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We prove that the category of cocommutative Hopf algebras over a field is a semi-
abelian category. This result extends a previous special case of it, based on the 
Milnor–Moore theorem, where the field was assumed to have zero characteristic. 
Takeuchi’s theorem asserting that the category of commutative and cocommutative 
Hopf algebras over a field is abelian immediately follows from this new observation. 
We also prove that the category of cocommutative Hopf algebras over a field is 
action representable. We make some new observations concerning the categorical 
commutator of normal Hopf subalgebras, and this leads to the proof that two 
definitions of crossed modules of cocommutative Hopf algebras are equivalent in 
this context.
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1. Introduction

The category HopfK,coc of cocommutative Hopf algebras over a field K is known to share many exactness 
properties with the categories of groups and of Lie algebras. It was already noted by Yanagihara in [40,41]
that some classical isomorphism theorems from group theory have their natural counterpart for cocommuta-
tive Hopf algebras. This work was based on a theorem by Newman [33], establishing a useful correspondence 
between left ideals that are also coideals and Hopf subalgebras of a given cocommutative Hopf algebra.

More recently it was observed [22] that, when the base field K has characteristic zero, the category 
HopfK,coc is semi-abelian (in the sense of [28]). This fact implies that many of the exactness properties of 
the category of cocommutative Hopf algebras follow directly from the axioms of semi-abelian category, and 
this has opened the way to explore some new connections between categorical algebra and Hopf algebra 
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theory [23,39,20]. As a matter of fact, the proof given in [22] depended on the Milnor–Moore theorem 
providing a canonical decomposition of any cocommutative Hopf algebra as a semi-direct product (also 
called smash product in the literature) of a group Hopf algebra acting on a primitively generated Hopf 
algebra [31]. This theorem, however, only holds when the characteristic of the field K is zero, so that the 
fact that HopfK,coc is semi-abelian could only be proved under this additional assumption.

A first goal of this paper is to show that the category HopfK,coc of cocommutative Hopf algebras over 
any field K is semi-abelian, and also action representable in the sense of [5]. The fact that HopfK,coc is 
semi-abelian can be seen as a non-commutative version of Takeuchi’s theorem asserting that the category 
of commutative and cocommutative Hopf algebras over a field K is abelian [38] (that extends its finite 
dimensional version due to Grothendieck [37]). Indeed, Takeuchi’s theorem easily follows from the fact 
that HopfK,coc is semi-abelian, since the category of abelian objects in HopfK,coc is then abelian, and it is 
isomorphic to the category of commutative and cocommutative Hopf algebras over K. We then prove that 
the category HopfK,coc is also an action representable category [5], and provide an algebraic description of 
the categorical commutator in the sense of Huq of two normal Hopf subalgebras in HopfK,coc. Finally, we use 
the fact that HopfK,coc is semi-abelian to prove that the notion of crossed module of cocommutative Hopf 
algebras (in the sense of [18,30], see also [29]) becomes a special case of the categorical notion of internal 
crossed module (in the sense of [27]) in the category of cocommutative Hopf algebras. One can deduce from 
these results that the category of crossed modules of cocommutative Hopf algebras is also semi-abelian.

2. HopfK,coc is a semi-abelian category

A morphism p in a category C is called a regular epimorphism if it is the coequalizer of two morphisms 
in C. A finitely complete category C is regular if any arrow f : A → B factors as a regular epimorphism 
p : A → I followed by a monomorphism i : I → B and if, moreover, these factorizations are pullback-stable. 
A relation on an object A in C is an equivalence class of triples (R, r1, r2), where R is an object of C and 
r1, r2 : R → A is a pair of jointly monic morphisms in C, and two triples (R, r1, r2) and (S, s1, s2) are 
identified when they both factor through each other. A relation (R, r1, r2) on A is called:

• reflexive if there is a (unique) morphism δ : A → R such that r1 · δ = 1A = r2 · δ;
• symmetric if there is a (unique) morphism σ : R → R such that r1 · σ = r2, and r2 · σ = r1;
• transitive if there is a (unique) morphism τ : R×A R → R such that r1 · τ = r1 · π1 and r2 · τ = r2 · π2, 

where (R×A R, π1, π2) is the pullback of r1 and r2.

An equivalence relation in C is a relation R on A that is reflexive, symmetric and transitive. A regular 
category C is exact (in the sense of Barr [2]) if any equivalence relation R in C is effective, i.e. it is the kernel 
pair of some morphism in C. This property means that for any equivalence relation there is a morphism 
f : A → B in C such that the following square is a pullback:

R
r2

r1

A

f

A
f

B.

A semi-abelian category is an exact category C, that is also pointed (i.e. it has a zero object), finitely 
cocomplete and protomodular in the sense of [6]. In the presence of a zero object, the protomodularity can 
be expressed by simply asking that the Split Short Five Lemma holds in C.

Among the examples of semi-abelian categories there are the categories of groups, Lie algebras, (asso-
ciative) rings, loops, crossed modules, compact groups, Heyting semilattices, C∗-algebras, and the dual of 
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the category of pointed sets. As explained in [28], semi-abelian categories are suitable to define and study 
(co)homology of non-abelian structures [17], and to define and develop a categorical approach to commu-
tator and radical theories. In a semi-abelian category there is also a natural notion of semi-direct product, 
internal action [5] and of crossed module [27]. We refer to [4] for more details about the basic notions and 
properties of semi-abelian categories.

The following reformulation of the notion of a regular category will be useful:

Lemma 2.1. Let C be a finitely complete category. Then C is a regular category if and only if

(1) any arrow in C factors as a regular epimorphism followed by a monomorphism;
(2) given any regular epimorphism f : A → B and any object E, the induced arrow 1E ×f : E×A → E×B

is a regular epimorphism;
(3) regular epimorphisms are stable under pullbacks along split monomorphisms.

Proof. It is well known that the properties (1), (2) and (3) hold in any regular category.
Conversely, if these properties hold, we need to prove that regular epimorphisms are pullback stable. 

Given any pullback

E ×B A
p2

p1

A

f

E
p

B

(2.1)

where f is a regular epimorphism, consider the diagram

E ×B A
e

p1

E ×A

1E×f

E
(1E ,p)

E ×B

where e : E×BA → E×A is the equalizer of p ·π1 and f ·π2, and the arrows π1 : E×A → E and π2 : E×A → A

are the product projections. This diagram is a pullback, and it then follows that p1 is a regular epimorphism, 
since it is the pullback of the regular epimorphism 1E × f along the split monomorphism (1E , p). �

We are now going to study the regularity and the exactness of the category HopfK,coc of cocommutative 
Hopf algebras over an arbitrary fixed field K. Recall that a K-coalgebra is a coassociative and counital 
coalgebra over K, that is a vector space C endowed with linear maps Δ : C → C ⊗ C and ε : C → K

satisfying (id ⊗Δ) ·Δ = (Δ ⊗ id) ·Δ (coassociativity) and (id ⊗ε) ·Δ = id = (ε ⊗ id) ·Δ (counitality). We use 
the classical Sweedler notation for calculations with the comultiplication, and we shall write Δ(c) = c1 ⊗ c2
for any c ∈ C (with the usual summation convention, where c1 ⊗ c2 stands for 

∑
c1 ⊗ c2).

Coassociativity and counitality can then be expressed by the formulas

c1 ⊗ c2,1 ⊗ c2,2 = c1,1 ⊗ c1,2 ⊗ c2 = c1 ⊗ c2 ⊗ c3.

c1ε(c2) = c = ε(c1)c2

A two-sided coideal I in a coalgebra C is a K-linear subspace I ⊂ C such that Δ(I) ⊂ I ⊗ C + C ⊗ I and 
ε(I) = 0. For any two-sided coideal I, the linear quotient C/I is a coalgebra and the canonical projection 
C → C/I is a coalgebra morphism.
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Recall that a K-bialgebra (A, M, u, Δ, ε) is an algebra A with multiplication M : A ⊗ A → A and unit 
u : K → A that is at the same time a coalgebra with comultiplication Δ : A → A ⊗A and counit ε : A → K

such that M and u are coalgebra morphisms or, equivalently, Δ and ε are algebra morphisms, which can 
be expressed in Sweedler notation as

(ab)1 ⊗ (ab)2 = a1b1 ⊗ a2b2 11 ⊗ 12 = 1 ⊗ 1

ε(ab) = ε(a)ε(b) ε(1) = 1.

A Hopf K-algebra is a sextuple (A, M, u, Δ, ε, S) where (A, M, u, Δ, ε) is a bialgebra and S : A → A is a 
linear map, called the antipode, making the following diagrams commute

A⊗A
S⊗id

id⊗S
A⊗A

M

A
ε

Δ

K
u

A.

In the Sweedler notation, the commutativity of these diagrams can be written as

a1S(a2) = ε(a)1A = S(a1)a2,

for any a ∈ A.
A Hopf algebra (A, M, u, Δ, ε, S) is cocommutative if its underlying coalgebra is cocommutative, meaning 

that the comultiplication map Δ satisfies σ · Δ = Δ, where σ : A ⊗ A −→ A ⊗ A is the switch map 
σ(a ⊗ b) = (b ⊗ a), for any a ⊗ b ∈ A ⊗A. In Sweedler notation: a1 ⊗ a2 = a2 ⊗ a1.

A morphism of Hopf algebras is a linear map that is both an algebra and a coalgebra morphism (the 
antipode is then automatically preserved). HopfK,coc is the category whose objects are cocommutative 
Hopf K-algebras and whose morphisms are morphisms of Hopf K-algebras.

The category HopfK,coc is complete and cocomplete [37,35], and pointed, with zero object the base 
field K. HopfK,coc can be seen as the category Grp(CoalgK,coc) of internal groups in the category CoalgK,coc

of cocommutative coalgebras, since binary products in CoalgK,coc are tensor products. Moreover, the equal-
izer of two coalgebra morphisms f, g : A → B in CoalgK,coc always exists (see 2.4.3 in [25], for instance). 
Indeed, the category CoalgK of all K-coalgebras has equalizers (since it is locally presentable, see Theorem 9 
in [34]), and any subcoalgebra of A is cocommutative, since A is so. Accordingly, the category CoalgK,coc has 
binary products and equalizers, and is then finitely complete. From this remark it follows that HopfK,coc

is a protomodular category, since so is any category of internal groups in a finitely complete category (see 
Example 5 on p. 57 in [6]).

Also in the category HopfK,coc the categorical product of two cocommutative Hopf algebras A and B
is given by the tensor product (A ⊗ B, p1, p2) where the projections p1 : A ⊗ B → A and p2 : A ⊗ B → B

are defined by p1(a ⊗ b) = aε(b) and p2(a ⊗ b) = ε(a)b (for any a ⊗ b ∈ A ⊗B). More generally, the “object 
part” A ×B C of the pullback

A×B C
p2

p1

C

g

A
f

B

of two morphisms f : A → B and g : C → B in HopfK,coc is given by
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A×B C = {a⊗ c ∈ A⊗ C | a1 ⊗ f(a2) ⊗ c = a⊗ g(c1) ⊗ c2},

and the projections p1 and p2 are defined by p1(a ⊗c) = aε(c) and p2(a ⊗c) = ε(a)c, for any a ⊗c ∈ A ×BC.
The kernel of a morphism f : A → B in HopfK,coc is given by the inclusion HKer(f) → A of the Hopf 

subalgebra

HKer(f) = {a ∈ A | f(a1) ⊗ a2 = 1B ⊗ a} = {a ∈ A | a1 ⊗ f(a2) = a⊗ 1B}

of A. Given any coalgebra C, we shall write

C+ = {x ∈ C | ε(x) = 0}.

Remark that for any coalgebra morphism f : C → D, we have that f(C+) = f(C)+. Indeed, y ∈ f(C)+ iff 
y = f(x) for some x ∈ C and 0 = ε(y) = ε(f(x)) = ε(x) iff x ∈ C+ and y = f(x).

The cokernel of an arrow f : A → B in HopfK,coc is given by the canonical quotient

q : B → B/Bf(A)+B,

where f(A) = {f(a) | a ∈ A} is the direct image of A along f , and Bf(A)+B is the two-sided B-ideal 
generated by f(A)+, which can be checked to be a Hopf ideal (i.e. a two-sided ideal and two-sided coideal 
that is stable under the antipode). For more details about basic properties of Hopf algebras we refer to 
[37,1].

Let A be a Hopf algebra then for a left A-module M we will denote the action of an element a ∈ A on 
m ∈ M by am. Since A is a Hopf algebra, the category of left A-modules is closed monoidal with a strict 
closed monoidal forgetful functor to K-vector spaces, where the left A-action on the tensor product M ⊗N

of two left A-modules M and N is given by

a(m⊗ n) = a1m⊗ a2n

for all m ⊗n ∈ M ⊗N . The monoidal unit in the category of left A-modules is the ground field K, endowed 
with a left A-module structure by means of the counit ε : A → K. A left A-module coalgebra is a coalgebra 
(comonoid) object in the category of left A-modules. More explicitly, C is a left A-module coalgebra if C is 
a left A-module which is at the same time a coalgebra, whose comultiplication and counit are morphisms 
of left A-modules. In Sweedler notation, these last two conditions mean that

ΔC(ac) = a1c1 ⊗ a2c2, ε(ac) = ε(a)ε(c)

for all a ∈ A and c ∈ C.
The following result, due to Newman [33], will play a central role in what follows. We shall adopt the 

formulation given in [36]. When I is a left ideal of a Hopf algebra A that is also a (two-sided) coideal, the 
quotient A/I has the structure of a left A-module coalgebra, and the canonical projection π : A → A/I is 
a morphism of A-module coalgebras. Conversely, given any surjective morphism π : A → B where A is a 
cocommutative Hopf algebra and B is a (cocommutative) A-module coalgebra, the vector space kernel of π
naturally has the structure of a left ideal and (two-sided) coideal.

Theorem 2.2. [33] Let A be a cocommutative Hopf algebra on a field K. Then there is a bijective correspon-
dence between

S = {D ⊂ A | D is a Hopf subalgebra of A}
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and

I = {I ⊂ A | I is a left ideal and a two-sided coideal of A}.

(1) The correspondence ΦA : S → I associates, with a Hopf subalgebra D of A, the corresponding left ideal 
two-sided coideal given by ΦA(D) = AD+ (which is the left A-module generated by D+);

(2) Conversely, given a left ideal two-sided coideal I in A, the inverse correspondence ΨA : I → S sends I
to the Hopf subalgebra of A given by

ΨA(I) = {x ∈ A | (id⊗ π)Δ(x) = x⊗ 1},

where π is the canonical quotient π : A → A/I and 1 = π(1) is the equivalence class of the unit 1 of the 
Hopf algebra A.

When A is a cocommutative Hopf algebra, B a left A-module cocommutative coalgebra and f : A → B

a surjective morphism of A-module coalgebras we find that the vector space kernel ker(f) is a left ideal 
two-sided coideal in A, and moreover ker(f) = AΨA(ker(f))+.

Recall that a Hopf subalgebra B ⊂ A of a cocommutative Hopf algebra A is called normal if for any 
b ∈ B and a ∈ A, one has that a1bS(a2) ∈ B. The following corollary is well-known, but we include its 
proof for sake of clarity.

Corollary 2.3. For a Hopf subalgebra B ⊂ A of a cocommutative Hopf algebra A, the following conditions 
are equivalent:

(1) B is a normal Hopf subalgebra;
(2) the associated ideal ΦA(B) is a Hopf ideal (hence the quotient A/ΦA(B) is a Hopf algebra);
(3) the inclusion morphism B → A is a normal monomorphism, i.e. the kernel of some morphism in 

HopfK,coc.

In other words, Newman’s correspondence can be restricted to a correspondence between normal Hopf sub-
algebras and Hopf ideals.

Proof. (1) ⇒ (2). Let B be a normal Hopf subalgebra of A, and consider the associated left ideal, two-sided 
co-ideal ΦA(B) = AB+. Let us show that it is also a right ideal. For any ab ∈ AB+ (sum implicitly 
understood) and any a′ ∈ A, we find that

(ab)a′ = aε(a′1)ba′2 = aa′1S(a′2)ba′3 ∈ AB+.

To see that AB+ is stable under the antipode, remark that S(ab) = S(b)S(a). Since b ∈ B+ and B is stable 
under the antipode, S(b) ∈ B+ ⊂ AB+ and therefore S(b)S(a) ∈ AB+ since we have just shown this is a 
right ideal.

(2) ⇒ (3). If I = ΦA(B) is a Hopf ideal, then the quotient A/ΦA(B) is a Hopf algebra. By Newman’s 
correspondence we know that B = ΨA(I). Observe that ΨA(I) is exactly the kernel HKer(π) of the quotient 
π : A → A/I.

(3) ⇒ (1). Suppose that B = HKer(f) for some morphism f : A → C in HopfK,coc. Then we know that 
x ∈ HKer(f) if and only if f(x1) ⊗ x2 = 1 ⊗ x. For any a ∈ A, we then find that

f(a1x1S(a4)) ⊗ a2x2S(a3) = f(a1S(a4)) ⊗ a2xS(a3)
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= f(a1S(a2)) ⊗ a3xS(a4)

= 1 ⊗ a1xS(a2),

and therefore a1xS(a2) ∈ HKer(f). �
Lemma 2.4. The category HopfK,coc of cocommutative Hopf algebras over a field K satisfies condition (1)
and (2) in Lemma 2.1.

Proof. As remarked in [22], given a morphism f : A → B, its regular epimorphism–monomorphism factor-
ization i · p in HopfK,coc is obtained by taking the cokernel p of the categorical kernel k of f :

HKer(f) k
A

p

f
B

A
A(HKer(f))+A

i

Indeed, notice that the vector space kernel ker(f) is a Hopf ideal when f : A → B is a Hopf algebra 
morphism, then thanks to Newman’s theorem and its Corollary 2.3, we know that ker(f) = A(HKer(f))+
which is equal to A(HKer(f))+A since HKer(f) is normal. Therefore, we have that

A

A(HKer(f))+A = A

ker(f)
∼= f(A),

and the regular epi–mono factorization in HopfK,coc is obtained as the usual one in vector spaces.
To see that condition (2) is satisfied, observe that in HopfK,coc the regular epimorphisms are the same 

as surjective morphisms [13], and products are tensor products: E × A = E ⊗ A. Accordingly, the induced 
arrow 1E × f : E ×A → E ×B is surjective whenever f is surjective. �

As explained in [41] (Corollary 2) given a morphism p : A → B in HopfK,coc and a Hopf subalgebra 
C ⊆ B of B, then the subset p−1(C) of A defined by

p−1(C) = {x ∈ A | [(p⊗ idA)Δ(x) − 1 ⊗ x] ∈ C+ ⊗A}

is a Hopf subalgebra of A. This subalgebra is called the h-inverse of C (along p).

Lemma 2.5. Consider a morphism p : A → B in HopfK,coc. Then:

(i) for all Hopf subalgebras C of B, p(p−1(C)) ⊆ C;
(ii) for all Hopf subalgebras D of A, D ⊆ p−1(p(D)).

In other words, the h-inverse and the direct image along p define an order preserving correspondence between 
the lattices of Hopf subalgebras of A and B.

Consequently,

(iii) for all Hopf subalgebras C ⊆ B and D ⊆ A,

D ⊆ p−1(C) ⇔ p(D) ⊆ C;
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(iv) for all Hopf subalgebras C ⊆ B

C = p(p−1(C)) ⇔ C = p(D), for some D ⊆ A.

Proof. (i) If x ∈ p−1(C), then (p(x1) ⊗ x2 − 1C ⊗ x) ∈ C+ ⊗ A. By applying id ⊗ ε to this element we get 
p(x) − ε(x)1C ∈ C+, so that p(x) ∈ C.

(ii) First remark that p(d) − ε(d)1B ∈ p(D)+, for any d ∈ D. Then we have

p(d1) ⊗ d2 − 1B ⊗ d = p(d1) ⊗ d2 − ε(d1)1B ⊗ d2

= (p(d1) − ε(d1)1B) ⊗ d2 ∈ p(D)+ ⊗A.

The two last statements follow since the direct and h-inverse image along p define a pair of adjoint functors

Sub(A) ⊥

p−1

Sub(B)
p

between the poset categories Sub(A) and Sub(B) of subobjects of A and B, respectively. Let us make this 
more explicit.

(iii) If p(D) ⊂ C then it follows by the previous observations that

D ⊂ p−1(p(D)) ⊂ p−1(C).

The other implication is proven in the same way.
(iv) In case C = p(p−1(C)), we can take D = p−1(C). On the other hand, if C = p(D) for some 

Hopf subalgebra D of A then by part (ii) we have D ⊆ p−1(p(D)) = p−1(C). By applying p one gets 
C = p(D) ⊆ p(p−1(C)), and by part (i) we obtain the desired equality. �

Let us now observe that the h-inverse p−1(C) is nothing but the “object part” of the pullback of the 
inclusion morphism i : C → B along p : A → B:

Lemma 2.6. Given an inclusion of a Hopf subalgebra i : C → B of a cocommutative Hopf algebra B, then 
the diagram

p−1(C)
p̂

j

C

i

A
p

B

(2.2)

is a pullback, where j is the inclusion of p−1(C) in A, and p̂ the restriction of p to p−1(C).

Proof. As it follows from Lemma 2.5(i), for any x in p−1(C) the element p(x) is in C, and the diagram 
(2.2) is commutative. To check the universal property, consider two morphisms α : T → A and β : T → C

such that p · α = i · β, and let us show that α(t) ∈ p−1(C). We have the equalities:

(p⊗ idA)Δ(α(t)) − 1 ⊗ α(t) = (p · α⊗ α)(t1 ⊗ t2) − ε(t1)1 ⊗ α(t2)

= i · β(t1) ⊗ α(t2) − ε(t1)1 ⊗ α(t2)

= [i · β(t1) − ε(t1)1] ⊗ α(t2).
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Since β(t) − ε(t)1 ∈ C+ for any t ∈ T , we obtain that α(t) ∈ p−1(C), as desired. �
Lemma 2.7. When p : A → B is a surjective Hopf algebra morphism in HopfK,coc. Then for any Hopf 
subalgebra D of A, we have that

(i) if D is normal in A, its direct image p(D) is a normal Hopf subalgebra of B,
(ii) taking the direct image commutes with applying the correspondence Φ from Theorem 2.2, i.e.

ΦB · p(D) = p · ΦA(D).

Proof. (i) Assume that D is a normal Hopf subalgebra of A, so that a1dS(a2) ∈ D, for any a ∈ A

and any d ∈ D. Since p is surjective, for any b in B there exists a in A such that p(a) = b (and then 
b1 ⊗ b2 = p(a1) ⊗ p(a2)). Hence, for any d in D,

b1p(d)S(b2) = p(a1)p(d)S(p(a2))

= p(a1dS(a2)) ∈ p(D),

since a1dS(a2) ∈ D (since D is normal in A). Thus, p(D) is a normal Hopf subalgebra of B.
(ii) Making use of surjectivity of p in the third equality, it follows that

p · ΦA(D) = p(AD+) = p(A)p(D+) = Bp(D+) = Bp(D)+ = ΦB · p(D). �
The following result proves that the pullback of a regular epimorphism along a monomorphism in 

HopfK,coc is again a regular epimorphism. To prove this, we use the observation from Lemma 2.6 that 
the pullback along a monomorphism in HopfK,coc can be computed by means of the h-inverse.

Proposition 2.8. Consider a surjective morphism p : A → B in HopfK,coc and a Hopf subalgebra C of B, 
with inclusion i : C → B. Then the morphism p̂ in the following pullback is also surjective.

p−1(C)

j

p̂
C

i

A
p

B.

Proof. From Lemma 2.6, we know that p̂ is just given by the restriction of p. Hence p̂ is surjective if and 
only if C = p(p−1(C)). By Lemma 2.5(iv), it is equivalent to prove that C = p(D) for some Hopf subalgebra 
D of A. To construct this algebra D, consider the quotient B/BC+, which is a left B-module coalgebra and 
thus a left A-module coalgebra by restriction of scalars via p. Consider now the following diagram in the 
category Vect of vector spaces:

A

π·p

p
B

π

B/BC+.

Since π and p are both surjective, we have

p(ker(π · p)) = ker(π) = BC+. (2.3)
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Furthermore, π · p is an A-module coalgebra morphism, and therefore the (vector space) kernel of π · p is 
a left ideal and a two-sided coideal in A. Using the correspondence of Theorem 2.2, we obtain therefore a 
Hopf subalgebra D := ΨA(ker(π · p)) of A. To show that C = p(D), let us observe that

ΦB(C) = ker(π) = p(ker(π · p)) = p · ΦA · ΨA(ker(π · p)) = p · ΦA(D) = ΦB · p(D)

where we used (2.3) in the second equality, the Newman correspondence from Theorem 2.2 in the third 
equality, and Lemma 2.7(ii) in the last equality. Applying once more the Newman correspondence, we find 
that C = ΨB · ΦB(C) = ΨB · ΦB(p(D)) = p(D) and this completes the proof. �
Corollary 2.9. The category HopfK,coc is regular.

Proof. In any pullback (2.1) where f : A → B is a monomorphism, and p : E → B a regular epimorphism, 
we know that p2 : E ×C B → C is surjective by Proposition 2.8. By Lemma 2.1 and Lemma 2.4 the proof 
is then complete. �
Theorem 2.10. The category HopfK,coc is semi-abelian.

Proof. The category HopfK,coc is pointed, with zero object the base field K, and it is known to be pro-
tomodular [6], since it can be seen as the category of internal groups in the category of cocommutative 
K-coalgebras. HopfK,coc is also (finitely) complete and cocomplete, as it follows immediately from the fact 
that it is a locally finitely presentable category [35]. By Corollary 2.9 the category HopfK,coc is regular, so 
that it will be semi-abelian provided that the direct image of a normal monomorphism is again a normal 
monomorphism (see 3.7 in [28], for instance, where this property is one of the so-called “old axioms” defining 
a semi-abelian category). This property is true by Lemma 2.7(i) (and it was also observed in [41,39], for 
instance). �

From this theorem one can easily deduce Takeuchi’s theorem concerning the category HopfK,comm,coc of 
commutative and cocommutative Hopf algebras:

Theorem 2.11. [38] The category HopfK,comm,coc of commutative and cocommutative Hopf algebras over a 
field K is an abelian category.

Proof. It is well known that the category of abelian objects in a semi-abelian category is abelian (see 
Corollary 4.2 in [21], for instance). It turns out that the category Ab(HopfK,coc) of abelian objects in 
HopfK,coc is isomorphic to the category HopfK,comm,coc of commutative and cocommutative Hopf algebras. 
Indeed, it follows from Proposition 9 in [7] that the abelian objects in any semi-abelian category C are 
precisely the objects X with the property that the diagonal Δ: X → X × X is a normal monomorphism 
(= a kernel of some morphism in C). Accordingly, as observed in [39], the abelian objects in HopfK,coc are 
precisely the cocommutative Hopf algebras X such that the comultiplication Δ: X → X ⊗X is a normal 
monomorphism or, equivalently, such that X is commutative. �

We finish this section by an immediate corollary that, similarly to the above, can be viewed as a 
semi-abelian extension of the result due to Grothendieck which states the category of finite dimensional, 
commutative and cocommutative Hopf algebras is abelian.

Corollary 2.12. The category HopffdK,coc of finite dimensional cocommutative Hopf algebras over a field K is 
semi-abelian.

The opposite category (HopffdK,comm)op of the category HopffdK,comm of finite dimensional commutative 
Hopf algebras over a field K is semi-abelian.



M. Gran et al. / Journal of Pure and Applied Algebra 223 (2019) 4171–4190 4181
Proof. The first statement follows immediately from Theorem 2.10 along with the observation that HopffdK,coc

is a full subcategory of HopfK,coc which is closed under finite limits and regular quotients.
The second statement follows from the fact that the vector space dual induces an equivalence between 

the categories HopffdK,coc and (HopffdK,comm)op. �
3. Action representability of HopfK,coc

Recall that a pointed protomodular category C is action representable (equivalently, that it has repre-
sentable object actions in the sense of [5]) if the following property holds: given any object X in C, there is 
a split extension

0 X
i1

X
p2

[X]
i2

0 (3.1)

with kernel X that is universal in the sense that, given any other split extension in C with kernel X

0 X
k

A
f

B
s

0

there is a unique (up to isomorphism) χ : B → [X] (and χ : A −→ X) such that the following diagram of 
split exact sequences commutes

0 X
k

A
f

χ

B
s

χ

0

0 X
i1

X
p2

[X]
i2

0.

The object [X] in (3.1) is called a split extension classifier for X. In the action representable category Grp
of groups the object [X] is simply given by the group Aut(X) of automorphisms of the group X. In the 
category LieK of Lie algebras over a field K the split extension classifier [A] of a Lie algebra A is given by 
the Lie algebra Der(A) of derivations of A.

Proposition 3.1. The category HopfK,coc is action representable.

Proof. By Theorem 4.4 in [5] one knows that the category of internal groups in a cartesian closed category is 
always action representable, provided it is semi-abelian. The result then follows from Theorem 2.10 and the 
observation that the category HopfK,coc of cocommutative Hopf algebras is the category of internal groups 
in the cartesian closed category CoalK,coc of cocommutative coalgebras (see [25] for the fact that CoalK,coc

is a cartesian closed category). �
Remark 3.2. The same argument as in the proof of the Proposition here above implies that HopfK,coc is 
locally algebraically cartesian closed in the sense of [24], and then algebraically coherent in the sense of [14].

Remark 3.3. An explicit description of the split extension classifier [X] of a cocommutative Hopf algebra in 
HopfK,coc was given in [23] in the special case when the characteristic of the base field K is zero, by using 
the canonical semi-direct product decomposition in the Milnor–Moore Theorem [31]. It would be interesting 
to give such a description in the case of a general field K.
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4. Commutators in HopfK,coc

In any pointed category C with binary products, one says that two subobjects x : X → A and y : Y → A

of the same object A commute (in the sense of Huq) [26] if and only if there exists an arrow p making the 
following diagram commute:

A

YX × YX

x y

(1, 0) (0, 1)

p

(4.1)

Since HopfK,coc is protomodular, such an arrow p is unique, when it exists [9]. By taking into account the 
fact that the categorical product X × Y in HopfK,coc is the tensor product X ⊗ Y we get:

Lemma 4.1. In HopfK,coc, for any two Hopf subalgebras x : X → A, and y : Y → A of a cocommutative Hopf 
algebra A, the following conditions are equivalent:

(a) there exists a unique morphism of Hopf algebras p : X ⊗ Y → A such that diagram (4.1) commutes;
(b) ab = ba, ∀a ∈ X and ∀b ∈ Y ;
(c) a1b1S(a2)S(b2) = ε(a)ε(b), ∀a ∈ X and ∀b ∈ Y .

Proof. (a) ⇔ (b). First note that, in HopfK,coc, if there is a p making diagram (4.1) commute then p has to 
be defined as p(a ⊗ b) = ab: indeed,

p(a⊗ b) = p((a⊗ 1)(1 ⊗ b))

= p(a⊗ 1)p(1 ⊗ b)

= ab.

Then note that, if (b) holds, then p is an algebra morphism (and it is always a coalgebra morphism by the 
cocommutativity assumption).

On the other hand, when (a) holds and p is an algebra morphism,

ab = p((a⊗ 1)(1 ⊗ b)) = p((1 ⊗ b)(a⊗ 1)) = ba.

(b) ⇔ (c) When condition (b) holds, then we have the following identities:

a1b1S(a2)S(b2) = a1S(a2)b1S(b2) = ε(a)ε(b).

Conversely, a1b1S(a2)S(b2) = ε(a)ε(b) for all a ∈ X and b ∈ Y implies that

ab = a1bε(a2) = a1bS(a2)a3 = a1b1S(a2)ε(b2)a3

= a1b1S(a2)S(b2)b3a3 = ε(a1)ε(b1)b2a2 = ba. �
In a general semi-abelian category, the Huq commutator of two normal subobjects x : X → A and 

y : Y → A is the smallest normal subobject K → A such that its cokernel q : A → A/K has the property 
that the images q(X) and q(Y ) by q commute in the quotient:
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K A

X Y

A/K

q(X) q(Y )

q(X) × q(Y )

q

(1, 0) (0, 1)

p

In particular, in the category HopfK,coc, the Huq commutator of two normal Hopf subalgebras x : X → A

and y : Y → A, denoted by [X, Y ]Huq, is then defined as the smallest normal Hopf subalgebra in A such 
that, in the quotient A/A[X, Y ]+Huq, the normal Hopf subalgebras q(X) and q(Y ) commute in the sense of 
Huq, where q : A → A/A[X, Y ]+Huq is the canonical projection. By Lemma 4.1 this is also equivalent to the 
condition

ab = ba

∀a ∈ X, b ∈ Y or, equivalently, to

ab− ba ∈ A[X,Y ]+Huq.

We shall now give an explicit description of the Huq commutator of two normal Hopf subalgebras X and 
Y of A, and show that it coincides with the commutator defined in [40], compare also to the commutator 
subalgebra defined in [11] and studied in [15], [16]. We write [X, Y ] for the subalgebra of A generated by all 
elements of the form

{a, b} = a1b1S(a2)S(b2)

for any a ∈ X and any b ∈ Y .

Proposition 4.2. The algebra [X, Y ] is a normal Hopf subalgebra of A.

Proof. Thanks to the cocommutativity, [X, Y ] is a subcoalgebra and hence a subbialgebra of A. Indeed,

Δ({a, b}) = Δ(a1b1S(a2)S(b2))

= a1b1S(a4)S(b4) ⊗ a2b2S(a3)S(b3)

= a1b1S(a2)S(b2) ⊗ a3b3S(a4)S(b4) ∈ [X,Y ] ⊗ [X,Y ].

Moreover, this subbialgebra is a Hopf subalgebra:

S(a1b1S(a2)S(b2)) = b2a2S(b1)S(a1)

= b1a1S(b2)S(a2) ∈ [X,Y ],

where we used that S2 = id since A is cocommutative (see e.g. [37, Proposition 4.0.1(6)]). Finally, given any 
c in A, we check that the element c1a1b1S(a2)S(b2)S(c2) belongs to [X, Y ] for any a ∈ X and any b ∈ Y . 
Indeed, this is the case, since X and Y are normal Hopf subalgebras of A:
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c1a1b1S(a2)S(b2)S(c2) = c1a1S(c2)c3b1S(c4)c5S(a2)S(c6)c7S(b2)S(c8)

= (c1aS(c2))1(c3bS(c4))1S((c1aS(c2))2)S((c3bS(c4))2). �
Proposition 4.3. Let X, Y be two normal Hopf subalgebras of A. Then

[X,Y ] = [X,Y ]Huq.

Proof. If q : A → A/A[X, Y ]+ denotes the canonical quotient, as a first step we will prove that q(X) and 
q(Y ) commute in A/A[X, Y ]+. As we have already observed, in HopfK,coc, this is equivalent to the condition

ab− ba ∈ A[X,Y ]+,

for any a ∈ X and any b ∈ Y . Equivalently, this can be expressed by asking that

ab− ba = a1b1

(
ε(a2)ε(b2)1 − S(b2)S(a2)b3a3

)
∈ A[X,Y ]+,

that holds by definition of [X, Y ]+.
Next, we will show that [X, Y ] is the smallest normal Hopf subalgebra which satisfies the definition of 

commutators. In other words, we are going to prove that [X, Y ] factorizes through the categorical kernel of 
any surjective Hopf algebra morphism for which the images of X and Y commute. Let f : A → B be any 
surjective Hopf algebra morphism such that f(X) and f(Y ) commute in B.

For any generator {a, b} of [X, Y ], we have:

f(a1b1S(a2)S(b2)) ⊗ a3b3S(a4)S(b4)

= f(a1)f(b1)f(S(a2))f(S(b2))) ⊗ a3b3S(a4)S(b4)

= f(a1)f(S(a2))f(b1)f(S(b2))) ⊗ a3b3S(a4)S(b4)

= 1 ⊗ a1b1S(a2)S(b2).

In conclusion, the Huq commutator [X, Y ]Huq of two normal Hopf subalgebras X and Y of A is [X, Y ]. �
Remark 4.4. It is well known that in any action representable category the notion of centrality of two equiv-
alence relations R and S in the sense of Smith is equivalent to the notion of centrality of the corresponding 
normal subobjects NR and NS in the sense of Huq [10]. Accordingly, by taking into account Proposition 3.1, 
in the category HopfK,coc the description of the commutator given in Proposition 4.3 also applies to the 
(normalization of the) Smith commutator.

5. Internal crossed modules of Hopf algebras

The abstract notion of internal crossed module was defined and investigated in the general context of 
semi-abelian categories by Janelidze [27]. Internal crossed modules in a semi-abelian category C form a 
category that is equivalent to the category of internal groupoids in C.

In the context of Hopf algebras, the notion of Hopf crossed module was defined independently by Fer-
nández Vilaboa, López López, and Villanueva Novoa [18] (see also [30,19]). We will show here that in the 
cocommutative case, the category HXModK,coc of Hopf crossed modules is equivalent to the category of in-
ternal groupoids in HopfK,coc and is consequently also equivalent to the category of internal crossed modules 
in HopfK,coc.

Recall that for a cocommutative Hopf algebra B, the category of left B-modules is symmetric monoidal 
and the forgetful functor to vector spaces is symmetric monoidal. Hence, one can consider a Hopf algebra in 
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the category of left B-modules, which is then called a B-module Hopf algebra. Explicitly, a (cocommutative) 
B-module Hopf algebra X is a (cocommutative) Hopf algebra X endowed with a linear map ξ : B⊗X → X, 
ξ(b ⊗ x) = bx, satisfying the following identities

(a) (bb′)x = b(b
′
x)

(b) 1Bx = x

(c) bxy = b1x b2y

(d) b1X = ε(b)1X
(e) (bx)1 ⊗ (bx)2 = b1x1 ⊗ b2x2

(f) ε(bx) = ε(b)ε(x)

for any b, b′ ∈ B, and x, y ∈ X.
Remark that a B-module Hopf algebra is in particular a B-module coalgebra as defined in Section 2. 

We recall Majid’s definition of Hopf crossed module in the context of HopfK,coc which, in this case, also 
coincides with the definition given in [18].

Definition 5.1. [30] In HopfK,coc, a Hopf crossed module is a triple (B, X, d) where B is a cocommutative 
Hopf algebra, X is a cocommutative B-module Hopf algebra and d : X → B is a Hopf algebra morphism 
satisfying

d(bx) = b1d(x)S(b2)
d(y)x = y1xS(y2)

for any x, y ∈ X and b ∈ B.

The second axiom

d(y)x = y1xS(y2),

is usually called the Peiffer identity. Let HXModK,coc be the category of Hopf crossed modules, where a 
morphism

(α, β) : (B,X, d) → (B′, X ′, d′)

is a pair of Hopf algebra morphisms α : X → X ′ and β : B → B′ such that d′ ·α = β ·d and α(bx) = β(b)α(x).

When A is a B-module Hopf algebra, one can define the semi-direct product A � B (which is, in the 
Hopf algebra context, usually called the smash product and denoted by A#B) as the vector space A ⊗ B

with the following structure maps:

(a⊗ b)(a′ ⊗ b′) = a b1a′ ⊗ b2b
′,

uA�B = uA ⊗ uB ,

ΔA�B(a⊗ b) = a1 ⊗ b1 ⊗ a2 ⊗ b2,

εA�B(a⊗ b) = ε(a)ε(b),

SA�B(a⊗ b) = SB(b1)SA(a) ⊗ SB(b2),

for any a, a′ ∈ A and any b, b′ ∈ B.
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This semi-direct product induces a well known correspondence between split epimorphisms and actions 
(see [32]). For the reader’s convenience we now recall this correspondence in detail, in the cocommutative 
case, since it will be useful later on:

Proposition 5.2. Let A
δ

B
i

be a split epimorphism in HopfK,coc, i.e. δ ·i = IdB. Then, HKer(δ)

is a B-module Hopf algebra for the action ξ : B ⊗ HKer(δ) → HKer(δ) defined by

ξ(b⊗ k) = i(b1)ki(S(b2)).

Moreover, there exists a natural isomorphism

HKer(δ) �B ∼= A.

Proof. Using the explicit description of the kernel of a morphism in HopfK,coc recalled above, one can check 
that ξ(b ⊗ k) ∈ HKerδ for all b ⊗ k ∈ B ⊗HKerδ. Furthermore it is easy to verify that ξ defines a B-module 
Hopf algebra structure on HKer(δ). On the other hand, one can check that the maps ϕ : HKer(δ) �B → A

and ψ : A → HKer(δ) � B defined by ϕ(k ⊗ b) = ki(b) and ψ(a) = a1(i · δ)(S(a2)) ⊗ δ(a3) are well-defined, 
and they are Hopf algebra morphisms. Moreover, these morphisms are mutual inverses. �

Recall from [12] that a reflexive-multiplicative graph A is a diagram

A1 ×A0 A1
m

A1

δ

γ

A0,i (5.1)

where δ is the “domain morphism”, γ the “codomain morphism”, i the “identity morphism” (so that δ · i =
γ · i = IdA0), A1 ×A0 A1 is the (object part of the) pullback

A1 ×A0 A1

p1

p2
A1

γ

A1
δ

A0

and m a multiplication that is required to satisfy the identities

m · (IdA1 , i · δ) = IdA1 = m · (i · γ, IdA1), (5.2)

where (IdA1 , i · δ) : A1 → A1 ×A0 A1 and (i · γ, IdA1) : A1 → A1 ×A0 A1 are induced by universal property 
of the pullback A1 ×A0 A1.

A reflexive-multiplicative graph is an internal groupoid if the multiplication m satisfies the additional 
identities

δ ·m = δ · p2,

γ ·m = γ · p1,

m · (IdA1 ×A0 m) = m · (m×A0 IdA1),
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and there exists a morphism ι : A1 → A1 such that

δ · ι = γ,

γ · ι = δ,

m · (ι, IdA1) = i · δ,
m · (IdA1 , ι) = i · γ.

Reflexive-multiplicative graphs, with morphisms of reflexive graphs that preserve the multiplication, form 
a category, that will be denoted by RMG(C). The category of internal groupoids will be denoted by Grpd(C).

Recall that a finitely complete category C is a Mal’tsev category when any internal reflexive relation in 
C is an equivalence relation. It is well known that any protomodular category (therefore in particular any 
semi-abelian category) is a Mal’tsev category (see [4], for instance). As shown in [12], when C is a Mal’tsev 
category, morphisms in RMG(C) or in Grpd(C) are simply morphisms of reflexive graphs.

Remark 5.3. It is well known [12] that for a reflexive graph

A1

δ

γ

A0,i (5.3)

it is equivalent to be a reflexive multiplicative graph, an internal groupoid or to have a double centralizing 
equivalence relation on the kernel pairs Eq(δ) and Eq(γ) of δ and γ, respectively.

In our context, as recalled in Remark 4.4, this condition of centralization for equivalence relations 
exactly corresponds to the commutation of the normal subobjects associated with Eq(δ) and Eq(γ), i.e. 
[HKer(δ), HKer(γ)]Huq = 0.

We recall that a cat1-Hopf algebra, in the sense of [18], is a reflexive graph (5.3) such that

ab = ba, (5.4)

∀a ∈ HKer(δ) and ∀b ∈ HKer(γ).
We write Cat1(HopfK,coc) for the category whose objects are cat1-Hopf algebras and whose morphisms 

are the ones of reflexive graphs.

In the context of cocommutative Hopf algebras, Remark 5.3 leads us to the following proposition:

Proposition 5.4. In HopfK,coc, for a reflexive graph (5.3) the following conditions are equivalent:

(a) (5.3) is a reflexive-multiplicative graph;
(b) (5.3) is an internal groupoid;
(c) (5.3) satisfies [HKer(δ), HKer(γ)]Huq = 0;
(d) (5.3) is a cat1-Hopf algebra.

This implies that the categories RMG(HopfK,coc), Grpd(HopfK,coc) and Cat1(HopfK,coc) are isomorphic.

Proof. Since C = HopfK,coc is a semi-abelian category (Theorem 2.10), thus in particular a Mal’tsev 
category, this proposition follows from Remark 5.3 and the description of the Huq commutator given in 
Proposition 4.3. �
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We will now show that the categorical notion of crossed module in the category of cocommutative Hopf 
algebras corresponds exactly to the notion of Hopf crossed module, by using the fact that the both categories 
are equivalent to Grpd(HopfK,coc). The next theorem could be derived from Theorem 14 in [18], but we prefer 
to give a sketch of the proof for sake of completeness.

Proposition 5.5. The categories HXModK,coc and Grpd(HopfK,coc) are equivalent.

Proof. Thanks to the Proposition above, it will suffice to prove that RMG(HopfK,coc) and HXModK,coc
are equivalent. For brevity, we shall mainly recall the definition on objects of the functors yielding this 
equivalence. With a reflexive multiplicative graph (5.1) one associates the Hopf algebra morphism

d = γ · hker(δ) : HKer(δ) → A0

(where hker(δ) : HKer(δ) → A1 is the kernel of δ), equipped with the action A0⊗HKer(δ) → HKer(δ) defined 
by

ak = i(a1)ki(S(a2)),

for any a ∈ A0 and k ∈ HKer(δ). Thanks to Proposition 5.2, HKer(δ) is an A0-module Hopf algebra. The 
morphism d = γ · hker(δ) is a Hopf algebra morphism by construction, so it remains to see that the two 
axioms in the Definition 5.1 of Hopf crossed module are satisfied. The first axiom holds, since

d(ak) = [γ · hker(δ)](i(a1)ki(S(a2)))

= (γ · i)(a1)(γ · hker(δ))(k)(γ · i)(S(a2))

= a1d(k)S(a2).

By Proposition 5.4, the elements of HKer(δ) and HKer(γ) commute, hence for all b, k ∈ HKer(δ),

(S(k1)(i · γ)(k2))b = b((S(k1)(i · γ)(k2)) (5.5)

since (S(k1)(i · γ)(k2)) ∈ HKer(γ), as it follows from

γ(S(k1)(i · γ)(k2)) ⊗ S(k3)(i · γ)(k4) = γ(S(k1))γ(k2) ⊗ S(k3)(i · γ)(k4)

= 1B ⊗ S(k1)(i · γ)(k2).

Accordingly, the equality (5.5) implies

d(k)b = (i · γ)(k1)b(i · γ)(S(k2))

= k1S(k2)(i · γ)(k3)b(i · γ)(S(k4))

= k1bS(k2)(i · γ)(k3)(i · γ)(S(k4))

= k1bS(k2)

showing that the Peiffer identity holds and d : HKer(δ) → A0 is indeed a Hopf crossed module in the sense 
of [30].

Conversely, given a Hopf crossed module d : X → B, we define the reflexive graph

X �B

p2

p1

B,e (5.6)
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The morphism p2 is the second projection p2(x ⊗ b) = ε(x)b, the morphisms p1 and e are defined by 
p1(x ⊗ b) = d(x)b and e(b) = 1X ⊗ b. This reflexive graph is equipped with a groupoid multiplication by 
setting

m(x⊗ b, x′ ⊗ b′) = xx′ ⊗ ε(b)b′,

for any (x ⊗ b, x′ ⊗ b′) in the pullback P defined by

P
π2

π1

X �B

p1

X �B
p2

B.

We leave the verification of the fact that m gives a reflexive-multiplicative graph structure on (5.6) to the 
reader. We observe that the Peiffer identity is essential to prove that the map m : P → X �B is an algebra 
morphism, and is then a morphism in HopfK,coc.

The correspondence described above naturally extends to morphisms, yielding two functors

F : RMG(HopfK,coc) → HXModK,coc,

G : HXModK,coc → RMG(HopfK,coc).

These functors give rise to an equivalence of categories. �
Remark 5.6. The previous result can also be deduced from the recent results of Böhm (see Proposition 3.13 
in [3], where a Hopf monoid in Vect is precisely a Hopf algebra).

Let us write XMod(HopfK,coc) for the category of internal crossed modules in HopfK,coc in the sense of 
Janelidze [27].

Corollary 5.7. The categories HXModK,coc and XMod(HopfK,coc) are equivalent.

Proof. In any semi-abelian category the equivalence between internal groupoids and internal crossed mod-
ules was established in [27]. The result then follows from Theorem 2.10 and Proposition 5.5, since both the 
categories HXModK,coc and XMod(HopfK,coc) are equivalent to the category Grpd(HopfK,coc). �
Corollary 5.8. The categories HXModK,coc and XMod(HopfK,coc) are semi-abelian.

Proof. By Theorem 2.10 we know that HopfK,coc is semi-abelian, and this implies that the category 
Grpd(HopfK,coc) of internal groupoids in HopfK,coc is itself semi-abelian (see [21], and Lemma 4.1 in [8]). 
The result then follows from Proposition 5.5 and Corollary 5.7. �
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