Journal of Pure and Applied Algebra 224 (2020) 768-788

Contents lists available at ScienceDirect

Journal of Pure and Applied Algebra

www.elsevier.com/locate/jpaa

Minimal set of binomial generators for certain Veronese 3-fold n
projections ™

Liena Colarte, Rosa M. Miré-Roig *

Department de matematiques i Informatica, Universitat de Barcelona, Gran Via de les Corts Catalanes
585, 08007 Barcelona, Spain

ARTICLE INFO ABSTRACT
Article history: The goal of this paper is to explicitly describe a minimal binomial generating set
Received 15 February 2019 of a class of lattice ideals, namely the ideal of certain Veronese 3-fold projections.

Received in revised form 5 May 2019
Available online 13 June 2019
Communicated by S. Iyengar
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1. Introduction

A binomial ideal I C k[zo,...,z,] with k a field is an ideal generated by polynomials with at most two
summands, say az® + bz?, where a,b € k and o, 3 € Zi"’l. Binomial ideals are a large class of ideals which
have been amply studied in Combinatoric, Commutative Algebra as well as in Algebraic Geometry. In [10],
it was stated that prime binomial ideals are precisely the defining ideals of toric varieties and hence they
are lattice ideals, i.e. given a prime binomial ideal I C k[zo, ..., x,] there is a lattice L C Z"*! such that
I =1, :={z*—2" | uv € Z" and u — v € L}. Ever since, to compute explicitly a minimal set of
generators for lattice ideals has been a challenging problem. It is worthwhile to point out that for a given
generating set D of the lattice L the ideal I(D) = (xa+ — 2% |aj,a- € 27 ay —a_ € D) C I, and
the equality does not hold in general.
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In [10], Eisenbud and Sturmfels proved that Iy, is a prime ideal if and only if the lattice L is saturated.
For prime binomial ideals, a set of generators D of L completely characterizes a set of generators of Ij.
Indeed, a generating set D of L is called a Markov basis if for any lattice point oy — a_ € L there exists a
finite sequence {ay,...,a:} C ZS‘FH satisfying a1 = ay,ar = a— and a; —a;41 € D for all 1 <i <t. In [8],
Diaconis and Sturmfels showed that given a set of generators D of L then I(D) = Iy, if and only if D is a
Markov basis. We cite [4], [5], [6], [8] and [12] for a detailed exposition of Markov bases of lattice ideals and
related problems.

In this paper, we focus our attention in computing a minimal binomial set of generators of a large
family of binomial ideals I(X,4). They are the ideals associated to suitable projections of Veronese 3-folds.
A Veronese 3-fold V' is a projective variety given parametrically by the set M3 4 of all monomials of degree
d in k[zg, 1,2, x3] and by a projection of V' we understand a projective 3-fold given parametrically by a
subset of M3 4. In [9], Grobner proved that V is arithmetically Cohen-Macaulay (aCM, for short) and its
ideal I(V) is generated by quadrics. This is not longer true for all projections of V' and it is a longstanding
open problem to find a minimal set of generators of any projection of V' as well as determine whether a
projection of V' is aCM. In this paper, we will consider as a subset of M3 4 the set Ty of all monomials of
degree d invariant under the action of the diagonal matrix M(1,e,e?, ) where e is a primitive root of 1 of
order d.

Our interest in these ideals Ty relies on the following three facts: (1) For all d > 4 T, fails the Weak
Lefschetz property (WLP) in degree d — 1; (2) The associated morphism @7, : P — P#(T9)~1 is a Galois
cover of degree d with cyclic Galois group Z/dZ and the image X4 of o7, is a 3-dimensional rational
projective variety smooth outside the image of the 4 fundamental points. We call it a GT-threefold; and
(3) the 3-fold Y = Im(¢) where ¢: P™ --» P (i) =#(T)=1 i5 the rational map associated to (I 1)y, satisfies
at least one Laplace equation of order d — 1.

Our goal is to prove that the homogeneous ideal I(X,) of the GT-threefold X is the homogeneous prime
binomial ideal associated to a saturated partial character i of Z*(T4) with associated lattice L,,. Afterwards
we explicitly compute a minimal binomial set of generators of I(Xy). The lattice points associated to these
set of generators form a Markov basis of L,,. Our main result states that I(X,) is generated by quadrics if
d is even and by quadrics and cubics if d is odd.

Next we outline the structure of this note. In Section 2, we fix the notation we use in the rest of this
paper, we relate artinian ideals failing the Weak Lefschetz Property to projective varieties satisfying at least
one Laplace equation and we recall the notion of Togliatti systems and GT-systems introduced in [17] and
[15]. In Section 3, we give an explicit description of all monomials Ty, d > 4, invariant under the action of
the diagonal matrix M (1,e,e?,e®) and we prove that T, is a GT-system (Proposition 3.3).

The main body of this work is developed in Sections 4 and 5. We denote by X4 the GT-threefold associated
to the GT-system T, and we first show that Xy is an irreducible toric variety whose associated ideal I(X,)
is a lattice ideal. In Section 4, we consider the ideal I; generated by all binomials of degree 2 vanishing
in X4. We associate to I a lattice L, and a partial character n of Z*Ta) . We demonstrate that L, is a
saturated lattice of rank p1(Ig) — 4 (Theorem 4.3) and we show that I(Xy) is the lattice ideal I (n) of L,
(Corollary 4.4). In Section 4, we also describe a Z-basis of the lattice L, (Corollary 4.16) and we explore
the relation between I and I (7).

We devote Section 5 to explicitly determine a minimal set of generators of the lattice ideals 1(X,4). Our
main result states that Iy = I(Xy) if d is even and I(Xy) = I; + J if d is odd where J is an ideal generated
by certain set of cubics of I(X,4) that we properly specify (Theorem 5.6). All techniques and results we
develop to study the lattice ideal 1(X,) are inspired by the ones of Markov basis explained in [8], [12] and
[6]. The set of lattice points of generators of I if d even and I; and J if d odd forms a Markov basis of L,,.
In Section 6, we observe that all GT-varieties are aCM and we concern about computing a minimal free
resolution of X .
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2. Preliminaries

Throughout this paper we consider the homogeneous polynomial ring R = k[zg, - -- ,x,] where k is an
algebraically closed field of characteristic zero. Let I C R be a homogeneous artinian ideal. We say that I
has the Weak Lefschetz Property (WLP) if there is a linear form L € (R/I); such that, for all integers j,
the multiplication map

xL:(R/I)j_1 — (R/I);

has maximal rank, i.e. it is injective or surjective. Though many homogeneous artinian ideals are expected
to have the WLP, establishing this property is often rather difficult. Recently the failure of the WLP has
been connected to a large number of problems which seem to be unrelated at first glance. For example, in
[17], Mezzetti, Mir6-Roig and Ottaviani proved that the failure of the WLP is related to the existence of
varieties satisfying at least one Laplace equation of order greater than 2. More precisely, they proved:

Theorem 2.1. Let I C R be an artinian ideal generated by v forms Fy, ..., F, of degree d and let I™' be its
n+d—1

Macaulay inverse system. If r < ( ]

), then the following conditions are equivalent:

(1) I fails the WLP in degree d — 1;
(2) Fi,...,F,. become k-linearly dependent on a general hyperplane H of P™;

(3) the n-dimensional variety X = Im(p) where @: P™ --» P("i)=7=1 is the rational map associated to
(I=1)q4, satisfies at least one Laplace equation of order d — 1.

Proof. See [17, Theorem 3.2]. O

Motivated by the above results, Mezzetti, Mir6-Roig and Ottaviani introduced the following definitions
(see [17] and [15]):

Definition 2.2. Let I C R be an artinian ideal generated by r forms of degree d, and r < ("1%71). We will

say:

(i) I is a Togliatti system if it fails the WLP in degree d — 1.
(i)
)
)

(iii
(iv) A monomial Togliatti system I is minimal if there is no proper subset of the set of generators defining

I is a monomial Togliatti system if, in addition, I can be generated by monomials.
I is a smooth Togliatti system if, in addition, the rational variety X is smooth.

a monomial Togliatti system.

The names are in honor of Togliatti who classified all rational surfaces parameterized by cubics and
satisfying at least one Laplace equation of order 2 and he proved that for n = 2 the only smooth Togliatti
system of cubics is

I = (23,23, 23, mow132) C klzo, 71, 72]

(see [2], [20] and [21]). The systematic study of Togliatti systems was initiated in [17] and for recent results
the reader can see [18], [15], [1], [19] and [16]. Precisely in the latter reference the authors introduced the
notion of GT-system which we recall now.

Definition 2.3. A GT-system is an artinian ideal I C R generated by r forms Fi, ..., F,. of degree d such
that:
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i) I is a Togliatti system.
ii) The regular map ¢7: P® — P71 defined by (F1,...,F,) is a Galois covering of degree d with cyclic
Galois group Z/dZ.

Any representation of the cyclic group Z/dZ as subgroup of GL(n+1, k) can be diagonalized. In particular
it is represented by a diagonal matrix of the form

e* 0 0
0 e 0
Mao,cq,m an =
0 0 evn
where e is a primitive dth root of 1 and ag, a1, ..., a, are integers with

GCD(ap, 1, .., ap,d) = 1.
It follows (see [7, Proposition 4.6]) that the above definition is equivalent to the next one:

Definition 2.4. Fix integers 3 < d € Z,2 <n € Z, withn <d,;and 0 < ay < a1 <---<a, <d,ea
primitive d-th root of 1 and My a .. ., @ representation of Z/dZ in GL(n + 1,k). A GT-system will be
an ideal

1207”' 1an C R
generated by all forms of degree d invariant under the action of My, o;.....a,, Provided the number of
generators p(I% ) < (”+d_1).

QQ;---,Qn n—1

Finally, note that the ideal I, go,m _ is always monomial, i.e. a GT-system is a monomial Togliatti system.

NeY
3. GT-systems and GT-varieties

Through this section we fix an integer d > 4, a dth-root of unity e and we write d = 2k +¢ = 3k’ + p with
e €{0,1} and p € {0,1,2}. We denote Ty C R = k[z,y, 2, t] the ideal generated by the u(7,;) monomials of
degree d invariant under the action of the diagonal matrix M(1,e,e?, e3). In this section, we will describe
the ideal Ty and we will prove that T, is a GT-system for all d > 4. We also define the GT-varieties X, and
their apolar varieties Y;. The homogeneous ideal I(X,) of a GT-variety Xy is a lattice ideal. A basis of the
lattice and a system of generators of the lattice ideal will be effectively computed in next sections.

A monomial z%y?2°t7 € R of degree d belongs to T} if it is invariant under the action of M (1, e, e?,e3)
or, equivalently if «, 3, 6§, v satisfy:

W @t B+ 0+ g
B + 20 + 3y

T‘il}, r=0,1,2,3.

The solutions of (x) in terms of v and r are the following:

= §+27+(1-r)d,

rd — 20 — 37,

{0,..., 7k + [ 2]},

{maz{0, (r — 1)d — 2v},..., L@J}

S 2 ™ R
m m |
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Given d > 4, we define

rd — 3
1))

Wai={(r7,0) € Z° [0 < 7 <8,0 <3 <k + | "2) maa{0,d— 24} <5 < |
All monomials z%y®29t" € T, of degree d are uniquely determined by a triple (r,7,0) € Wy. In particular,

w(Tq) = #Waq.

Remark 3.1. Notice that 2%, y?, 24 and t¢ are invariant under the action of M(1,e,e?, €?). So, the ideal T}
is artinian.

In next example, we explicitly exhibit Ty for d = 4,5,6,7,8 and 9. For these values of d we cover all
possibilities of € and p.

Example 3.2.

4,y4,acyzz,xzzz,xzyt,z4,yth,yQtQ,xth,t4), wr, = 10.

01

Y0, a:ysz x2yz2 ta:2y2 tatz, 25 tyz3 t2y2z,t2x22,t3xy,t5), wr, = 12.

@

Ty = (z
= (z

Ts —( S ayte, 22y 22, 328ty tay 2, t2x4,26,tyz4,t2y2z2,t2xz3,t3y3,t3xyz,t4a:2,t6), w1, = 16.

T, = (z 7,y ,:cy z,x y 22 ,sc Yz ,tx Y ,tm Y z,t:c4z2,t2x4y,z7,ty257t2y223,t2mz4,t3y3z,t3my22,t4my2,
t1a?2,t7), ur, = 18.

Ty = (zg,yg,zyﬁz,x2y4z z3 y 23 x 2 tx y t:c3y32,t:c4yz2,t2x4y2,t2x5z,28,tyzG,t2y224,t2x25,t3y322,
3wy tryt ey s, t1e? 2% 002y 18, pur, = 22

Ty = (a:g,yg,xy7z,x2y5z2,x3y3z3,x4yz4 tayS tadytz, taty? 22t 23 2ty P adyz, 328, 20ty T 12y 20,

2228 3y3 23 By trytz, tray?2? a3 oy, 0y 2, 1523 tg), wr, = 26.
Our interest in the study of these monomial ideals relies in the following fact:
Proposition 3.3. For any d > 4, T, is a GT-system. In particular, Ty fails the WLP in degree d — 1.

Proof. By Definition 2.4, we only have to check that u(Ty) < (Q'Ed). From the definition of Ty, it follows
that

TkJr\_”)j
d— 3
wTy =2+ S (15— maz{o, (r — 1)d - 27} + 1).
r=1,2 ~=0

We sum separately for r = 1 and r = 2; we have

K 3y — , K 3y—¢

;w—[ V= +1)(k:+1)—;[ 51, and
2"+ % k 5 2+ %)
N 1+1 Zd 29) = d+1)(2k'+L§J+1)+k(k+1)—d(k+1)— > 150
~=0 ~v=0 7=0

We only have to focus on the sum of the series of the type Zi\’ﬂ [32-=7 with € € {0,1}. We can rewrite
the series as follows: if N = 2j ZN (3122 = 57 3i + 320 (3i — 1 —¢) = j(3j + 2 — ¢). Otherwise

N=2j+1, Zv 1[37 S=E] = 3]—|—Z]+13]—1—8—( +1)(3j 4+ 2 —¢). In any case,
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SIS = 6L v2 )

r=1

From this, we conclude

w(Ty) =2+ (K +1)(k+1)+ (d+ 1)(2k" + L%pj +1)+k(k+1) -

! ! / 2p ’ 2p
k) - e 2 g - (2 g 2

2

1L ] +2).

Substituting d = 3k'+p by k = ?’kur% we ve/rify that p(Ty) < 2+(k"+1)(3k,% +1)+ 3k +p+1)(2K' +2)+
Skbp (3K 40 4 1) — (3K +p) (RS2 1) — & (BEZL 1 1) (3K 42) = L(204-6(k')2+8p—p® + K (29+4p)). Tt
holds that £(20+6(k")2+8p—p?+k'(29+4p)) < 3 (d+2)(d+1) < 1/4(16—12(k')?+k'(11-8p)+2p—3p?) < 0,
which holds for alld > 4. O

We finish this section studying the geometric properties of the rational 3-fold associated to the GT-system
T,;. The morphism ¢, : P3 — Pr(Ta)=1 ass0ciated to the GT-system T} is a Galois cover of degree d with
cyclic Galois group Z/dZ represented by M(1,e,e?, e?). In particular, a general fibre of o7, consists of d
points, and hence the image of ¢r, is a 3-dimensional rational projective variety.

Definition 3.4. We call GT-variety and we denote it by X4 the rational 3-fold defined as the image of ¢r,.

The morphism ¢z, : P3 — P#Ta)=1 js ynramified outside the four fundamental points of P3: Ey =
[1,0,0,0], E; =[0,1,0,0], E; = [0,0,1,0] and E; = [0,0,0,1]. They are sent by ¢, to the singular points
of Xg, P, := @(E;), i =0,1,2,3, that are cyclic quotient singularities: Py is of type é(l7 2,3), Py is of type

1(1,d—1,d—2), Py is of type (d —2,d —1,1) and Pj is of type 3(d —3,d —2,d — 1).

Remark 3.5. (1) It is worthwhile to point out that the rational 3-fold Xy is also a Galois covering of P3 with
Galois group Z/dZ. The covering map Xy — P? composed with o7, is P3 — P32, [z,v, 2, ] — [z7, y?, 24, t9].

(2) Let T; " be the Macaulay inverse system of T;; and denote by Yy the rational 3-fold defined as the
closure of the image of the rational map Pp-1: P3 - PCLY)—n(Ta) -1, By Theorem 2.1, Y; satisfies a Laplace
equation of order d — 1.

Our main goal will be to prove that the homogeneous ideal I(X,) of a GT-variety Xy C Pr(Ta)=1 g
generated by quadrics if d is even and by quadrics and cubics if d is odd (see Corollary 5.7).

4. The lattice of a GT-variety

As in the previous section, we fix d > 4 and we write d = 2k+¢e = 3k’ +p, with e € {0,1} and p € {0,1,2}.
We want to determine the homogeneous ideal I(X,) of the GT-threefold Xy C P#(Ta)=1 defined by the
GT-system Tj. Since X, is an irreducible toric variety, I(X,) is a binomial ideal of codimension p(7T,) — 4
associated to a lattice L,. As we already pointed out our main goal is to prove that I(Xg) is generated by
quadrics if d is even and by quadrics and cubics if d is odd (see Corollary 5.7) but first we will explicitly
describe a Z-basis of the lattice L, associated to I(Xg) (see Theorem 4.3).

The ideal Ty is generated by the set {g0+27+H(1=r)dyrd=20=3v,047 |(r 5 §) € Wy} C Klz,y, 2,t] (see
Section 3). All these monomials are uniquely determined by a triple (r,~,d) € Wy and often we will denote
1.5+2'y+(17r)dyrd72573725{}/ by Wr )

Definition 4.1. We define the binomial ideal Iy = (W(ry y1,6,)W(rs,v2,82) = W(rs,vs,65)W(raya,ss) | 71+ T2 =
r3+7T4, Y1 +72 =73+ Y4, 01 + 02 =33+ d4) C k[w(r,v,ﬁ)}(r,’y,é)ewfi'
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Let us illustrate the above definition with an example.
Example 4.2. We take d =4, (k =2,k =1, =0,p =1). We have (Example 3.2):
Ty = (x*, yt, zy?z, 2222, 22yt, 24 y22t, y2 2, wat? th)
and
Wy = {(0,0,0),(1,0,0),(1,0,1),(1,0,2),(1,1,0),(2,0,4), (2,1, 2),(2,2,0),(2,2,1), (3,4,0) }.

Solving the equation (r1,71,01) + (r2,7v2,92) = (r3,73,03) + (r4,74,04) in Wy we obtain twelve generators
for Iy:

W(0,0,0)W(2,0,4) — w(21,072) W(0,0,0)W(2,1,2) — W(1,0,2)W(1,1,0)
W(0,0,0)W(2,2,0) — w(21.,1,0) W(1,0,0)W(1,0,2) — w(21,0,1)
W(1,0,0)W(2,2,1) — W(1,0,1)W(2,2,0) W(1,0,0)W(3,4,0) — w(2272,0)
W(1,0,1)W(2,2,1) — W(1,0,2)W(2,2,0) W(1,0,1)W(3,4,0) — W(2,2,0)W(2,2,1)
W(1,0,2)W(2,1,2) — W(1,1,0)W(2,0,4) W(1,0,2)W(2,2,0) — W(1,1,0)W(2,1,2)
W(1,02)W(3.4.0) ~ Wiz 21) W2,04)W(2.2.0) ~ Wia1.2)-

By construction it follows that I; vanishes on X, and hence Iy C I(Xy). Let k:[w(ir,y 5)] be the ring of

Laurent polynomials over k. To each binomial

W(ry,y1,60)W(ra,y2,02) ~ W(rs,vs,08) W(ra,va,0a) € Iq

we associated a Laurent binomial

o -1 +
W = w(h7’)’1751)w(7"27'72752)w(r3,'y3,§3)w(r4,’y4,54) -1le kj[w(r,'y,ﬁ)]'
They generate a Laurent binomial ideal whose associated partial character is the trivial one n : L, — k*,
sending n(m) = 1 for all m € L,,, where L, = (o | w** —w®~ € Ig). In turn, the partial character 7 induces

a lattice ideal I (1) = (W — w*= € k[w(,.5)] | @ € Ly).
Now we state the main result of this section.

Theorem 4.3.

(1) The lattice L,, is saturated and rk(L,) = n(Ty) — 4.
(2) I+(n) = (H?:l W(rs i 6:) — H?:l W(rt ~L,87) € k[w(hmé)] | Z;L:l Ty = Z?:l T Z?:l Vi = Z?:l Yis
Dic10i =222 i}

Corollary 4.4. I(X4) = I (n).

Proof. Theorem 4.3 (1) implies that I, (n) is a prime ideal of codimension 4 (see [10, Corollary 2.5 and
2.6]). From Theorem 4.3 (2) it follows that I, (n) vanishes in Xy, i.e. I (n) C I(Xg4). Therefore, I (n) is
the homogeneous ideal of an irreducible 3-dimensional variety contained in X,. Since X is irreducible we
conclude that I (n) = I(X4) which proves what we want. O

We trivially have Iy C I+ (n) = I(Xg4). In next section we will discuss whether the equality holds. Now
we devote the rest of this section to prove Theorem 4.3.
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Definition 4.5. Fixed n > 2, we define a suitable n-binomial to be a nonzero binomial w* = w*+ — w*- =
n n . . n n n n n n
[z w50 — Hizy W(ry 1 61y Sabisfying D1 Ti = Dy Thy D1 Vi = D viand Dol 6 =D 6

Remark 4.6. Any suitable n-binomial w® vanishes in Xy. Therefore, all suitable n-binomials belong to I(Xy).
Moreover, the generators of I; are suitable 2-binomials.

Definition 4.7. Given a suitable n-binomial w® = w*+ —w®-, we note supp4 (w®) (respectively supp_(w®))
the support of the monomial w*+ (respectively support of w®-). We say that w® is non trivial if supp; (w*)N
supp_ (w*) = 0. Otherwise, we say that w® is trivial.

Example 4.8. The set of generators for I, in Example 4.2 are the set of all non-trivial suitable 2-binomials.

Definition 4.9. Let m = [, w(r, 4.6:) € k[W(r~,5)] be a monomial of degree n. We say that m admits
a suitable n-binomial if there exists a monomial m’ = []}_, Wt 4180 € kw5 of degree n such that
m — m’ is a non trivial suitable n-binomial.

Let us order the elements (7,7, d) € Wy lexicographically.

Definition 4.10. We say that w5y € k[w(r,5)] admits a special n-binomial if there exists a non trivial
suitable n-binomial m —m’ € I (n) such that (r,7,d) = min{supp(m —m’)}.

Example 4.11. The element w00y € k[w(r4,5)] admits a special 2-binomial. Indeed, w(g,0,0)w(2,25,0) —
W(1,k,0)W(1,k’,0) S & non trivial suitable 2-binomial and (0, 0,0) = min{(0,0,0), (2,2k',0), (1,£’,0)}. While
clearly the element w3 4,0y does not admit a special n-binomial for any n > 2.

Example 4.12. For d = 4, the set of elements admitting a special 2-binomial is W4 —{(1,1,0), (2,1, 2), (2, 2, 0),
(2,2,1),(3,4,0)} while the element (1,1,0) admits a special 3-binomial: w1 1,0)we2,1,2)W(3,4,0) —

2
W(2,2,00W2,2.1)

Lemma 4.13. Each monomial m = w1 ~,5W(3,d,0) € k[W(r~,s5)] admits a special 2-binomial except: (v,6) =
(K 18]) if p#0, andy=56=0 ife = 1.

Proof. Fix (1,7,d) € Wy. If there exists such monomial m/, it has to be of the form ws -, 5,)W(2,4,.5,) With
0<n~ <2k + L%”J, max{0,d — 2v;} < 4; < L%J, 1=1,2,vy+d="7 +7 and § = §; + d2. From this
follows that when p = 1 and v = k’, there are no v; and 2 summing v + d = 4k’ + 1. While for p = 2, we
must have y; = 7, = 2k’ + 1. But then §; = d, = 0, which cannot sum § = 1.

For the rest of 4’s, we set 1 := Ldlz'yj and o := f(H'Tﬂ Observe that we always have k < 71,72 <
2k’ + [ §]. From the properties of the floor and ceiling functions we have

L2d;3'le+L2d;3’ng < L4df?>éd+’y)J _ Ld;37J,

where the equality holds when ~y; and -5 are not both odd. If the equality holds we can find values §; and d
such that §; + 2 = 0, as long as ¢ > max{0,d — 2v; } + max{0,d — 292 }. The last condition always happens
except for v =6 = 0 when ¢ = 1.
Finally, if 71 and 2 are odd (and, hence, v > 2), the result follows taking m' = Wiy 11, 2430040 |y X
) ) P
W(2,95-1,| 24=2G2=0 ) T

Proposition 4.14. All w(, 5.5) € k[w(,~.5)] admit a special 2-binomial or 3-binomial.
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Proof. Tt is enough to treat the 3 exemptions of Lemma 4.13. For e = 1 and (1,~,d) = (1,0,0) it is enough
to observe that w1 0,0)w(2,2k,0) = W(1,1,0)W2,201,0) i p = 0, w100 W22k ,1) = W(1,01) W22k 0) I p =1
and w(1,0,0)W(2,2k/+1,0) — W(1,1,0)W(2,2k,0) if p = 2 are special 2-binomials.

For (1,7,0) = (1,k',[5]) and p # 0, the monomial w1, 2]y does not admit a special 2-binomial.
However, W(1,k,0)W(2,2k"—1,2)W(3,d,0) — w(2,2k’,0)w(22,2k/’1) for p = 1 and W(1,k,1)W(2,2k",1)W(3,d,0) —
w(272k/72)w(2272k,+170) for p = 2 are special 3-binomials. O

Proposition 4.15. All w5 € klw( 5] admit a special 2-binomial or 3-binomial except {w(221—1,0),
W2k —1,1,) W2k ,0) f p = 0, {weaw—12),We2w0),Wekw 1) if p = 1, and {weam 1), We2k 2),
w2 2n+1,0) ) if p= 2.

Proof. For any (2,v,9) € W, different from the excluded cases we consider the monomial m =
W(2,7,6)W(2,2k'+| 2],[2]—2]))- For convenience we note v = 2k" + [ 5] and ¢’ = [£] — [§]. Set y1 := v +1
and 75 := 7/ — 1. Unless v and ' are even, and § = (2d — 37)/2 (hence p # 2), there exists §; with
max{0,d — 2v;} < §; < L@J such that ;1 +d2 =5+ ¢'.

If v and ' are even, § = (2d — 37)/2 and v < 2k’ — 2 we take vy := v+ 2 and 75 := 2k’ — 2. Then, there
exists d; with max{0,d — 2v;} < ¢; < LQdfT?’Wj such that 6; + 02 = d +¢'.

If v =2k"—2and p = 1, wo,op—2,4)W2,2k 0) — w(22’2k,_172) is a special 2-binomial when p = 1. Finally, if
p=0,v=2k —2and é = 3, the element (2,2k" — 2,3) does not admit a special 2-binomial but it admits
a special 3-binomial: w sz ox/ _2 3)W(2 2k —1,0)W(2,2k',0) — w?2,2k’—1,1)' O

From now on we set:

o W,=Wa—{(2,2K —1,0),(2,2K —1,1),(2,2K,0),(3,d,0)} if p = 0,
o« Wh=Wa—{(2.2K —1,2),(2,2K,0), (2, 2K, 1), (3,d,0)} p = 1, and
o Wi=Wa—{(2,2K,0),(2,2k',1),(2,2K,2),(3,d,0)} p = 2.

Up to now we have seen that for any (r,7,d) € W) the variable wy, , 5y admits a special 2-binomial or
3-binomial.

For each (r,7,d) € W) set D, 5 5) to be one of its special binomials and note o, ) its lattice point. We
call {D(;~.6)}(r.6)ewy, & system of special binomials and {c(,~,5) } (r.6)ewy, its associated system of lattice
points. The matrix associated to any system of lattice points is upper triangular. So we have the following
result:

Corollary 4.16. For any system of special binomials {D(r,'y,ﬁ)}(r,'y,ﬁ)EW:i its associated system of lattice points
{(r.0) Y r.8)ewy, s a Z-basis of Z#(Ta)—4,

Example 4.17. For d = 4 we can choose as a system of special binomials

D(0,0,0) = w(0,0,0)W(2,2,0) — w(21,1,0)

D(1,0,o) = W(1,0,0)W(3,4,0) — w(22,2,0)

D(1,0,1) = W(1,0,1)W(3,4,0) — W(2,2,0)W(2,2,1)
D(170,2) ‘= W(1,0,2)W(3,4,0) — w(22,271)

D(l,l,o) = W(1,1,0)W(2,1,2)W(3,4,0) — U/(2,2,0)w(227271)

D(2,0,4) = W(2,0,4)W(2,2,0) ~ W(a.1 9"
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The matrix associated to its system of lattice points is

1000 -2 0 O 1 0 0
0100 0 O 0 -2 0 1
o010 o0 0 0 -1 -11
0001 0 0 0 0 =21
0000 1 0 1 -1 =21
0000 O 1 -2 1 0 0

So, {Q(r,5) } (rv,5)ewy 18 Z-basis of VAR

Next we prove that any system of lattice points is a Z-basis of the lattice L,. In the sequel we fix
{D(r~.6)} (riv.5)ewy, and its associated system of lattice points {(; +.5)}(r~.6)ew;- Rephrasing, we want to
demonstrate that L, = <04(7",'y,5)>(r,'y,6)€Wé' The lattice L, is generated by all suitable 2-binomials. Thus
it is enough to express the lattice point of any non-trivial suitable 2-binomial as a linear combination of
{a(rm(;)}(,.m(;)ewé. So we fix a non-trivial suitable 2-binomial
(74} —

[
w M =T = W(ry,y,60)W(rz,v2,62) ~ W(rs,ys,63)W(ra,va,04)

with associated lattice point

a0 =ag —ay = (r1,71,01) + (ra,72,62) — (13,73, 03) — (r4,74,64) ¢ {Q(rr.8) }ry8)ews -

Set a1 := ap— Z:/rv&,ao Ay 73,50 +Z;vé,a0 Q(r, ~;,6:), Where the summing Z:/rv;l,ao (respectively, Z;V;,ao)
means that we only consider those elements (r;,7;,8;) € W/ N supp(ag) (respectively, W) N supp(ag )).
Therefore, ay is a point of L,, and its associated binomial w®! is a suitable n-binomial for some n > 2. Fur-
thermore, supp(o)Nsupp(ar)NW), = () and all elements in supp(a ) are strictly bigger than min{supp(ao)}.
If there exists a lattice point (r,7,d) € W/, N supp(aq ), then we apply the same strategy to oy and so on.
Before continuing let us see how the procedure works by an example.

Example 4.18. According to Example 4.2 for d = 4 we have 12 non-trivial suitable 2-binomials. Five of them
are part of the system of special binomials that we fix in Example 4.17. Let us check that the seven remaining
cases can be written as a linear combination of the system of special binomials fixed in Example 4.17. The
first step of the above induction process gives us:

(0,0,0) + (2,0,4) — 2(1,0,2) — a1 =1(2,0,4) +(2,2,0) — 2(2,1,2)
(0,0,0)+ (2,1,2) — (1,0,2)—(1,1,0) — a3 =0

(1,0,0)+ (1,0,2) — 2(1,0,1) - a1 =0

(1,0,0)+ (2,2,1) — (1,0,1)—(2,2,0) — a3 =0

(1,0,1)+ (2,2,1) — (1,0,2)—(2,2,0) — a3 =0

(1,0,2) + (2,1,2) — (1,1,0)—(2,0,4) — a3 =—[(2,0,4)+(2,2,0) — 2(2,1,2)]
(1,0,2) +(2,2,0) — (1,1,0)—(2,1,2) — a; =0.

Since D(9,0,4) = W(2,0,4)W(2,2,0) — w(227172) (see Example 4.17), next step reduces a7 to 0 in all cases.

In general, this procedure defines inductively a sequence of lattice points {aq,...,as,...} € L,, such
that at any step s of the induction process supp(as—1) N supp(cs) N W = 0 and min{supp(a,)} is strictly
smaller than any element in the support of as_1. So clearly this process stops, indeed W), is finite. Once it
ends, we obtain a linear combination of {(, - s)}(r.6)ew;, U{ao}, we denote it ay, € L, for some h > 1.
To achieve our goal it suffices to check that o = 0. We note the elements of Wy — W), by 11, 12,13 and 4,
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ordered in the natural way. It is a matter of fact that w®» is a suitable n-binomial and supp(a,) C Wy—W.
Thus there exist non negative integers Ai,..., A4 and By, ..., B4 such that oy = Z?:l Al — Z?:l B;l;.

Lemma 4.19. With the above notation, (3,d,0) ¢ supp(ap).

Proof. Since w®" is a suitable n-binomial, it holds that 2(A4; + Ay + As) +3A4 = 2(B; + B2 + B3) + 3B4.
In other words, the r’s involved in supp(a;) and supp(c,, ) form a two full partitions of the same length
Ay + Ay + A3+ Ay = By + Bs + Bs + By and weight 2(A; + Ay + As) + 3(A4). So necessarily Ay = By
which proves what we want. O

For sake of completeness we specify oy, in each case.

* (p = (Al - Bl)(Q, 2k/ - 1,0) + (Ag - BQ)(Q, 2k‘/ - 1, 1) + (Ag - Bg)(27 2]&",0) when P = O,
* (p — (A1 — Bl)(2, 2K — 17 2) + (AQ - BQ)(27 2]{3/7 0) + (A3 - B3)(2, 2]{3/, 1) if p = 1; and
e (p = (Al — Bl)(Q, 2]€I + 1,0) + (A2 - BQ)(Q, 2]@’, 1), +(A3 - Bg)(?, 2]€’, 2) for p = 2.

Since w®" is a suitable n-binomial, a straightforward computation shows that 4; = B;, 1 =1,2,3. O
5. A minimal set of generators for GT-lattice ideals

In the previous section we have stated that I(X,) is a lattice ideal and we have given a Z-basis of the
associated lattice L, as well as a system of generators of I(Xg) (Theorem 4.3 (2)). Precisely, I(Xg) is
generated by all non trivial suitable n-binomials with n > 2. Now we want to determine a minimal set
of generators for I(X4). More concretely, we will prove that the GT-lattice ideal I(X,) is generated by
quadrics if d is even and by quadrics and cubics if d is odd (Corollary 5.7). As in previous sections d > 4
and we write d = 2k + ¢ = 3k’ + p, with € € {0,1} and p € {0, 1, 2}.

For each n > 2 we denote I, (n),, the set of all suitable n-binomials and (I (n),) the ideal of k[w, 5 5]
generated by them. Therefore, we have

[(X0) = 3 (L (n)a). (1)

n>2

Definition 5.1. Let w® = w*+ — w®- be a non trivial suitable n-binomial. By an I (n),-sequence from w+
to w*- we mean a finite sequence {w®,...,w*} of monomials in k[w(, . 5] satisfying the following two
conditions:

(i) w* = w*, w™ = w* and
(if) For all 1 <j < ¢, w* —w%+! is a trivial suitable n-binomial.

The second condition in the above definition says that for each 1 < j < ¢, there exists a variable
W(r, y;,8,) € supp(w) N supp(w?+1). Thus each w® — w®+ belongs to (I4(7)n—1)-

@ gives rise to the I, (n),-sequence {w*+, w-}.

Example 5.2. Any trivial suitable n-binomial we —w
Example 5.3. Consider d = 4 and I, from Example 4.2. The lattice ideal I, is generated by all suit-
able 2-binomials. Let us give some examples of I, (n)s-sequence. Set w™ = wg,0,0)W(1,0,2)W(2,1,2)- Since
w(170,2)w(2,1,2) — TU(171,0)”LU(2,074) is a suitable 2—binomia1, {w“l,wa2} with w2 = w(07070)w(1,170)w(270,4) is
an I (n)3-sequence. Now observe that wg,0,0)w(2,0,4) — W(1,0,2)W(1,0,2) is also a suitable 2-binomial. Hence
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w* — w with w = w1 1,0)W(1,0,2)W(1,0,2) I8 trivial and so {w*, w2, w*} is an I (n)s-sequence from
w to w3,

As another example of I (n)s-sequence we have

{wa,00wa02wes21), w?l,o,l)w<2,2,1)7 W(1,0,1)W(1,0,2)W(2,2,0)> W(1,0,1)W(1,1,0)W(2,1,2) }

and the equality

W(1,0,0)W(1,0,2)W(2,2,1) — W(1,0,1)W(1,1,0)W(2,1,2) = W(2,2,1)W(1,0,0)W(1,0,2) — w(2,2,1)w(21’o,1)
+ w(21,0,1)w(2,2,1) — W(1,0,1)W(1,0,2) W(2,2,0)

+0(1,0,1)W(1,0,2)W(2,2,0) ~ W(1,0,1)W(1,1,0)W(2,1,2)
shows that the non trivial 3-binomial wy,0,0yw(1,0,2)W(2,2,1) = W(1,0,1)W(1,1,0)W(2,1,2) € (I4(nN)2).
This last example illustrates very well what happens in general. Indeed, we have:

Proposition 5.4. Fizn > 3 and let w® = w*t —w~ be a suitable n-binomial. Then w* € (I4(n)n—1) if and
only if there exists an I+ (n)n,-sequence from w*+ to w-

Proof. Suppose that w® € (I+(n)n—1). We note I+ ()n—1 := {@1,. .., gy} with N the number of all suitable
(n — 1)-binomials and ¢; = q;i — q;ﬂ". By hypothesis there exist homogeneous linear forms Iy, ...,Iy such
that w* = ligs + -+ + Ingnv + w*~. Now we write [; = afmoyo)w(o’o’o) + - 4 az37d70)w(3’d,0), where
€ k for all (r,v,0) € Wy and j = 1,..., N. Therefore w*+ = ZN 2, 5)ewd(a€r7 [s)zumﬁy)(;)q;ﬁF -

]0
ot
=1 and w = U}(TO,%’(;O)(]J0 or

J
Ur,v,5)

a]

) (Tm(;)qj ) + w®-. Hence, there exists jy such that a(r(w0 o) =

u'70

0170, 5O)qj . Assume o’

(ryy
Jo
o

rov0,80) — = 1 (analogously we deal with the case

=1 and w** = w( (T 0,60)

az:oﬁoﬁo) = _1)' Set w? = w(mﬁoﬁo)q]o - We have

J

W = w —w™ Z (a{r,’y,é)w(rv%é)q;+ - a(r +,5)W(ry, 5)113 ) +w®
(4,(r,7,0))#(Jo,(r0,70,00))

Thus
as uj

w - Z (a‘ZT,’Y,(s)w(Tr’W‘S)qj i a(r v, é)w(T v, 5)qj ) + 'l,U
(.jv("'a’Y»é))#(jOa(TO/YO,‘SO))

We iterate the process, first with w®2, we construct the I (n),-sequence; and taking into account that the
number of summands decreases at each step we can assure that we end with what we are looking for. We
only have to note that the described process stops, since at each step we reduce the number of members of
the linear combination, which is finite. Therefore w® = w*- for some ¢t > 2. 0O

Let m be the smallest integer m > 2 such that any suitable (m + 1)-binomial of I (n)m,+1 admits a
I1(1)(m+1)-sequence. By (4.4) and Proposition 5.4 we have

I(Xa) = L(n) = > (I ()n) = D_(I+(n)i) (2)

n>2 =2
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Notation 5.5. For any odd integer d > 5, we define

M3 = {0(0,0,00(2,0.0) W10 Fs—0 Y {W0(1.00)W(27.a-20) 03,00 1520 and
M = M3 = {w(0,0,0) 02,0, (1,05 }5=0 U {10100 W2,d-29)W(3.0.0) =0

U {w(0,0,0)W(2,0,d) W(3,d,0) W(0,0,0)W(1,0,0)W(3,d,0) }-
Now we state our main result.

Theorem 5.6.

(i) Ifd is even, for any n > 3 and any suitable n-binomial w* = w*+ —w*- there exists a I, (n),-sequence
from w*t to w*-.
(ii) Ifd is odd, for any n > 4 and any suitable n-binomial w® = w*+ —w®- there exists a I, (n),-sequence
from wt to w*-.
(iii) If d is odd and n = 3 then a suitable 3-binomial w® = w** —w*= admits a I (n)s-sequence from w*+
to w*= if and only if neither w*+ nor w®- belong to M4.

Corollary 5.7. (1) If d > 4 is even, then Iy (n) = (I+(n)z2) = 14.
(2) If d > 5 is odd, then I (n) = (I1+(n)2)+ L+ (n)3) = Ig+(w* € I+ (n)s | w* € M4 or w* € M3)P.

We devote the rest of this section to prove Theorem 5.6 but first let us illustrate it with a couple of
examples.

Example 5.8. Using the software Macaulay2 [11], we check that I(X4) = Ty (see Example 4.2).

Example 5.9. Fix d = 5, the binomial ideal I5 is generated by twenty suitable 2-binomials, all lattice points
satisfying the equation (r1,7v1,01) + (r2,72,02) = (13,73, 03) + (74,74, a).

W(0,0,00W(2,1,3) — W(1,0,2)W(1,1,1) W(0,0,00W(2,2,1) — W(1,1,0)0W(1,1,1)
W0,0,0)W(2,2,2) — w(21,1,1) W(1,0,0)W(1,0,2) — w(21,0,1)

W(1,0,00W(1,1,1) — W(1,0,1)W(1,1,0) W(1,0,00W(2,2,2) — W(1,0,1)W(2,2,1)
W(1,0,1)W(1,1,1) — W(1,0,2)W(1,1,0) W(1,0,1)W(2,2,2) — W(1,1,0)W(2,1,3)
W(1,0,1)W(2,2,2) — W(1,0,2)W(2,2,1) W(1,0,1)W(2,3,0) — W(1,1,00W(2,2,1)
W(1,0,1)W(3,5,0) — W(2,2,1)W(2,3,0) W(1,0,2)W(2,1,3) — W(1,1,0)W(2,0,5)
W(1,0,2)W(2,2,2) — W(1,1,1)W(2,1,3) W(1,0,2)W(2,3,0) — W(1,1,1)W(2,2,1)
W(1,0,2)W(2,3,0) — W(1,1,0)W(2,2,2) W(1,0,2)W(3,5,0) — W(2,2,2)W(2,3,0)
wﬂmmwﬁﬁﬁY_wé&m w@@mwszr—wé&m

W(2,0,5)W(2,3,0) — W(2,1,3)W(2,2,2) W(2,1,3)W(2,3,0) — W(2,2,1)W(2,2,2)

plus eight non trivial suitable 3-binomials of Iy (n)s:

2 3
W(0,0,0)W(1,0,0)W(2,0,5) — W(1,0,1)W(1,0,2) W(0,0,0)W(1,0,0)W(2,3,0) —~ W(1,1,0)
2 3
W(0,0,0)W(1,0,0)W(3,5,0) — W(1,1,0)W(2,3,0) W(0,0,0)W(1,0,1)W(3,5,0) — W(1,0,2)
2 2
W(0,0,0)W(2,0,5)W(3,5,0) — W(1,1,1)W(2 2 2) W(1,0,0)W(2,0,5)W(3,5,0) — W(2,1,3)W(2 2 1)

| 3
W(1,0,0)W(2,1,3)W(3,5,0) — W(2.21) W(1,1,1)W(2,0,5)W(3,5,0) — W(2,22)"
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None of these eight non trivial suitable 3-binomials admits an Iy (17)3-sequence from w®+ to w®-. For in-

a

stance, consider the non trivial suitable 3-binomial w® = w*+ —w~ = w(g,0,0)W(1,0,0)W(2,0,5) —w(17071)w(217072)

of I(X5). Assume that {w®,... ,w*} is an I, (n)s-sequence from w™ to w® . Therefore w® — w2
is a trivial suitable 3-binomial. So there are w, 5y € {w(0,0,0)>W(1,0,0)» W(2,0,5)} and a non trivial suit-

at —

able 2-binomial w? = wf" — w?  such that w® — w = w(,w,(;)wﬁ with w?" or w?~ being one of the

monomials wg,0,0)W(2,0,5) OF W(1,0,0)W(2,0,5)- However all non trivial suitable 2-binomials w® of Iy verifies
w5+,w57 & {w(0,0,0)0(1,0,0), W(0,0,0)W(2,0,5)» W(1,0,0)W(2,0,5) }- Thus we conclude that the non trivial suitable
3-binomial wg,0,0)w(1,0,0)W(2,0,5) — w(17071)w(217072) ¢ (I1(n))2) = I5 (see Proposition 5.4).

Now we develop our main techniques in constructing I (n),-sequences. Let m = H?:l w( 5;) be a

TisYis

monomial of degree n > 2 and let w(,, ., s, ) be f variables on the support of m, where 1 < f < n. If
J J

‘i
my = Hj-c:l W(r,, y,.6;,) admits a suitable f-binomial m s — m'p, then m —ms [T upp(m)— supp(m,)) Wirsvins:)
is a trivial suitable n-binomial. So determining whether a monomial admits a suitable f-binomial gives us a
method to construct I (n),-sequence from a given monomial. Let us start analyzing whether a monomial

W(r~,5)W(r ~ 1) Of degree 2 admits a suitable 2-monomial.

Lemma 5.10. Any monomial m = w(o,0,0)W(2,,5) € k[W(r~.,5)] admits a special suitable 2-binomial, with the
following exceptions: (v,0) = (2K' + [ 5], 151 = |5])) f p#0, and y =0 ife = 1.

Proof. If m admits a suitable 2-binomial m — m' necessary m’' = w1 4, 5,)W(1,7,,6,) With 0 < o < K,
0<9; < L%j for t = 1,2, and 1 + 72 = v and 61 + d3 = §. From this follows that (2,+,d) cannot be

(2,2K' +1,0) in case p =2, (2,2k',1)if p=1land y=0ife = 1.

Otherwise we set v, := |3 and 72 := [3]. If d is even and 71,72 are odd or d is odd and

are even we take m’ = w _ w _3(v5—1) 1. In any other case we take m’' =
T (L1, | 222G )y (1 9 -1, 422G2=0) ) Y

Wy, | 42201 YW1y, | 2202y D

Lemma 5.11. Suppose € = 1.

(i) Any monomial m = w1 ,0,0)W(2,4,5) admits a suitable 2-binomial except for v = 0,...,k+1 and 0 =
max{0,d — 2v}.
(ii) Any monomial m = w( 5y W2,0,4) admits a suitable 2-binomial except vy =0 and 6 =0,...,k ory=1
and § =k — 1.
Proof. (i) We want to determine a monomial m’ = w( , 5,)W(2,,,5,) Such that m —m' € I (n)s. If

0 > max{0,d — 2v}, we take (1,71,01) = (1,0,1) and (2,72,02) = (2,7,6 — 1). Let us to consider the

remainder cases (2,7v, max{0,d—2v}) withy = 0,...,2k'+[§]. If v > k+1, (2,7, maxz{0,d—2v}) = (2,7,0)

and we take (1,71,01) = (1,1,0) and (2,72,02) = (2,7 — 1,0). For 0 < v < k 4+ 1 a monomial m’ with

Y1 + v2 = v and §; + §2 = § does not exist because we necessarily have v; = i and 7 = v — ¢ for some

0<i<v,0<0; < L%J and d —2(y —1) < 02 < LWJ which give us § < d —2(y — i) < 01 + Jo.
The proof of (ii) is analogous and we leave it to the reader. O

Remark 5.12. (1) The monomial w(q,0,0)%(3,4,0) @dmits a non trivial suitable 2-binomial only when p = 0.
Indeed, assume that wg,0,0)W(3,d,0) = W(1,41,6,)W(2,72,5,) 15 & suitable 2-binomial. Then we have v; + 72 =
3k' 4+ p=Fk +2k +p. So v =k and vy, = 2k" + p = 2k’ + [ £]. The last equality is achieved only when
p=0.

(2) Suppose p = 1. Any monomial m = w1 i 0)W(2,4,5) admits a suitable 2-binomial except when v = 2k’.
Indeed, if v < 2k’ we take (r1,71,01) = (1, —1,81) and (re,72,d2) = (2,7 + 1,02) with § = 01 + o,
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0<6; < L%’“IHJ and max{0,d — 2y — 2} < 63 < LM’#J If v = 2k, since y1 < k' and v2 < 2k we
will never have v = v + 7s.

(3) Suppose p = 2. Clearly w i 1)W(2,2k+1,0) and W(1 g 1)W(2,2k,2) if € = 0 do not admit a suitable
2-binomial. If d — 3~y is even and ¢ = %TM, we take m' = Wiy g d=30=2) |\ Wiy 1o | 2d-80r42) ). In any
other case we take m’ = w(17k,_17Ld—S(;c’—l)J)w(27ﬂ{+17L2d73é’y+l)J). Any m0n02mial m = W1k, 1)W(2,y,5) admits
a suitable 2-binomial except: v = 2k’ + 1 and (v, d) = (2k',2) when £ = 0.

(4) Suppose p = 2. Any monomial m = w(y 5 W2,2k/+1,0) admits a suitable 2-binomial except v = k'.
The proof is analogous and we left it to the reader.

Proposition 5.13. Suppose € = 1. Let w™ = w*t — w*~ be a non-trivial 3-binomial. If w*+ or w*- is one
of the following:

) W(0,0,0)W(2,0,d)W(1,0,6)s 0 =0,...,k;
(i) W(0,0,0)W(2,0,d)W(3,d,0) and p # 0;
i) w(0,0,00W(1,0,00W(3,d,0) and p # 0;
) W(1,0,0)W(2,v,d—27)W(3,d,0), V¥ = 0,....k and W(1,0,0)W(2,k+1,0)W(3,d,0)3

then there is no 11 (n)s-sequence from w®+ to w®-. In particular, w® ¢ (I+(n)2) = Iz and Iy & 1(Xy)

Proof. Let {w®,...,w*} be an I (n)s-sequence from w*+ to w®~. So there exist w(, . 5) € k[w(r )] and
a suitable (n— 1)-binomial w® such that w® — w9 = w(rmg)w“/. This implies that we can find a monomial
of degree (n — 1) on the support of w*+ (respectively w®-) admitting a suitable (n — 1)-binomial.

May we suppose that w®* belongs to the above list. From Lemmas 5.10, 4.13 and 5.11 it follows that
any monomial of degree 2 that we can form from supp(w“+) in (i), (ii) and (iii) do not admit a non trivial
suitable 2-binomial contradicting the existence of an I (n)s-sequence from w*+ to w*-.

In case (iv) we only have to treat the monomials associated to (1,0,0) + (2,7v,d — 2v) for vy = 0,...,k
and (1,0,0) + (2,k + 1,0). Fix v € {0,...,k + 1} and assume that there exist (1,71,01) > (1,0,0) and
(2,72,02) < (2,7,0) such that v3 +v2 = v and 01 + Jo = d — 27y for v = 0,...,k; and 0; + J = 0 for
v =k + 1. Write 2 = v — 71, therefore do > 0 + 2v1. From this we deduce that 6; + do > §; + 0 + 21 and
hence d; + 2y, must be zero, that is §; = 0 = 71, which is a contradiction. O

Proposition 5.14. Suppose € = 1.
(1) The monomials

) W(0,0,0)W(2,0,d)W(1,0,5), 0 =0,...,k—1;
(ii) W(0,0,0)W(2,0,d)W(3,d,0)}

i) W(0,0,0)W(1,0,0)W(3,d,0)3

) W(1,0,0)W(2,y,d—27)W(3,d,0), V¥ = 0,....k—1

admit a suitable 3-binomial of I..(n)s.
(2) The monomials w(o,0,0)W(2,0,d)W(1,0,k)> W(1,0,0)W(2,k,1)W(3,d,0) AN W(1,0,0)W(2,k+1,0)0(3,d,0) do not ad-
mit a suitable 3-binomial.

Proof. (1) It is enough to exhibit explicitly a 3-binomial in each case.

(i) For any d € {0,...,k — 1} we have w(g,0,0)W(2,0,d)W(1,0,5) — W(1,0,k)W(1,0,6)W(1,0,6+1) belong to I (n)s.
(if) We have w(0,0,0)w(2,0,4)W(3,4,0) = W(1,0,k)W(a,k, 5517 Wiz k1, B2 ]y € T+ (M)a-

(iif) We have w(0,0,0)%0(1,0,0)W(3.d,0) =W,  werg1 W g1, W2k 44,00 € L ()3

(LLTJvO) (LrT-‘vo)



L. Colarte, R.M. Miré-Roig / Journal of Pure and Applied Algebra 224 (2020) 768-788 783

(iv) For all 0 < v < k — 1, w(1,0,0)W(2,7,d—27)W(3,d,0) — W(2,4+1,max{0,d—2y—2}) W(2,k,1)+(2,k,1) IS & suitable
3-binomial.

(2) If w(0,0,0)W(2,0,d)W(1,0,k) = W(1,71,60)W(1,v2,52)W(1,7s,65) 1S & suitable 3-binomial, we must have v; = 72 =
v3 = 0 and 01 + 62 + 93 = 3k + 1. However, 61,02,03 < k. If (24, 5,)W(2,75,65)W(2,~s,55) forms a 3-binomial,
in these cases, since d; 4+ d2 +d3 € {0, 1}, we must have v1,7v2,v3 > k. But when vy =k, 71 +v2+v3 = 3k + 1
implies that some (2,7;,6;) = (2,k,1). Finally, if v = k + 1, then 71,792,735 > k + 1 hence we find a similar
argument. 0O

Notice that the last two Propositions are false for even values of d. For instance we have that for d even
{w0,0,0)W(1,0,0)W(2,0,d) w?l’o,k)wu,o,o)} is a I; (n)s-sequence. For sake of completeness we exhibit a complete
example.

Example 5.15. We center in 1(X,) = I;. We only have to check that all monomials as in Proposition 5.14(2)
contain a submonomial of degree 2 admitting a non trivial suitable 2-binomial. Indeed, w(,0,0)w(2,0,4) —
w(217072) and w(1,0,0)W(3,4,0) — w(22,270) are suitable 2-binomials of I, from which the result follows.

In the sequel we fix n > 3, otherwise indicated. Any non trivial suitable n-binomial w® = w*+ — w*- is
associated to a lattice point « of the form:

b
a(0,0,0) + > (1,7},6]) + > _(2,77,67) +e(3,d,0)
j=1

i=1

]

Mm

C
—A(0,0,0) 1 Wsa s Z ’Vra (37d7 0)7
r=1

s=1

for integers 0 < a,b,c,e, A, B,C,E < n and aA = 0 = eF. Since w® is a suitable n-binomial, we have
restrictions a+b+c+e=A+ B+ C+ F and b+ 2c+3e =B +2C + 3FE.

[0

Proposition 5.16. Let w® = w®+ —w*= be a non trivial suitable n-binomial with w00y € supp(w®) or
W(3,d,0) € supp(w"‘). Assume that w*+, w*~ ¢ MY. Then there exist I, (n),-sequences {w®+, ..., w*+} and

{w*- w= } where wg,0,0), W(3,d,0) ¢ supp(wa:r) U supp(wa/—).

Proof. We write w® = a(0,0,0) 4+ >0_, (1,7}, 61) + > 5-1(2,73,67) + e(3,d,0) and we assume that a >0
or e > 0. Analogous we deal with w®-. It is enough to see that we can always decrease the value of a + e
until we reach 0. We analyze separately several cases according to the value of d:

Case 1: Assume € = 0 and p = 0. First we observe that the hypothesis w® non-trivial implies (b, ¢) # (0, 0)
or (b,c) = (0,0) and a = e. If (b, c) = (0,0) and a = e we have w{, o 5 Wis 40y = W1 g1 ,0)W(a 287 0)- Otherwise,
since m = w(3,4,0)W(1,41,51) (resp. m = w(070,0)w(2)7%75f)) admits a special suitable 2-binomial m — m’ with

[ . r_ .
M= W2n2,,,6211)W(2A242.6212) (resp. m' = w(1,7§+175§+1)w(1771}+2,5§+2))’ we can write
c+2
a1 .__ ,,@ -1
W= W,0,0) H“’ 1v}.6}) H W(2,42,62 “’ 3,d,0)
=2

b+2
al .__ a—1 e
(resp. w = Wio.0.0) H W(1 41 51 H W(2,42,62)W(3,4,0) )
i

and build an I (n),-sequence {w*+,w } with deg.o,0,0)w* + degy(s,q,00 W™ < @+ e = degy(o,0,0)w" +
deguy(3,4,0)w** and we have decreased by 1 the value of a + e.
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Case 2: Assume ¢ = 0 and 1 < p < 2. The hypothesis w® non-trivial implies (b, ¢) # (0,0) and we can argue
L . . _ b . _ b
as in Case 1 unless w* = w{j o 0)W(y r,0)W(a.2,1)%W(5.0.0) (TSP W = (o 0,0)W(1 1)z, 2041.0)¥(3.0.0))
but such w*+ does not admit a non-trivial n-binomial w+ — w-.
Case 3: Assume ¢ = 1 and p = 0. Since w(g,0,0)W(3,d,0) = W(1,k’,0)W(2,2k’,0) We can argue as in the Case 1
unless w*+ = w?0,0,0)w?L0,0)wEZ,O,d) or w* = w?l,o,o)w&,o,d)wfs,d,o)’ the fact that w®+ — w®- is non-
trivial implies b,c¢ > 0 and the hypothesis w*+ ¢ MY implies a + b+ ¢ > 3 (resp. b+ c+ e > 3). Set
M = W(0,0,0)W(1,0,0W(2,0,d) (XESP- 1M = W(1,0,0)W(2,0,0)W(3,4,0))- By Proposition 5.14 w(0,0,0)w(2,0,4)(1,0,0) —
W(1,0,k)W(1,0,6)W(1,0,1) (TESP- W(1,0,0)W(2,0,d)W(3,d,0) — W(2,1,d—2}) W(2,k,1)+(2,k,1)) and we apply the same game
decreasing a (resp. e) by one.

Case 4: Assume ¢ = 1 and 1 < p < 2. Notice that from the hypothesis w® non trivial we have
(b,c¢) # 0. So we proceed as in Case 1 unless we = w((IO,O,O)wé)l,0,0)w(cl,k’70)w{2,0,d)w?Q,Qk/,l)wt(B?),d,O) with
(b,c, f,g) # (0,0,0,0) (resp. w*+ = w?op,o)w?l,0,0)w(cl,k’,l)w{Q,O,d)w?2,2k’+1,0)w(e3,d,0) and (b,c, f,g9) #
(0,0,0,0)). Since w*+ ¢ M3 we have (c,g) # (0,0) or a + b+ f + g+ e > 3. By Proposition 5.14 we
have w(0,0,0)0(1,0,0)W(2,0,d) = W(1,0,k)W(1,0,k)W(1,0,1)5 1(0,0,0)W(2,0,d)W(3,d,0) ~ W(1,0,k)W(2 k| EEL |)W(2 kt1,| KL |5
W(0,0,0)W(1,0,0W(3,d,0) = W(1,1,0W(L,k,0)W(2,2k",0) AN W(1,0,0)W(2,0,)W(3,d,0) ~ W(2,1,d—2)W(2,k,1)W(2,k,1) ATE TION
trivial suitable 3-binomials (resp. w(g,0,0)W(1,0,00W(2,0,d) = W(1,0,k)W(1,0,6)W(1,0,2)s W(0,0,0)W(2,0,d)W(3,d,0) —
W(1,0,k)W(2,k,| 2L NW(2 k41, EEL |)r W(0,0,0)W(1,0,0)W(3,d,0) — W(1,1,0)W(1,k",0)W(2,2k'+1,0) and W(1,0,0)W(2,0,d) X
W(3,4,0) — W(2,1,d—2)W(2,k,1)W(2,k,1))- Lhen we argue as in Case 3 decreasing a and e unless w®+ =
w?070)0)wfl)k,70)w(9272k,71)w53)d,0) (resp. w?07070)w(CLk,71)w57272k,+170)wf3’d)0)) but such monomial does not admit
a non trivial suitable n-binomial and the proof is completed. O

Remark 5.17. It is easy to observe that any suitable m-binomial w® = w*+ — w*- = Hle W(1 41,51 X

c I b’ . ’ ,
i1 w@nz.6) = [lici wasze0) [jm1 Wi g o2 satisfies b=1b"and ¢ = ¢

Example 5.18. (1) Fix d = 4 and consider the non trivial 3-binomial

W(0,0,0)W(1,0,0)W(2,0,4) — W(1,0,1)W(1,0,1)W(1,0,2)-

ay 2
= W(1,0,00W(1,0,2) and we get an

Since w(g,0,0)W(2,0,4) — w(21,0,2) is a non trivial 2-binomial, we define w
I+(77)3-S€q11€110€‘ {w(o,o,o)w(1,o,o)w(2,0,4)7 w(l,O,O)w(21,0’2)7w(l,O,l)w(l,O,l)w(1,0,2)} from W(0,0,0)W(1,0,0)W(2,0,4) to
W(1,0,1)W(1,0,1)W(1,0,2) Where W = w,

(2) Fix d = 5 and consider I(X5) and the non trivial 4-binomial wg,0,0)yw(1,0,0)%(2,0,5W(3,5,0) —
’IU(QLLO)’LU(Q’LS)M(Q’ZQ). We take the suitable 3-binomial wq,0,0yw(1,0,0)W(2,0,5) — w(1,0,1)w(21’0,2) and we de-
fine w := w(l,o’l)w(zma)w(g@o). We observe that w00y ¢ supp(w®). The monomial w o,1)yw(s,s,0)
admits a suitable 2-binomial w1 0,1)w(35,0) — W(2,2,1)W(2,3,0)- We now define w*? := w(21)072)w(272,1)w(2)370).
We obtain the I (n)s-sequence

{w(O,O,O)w(l,O,O)w(2,0,5)w(3,5,0)7 w(l,o,l)w(Ql,o,z)w(?,,s,o)a w(21,o,2)w(2,2,1)w(2,3,0)}

with wg,0,0), W(3,5,0) ¢ supp(w?).
(3) Fix d = 5 and consider the non trivial 4-binomial

3
W(0,0,0)W(2,0,5)W(2,2,1)W(2,3,0) — W(1,0,2)W(3,5,0)-

Since w(g,0,00W(2,2,1) — W(1,1,00W(1,1,1) and w02 W350) — W22.2We3,0 are suitable 2-binomials,
{w(o,o,o)w(2,0,5)w(2,2,1)w(2,3,0)aw(1,1,0)w(1,1,1)w(2,0,5)w(2,3,0)} and {w(zl,o’g)w(zzg)w(2,3,0)7w?l,o’g)w(:a,s,o)} are
the I (n)s-sequences required in Proposition 5.16. Thus is an I (n)4-sequence. Furthermore, gluing them
we obtain the I (n)4-sequence
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{w(o,o,o)w(2,0,5)w(2,2,1)w(2,3,0)7 W(1,1,0)W(1,1,1)W(2,0,5)W(2,3,0)» w(21,0,2)w(2,2,2)w(2,3,0)7 w:(gl,og)w(:s,s,o)}-

We now analyze whether a monomial m = Wy, 4, ,6,)W(rs,72,8,) With 71,72 € {1,2} admits a non-
trivial suitable 2-binomial m — m’ with m’ = Wy, 44.6)Wrsya,6,) and 73,74 € {1,2}. This problem
can be reformulated as follows. For which s > 0, setting 73 := 71 £ s and 4 = 72 F s, there exist

max{0, (r; — 1)d — 2v;} <6; < LM%J, i = 3,4, such that d3 + ds = 01 + 2.
Lemma 5.19. With the above notation, there exist such d3 and 64 with the following exceptions.

(1) For any 1 < ri,r9 < 2, if (r1dy — 371) and (rada — 3y2) are even, s is odd, and &; and dy are the
mazximum ones. We call it the maximum bound problem.
(2) Assume ro = 2.
(i) If r1 = 1, when doing 1 + s and y3 — s we have y3 — s < k+¢ and 61 + 62 < max{0,d — 25 — 2s}.
(ii) Ifry = 2, when doing v1+s and y2 — s we have 01+ 62 < max{0,d—2v; —2s} +max{0,d—2v2+2s}
and one of the following cases:
(a) m>k+ecandy—s<k+e,
(b) m<k+emn+s>k+e,vw2>k+eandy >y —s,
) Y, 12 <k+evn+s>k+e.
We call it the minimum bound problem.

Proof. We have max{0, (r; — 1)d — 271} + max{0, (ro — 1)d — 272} < &1 + & < |23 | 4 | 29372 | apd
max{0, (r; — 1)d —2(y1 + s)} + max{0, (ra — 1)d — 2(y2 — s)} < d5 + 4 < LTld*32(%+S)J + erd*‘r‘gy?*s”. So
the result is clear for those values max{0, (r; —1)d — 2(y1 + s)} + max{0, (ra — 1)d —2(y2 — )} < 61 + 2 <
| rd=8lnts) |y | 720230 29) | et us study the remainder cases.

(1) From the properties of the floor and ceiling functions we have

rid — 371 rod — 3y rid — 3y1 + rod — 372
eIy e e =
rid —3(y1 +8) +rod — 3(y2 — s rid—3(y1+s rod — 3(y2 — s
(=3t trd =30 —0) ) o nd 23t rd 23 )y

Furthermore L’"ld_32(71+s)J + Lwd_?’yz_s)j < L”dg‘%lj + \_’”ng‘o’wj only when (r1d — 3v1) and (rod — 372)
are even and s is odd. From this (1) follows immediately.

(2) is obtained determining which values max{0, (r; — 1)d — 271 } + max{0, (r — 1)d — 22} < 61 + 2 <
max{0, (r1 —1)d —2(y1 + s)} + max{0, (rs — 1)d — 2(y2 — 8)}. O

Up to here we have proved the following. Suppose given a non trivial suitable n-binomial w® = w*+ —w*-
such that w+, w* ¢ M§E. If w0 € supp(w®) or w(sq0) € supp(w®), there exit I (n),-sequences
{we+, ... ,wa;} and {wo‘/f, .., w*= } such that wg,0,0), W(3,4,0) ¢ supp(w”‘/f) U supp(w®-). Clearly w =
w* — w*~ € (I4(n))n. Notice that w® could be trivial or even more it could be zero. In the first case
{we+, ... ,wa;,wal,...,wa*} is an Iy (n),-sequence. In the other case let t1,t— > 0 be the length of
the respective I (n),-sequences. Since w® is non trivial we must have ¢4 > 0 or £ > 0. Assume t; > 0
(analogously, for t; = 0 and ¢ > 0). Therefore {w+,... w+~1, wo‘/f, .., w* }is an I (n),-sequence. In
next Proposition we deal with the case that w®* — w* is neither trivial nor zero.

oy a t n t n
Proposition 5.20. Let w® = [[;my wa o) [licin Wenisy = izt wanen Hlizi wengen be a non
.. . . . . . [e3
trivial suitable n-binomial with n > 3. Therefore, there exist I (n)n-sequences {w,...,w,"} and
_ [e . ap t n o t n
{w=, . we b with we™ = Tl waaren [z wear ey and we™ = Tlisy wa a2 62) Tz we a2 62)

satisfying v} =2 for alli=1,...,n.
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Proof. May we assume that v1 > -+ > 4,941 > -+ > v (respectively +) and let 7, be first such that
vj # ;- May we also assume that v, = 7; + s with s > 0. Hence »,,vj +s = >_,,,7;- Let 7; be the first
such that ~; < with ¢ > £ and let s; > 0 be such that v; + s; = 7. Now we discuss two cases.

Case 1: s < s;. According to Lemma 5.19 when doing 7, — s and ~y; + s the minimum bound problem (shortly,
mbp) does not take place and the maximum bound problem (shortly, MBP) appears when rd— 3, r;d—3;
are even, s is odd, 0y = ”dgﬂ and §; = Lf”l If MBP does not appear we define,

w = W(r1m1,60)Wiram2,02) " Wirgyp—s5,80) * " Wirgyits,8i) " Wrnyn,0n)

and then {w®, w2} is an I (n),-sequence and w®,w®- share the same v in position ¢. We assume that
the MBP appears and we divide the discussion in several subcases based on the parity of d.

1.1 £ =0, 7, and ~; even and s odd.

1.1 e=1,r=7r; =2, v and ~; even and s odd.
13 e=1,rm=r;=1, v and ~; odd and s odd.

14 e=1,rm=1,r =2, v odd, ¥ even and s odd.

We treat 1.1, the remainder cases are similar and we leave them to the reader. We will modify both w®+
and w*-. When doing v, — (s + 1) and ~; 4+ (s + 1) the MBP disappears. Since ~, and ~; are even and s is
odd we get that ~y; is odd. If v; < r;&’ + | =¥ | when doing 7, — 1 and ~; 4 1 the mbp does not appear and
we set
as

W™ = Wiryy1,61) " Wirgye—(s+1),80) " Wirs yits+1,8:) ~ W(rn,vn.0n)

/7
Ay - e e
W= =Wy y1,60) " Wirgyy—1,8)) " Wiry i 41,8]) " W(rn v4,60)

’ ’ / . o .
{w*+,w*} and {w®,w*-} are I (n),-sequences and w*2, w share the same v in position ¢.

If o; = r;k" 4 [ %2 ], there is no problem when doing v, + 1, 7; — 1 and set

az - S e S e
W = W(ry,y,61) w(T@,’ng(Sfl),ég) w(m,’yi+(sfl),5i) W(ry,vn,0n)

Qgr < e =,y e
W= = Wiy y1,60) 7 Wirg g 41,5) " Wiyt =1,80) 7 Wrnos,60) -

In any case w® and w*- (resp. w“é) share the same + in position /.

Case 2: s > s;. Arguing as in Case 1 we distinguish cases 1.1, 1.2, 1.3 and 1.4 and we treat the first one.

Assume vy, v; even, s odd and dp = @,&- = Td% Hence now ~/ is odd and we can argue as in

Case 1 when doing v, + 1 and ] — 1. If s > s;, then w*> and w*~ (resp. w®) verifies the same hypothesis

that w**+ and w®- but now we have v, — s; and ~; (resp. ¢ — (s; — 1) and 7, + 1) in position £. Next we

apply the same strategy to w*? and so on until in step ¢ > 1 the resulting monomial w® verifies Case 1.
The result follows by iterating the above argument. O

Remark 5.21. Notice that not necessarily we™ —wy~ is a non trivial suitable n-binomial. In which case we
obtain an I,,-sequence from w*+ to w®- arguing as below Proposition 5.16.

Example 5.22. In Example 5.18 (2), we had wq,0,0)w(1,0,0)%(2,0,5)W(3,5,0) —w(21 1,0)W(2,1,3)W(2,2,2) and we have
build the I (n)4-sequence

2 2
{w(0,0,00w(1,0,0)W(2,0,5)W(3,5,0 W(1,0,1)W(1,0,2)W(3,5,0)> W(1,0,2) W(2,2,1)W(2,3,0) }



L. Colarte, R.M. Miré-Roig / Journal of Pure and Applied Algebra 224 (2020) 768-788 787

Now we apply Proposition 5.20 to the non trivial 4-binomial

2 2
W(1,1,00W(2,1,3)W(2,2,2) ~ W(1,0,2)W(2,2,1)W(2,3,0)-

We have 79 = 79 = 0, 73 = 2, 94 = 3 and 7§ = 75 = 1, 3 = 1, 74 = 2, with 13 =
v + 1. The first v; < 4} corresponds to 3 with s3 = 1. Then we choose the suitable 2-binomial
w(171,0)w(27173) — W(1,0,1)W2,2,2) and we define w*? = w(1,071)w(17170)w(22,272). Note the 7’s involved in
w* by 4, ¢ = 1,2,3,4. Now 41 = 1,92 = 1, 93 = A1 = 2. The first 3, > 7 is 7o =
¥5 + 1 and the first v; < 7; with j > 3 is 74 = 2 with s4 = 1. Then we choose the suit-
able 2-binomial w1 ,0)w(2,22) — W(1,0,2)W(2,3,0) and we define w* = w1 0,1)W(1,0,2)W(2,2,2)W(2,3,0)- We
have obtained an I (n)s-sequence from w(g g,0)w(1,0,0)W(2,0,5)W(3,5,0) tO w(2171,0)w(27173)w(27272). Precisely,
{w(o,o,o) W(1,0,0) W(2,0,5) W(3,5,0)> W(1,0,1) w(2170,2) W(3,5,0)» w(21,072) W(2,2,1) W(2,3,0); W(1,0,1) W(1,0,2) W(2,2,2) W(2,3,0)>
w(170,1)w(1,170)w(22,2,2)’w(zl,l,o)w(llﬁ)w(?,?,?)}'

Finally we consider w® = w*+ — w®- a non trivial suitable n-binomial as in Proposition 5.20. Assume
that the resulting suitable n-binomial wy " — wy~ = szl W(1 41 50 | Wiz 1 51) — szl W1 42 52) X
H?:Hl W(2,42,52) 18 non trivial and non zero. To prove Theorem 5.6 it is enough now to show that wy T —wy
admits an I (n),-sequence. w, = — wy ~ verifies v} = 72 for all 1 < i < n. For each §} < 62,1 < i < n, set
a; = 62 — 8} and b; = 0, otherwise set a; = 0 and b; = §} — 62. Therefore 0} +a; — by + -+ 6L +a, — b, =
82 + -+ + 62, which implies that a3 + -+ + a, = by + -+ + b,. May we assume that a; > 0. Hence
8+ 4+ > 62+ -+ 62. Without lost of generality we can assume that 6} > 62, i = 2,...,n. Then
b; > 0 and 6} +b; = 62, i = 2,...,n. So a3 < by + ---+ b, and we can consider ¢; < b; such that
ai =cg+ -+ ¢y, Set

az __

W = Wiy ,6t +e2) Wirang 03 —c2) Wirsnd,63) - Wirn, vk .08)-

{wyt w2} is an Iy (n)p-sequence. If 63 — co = 63, then {wy ™, w2, wy~ } is an I, (n),-sequence and we
finish. Else inductively set
; a; __
2 <0<y WY E Wiy g ot deatted) Wira b oh—ea) T Wirg oyt —es) W(rip1,vbia,0h) " Wirnvh.65)-

Since at some point 2 < t < n we achieve w% — wy~ trivial, we construct an I (n),-sequence
{we w2, ..., w*, wy~ } and the proof of Theorem 5.6 is completed. O

6. Final remarks and open problems

In the previous sections we have explicitly described I(X,). Next goal will be to compute a minimal
free resolution of I(Xy) or at least its graded Betti numbers. Using the program Macaulay2 [11], we have
computed a minimal free R-resolution of the ideal of the GT-threefold X, for d = 4,5,6 and we have got:

d=4:

0— R(—8)? = R(—7)*® = R(-6)'% = R(-4)° ® R(-5)% —
R(-3)"® R(-4)* - R(-2)"* 5 R = R/Ix, —» 0

0 — R(—10)' — R(—9)'?" — R(-8)%° — R(-7)% = R(—6)" = R(-4)'® @ R(-5)3"? —
R(-3)® o R(-4)® - R(-2)* @ R(-3)® = R — R/Ix, — 0
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d=6:

0 — R(—14)* @ R(—15)% — R(—13)1% @ R(—14)" — R(—12)3% = R(-11)*0 — R(-10)5%7 —
R(_9)9064 N R(_7)6 @R(_8)8811 — R(_6)258 @R(—7)5352 N R(_5)844 @R(—6)1638 N
R(—4)™ @ R(-5)"" — R(-3)3** @ R(—4)"® = R(-2)°" = R — R/Ix, — 0.

It follows from [14, Proposition 13] that X, is arithmetically Cohen-Macaulay (see also [3] and [13]). We
would like to address the following problem.

Problem 6.1. Find explicitly a minimal free R-resolution of I(X,) for all d > 4.
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