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1. Introduction

Let ¢ be a prime power and let m be a positive integer. A g-polynomial, or linearized polynomial, over
Fym is a polynomial of the form

flz) = Z aimqi,
i=0

where a; € Fym, t is a positive integer. If a; # 0, we say that ¢ = deg, f(x) is the g-degree of f. We denote
by L, the set of all g-polynomials over Fy» and by Zm,q the following quotient L, 4/ (9" — x). The
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F,-linear maps of Fym can be identified with the polynomials in ljmq. This shows the relevance of linearized
polynomials in the theory of finite fields and their algebraic and geometric applications. A fundamental
problem in the theory of linearized polynomials is to characterize precisely the dimension of the kernel of
the given polynomial in terms of its coefficients. Results in this direction are given in [7,11,15,20,22,27,28].

Let n, s be positive integers such that s < 2n, ged(s,n) = 1. First in [9] and later in [22], the following
polynomials are investigated

fops@) = +az? 4028 € Loy 1)

The following results are known from [9] and [22]:

o if Ng2ngn(a) = Ngzn jqn (b), then dimp, ker fop s(z) < 1;
o if Ng2ngn(a) # Ngzn jqn (b), then dimp, ker fo 5 s(z) < 2;

where Nyan /gn (z) = 79",
Our main result is Theorem 1.1 and concerns the existence, for every § € Fgon with Ngan /gn (6) ¢ {0, 1},
of an element a € Fy2» such that the kernel of f, 54,s has dimension 2, provided that n is large enough.

Theorem 1.1. Let q be a prime power and n,s be two relatively prime positive integers. Suppose that

< 4s+2 ifg=3 ands>1,orq=2 and s> 2;
n
4s+1 otherwise.

For every 0 € F, with Nyzn jgn (8) # 1 there exists a € F,, such that

dimp, ker(fap,s(2)) = 2,
where b = da.

In Remark 3.2 we show that we can always suppose n > 2s, up to considering the adjoint polynomial.

The first step in the proof of Theorem 1.1 is to manipulate the shape of f, 5 s(x) to translate the condition
on the dimension of the kernel into the existence of F4n-rational points in the intersection of certain Fyn-
rational hypersurfaces, which are described in Theorem 3.6. Then we prove that this intersection is described
by means of an Fg2n-rational curve X. Using intersection theory and function field theory, the curve X is
shown to be absolutely irreducible of genus ¢?* — ¢° — 1; Theorem 1.1 now follows by Hasse-Weil bound.

Theorem 1.1 also has applications in the theory of scattered polynomials. A polynomial f(z) € Em7q is
said to be scattered if

dimg, ker(f(z) — Az) <1, forall X\ € Fym.

Scattered polynomials have been introduced in [23] and they have been widely investigated, especially after
the paper [23], where Sheekey built a bridge between scattered polynomials and rank metric codes. The

e Lon 4 with § # 0 contains a large number of scattered

family of linearized binomials fs ,(z) = 27" + 64
polynomials when n is 3 or 4, as proved in [9] and [22]. The question arises whether there exist other values
of n, possibly infinitely many, for which f5s(z) is scattered. Many authors have considered the problem of
classifying exceptional scattered polynomials f(z) € Emﬂ, i.e. scattered polynomials which remain scattered
over infinitely many extensions IF em of Fym; partial classification results have been provided by Bartoli and
Zhou [5], Bartoli and Montanucci [3], Ferraguti and Micheli [14]. Their results rely on the fact that the order

of Fyem is much larger than the degree of f(x); as a matter of fact, the key role in [5,3] is played by the



O. Polverino et al. / Journal of Pure and Applied Algebra 225 (2021) 106491 3

application of the Hasse-Weil bound to a curve whose degree has the same order of magnitude as deg f(x),
and hence is small with respect to ¢‘™ (see [5, Lemma 2.1]). The aforementioned binomial f5«(z) is not
taken into account by their results, because it cannot be considered ‘exceptional’ since the degree depends
on the field Fj2n and therefore the shape of the polynomial always changes. As a byproduct of Theorem 1.1,
we prove in Theorem 4.1 that f5s(x) is not scattered when n is large enough with respect to s; for instance,
when s = 1 it is enough to choose n > 5.

Finally, in Theorem 4.5 we use Theorem 1.1 to give an asymptotic classification of the family of rank-
metric codes defined by the binomials f5 (x).

The paper is organized as follows. Section 2 contains preliminary results about algebraic curves and
function fields which are used in Section 3. Section 3 is devoted to the proof of Theorem 1.1; the cases g
odd and q even are studied separately, respectively in Section 3.1 and in Section 3.2. Section 4 provides
applications of Theorem 1.1 to scattered polynomials, linear sets and rank metric codes.

2. Preliminaries on algebraic curves

Let C be a projective, absolutely irreducible, algebraic curve over the algebraically closed field K = T,
embedded in a projective space PG(r,K) with homogeneous coordinates (X1: ...: X,1) and not contained
in the hyperplane at infinity Hy : X411 = 0. Let I(C) be the ideal of C. Denote by K(C) the field of (K-
Jrational functions on C, briefly the function field of C. Clearly, K(C) is generated over K by the coordinate
functions z1,...,x, with z; = gj—%, and K(C): K is a field extension of transcendence degree 1. We
denote by P(C) the set of places of C, that is, the set of places of its function field K(C). For every P € P(C)
and every nonzero z € K(C), we denote by vp(z) € Z the valuation of z at P; P is said to be a zero (resp.
a pole) of z if vp(z) > 0 (resp. vp(z) < 0).

Suppose that C is defined over F,, i.e. I(C) is generated by polynomials over F,. Then F,(C) denotes the
F,-rational function field of C, i.e. the field of [F,-rational functions on C. The Fg-rational places of C are
those places P € P(C) which are defined over Fy; that is, F,-rational places of C are the places of degree
1 in F4(C), which are exactly the restriction to Fy(C) of the places of K(C) in the constant field extension
K(C): F4(C). The center of an Fg-rational place is an [, -rational point of C; conversely, if P is a simple
F,-rational point of C, then the only place centered at P is Fy-rational, and may be identified with P.

Let ¢ : C' — C be a covering of curves, i.e. a non-constant rational map from the curve C’ to the curve
C, of degree deg(y) = [K(C'): K(C)]. We denote by ¢ also the induced map P(C') — P(C); if ¢ is Fy-
rational, then ¢ maps F,-rational places of C’' to F,-rational places of C. The pull-back of ¢ is denoted by
©* 1 K(C) — K(C'). When P € P(C) and P’ € P(C') satisfy ¢(P’) = P, we write P’|P and say that P’ lies
over P in ¢. We denote by e(P’|P) the ramification index of P’|P, that is the unique positive integer such
that vp: (™ (w)) = e(P'|P) - vp(w) for all w € K(C); we have 3 p, p/p e(P'|P) = deg(p). We say that P’
is ramified over P if e(P’|P) > 1, and totally ramified if e(P’|P) = deg(y); otherwise it is unramified. A
ramified place P’ is wildly ramified (resp. tamely ramified) if e(P’|P) is divisible (resp. not divisible) by p.
We refer to [16,26] for further details on algebraic curves and function fields.

Theorem 2.1. (Hurwitz genus formula, [26, Theorem 3.4.13]) Let C,C’ be two absolutely irreducible curves
over K = Fq and ¢ : C' — C be a covering. For every place P of C and every place P’ of C' lying over P in
o, let t € K(C) be a local parameter at P, t' € K(C') be a local parameter at P’, and ¢*(t) € K(C') be the
pull-back of t with respect to w. Then

20(C) ~2 = deg(p) - (29(C) -2 + Y. vp <d@*<t>) |

P/eP(C)
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If P is not wildly ramified, then vp: (d“(’;ft)) = e(P'|P) — 1. We now recall two important types of

coverings. The following results are the application of [26, Corollary 3.7.4] and [26, Theorem 3.7.10] in the
case of an algebraically closed constant field K.

Theorem 2.2. [26, Corollary 3.7.4] Let C: F(X,Y) = 0 be an absolutely irreducible plane curve defined over
a finite field F, of characteristic p, and m be a positive integer with ged(m,p) = 1. Let f(X,Y) € F,[X,Y]
be such that there exists an F,-rational place Q of C at which the valuation of the rational function f(z,y)
is coprime with m, i.e. ged(vg(f(z,y)),m) = 1. Let C' be the curve given by the two affine equations
F(X,Y)=0and Z™ = f(X,Y). Then the following holds.

o (' is absolutely irreducible and defined over Fy; C' is called a Kummer cover of C.

o The F,-rational covering ¢ : C' — C, (X,Y,Z) — (X,Y), has degree m.

o For every place P of C and every place P’ of C' lying over P in ¢, we have e(P'|P) = m/rp, where
rp = ged(vp(f(z,y)),m) > 0.

e The Hurwitz genus formula reads

oC) =1 +m(g(C)~1)+ 5 3 (m—rp)
PeP(C)

If C' is an absolutely irreducible curve over F, defined by the two affine equations F(X,Y) = 0 and
L(Z) = f(X,Y), for some f(X,Y),F(X,Y) € F,[X,Y] and some separable p-polynomial L(T) € F,[T],
then C’ is said to be a generalized Artin-Schreier cover of the curve C : F(X,Y) = 0, with generalized
Artin-Schreier covering ¢ : C' — C, (X,Y,Z) — (X,Y).

Theorem 2.3. [26, Theorem 3.7.10] Let C : F(X,Y) = 0 be an absolutely irreducible plane curve defined over
a finite field F, of characteristic p. Let L(T) € F4[T] be a separable p-polynomial of degree q with all its
roots in Fy. Let f(X,Y),h(X,Y) € F,[X,Y] have no nontrivial factors k(X,Y) € K[X,Y] in common, and
be such that for every place P € P(C) there exists a rational function w on C (depending on P) satisfying
either vp(f(z,y)/h(x,y) — L(w)) > 0 or vp(f(z,y)/h(z,y) — L(w)) = —m with m > 0 and p 1 m. Define
mp = —1 in the former case and mp = m in the latter case. Let C' be the space curve given by the two
affine equations F(X,Y) =0 and h(X,Y)-L(Z) = f(X,Y). If there exists a place Q € P(C) with mg > 0,
then C' is a generalized Artin-Schreier cover of C, defined over F,.
With the above notation, the following holds for generalized Artin-Schreier curves.

o The Fy-rational covering ¢ : C' — C, (X,Y,Z) — (X,Y), has degree q.

o For every place P of C and every place P' of C' lying over P in v, e(P'|P) is equal either to 1 or to ¢
according to mp = —1 or mp > 0, respectively.

o The Hurwitz genus formula reads

9(€) =G 9C) + 5| =2+ Y (mp+1)
PeP(C)
We now recall the well-known Hasse-Weil bound.

Theorem 2.4. [26, Theorem 5.2.3] (Hasse-Weil bound) Let C be an absolutely irreducible curve defined over
F, and with genus g. Then the number N, of Fy-rational places of C satisfies

qg+1—-29/g <Ny, <qg+1+2g/.
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3. Proof of Theorem 1.1

In this section we prove Theorem 1.1. First we determine necessary and sufficient conditions on a and b
for fqp,s(z) having kernel of dimension 2; cf. Theorem 3.6. Then we investigate such conditions by means
of algebraic-geometric tools.

The first remark shows that different choices of a, b with the same norm of b/a over Fyn provide polyno-
mials fg5.s(z) with the same behavior.

Remark 3.1. Assume that the linearized polynomial f, ; <(z) = 2+az? bt € Fy2n [z], with ged(s,n) =1
and b = da, has kernel of dimension two. Clearly, for each A € IF;% we have

dimp, ker(A ! fap,s(A2)) = 2,

where

s+n

AN Hap M) = 2+ aX? "lz? 4o\ TN @ DT = f L (),

with @’ = aA?" 1, & = A7 (@' ~D§ and ¥/ = a’6’. Note that for each element &' € Fy2n with Nyzu 4n(8') =
Ng2n /qn () there exists A € Fgan such that ¢’ = S\9°(@"=1) Therefore, if dimg, ker(fa,p,s(7)) = 2, with b = da,
then for each ¢" € Fy2n with Nyz2n /gn (0) = Ngzn /¢n (6) there exists @’ € Fy2n such that dimg, ker(for pr s(z)) =
2, with o/ = d¢’a’.

The second remark shows that we may assume s < n/2.

Remark 3.2. The adjoint of a ¢-polynomial f(z) = Z?;Ol ;77 , with respect to the bilinear form (x,y) =
Trgn /q(zy), is given by

In particular, if f(z) is a g-polynomial of shape (1), then
fapa(@) =z +az? + 027" € Lan g,

with ged(s,n) = 1 and its adjoint is

2n—s 2n—s n—s n—s

fa’b,s(aﬁ) =z4+a? 2 4+ b7 24

s

. 2n— n—s
Therefore, choosing s’ =2n —s,a’ =a? 0 =07 | we get

fa,b,s(m) = fa’,b',s’ (.’13),

n—s 2n—

. . s
while choosing s” =n —s,a” =b1 ", b =a? ~, we get

fabs(@) = farpr (),

i.e. fmb,s(m) is of shape (1). Therefore, the family of g-polynomials we are studying is closed by the adjoint
operation. Furthermore, we underline that by [2, Lemma 2.6], the kernels of f, 5 s and f, 5 s have the same
dimension (see also [8, pages 407-408]). Thus, we can assume s < n/2.
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qs+n _eq"

£, for some £ €Fpn \Fon.

We now prove that the shape of § can be chosen as EEe

Theorem 3.3. Let fops(x) € Foen[z], with b = ad. Then dimg, ker(faps(z)) = 2 if and only if
dimy, ker(f; 5 ,(z)) = 2, with

3 qs+n et
o ¢

é-qn _ é-qs 3
for some & € Fgon \ Fgn and some @ € Fgon, b = da.

Proof. Assume that dimg, ker(fops(z)) = 2, ie. there exist o € F, and yo € Fyen \ Fy such that
zo/yo ¢ F, and

s s+n s s+n
q q q q
o +0x5 Yo + 0%

bl
To Yo

which may be rewritten as follows

s+n s+n s s
q q _ q q
5(?/01'0 — ZToYq ) = ZoYy — YoIg -

s+n s+n
If yord — —wxoyd  were zero, then zg/yg € Fy2n NFyetn = Fy would follow, a contradiction. Hence,

qs qS
5= ToYg — Yoy

qs+n qs+n )
Yo — ZoYy

and, since y, = {xo for some & € Fen \ Fy, we have

1 £ —¢

85+'7L_q5 qu+n — E

By Remark 3.1, dimp, ker(fqp,s(z)) = 2 if and only if there exists @,b as in the claim such that
dimg, ker(f, 5 () = 2. If { € Fgn, then § = —1, and hence dimg, ker(f; 3 s(z)) < 1. The claim follows. O

a,b,s

As a consequence of Theorem 3.3 we get the following result.

Corollary 3.4. There exist 6 € F s, for which dimp, ker(fap.s(x)) <1, with b = da, for each a € Fr. if and

only if
qn+s _ qn
HNqQ"/q” (ﬁ) 1§ € Fgzn \Fq”}

Since £ ¢ Fyn, we have that ¢ is the root of an irreducible polynomial X? — SX — T € Fy»[X], where
Ngznjqn(§) = =T and Trgen/gn(§) = S. Also, {1,£} is an Fyn-basis of Fy2» and so there exist A, B € Fyn
such that £€9° = A + BE. In the next we give some relations involving A, B, S and 7.

<q"—1.

Proposition 3.5. The following holds:

1. S =2A + BS;
2. —T9 = A% 4 B(AS — BT).
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In particular, Tryen jqn (§9°+1) = 2BT + AS + BS? and Tryzn 40 (£9°79") = AS — 2BT.
Proof. As
EUH" = (A+ BE)(S — &) = AS — BT — A¢
and
g = —BT + (87 — A- BS),
we have that
Tryzn /gn (€979") = AS — 2BT + (57" — 24 — BS)¢.
Since Trgzn /gn (€°+9") € F,n, we get the first relation. Also,
~T9 = Ngan g (£7) = A> + ABS — BT,
i.e. the second relation. 0O

Let o € Fn with a # 1. Then

:a’

N U W L e (Sak i
q2n/qn gqn o gqs - gqn_;’_l +€qs+qn+s _ (Eq'rL+qn+s _|_§q5+1)

which can be written as
(1—a)(T+T7)—aST + (14 a)(AS —2BT) = 0.
Hence, we have the following result.

Theorem 3.6. Let o € . with o # 1 and s a positive integer with ged(s,n) = 1. If there exist T, S, A, B €
Fgn such that

(1-a)(T+T9) —aST+ + (1 +a)(AS — 2BT) = 0;
X? — SX —T € Fyn[X] is irreducible over Fyn;

S7° =2A+ BS;

—T? = A% + B(AS — BT),

W

then for every 6 € Fyzn, with Ng2n /qn (8) = «, there exists a € ]F;m such that dimg, ker(fqps(2)) = 2, where
b=da.

In the rest of this section ¢ = p" with p prime. We will show that the existence of the parameters
T,S,A, B € Fyn satisfying the hypothesis of Theorem 3.6 is equivalent to the existence of a suitable affine
F,»-rational point of the algebraic plane curve with equation

T — nZ%—52
- s 4 ' s s g5+1 s
—(ST =8 +nZ2 4T 22T 2002 21T =0,

where 7 is a nonsquare in Fy», when ¢ is odd, and
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(8% +4)S2 D 4 STHTT 4+ T) 4+ ST + S°T0 + 7% + 7% =0,

where g = when ¢ is even.

AT
3.1. Proof of Theorem 1.1 for q odd

Denote S? + 4T by A. By 3. and 4. of Theorem 3.6, we get

B=eA"T, A= %(qu —eSA

g°—1

=)

q°

where € € {1, —1}. Hence we get AS—2BT = %EA = — %S‘fﬂ. Replacing such values in 1. of Theorem 3.6,
we get

a°+1

AT +TT)1—a)+ (1 —a)ST ! =e(a+1)A"2 . (3)

Also, the irreducibility of X2 — SX — T over Fy» is equivalent to the existence of a nonsquare element 7 of
F,~ and a nonzero element Z of Fy» such that A = nZ?. Therefore, (3) becomes

AT +T9) + 89+ = g3+ za'+1,

where = e%. Using that T' = "224_52, we get the following equation:

75

—(S9" = 8)2 4+ nZ2 4T 22 — 28y Z0 T =0, (4)

Theorem 3.7. Let 8 € Fyn \ {1,—1} and n a non-square in Fgn. The plane curve C with affine equation (4)
is absolutely irreducible and has genus g(C) = ¢** — ¢* — 1.

Proof. Let G(Z) = nZ? + n9 2?7 — 2677{15;12‘15*‘1 € Fyn[Z], and let C; be the plane curve with affine
equation Fy (U, Z) = 0, where Fy (U, Z) = U? — G(Z). By direct computation using the assumption 3 # +1
follows that 0 is the unique multiple root of G(Z), with multiplicity 2; the other 2¢° —2 roots A1,. .., Aags—2
of G(Z) are simple. Then G(Z) is not a square in K[Z], whence Fy(U, Z) is irreducible over K = F, i.e.
C; is absolutely irreducible.

The genus of the quadratic Kummer cover C; of the projective line is computed as follows. Let z, u be the
coordinate functions of Cy, so that the function field of C; is K(C1) = K(z, u). The valuation of G(z) at the
zero of z — \; in K(P}) = K(z) is 1, for every i = 1,...,2¢* — 2. The valuation of G(z) at any other place
of P! is even; namely, it is 2 at the zero of z, —2¢* at the pole of z, and 0 at the zero of z — u whenever
G(p) # 0. By Theorem 2.2, the only ramified places in C; — P! are the zeros of z — \y,...,2 — A2gs —2;
hence,

§(C1) = 1+ 2(g(P1) — 1) + 520" ~ 22— 1) = ¢* =2,

Since C has equation (S? — )% = G(Z), it is enough to show that C is an Artin-Schreier cover of C;, with
covering ¢ : C — C1, (Z,8) — (Z,U = ST — S), of degree ¢°. To this aim, consider the two poles P, and
Qoo of uon Cq; the rational function 1/z is a local parameter at each of them, i.e. vp_(1/2) = vg, (1/2) = 1.
By direct computation, the Laurent series of u at Py, with respect to 1/z is

u=/n" (1/2)"" = By (1/2)" +w,
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for some w € K(Cy) with vp_(w) > 0. By choosing wp_ = /nz one has that u — (w;lp; —wp__) has valuation
—1 at P, because 8 # 1. Analogously, there exists wg,, such that vg__ (u — (wg;oc —wg.,,)) = —1. Hence,
by Theorem 2.3, C is an absolutely irreducible Artin-Schreier extension C; of degree ¢°.

The ramified places in C — C; are exactly Py and (o, which are totally ramified; any other place of Cy
is unramified under C. Therefore,

S

~1
9(C) = q* - g(C1) + 2 5 (—2+2-2)=¢*—¢*—-1. O

Proposition 3.8. Let C be the plane curve with affine equation (4). If

{4s+2 ifq=3 and s > 1;
n >

" |4s+1 otherwise,

then there exists an affine Fyn-rational point (z,5) of C such that t = ’7524_52 is different from zero.

Proof. By Theorem 3.7, C is absolutely irreducible with genus g(C) = ¢** — ¢* — 1. By Theorem 2.4, the
number Nyn of Fyn-rational places of C satisfies

Ngn > q" +1-2(¢* —¢° = )Vq"
From the proof of Theorem 3.7 the following facts follow.

¢ 2z has exactly 2 poles on C, which coincide with the poles of s, namely the places lying over P, and Q-
t = nz?—s*> _ (Vmz—s)(Vnz+s)
=Tz = 2

» Using the equation of C, the zeros of on C are also zeros of (f — 1)z9" !

and hence of z as # # 1; thus, they are the common zeros of z and s on C, and there are exactly 2 of
them.

Altogether, there are 4 places of C which are either poles of s or z or ¢, or zeros of t. The assumption on n
implies that

qn+1_2(q25_qs_1) /_qn>4,

whence Ng» > 4. Then there exists an [Fyn-rational place P which is not a pole of z, s, or ¢, and is not a
zero of t. Then the point (z,5) = (2(P), s(P)) yields the claim. O

From Theorem 3.6 and Proposition 3.8 follows Corollary 3.9, which is our main result Theorem 1.1 when
q is odd.

Corollary 3.9. Let g be an odd prime power, s > 1 be such that ged(s,n) = 1. Suppose that

4s+2 ifg=3 and s > 1;
n >
4s +1 otherwise.

Then for every 0 € Fyzn satisfying Nyzn /qn (6) ¢ {0,1} there exists a € F 5. such that dimg, ker(fap) = 2,
where b = da.
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3.2. Proof of Theorem 1.1 for q even

Let ¢ be a power of 2. The conditions of Theorem 3.6 read:

L T+T7 +BST+ + AS =0, with 8 = 12 ¢ {0,1};

2. S #0and Trgn)o(T/5?) = 1;

3. B=87"1,

4. A2 4 ASY 4§20 2T L T7 = 0.
By 1. we get

. TH+TC
A=pBST + ;7
S
which can be replaced in 4. obtaining
(B2 + B)S* T 4 ST 4 T) 4§27 + S*°T9 + 7?7 + T2 = 0. (5)

Set T = S?Y. Then (5) reads H(S,Y) = 0, where
H(giY) — Y2 + S4(qs—1)Y2qs + ,8252((15_1) + qu—1Y+
(6)
S§3a*-Dya” 4 g§2a°—1) 4 2"~y 4 §2(¢"-Dyq”

Straightforward computation using Trye j2(Y) + Trge 2(Y)? = Y9 +Y shows that the polynomial H(S,Y)
in (6) splits as follows.

Lemma 3.10. We have H(S,Y) = G(S,Y) - G'(S,Y), where

G(S,Y) = S0y T 4 ST (1 4 B+ Trye o(Y)) + Y,
GI(S, Y) = §2@-Dya* 4 qu_l(ﬂ +Trqs/2(Y)) +Y.

The Condition 2. is equivalent to the existence of an element Z € Fy» such that
T=S*Z*+7Z+e), (7)

for some fixed € € Fyn such that Trgn /5(€) = 1.
Let C be the plane curve with affine equation F (S, 2) = G'(S,Z? + Z +¢).

In order to prove Theorem 1.1 when ¢ is even, by Theorem 3.6 and the arguments at the beginning of
Section 3.2, it is enough to prove the existence of an affine Fyn-rational point (5, Z) of C such that § # 0 and
z2 + Z+ € # 0. This is done by showing that C is absolutely irreducible, computing its genus, and applying
the Hasse-Weil lower bound. To this aim, we consider the subcover

©:C—C, (S,2)—(X=587"12).
The curve C; has equation Fy(X, Z) = 0, where

F(X.Z2)=X*Z*+Z+¢)" + X(B+Trge (22 +Z +€) + 22+ Z + e
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We prove that C; is absolutely irreducible being an Artin-Schreier cover of P, and compute its genus. Then
we prove that C is absolutely irreducible being a Kummer extension of C;, and compute its genus.
Let 7,7 + 1 be the roots of Z? + Z + € € Fyn [ Z].

Lemma 3.11. The curve Cy is absolutely irreducible with genus ¢° — 1.

Proof. Consider the dominant rational map

b:C = D, (X,Z)»—)(U: (2 + 2 + 7 2 ,Z).

ﬂ + Trqs/2(22 +Z+€
Clearly v is birational, and the curve D has equation
D: (U24+U) (29 + Z+ Trgepale) + B)2 = (Z° + Z + )T+,

We prove that 7: D — P, (U, Z) — Z, is an Artin-Schreier cover. Consider the coordinate function z of
P! and the rational function

(22 + 2467 1! ]
0= c K(P.).
& 24 Ty ya@ 1 B < CF2)

For any of the ¢* distinct roots ¢ € K of the polynomial 77 + T + Trysj2(€) + 3, let Pc be the zero of
t¢ = 2+ (. By direct computation, 6 has valuation —2 at F;, a local parameter at F; is t¢, and the Laurent
series of 0 at P with respect to t is

0= (C+ ¢+ H(CH 7t + g,

with vp, (w¢) > 0. Choose we = \/(¢2 + ¢ +€)?" ! tc_l, so that
0+ wi +w; = ((C2 +CH+OT + V(R +(+ e)qS“) toh 4 we.

If (P4 C+e)7 +/(C2+ (+ e+ = 0, then by using (7" + ¢ + Trys/2(€) + 3 = 0 one gets 3> + 8 = 0,
a contradiction to 8 ¢ {0,1}. Thus, vp (0 4+ wi + w¢) = —1. Therefore, by Theorem 2.3, 7 is an absolutely
irreducible Artin-Schreier cover of P}, and P is totally ramified in 7.

By direct computation, the pole Py, of z in P} satisfies vp_ (0 + w?% + weo) > 0, where wo, = 2z + 7.
Thus, P is unramified in 7. Any place of P} other than the places P is unramified in 7. Therefore, by
Theorem 2.3, C; has genus

(=24¢°(1+1))=¢ 1. O

N =

9(C1) =g9(D) =
Theorem 3.12. For the curve C the following holds.
(a) C is absolutely irreducible with genus ¢*° — q° — 1.
(b) Let s and z be the coordinate functions of C, and let t = s*(2® + z + €). The number of Fyn-rational

places of C which are zeros of t, or poles of either s or z ort, is at most 2¢° + 2.

Proof. We compute the valuation of x at the places of Cy, using the notation and the results of the proof
of Lemma 3.11.
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In the covering 7¢ : C; — P} denote by PC’ the place lying over F¢; Péo,l and Péo’z the places over P;
by Q’, 1 and @', 5 the places over the zero Q. of z +; by Q' ; and Q' ;; , the places over the zero Q-1
of z+~v+1.

Recall that x = n - u, where n = [HT(Z,ﬁ—(Ji;HG) By direct computation,
0 it P=F
¢ —1 if Pe{P,,,P,,},
vp(x) =4 —¢° if Pe{P,, P},
1 it Pe{P , P 15},
0 otherwise.

Thus, by Theorem 2.2, ¢ : C — C; is a Kummer cover of degree ¢° — 1, and C has genus

A (" —2)=¢* —¢°— 1

| =

9C) =1+ (¢’ -1)(¢" - 2) +
On C there are exactly:

e 2 poles of s, namely the places over Pfy,l and P,’y 41,15

¢ 2(¢® — 1) poles of z, namely the places over P, ; and P, 5;

e 2 zeros of s which are not poles of z, namely the places over P, , and P, »;

o 4 zeros of y = 2> 4 z + ¢, which lie over P/, P, 1, P 5, P ;.

Altogether, the number of Fyn-rational places of C which are poles of s, z, ¢, or are zeros of ¢, is smaller
than or equal to 2¢° +2. O

From Theorems 3.6 and 3.12 follows Corollary 3.13, which is our main result Theorem 1.1 when ¢ is even.

Corollary 3.13. Let g be an even prime power, s > 1 be such that ged(s,n) = 1. Suppose that

4s4+2 ifq=2 and s > 2;
n >
4s+1 otherwise.

Then for every 6 € Fgon satisfying Ngan jqn (6) & {0,1} there exists a € F.. such that dimg, ker(fops) =2,
where b = da.

Proof. By Theorems 2.4 and 3.12(a), the number Ny» of Fn-rational places of C satisfies
Ny > q"+1-2(¢* — ¢ — 1)Vg" > 2¢° + 2.

By Theorem 3.12(b), there exists an affine F n-rational poin (5,Z) of C such that ¢ = §%(2% + z + ¢) is
different from zero. The claim follows. O

4. Applications to linear sets and rank metric codes
Let A = PG(V,Fym) = PG(1,¢™), where V is a vector space of dimension 2 over Fym. A point set L of

A is said to be an Fy-linear set of A of rank k if it is defined by the non-zero vectors of a k-dimensional
Fg-vector subspace U of W, i.e.



O. Polverino et al. / Journal of Pure and Applied Algebra 225 (2021) 106491 13

L=Ly= {<u>]pqm :ueU)\{0}}.

We say that two linear sets Lyy and Ly of A = PG(1, ¢™) are PI'L-equivalent if there exists ¢ € PT'L(2, ¢™)
such that ¢(Ly) = Lw.

We start by pointing out that if the point ((0,1))F,.. is not contained in a linear set Ly of rank m of
PG(1,¢™) (which we can always assume after a suitable projectivity), then U = Uy = {(z, f(x)): € Fgm }

for some g-polynomial f(z Z azxqi € Em,q. In this case we will denote the associated linear set by L.

Also, recall that the weight of a pomt P = (u)F,, is wr, (P) = dimg, (U N (u)F,.. )-

One of the most studied classes of linear sets of the projective line, especially because of its applications
(see e.g. [21,23]), is the family of maximum scattered linear sets. A mazimum scattered F -linear set of
PG(1, ¢™) is an Fy-linear set of rank m of PG(1, ¢™) of size (¢" —1)/(¢ — 1), or equivalently a linear set
of rank m in PG(1, ¢™) all of whose points have weight one. If L; is a maximum scattered linear set in
PG(1, ¢™), we also say that f is a scattered polynomial; see [23]. The known scattered polynomials of Fym
are
x) =29 € Ly, 4, with ged(s,m) = 1, see [6];

z) =29 +az?" " € L, 4, with m >4, ged(s,m) = 1, Ngm (@) ¢ {0,1}, see [17,18,23];

1(7) =

(x)

(x) =27 + ozx’fJr ? € Lom.q m € {6,8}, ged(s, %) = 1 and some conditions on «, see [9] and below;
(z) =

(z) =

=

2

z) = 29 4 27 +o¢x‘1 eﬁgq,qoddanda +o¢-1 see [13,19];

= ha—lgd — g0 190" 4 g 4 g7 € Ls.4, ¢ odd, h? 1= 1, see [4,29).

Tk W N =

o

X

In [9], the authors introduced the family of linear sets Ls s of rank 2n in PG(1,¢*") mentioned in 3., i.e
those linear sets defined by the IF,-subspace

U(;’s = {(m, f(;’s(x»: x € ]Fq2n} C ]qun X Fq2n, (8)
where
f5s(x) = 20 629" € Equ,

with N2n/qn (8) ¢ {0,1},1 < s < 2n—1 and ged(s,n) = 1. The relevance of this family relies on the property
that each point of Ls s has weight at most two; see [9, Proposition 4.1]. In [9, Section 7] the authors proved
that for n = 3 and ¢ > 4 there exists § € F 2 such that L, s is scattered; for n = 4, ¢ odd and §* = —1 the
linear set Ls s is scattered. In [22, Theorem 7.3] and (see also [1]) the authors completely determined for
n = 3 necessary and sufficient conditions on ¢ ensuring L; s to be scattered. Note that for n = 3 we may
restrict to the case s = 2, since every linear set Ls s is equivalent to Lg o for some ¢’ € IF*% More precisely,

if Ngo /43(0) ¢ {0,1} and we denote — by A, one has that L, is scattered if and only if the equation

73+1 1

Y2 — (Trgs/(A) = 1)Y + Nys g (4) =0 (9)

admits two distinct roots in IF,. Whereas, in [1], the authors determined the number of inequivalent maximum
scattered subspaces defined by the polynomials of shape f5, when n = 3.

Theorem 4.1. Let q be a prime power and n, s be two relatively prime positive integers. Suppose that

- 4s+2 ifg=3 ands>1,orq=2 and s> 2;
" |4s+1 otherwise.
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Then, for every § € ]F;zm the Fy-linear set Ls s in PG(1,¢*") is not scattered.

Proof. For every m € F2n, the weight of the point ((1,m)>]pq2n in Ls s coincides with the dimension over
F, of the kernel of f5(x) — mz.

If Ng2n /gn(6) = 1, then the point ((1, 0>>]Fq2n has weight n in Ls . Let Ngan gn(8) # 1. By Theorem 1.1,
there exists a € F 2, such that dimg, ker(fq,5a,5(2)) = 2, whence

dimp, ker (a (f(;’s(:c) + i:c)) = 2.

This implies that the point ((1, —%))Fq% has weight 2 in Ls . The claim is proved. O
Hence, we have the following description for the linear set Ls .
Corollary 4.2. Let q be a prime power and n,s be two relatively prime positive integers.

o Ifn =3, then Ls s is a scattered linear set if and only if Equation (9) admits two distinct roots in F,.
o Ifn=4, qis odd and §*> = —1 then Ls s is scattered.

o]f

- 4s+2 ifq=3 and s>1, orq=2 and s > 2,
n =
4s+1 otherwise,

then, for every 6 € ]F;‘zn, Ls.s is not scattered.
Proof. The claim follows from [22, Theorem 7.3], [9, Theorem 7.2], and Theorem 4.1. O

Among the known scattered polynomials listed above, the families in 3., 4. and 5. provide scattered
polynomials for infinitely many ¢’s, but only over a specific extension of F,, namely either Fgo or Fgs.
Unlike this situation, the families in 1. and 2. provide scattered polynomials over infinitely many extensions
Fgm of [Fy; they are named respectively as scattered polynomials of pseudoregulus type, and as scattered
polynomials of LP type (after Lunardon and Polverino).

The scattered polynomials of pseudoregulus or LP type have raised the following question: which poly-
nomials over Fym are scattered over infinitely many extensions of Fgm?

Definition 4.3. [5, Section 1] Let f(z) € L4, 0 <t <m —1,£> 1, and Uy = {(z9", f(z)): z € Fyme }.
We say that f(z) is an exceptional scattered polynomial of index ¢ if Ly, is a scattered Fg-linear set in
PG(1,¢™") for infinitely many £’s.

Clearly, the scattered polynomials of pseudoregulus type are exceptional scattered of index 0. Also, for
the scattered polynomial fo(z) of LP type,

Us, = {(xqs,xqzs +oax): € Fym};

thus, the polynomial 27 + az is exceptional scattered of index s.

For a scattered polynomial f(z) € L,,, of index t, we say that f(z) is t-normalized if the following
properties hold: f(z) is monic; the coefficient of 24" in f(z) is zero; if ¢ > 0, the coefficient of z in f(z) is
nonzero. Up to PGL-equivalence of the corresponding scattered linear set, we may always assume that f(x)
is t-normalized.
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Theorem 4.4. Let f(x) € Ly, 4 be a t-normalized exceptional scattered polynomial of index t. Then the
following holds.

o Ift =0, then f(x) is of pseudoregulus type; see [5, Corollary 3.4] for ¢ > 5, [3, Section 4] for ¢ < 5.

o Ift =1 ort =2, then f(x) is either of pseudoregulus type or of LP type; see [5, Corollary 3.7] for
t=1, [3, Corollary 1.4] fort=2.

o Ift >3, qis odd, and max{deg, f(z),t} is an odd prime, then f(x) = x; see [1], Theorem 1.2].

Recall that the polynomials f3(x) of family 3. in the list above are scattered under certain assumptions
for m € {6, 8}; even when f3(x) is not scattered, still all the points of Ly, have weight at most 2. Thus, one
may conjecture that family 3. contains scattered polynomials over F = for every even m. Note that, even if
this is the case, the arising scattered polynomials are not exceptional: not only the coefficients but also the
degree depend heavily on the underlying field Fym.

Our asymptotic result Theorem 1.1 shows that the family of scattered polynomial in 3. cannot be extended
to any higher extension Fy= when m is large enough with respect to s.

In [23, Section 5] Sheekey showed that scattered F,-linear sets of PG(1,¢™) of rank m yield [F4-linear
MRD-codes of F;**™ with minimum distance m—1 and left idealizer isomorphic to Fym; see [10,12,25,30] for
further details on such kind of connections and see [24] for generalities on rank metric codes. We briefly recall
here the construction from [23]. Let Uy = {(z, f(x)): © € Fym}, where f(z) is a scattered g-polynomial.
The choice of an F,-basis for Fym defines a canonical ring isomorphism between End(Fym,F,) and F**™.
Thus, the set

Cy={x—af(x)+bx:a,beFem} CEnd(Fgm,F,)

corresponds to a set of m x m matrices over F, forming an [ -linear MRD-code with minimum distance
m — 1 and left idealizer isomorphic to Fym; see also [9, Section 6].
Now consider the set

Cppo={z a(z? + 5mqs+n) +bz:a,beFpenl,

which corresponds to a set of 2n x 2n matrices over [, forming an Fy-linear rank metric code with minimum
distance 2n — i, where

i = max{wz,  (P): P € PG(1,¢*")}.

The following theorem is a consequence of Corollary 4.2 and states that, when n is large enough, Cy; | is
not an MRD-code.

Theorem 4.5. Let q be a prime power and n, s be two relatively prime positive integers.

o Ifn =3, then Cy; is an MRD-code if and only if Equation (9) admits two distinct roots in IFy; see [9)]
and [22].

e Ifn=4, q odd and 5> = —1 then Cys.. is an MRD-code; see [9].

. If

n >

4s+2 ifg=3 ands>1,orq=2 and s > 2
4s+ 1 otherwise,

then, for every 6 € F .., Cy,  is not an MRD-code and its minimum distance is n — 2.
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To conclude our paper, we point out a conjecture on the polynomials of shape f5 s when n = 4, supported
by the computational results presented in [9, Remark 7.4].

Conjecture 4.6. Let f5 (z) = 27 + 521" € Ls., with Ngs/q4(0) ¢ {0,1} and s € {1,3,5,7}. Then f5(x)
is a scattered polynomial if and only if Ngs /g4 (6) = —1.
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