whose
objects are just the elements of X, arrows are homotopy classes of 1-simplices, identities defined by the
classes of degenerate 1-simplices, and composition defined by the existence of fillers for (2, 1)-horns (with
two sided inverses defined by the existence of fillers for the outer horns).

This relation can be interpreted in any regular category as follows: first take the pullback

X2 X X4 Xo L) XO

| - [ (9)

Xy —— Xy,
2

and then factorize the morphism (dg,d1)m1: Xo Xx, Xo — X7 x X; as a regular epimorphism ¢: P — R
followed by a monomorphism r = (p1, p2): R — X1 x Xj, so that R is a relation on X;. As in the case of
sets, this is a reflexive relation; indeed, the simplicial identities imply that

(p1, p2)(q(d1, 80)) = (do, d1)m2(d1, 50) = (do,d1)s0 = (1x,,1x,)-

This relation coincides with do(D1 A D3) whenever X satisfies the Kan condition, as we shall now see. In
fact it will be helpful to prove a slightly more general result:

Lemma 15. Given any regular epimorphism f: X — Y between two simplicial objects, let us consider the
pullback

X1 XYIYE) L Y()

- Y
L7 s
X1 f} )/1

Then dOX(ng A F1) is equal to the regular image of (do,dy)m: X1 Xy, Yo = Xo x Xo.

Proof. Consider the diagram

Y1 Xy, XQ X2 X1 XX1
f2
Y o, X wé\} st ‘ \ X, X
dy xdy Y —— Y, aX x dX
) . (10)
v 4o ™ (dy ,dy’) 4
YO Xy, X1 — X1 Xo X XO
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where the top and bottom faces of the cube are pullbacks. Since all the vertical solid arrows are split by
some degeneracy morphism, and the horizontal morphisms commute with these sections, the dotted arrow
is a split epimorphism as well. In particular, the image factorization of (d%(,d%)m is the same as that of
(dX, dX) i (do x do) = (d¥ x d¥)(d¥,dX ). If we prove that the image of (d¥,dy)n} in X; x X is the
equivalence relation Dy A F, then it would follow that the image of (dX x dX)(dy,dX )" is do(D1 A Fy),
which would conclude the proof.

Since we have a decomposition of fy given by the diagram

X5 f2

AG(X) xpz(y) Yo —2 Y

o~ &

P1 A5
2 2

NO) s ARCY),

we can rewrite the top pullback in (10) as the upper rectangle in the following diagram:

X2 Xy, Yl 1 Yl
2 JI
ﬂiJ{ m J{s\f
02
X2—>A2( )XA Y)}/QT}YQ
9| al - s
A(X) == AJ(X) ——— A}(Y)

Now since Ay, = (di{, d¥)3¥: Y7 — Y1 x Y1, the composition A\%s; is a monomorphism, and thus so is p1m.
Since AZ is the regular epimorphism in the factorization of (d,dy): X, — X; x X, P is the image of
the morphism (df,dX)m}. On the other hand, the right-hand rectangle above coincides with the left-hand
square in the rectangle

P4>Y1_| Yl

w1

A3(X )WM( ) —— Y1 x Y7,

Since the two squares are pullbacks, the whole rectangle is one as well. But this is the same as the outer
rectangle in

P_I Fl_l Y;
AT
A(X) —— X x X3 7 Y, x Y1,

where the two squares are again pullbacks. Thus P coincides with the intersection D A F}, which concludes
the proof. O

As a consequence we have
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Proposition 16. If X is a Kan complex in a regular category C, the relation H1(X) coincides with the image
of the morphism (dy, dX)m1: Xo xx, Xo — X1 x X1, where m; is determined by the pullback (9).

Proof. Tt suffices to apply Lemma 15 to the case where f; = ex: Dec(X) = X. O

Remark. If one sees a Kan complex as a quasigroupoid or co-groupoid, then the left adjoint to the nerve
or inclusion functor Grpd — Kan is in a sense a “strictification”, which turns quasigroupoids into actual
groupoids.

The equivalence relation do(D; A Do A Fs) which appears in our characterization of central extensions
admits an alternative construction, similar to that of H(X).
More precisely, if we take now L to be the limit of the lower part of the diagram

L

Xo & .‘ Xs Ty
X1 Y,

(where the dotted arrows form the limit cone), then we have

(11)

Proposition 17. If X, Y are Kan complezes and f: X — Y is a Kan fibrations in a regular category C, the
relation dy(Fs A Do A\ D3) coincides with the image of the morphism (dé& dX)pa: Xo xXx, X2 — X1 x X7.

Proof. First, note that the limit in diagram (11) can also be obtained as the pullback

L_J(P17P3) XO % Yl

PZJ J{SO RN

Xngleg.

Now the image of the morphism (ds, f2) is the pullback X; Xy, Y3 of f1 along dy. Moreover, we have

fop1 = doso fopr = dofis0p1 = dofidapa = doda fap2
= dodasop3 = d1dgsops = dip3,

so that (p1, p3) factors through Xy xy, Xi. Thus the pullback square above factorizes as a rectangle

L2 X0 sy Xy —— Xo x X,

le J{sOXSOSO J{SOXSO

Xo P N v Ve s Xy x Y,

and one can easily show that the right-hand square is a pullback, and as a consequence so is the left-hand side
square. But this square is exactly the pullback that appears if we apply Lemma 15 to the induced morphism
(ex, Dec(f)): Dec(X) — X xy Dec(Y), which is a regular epimorphism between simplicial objects because
the square
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Dec(X) Deels) Dec(Y)

x| Jev

XﬁY

is a double extension in C for all n. O
5. The relative monotone-light factorization system

In this section we assume

In order to prove that our Galois structure admits a relative monotone-light factorization system, we use
the following criterion, due to Carboni, Janelidze, Kelly and Paré in the absolute case and to Chikhladze
in the relative case:

Proposition 18 (/9,15]). Let (C, X, 1, F) be an admissible Galois structure. The class F admits monotone-
light factorization if for each object B of C there is an effective F-descent morphism p: C — B where C' is a
stabilizing object, i.e. an object such that if h = me is the (£, M)-factorization of any morphism h: X — C,
then any pullback of e along a morphism in F is still in €.

We will prove that, in our case, the shifting Dec(X) of a simplicial object X is always stabilizing. For this
it suffices to prove that exact objects are stabilizing since we have:

Proposition 19 (/19], Proposition 3.9). Any simplicial object that is contractible and also satisfies the Kan
condition is exact.

As a consequence, if X satisfies the Kan condition, then its shifting Dec(X) is exact.
We will need the following characterization of images in regular categories:

Proposition 20 ([11]). Let f: X — Z and g: Y — Z be two morphisms in a regular category C. Then g
factors through the regular image of f if and only if there exist an object W of C with a morphism h: W — X
and a regular epimorphism q: W — 'Y such that fh = gq.

Lemma 21. IfY is exact at Yo, and f: X — Y is a regular epimorphism in Simp(C), then
do(D1 A Do) A Fy = do(D1 A Do A Fy).

Proof. The inequality
do(D1 A Dy A Fy) < do(Dy A D3) AN Fy

always holds. To prove the converse, we consider the monomorphism ¢ = (1, ¢2) into X; x X7 corresponding
to the equivalence relation do(D; A D2) A Fy. This relation is smaller than do(D; A D), so that, by the
characterization given in Proposition 20 and the alternative construction of do(D; A D) given in section 4,
there must exist a regular epimorphism p: Z — do(D1AD32)AF; and a morphism a = {aq, as): Z — XoXx,
Xo such that dya; = p1p and dya; = @ap. Since, moreover, it is smaller than F;, we have fidga; = fidiaq,
which can be rewritten dgfoay = dy foory.

Now consider the morphisms

Yo = Y1 = S1do faoy = s1d1 faaq
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Y2 = sodi faan

Y3 = fa0.

One can check that the identity d;y; = d;—1y; holds for all 0 < ¢ < j < 3, so that these morphisms
determine a morphism y from Z to the third simplicial kernel K3(Y), and we can consider the pullback

7 ¥ g

47

Y3 Tg) KS(Y)

Y being exact at Y3 means that x3 is a regular epimorphism, and, as a consequence, so is p’. Consider now
the morphisms

/
xo = s1dou1p
/
1 = s1dio1p

/
T3 = oqp,

from Z’ to X5. One can check that the identity d;z; = d;_1x; holds for all ¢ < j and ¢ # 2 # j, thus they
determine a morphism z: Z’ — A3(X); and, moreover, we have

dia' = piksa’ = piyp’ = yip' = fox;

for = 0,1,3, which implies that Aja’ = A3(f)x. Thus  and o induce a morphism Z" — A3(X) x xg3(y) V3.
Consider then the pullback

1

VAU p VA

afl |

X3 7} A%(X) XA%(Y) YE;
2

Since 63 is a regular epimorphism, so is p”, and by construction we have d;o” = z;p" for i = 0,1,3 and
f3a” = o/p”. Now the morphism dyoo’: Z"” — X, is such that

fadad" = dy f3a" = dap" = yop'p"” = sody faorp'p"”
and
dadaa” = dodsa”’ = doxsp” = daonp'p” = soaap’p”;

hence there exists a unique morphism 3: Z” — L (where L is defined by (11)) such that p§ = agp’p”,
p23 = doc’ and p38 = f1diayp’p”’. Now we can check that

(do, d1)p2f8 = (do, dy)daa” = (drdy, drdy)a’” = (dyzo, dyxy)p”
= (d1s1do, dis1dr)a1p’p” = (do, dr)a1p’p”
= (1, 02)pp'p".

This proves that do(Dl A Dg) NF) < do(Dl A Dy A FQ) O
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Lemma 22. If Y is exact, then Y is stabilizing: given any morphism f: X — Y, the induced morphism
(fimx): X = Y xq, vy 11 (X) ds stably in £.

Proof. To simplify the diagrams, we denote P = Y x1, (y) I11(X). Let us consider a pullback square

’

Q 25X

|
h l(fﬂlx) (12)
7z —— P

with g a regular epimorphism in Simp(C).

We need to prove that IT;(h): II;(Q) — II1(Z) is invertible. Since it is a morphism between internal
groupoids, it is enough to prove that II;(h)o and II;(h); are invertible. Note that the functor IT; leaves the
objects Xy unchanged, and thus {fy,70) is an isomorphism, and thus so are hg and II; (h)g. So we only need
to prove is that II;(h); is an isomorphism.

Since Grpd(C) is a Birkhoff subcategory of Simp(C) and h is a regular epimorphism, the square

Q 25 1,(Q)

hi J{Hl(h)

Z T@> HI(Z)
is a double extension in Simp(C), and thus the square

(o)1 Q
Ql > Hl(b)

w]| - (13)

Zy
drmndb:ney

is a (regular) pushout in C. This already proves that h; = II;(h); is a regular epi. Now if there exists a
morphism t: Z; — @Q1/H1(Q) such that th; = (ng)1, then using the universal property of the pushout (13)
we can construct a retraction for hi, which proves that it is an isomorphism. So we are left to prove that
such a morphism ¢ exists; since h; is a regular epimorphism, it is enough to prove that Eq[h;] < H;(Q).

To prove this, we denote ¥1,1%9: Fqlh1] — @1 the two projections of the kernel pair. Then the commu-
tativity of (12) (or rather, the corresponding commutative square involving hy in C) implies that

g1(Eq[h1]) < Eq[{f1, (nx)1] = Fi AN Hi(X) = do(D1 A Dy A F5)

where the last equality is given by Lemma 21. As a consequence, we know that there must exist a morphism
a: A — L and a regular epimorphism p: A — FEq[h1] such that (do,d1)p2cc = (g1 X g7) (W1, 2)p.
We now prove that (f2,n2)p2c factors through a degeneracy of P. More precisely, we prove that

(f2,m2)pacx = 55 dg (f2,m2) pacv. (14)
Since the degeneracy morphism sf is induced by those of TI;(X) and Y, it is enough to prove that fopec
L Y 1 (X) .
and 7ap2a factorize in the same manner through sy and s respectively.

By construction we must have

Y ¥ Y Y .Y e
8o do fap2or = g dy 59 p3cv = 59 p3v = fapacr.
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On the other hand we have

dOHl(X),,]2p2@ _ dgl(x)sonl(x)donl(x)mpza
by the simplicial identities, and
& F npppa = md pra = mugiap = grhatap = gihatip

I, (X
= mgi1p = mdy pra = d, X paa

T (X) I (X) I (X
_ 1 00 13 (30 I )

n2p2¢.

By construction, the two morphisms dOHl(X),dIIL(X): % — % are jointly monic, and thus these
equalities imply that

HI(X)ngl(X)

M2p20¢ = Sq mp2a,

and this in turn implies that (14) hold. From this we find that

(f2.m2)pac = g dg ( f2,m2)pacy
= sp (f1,m1)dy pacy

36P<f1, 771>gi¢1p
sEgrhivp

= gasEhiynp.

Since @2 is the pullback of go along (f2,72), there is a unique morphism o': A — @9 such that hea' =
s&hyip and gha'! = paa. From this, we find that

gidga’ = difgha = dij pra = giiup
and
hdga = dfhsa’ = dfs§habip = hithip,
and since gj and h; are jointly monic, we have dBQ " = )1p, and similarly d?o/ = op.
Now we prove that dgo/ = s?d?dga’ ; from the definition of @ it suffices to check that the identity

holds after composing both sides with each of the morphisms h; and ¢;. We have

hysQdRdRa’ = dRhqsQdRa/ = dZsLdlhyo! = sLdZdE sEhyipip

= sLdZhypip = dEsEhiy, = dEhya’ = hid!
and

gise dydga’ = sydidygha’ = s didi prcr = sidi s pr

= sppra = dy poa = dy gha! = gid3a/

Thus o' factorizes through the pullback of SOQ along dg) , and thus (¢1,19)p = (d?,d?)a’ factorizes
through the inclusion of H1(Q) in @1 X @1, which concludes the proof. O
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As a consequence, we then have

Theorem 23. If C is an exact Mal’tsev category, the Galois structure induced by the reflection of simplicial
objects into internal groupoids admits a relative monotone-light factorization system for regqular epimor-
phisms (E', M*), where £ is the class of morphisms stably inverted by 111 and M* is the class of central
extensions of this Galois structure.

6. Truncated simplicial objects and weighted commutators

For all n > 2, we can define a nerve functor Grpd(C) — Simp,, (C); this amounts to compose the usual
nerver functor Grpd(C) — Simp(C) with the truncation functor Simp(C) — Simp,,(C). The characteri-
zation of groupoids in truncated simplicial objects is then identical.

Moreover, the construction of the equivalence relations H,,(X) does not depend on the objects X,, for
m > n. Thus Grpd(C) can also be seen as a Birkhoff subcategory of Simp,, (C), with the reflection defined
in the same way, in the sense that the reflectors commute with the truncation functor. The characterization
of central extensions also extends in the same way. Note that for n = 2, truncated simplicial sets coincide
with internal precategories in the sense of [28].

The forgetful functor Grpd(C) — Simp,(C) = RG(C) also coincides with the composition of the
nerve functor with the truncation functor Simp(C) — RG(C), and it is also fully faithful [13]. On the
other hand, this time the reflection does not commute with the truncation, as the construction of H;(X)
depends on X5 and the face morphisms Xy — X;. In fact, the reflection RG(C) — Grpd(C) is obtained by
taking the quotient of X by the Smith-Pedicchio commutator [Dg, D1]sp ([38]). The central extensions of
reflexive graphs in exact Mal’tsev categories (with coequalizers) with respect to this adjunction have been
characterized in [18]. Note that this commutator is preserved by regular images, and is always smaller than
the intersection; as a consequence, we always have the inequalities

[Do, D1]sp < Hi(X) = dy(Do A Dy) < Do A Dy. (15)

It turns out that this reflection can also be obtained by applying our results, at least when the category C
is finitely cocomplete.

Indeed, in that case the truncation functor Simp(C) — RG(C) is right adjoint to the 1-skeleton functor
Sky [17], which can be defined by taking left Kan extensions along the inclusion A¥ — A°P. Now since the
inclusion Grpd(C) — RG(C) is the composition of the nerve functor and the truncation Try, the functor
11, Sk must be a left adjoint to this inclusion. Thus our results can be used to give an alternative description
of the Smith-Pedicchio commutator as the equivalence relation Hy(Sk1 (X1, Xo,do, d1, So))-

Let us make this construction explicit. The object Xo = (Sk1 (X1, X0, do, d1, S0))2 is the pushout X; +x,
X1 of s50: Xg = X, along itself, with sp and s; the two canonical morphisms X; — X; +x, X;. In order
to satisfy the simplicial identities we must then define dy to be the unique morphism for which dysg = 1
and dops; = sodp, which we denote [1, sodo]: X1 +x, X1 — Xi; similarly, we must have d; = [1,1] and
d2 = [Sodl, 1]

In the case where C is not only exact Mal’tsev but also semi-abelian ([33,2]), there is, for every object X
of C, an order-preserving bijection between equivalence relations on X and normal subobjects of X, which
is also compatible with regular images. Accordingly, our results can be easily translated in terms of normal
subobjects, by replacing every kernel pair by the kernel of the corresponding morphism.

In the case where Xy = 0 is the zero object in C, X3 is simply the coproduct X; + Xi, and the face
morphisms are just the morphisms [1,0], [1, 1], [0, 1]. Then our construction of dy(Dy A D3) is nothing but
the Higgins commutator [X1, X1]g (which coincides with the Smith-Pedicchio commutator [Vx,, Vx,]sp),
as defined in [25,37]. In general, d;(Dg A D) coincides with a weighted commutator ([24]):
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Theorem 24. When C is a semi-abelian category, the subobject dy(Ker(dy) N Ker(dz)) coincides with the
weighted commutator [Ker(do), Ker(di)]s,: Xo— X -

Proof. Let us denote K; < X; the kernel of d;: X1 — X (for i = 0,1). We recall from [24] the construction
of the weighted commutator [Ky, K1]x,: we first define the morphism ¢ as the morphism making the
diagram

[t1,0,¢2]

Xo+ Ko+ K3
—,
—

(Xo+ Ko) xx, (Xo+ K1) — Xo+ K

| Jo

Xo+ Ko Xo

[t1,e2,0]

(1,0]

commute. Then [Ky, K1]x, is the image of the kernel of ¢ under the morphism [sg, ko, k1]: Xo+ Ko+ K7 —
X;.
To prove the equivalence, consider the following commutative diagram:

Xo + Ko <:>1X0 <:>1X0+K1

[1,0] [1,0]
o T e
X1 Xl

So S0
Xo

0 d1

Since all the vertical morphisms are regular epimorphisms, the induced morphism between the pushouts of
the upper and lower spans (i.e. the cokernel pairs of ¢; and sg), which we will denote by =, is also a regular
epimorphism. This gives a commutative cube

Xo+ Ko+ K4 MXo-f—Kl

Nl 42,0] &01

ol XO +K0 1.0 Xo
[s0,k1]

[s0,ko]

Xi+x, X1 —|— Xy
[I,SQdQ]

[Sodlk Y

X, ———— X

where every edge is a regular epimorphism. In fact this cube is a triple extension, as it can be seen as a
split epimorphism between (vertical) double extensions. As a consequence the induced square

Xo+ Ko+ K3 L) (X0+Ko) X X, (X0+K1)

i |

X1 +X0 X1 W Xl X Xq X1

is a double extension; in particular, we have

v(Ker(y)) = Ker({dy,d2)) = Ker(dy) N Ker(dz).
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Now we also have

diy = [1, 1)([s0, ko] + [s0, k1]) = [s0, ko, k],
and thus the image of Ker(v) under [sg, ko, k1] is d1(Ker(do) A Ker(ds)), which completes the proof. O

Corollary 25. For any reflexive graph in a semi-abelian category C, the weighted commutator [Ker(dp),
Ker(dy))se: xo—x, of the kernels of dy and dy coincides with their Ursini commutator [Ker(dy), Ker(dy)]urs
as defined by Mantovani in [36].

Proof. This just follows from the fact that the Ursini commutator is the normalization of the Smith-
Pedicchio commutator of the corresponding equivalence relations. 0O

We have shown that using the left adjoint of the truncation functor produced a simplicial object for
which the first inequality of (15) is an equality, so that H;(X) is as small as possible. We can also define
a right adjoint R to the truncation functor 7', using right Kan extensions along the inclusion AJ? — A°P.
Such a right extension amounts to iteratively define X, as the simplicial kernel of the truncated simplicial

d
object X, _1 :Oi X,_o..., and the face morphisms d;: X,, — X,,_1 as the canonical projections. If we
d

apply this construction, then the induced equivalence relation Hy(X) turns out to be equal to Dy A D1, so
that this time H;(X) is as big as possible. In fact we can prove something a bit more general:

Proposition 26. If X is a simplicial object exact at X1, i.e. if ko: Xo — Ko(X) is a regular epimorphism,
then do(D1 AN Dg) =Dy AN Dq.

Proof. Consider the following diagram, where all the squares are pullbacks:

Xy xx, Xo —— K>(X) xx, Xo —— Xo
| - | - |
T S0
X ——— Ko )—>X1

(dodn) Vo,ul)l l(do,dl)
DO —_—> XO X X().

dy xdy
By definition, vokxe = do, and thus the upper rectangle is the pullback of dy along sg, i.e. it is the same
pullback as in (9); thus do(D; A D2) is the image of the composition (dy, d;)m;. Since the upper left square is
a pullback and ks is a regular epimorphism by hypothesis, ¢ is a regular epimorphism, and thus the image of
this morphism (dg, d1 )7 is the image of the middle vertical morphism. Moreover, the right-hand rectangle
is the pullback of d; x d; along Ax,, and thus this middle vertical morphism is a monomorphism, and the
corresponding subobject of Dy coincides with Dy A D1, which concludes the proof. 0O
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