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1. Introduction

The dual of a coalgebra is always an algebra. However, unless we require the algebra to be finite dimen-
sional, the dual of an algebra is not a coalgebra. The universal measuring coalgebra was introduced in [24]
as a way to balance this issue. In ordinary categories, the measuring provides an enrichment for algebras
over coalgebras: this was established in [14, 5.2] and [25, 2.18]. We provide here, in Theorem 3.19, its co-
categorical analogue. In any presentably symmetric monoidal co-category, the algebra objects are enriched,
tensored and cotensored over coalgebras. Therefore spaces of algebra morphisms are endowed with a rich
structure. We use the notion of enriched co-categories following [7] and [12].

Algebras in co-categories formalize the notion of homotopy coherent associative and unital algebras, see
[17]. Following [18], we provide a general dual definition of coalgebras in co-categories. These are objects
with a comultiplication that is coassociative up to higher homotopies. We show, in Proposition 2.8, that if
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an oo-operad © is essentially small, the oo-category of ©O-coalgebras in a presentable co-category remains
presentable.

A similar result would be very challenging to prove in model categories. Let M be a combinatorial
symmetric monoidal model category. Suppose we have a model structure for algebras Alg(M) in M and a
model structure for coalgebras CoAlg(M) in M, in which the weak equivalences in both of these models are
created by their underlying functor. One analogous result would be to show that Alg(M) is a CoAlg(M)-model
category, in the sense of [15, 4.2.18]. There are several issues with that. A left-induced model structure on
CoAlg(M) may not always exist, and when it does, M may have been replaced by a Quillen equivalent model
category that is not a monoidal model category, see [13]. Even in cases where we can left-induce from a
monoidal model category, the homotopy theory associated to CoAlg(M) may not be the correct one, see [23]
and [21].
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2. Presentability of coalgebras

We present here the formal definition of coalgebras in co-categories, generalizing [18, Section 3.1], which
was for the case of E.-coalgebras. We define and extend the results for coalgebras over any cc-operad. Our
main result in this section is that coalgebras of a presentably symmetric monoidal co-category also form a
presentable co-category, see Corollary 2.9.

We invite the reader to review the definition of a symmetric monoidal co-category in [17, 2.0.0.7]. More
generally, for any oo-operad O (see [17, 2.1.1.10]), we will consider the notion of an ©-monoidal co-category
as in [17, 2.1.2.15]. If we choose © to be the commutative oo-operad ([17, 2.1.1.18]), then ©O-monoidal
oo-categories are precisely symmetric monoidal co-categories.

Definition 2.1. Let © be an oco-operad. Let C be an ©O-monoidal oco-category. An ©O-coalgebra object in C
is an O-algebra object in C°P. The oo-category of ©O-coalgebra objects in C is defined as the oco-category
CoAlgo(C) := (Algy(C°P))P. More generally, given any map ©’'® — O% of oc-operads, we define the
oo-category of ©'-coalgebras in C as CoAlgq ;o(C) = (ALgg 0(CP))%.

Remark 2.2. If C is an ©O-monoidal oco-category, then C°P can be given an ©-monoidal structure uniquely
up to contractible choice, as in [17, 2.4.2.7]. One can use the work of [3] to give an explicit choice of the
coCartesian fibration for C°P. For instance, let p : C® — O® be the coCartesian fibration associated to the
symmetric monoidal structure of C. Then straightening of the coCartesian fibration gives a functor:

F:@®—>€\Moc,

where G/\atoo is the co-category of (not necessarily small) co-categories, as in [17, 3.0.0.5]. Then, by [3, 1.5],
the functor F' also classifies a Cartesian fibration:

pY  (C®)Y — (O®)P.

An explicit construction is given in [3, 1.7]. The opposite map:
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(P) : ((€%)Y)P — OF,
is a coCartesian fibration that is classified by:

0% L Caty, —P Cate..
One can check that the fiber of (p¥)° over X in © is equivalent to (Cx )P, and thus gives C°? a ©-monoidal
structure. We see that ©O-coalgebras are sections of the Cartesian fibration p¥ : (C®)Y — (©%)°P that sends
inert morphisms in (O%®)° to p¥-Cartesian morphisms in (C%)V.

Remark 2.3. Recall from [17, 2.0.0.1] that given any symmetric monoidal (ordinary) category C, one can
define a category C®, such that the nerve .4 (C®) is a symmetric monoidal co-category whose underlying
oo-category is A (C), see [17, 2.1.2.21]. If we denote by CoAlg(C) the category of coassociative and counital
coalgebras in C, then, dually from [8, 4.21], we obtain:

CoAlgy (AN (C)) =~ A (CoAlg(C)).
Similarly, if we denote by CoCAlg(C) the category of cocommutative coalgebras in C, we obtain:
CoAlgg (AN (C)) =~ A (CoCAlg(C)).

Proposition 2.4 ([17, 3.2.4.4]). Let © be an oo-operad. Let C be an ©-monoidal co-category. Then the
oo-category AlLgoy(C) inherits a ©O-monoidal structure, given by pointwise tensor product. Dually, the co-
category CoALgy(C) inherits a ©O-monoidal structure, given by pointwise tensor product.

Proposition 2.5. Let C be a ©O-monoidal co-category and let K be a simplicial set. If, for each X in O, the
fiber Cx admits K-indexed colimits, then the co-category CoAlLgy(C) admits K -indexed colimits, and the
forgetful functor U : CoAlLgy(C) — C preserves K-indexed colimits.

Proof. Apply [17, 3.2.2.5] to the coCartesian fibration (p¥)°P : ((C®)V)°P — O defined in Remark 2.2. O

Recall the definition [16, 5.5.0.1] of a presentable co-category. Denote P the oo-category of presentable
oo-categories with small colimit preserving functors. It is endowed with a symmetric monoidal structure
([17, 4.8.1.15]).

Definition 2.6. An oo-category C is said to be presentably ©O-monoidal if it is an O-algebra in P~ ie., C
is ©-monoidal, for each object X in O®, the fiber G;eé is presentable, and for every morphism f: X — Y in
©O%, the associated functor fi : G?? — Gg preserves small colimits.

Example 2.7. When O% is the commutative oo-operad (see [17, 2.1.1.18]), then a presentably ©-monoidal
oo-category is called presentably symmetric monoidal. Notice that a symmetric monoidal co-category C is
presentably symmetric monoidal if and only if C is presentable and the tensor product ® : € x C — C
preserves small colimits in each variable.

The following dualizes the result on algebras in [17, 3.2.3.5] and generalizes the result for cocommutative
coalgebras in [18, 3.1.4].

Proposition 2.8. Let © be an essentially small co-operad. Let C be a presentably ©-monoidal co-category.
Then CoAlgy(C) is a presentably ©-monoidal co-category.
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Proof. By Propositions 2.4 and 2.5, we only need to check that CoAlgy(C) is presentable. Denote the
coCartesian fibration p : C® — O that defines the O-monoidal structure of C. We apply [16, 5.4.7.11,
5.4.7.14] to the subcategory P:” of Cals, to the Cartesian fibration p¥ : (C®)V — (O®)°P described in
Remark 2.2, and the set of inert morphisms in (O%)°. The subcategory Pz” respects the conditions (a),
(b) and (c) of [16, 5.4.7.11] by [16, 5.4.3.13, 5.5.3.6, 5.1.2.4].

Therefore we only need to check that the fibers of p¥ over any object of (O%)°P are presentable, and that
the associated functors between the fibers, induced by the Cartesian structure of p¥, are accessible.

For any object X in ©%®, the fiber of p¥ over X is equivalent to the fiber G;‘? of p over X. By Definition 2.6,
the fibers over p are presentable and the associated functors Cx — Cy are accessible maps for any morphism
X — Y in ©%. Thus the induced maps ((C®)Y)y — ((C?)Y)x are also accessible, as C® and (C®)Y have
the same underlying co-category C by [3, 1.3]. O

Corollary 2.9. Let O be an essentially small co-operad. If C is a presentably symmetric monoidal co-category,
then CoAlLgy(C) is a presentably symmetric monoidal co-category.

Remark 2.10. In general, if C is compactly generated ([16, 5.5.7.1]), there is no guarantee that Co Al gy (C) is
also compactly generated. However, the fundamental theorem of coalgebras (see [24, 11.2.2.1] or [6, 1.6]) states
that if C is (the nerve of) vector spaces, or chain complexes over a field, then CoAlg Ao (@) is compactly
generated and the forgetful functor U : CoAlg, (C) — C preserves and reflects compact objects. From
[2, 4.2], if k is an uncountable regular cardinal, we conjecture that the fundamental theorem of coalgebra
can be expended in the following sense. If C is k-compactly generated then CoAlLgy(C) is k-compactly
generated and the forgetful functor preserves and reflects k-compact objects.

The forgetful functor U : CoAlg,(C) — C admits a right adjoint functor TV : C — CoAlg(C) called
the cofree ©O-coalgebra functor.

Corollary 2.11. Let O be an essentially small co-operad. Let C be a presentably ©-monoidal oo-category.
Then there is forgetful-cofree adjunction:

U:CoAlgy(C) L C:TV.

Proof. Apply Propositions 2.5 and 2.8 and the adjoint functor theorem [16, 5.5.2.9]. O

In some cases, the co-category CoAlgy(C) is not mysterious. We recall the following result from Lurie.
Let C be a symmetric monoidal co-category, and denote by Cgy the full subcategory spanned by the dualizable
objects, see [17, 4.6.1]. It inherits a symmetric monoidal structure. For each dualizable object X, we denote
XV its dual and this defines a contravariant endofunctor on Cg.

Proposition 2.12 ([18, 8.2.4]). Let C be a symmetric monoidal co-category. Then taking dual objects assigns
an equivalence of symmetric monoidal co-categories (Cgq)°P =5 Cyq. In particular, for any co-operad ©, we

obtain an equivalence Co AL gy (Crg)%® ~ ALgo(Cra) of symmetric monoidal co-categories.

The anti-equivalence above has been generalized to a wider class in [5, 3.31].
3. The universal measuring coalgebra

Classically, in any presentable symmetric monoidal closed ordinary category, the category of monoids is
enriched, tensored and cotensored in the symmetric monoidal category of comonoids. This was proven in [14,
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5.2] and [25, 2.18]. See also the example of the differential graded case in [1]. We show here in Theorem 3.19
an equivalent statement in oco-categories.

An oco-category shall be defined to be enriched over a symmetric monoidal co-category in the sense of [7].
Alternatively, the reader can use the definition in [12, 3.1.2, 7.1.1(2)]. By [12, 3.4.4] they are equivalent. The
author in [12] uses the term precategory instead of enriched category for various reasons that are explained
in [12, 4.8], but the reader can safely ignore those technicalities and think of them as enriched co-categories
for all the results we quote in this paper.

An oo-category is tensored or cotensored over a monoidal co-category in the sense of [17, 4.2.1.19] or
[17, 4.2.1.28] respectively. Our desired enrichment in Theorem 3.19 will also be enriched in the sense of [17,
4.2.1.28]. It is shown in [10] that the definitions of enrichment of Lurie and Gepner-Haugseng are equivalent.

Throughout this section, let C be a presentably symmetric monoidal co-category. It is in particular closed,
and thus the strong symmetric monoidal functor:

®:CxC — C,

induces a lax symmetric monoidal functor [—, —] : C°? x C — C, see [9, L1.3], characterized by the universal
mapping property C(X ® Y, Z) ~ C(X,[Y,Z]), for all X, Y, and Z in C. In other words, the functor
—®Y :C — Cis a left adjoint to [Y,—]: C — C.

3.1. The Sweedler cotensor

Let O be an essentially small oo-operad. From the lax symmetric monoidal structure of [—, —] : CP xC —
C, we obtain a functor:

[— =]+ Algo(CP) x Algo(C) — Alge(C).

By definition of O-coalgebras, we identify AL g, (CP) simply as Co AL g, (C)°P, and thus obtain the following
definition.

Definition 3.1. Let C and © be as above. We call the induced functor:
[—, =] : CoAlgy(C)P x Algy(C) — Algy(C),

the Sweedler cotensor. In the literature, it is sometimes called the convolution algebra or the convolution
product, see [24, 4.0] and [1].

Remark 3.2. The term convolution product stems from the algebra structure that generalizes the usual
convolution product in representation theory. See [11, 2.12.3]. It also generalizes the classical convolutions
of real functions of compact support, see [11, 2.14.4].

Example 3.3. The Sweedler cotensor in the case where © = E,, and C is the oco-category of R-modules in
a symmetric monoidal co-category, where R is an E.-algebra, was presented in [19, Section 1.3.1]. See also
[20, 6.6].

Example 3.4. Let [ be the unit of the symmetric monoidal structure of C. Let C' be any ©-coalgebra. The
Sweedler cotensor [C,1] is the linear dual C*. Therefore the linear dual of an O-coalgebra is always an
O-algebra. In particular the linear dual functor (—)* : C°° — C lifts to the Sweedler cotensor (—)* = [—, 1] :
CoAlgy(C)? — Algy(C). Here we recover the classical result that the dual of a coalgebra is always an
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algebra, see [24, 1.1.1]. More precisely, if C is a coalgebra with comultiplication A : C' — C ® C and counit
g:C =1, then C* is a coalgebra with multiplication:

CreC* —— (C®0)* 25 ¢,

where the unlabeled map is given by the lax monoidal structure of the linear dual. The unit is given by
using the equivalence I* ~ T.

Remark 3.5. In a presentably symmetric monoidal oco-category C, given an object X that is dualizable
(see [17, 4.6.1]), the dual of X is given precisely by its linear dual X* (see [5, 3.10]). Thus, the above
defined functor (—)* : CoAlLgy(C)°P — Algy(C) coincides with the equivalence of Proposition 2.12 (—)V :
CoAl gy (Cig)®® — ALy (Csa), when we restrict (—)* to the subcategory Co AL g (Ceq).

3.2. The Sweedler tensor

Since [—, —] : C°P x C — C is a continuous functor in both variables, and limits in A g (C) are computed
in C, we get that the Sweedler cotensor is a continuous functor in both variables. Fix C' an ©O-coalgebra in
C. Then the continuous functor:

[Oa _] : ﬂ[’g@(e) - ﬂ[)g@(e)a
is accessible (as filtered colimits in Alg,(C) are computed in C) and is between presentable co-categories.
Therefore, by the adjoint functor theorem [16, 5.5.2.9], the functor [C,—] admits a left adjoint denoted
Cr—:Algy(C) = Algy(C).
Definition 3.6. Let C and © be as above. We call the induced functor:

—>—:CoAlYgy(C) X AlLgo(C) = Algy(C),

the Sweedler tensor. Previously, it was called the Sweedler product in [1] and later in [25]. For C a fixed
O-coalgebra, the functor C'> — is left adjoint to [C, —] and we have in particular the equivalence of spaces:

for any ©-algebras A and B.

Example 3.7. In [1, 3.4.1], an explicit formula of the Sweedler tensor was given in the discrete differential
graded case.

3.8. The Sweedler hom
Let now A be an ©-algebra in C. The continuous functor:
(=, A] : (CoALgo (€)™ — Algo(C),
induces a cocontinuous functor on its opposites:

[, A]P: CoAlgy(C) = (AlLgy(C))°P.
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The cocontinuous functor is from a presentable co-category to an essentially locally small co-category: as
the opposite of an essentially locally small co-category is also essentially locally small, and presentable oco-
categories are always essentially locally small. Thus, by the adjoint functor theorem [16, 5.5.2.9, 5.5.2.10],
the functor [—, A]°P admits a right adjoint {—, A} : ALgo(C)°® — CoAlLgy(C).

Definition 3.8. Let C and © be as above. We call the induced functor:
{= =} AlLgo(C)?P x Algo(C) — CoAlgy(C),

the Sweedler hom. For A and B any ©-algebra in C, the O-coalgebra { A, B} is called the universal measuring
coalgebra in C of A and B. See [24, 7.0] for the discrete case in vector spaces. In particular, if we fix A, we
obtain that {—, A} is the right adjoint of [—, A]°P and we have the equivalence of spaces:

GOﬂ[g@(G)(Cv {Av B}) = ﬂ[‘g@(e)(B, [07 A])a
for any ©O-coalgebra C.

Example 3.9. Let I be the unit of the symmetric monoidal structure of C. Then, for any ©-algebra A in C,
define A° to be the measuring coalgebra {A,I}. It is called the Sweedler dual or finite dual of the ©O-algebra
A in C. In particular, we obtain a functor (—)° = {—,I}°P : Algy(C) — CoAlLgy(C)°P, which is the left
adjoint of the linear dual functor (—)* : CoAlgy(C)°® — AlLgy(C) defined in Example 3.4. In particular,
we have the equivalence of spaces:

AlLgo(C)(A,C") =~ CoAlgy(C)(C,A°),

for any ©-coalgebra C' and any ©Q-algebra A. This was proven in the discrete classical case of vector spaces
in [24, 6.0.5]. By Remark 3.5, when the ©O-algebra A is dualizable in C, then A° ~ A* as an object in C.

Recall we have defined the cofree O-coalgebra functor TV : C — CoAlg,(C) in Corollary 2.11. We show
that the Sweedler dual defined above of the free O-algebra functor T': C — Algy(C) provides an explicit
description of T'.

Proposition 3.10. Let C be a presentably symmetric monoidal co-category. Let © be an essentially small
oo-operad. Let X be an object in C. Then the cofree ©-coalgebra on the double linear dual X** = (X*)* is
given by:

TV(X*) (T(X*)) .

Proof. Let C be an O-coalgebra in C. By Example 3.4 we have U(C*) ~ U(C)* where U represents the
forgetful functor on algebras or coalgebras. Then, we get the following equivalences:

CoAlgo(C)(C, (T(X7)%)) = Algo(C)T(X7),C7)
=~ C(X™,U(0))
~C(X*®U((C),I)
= CU(C), X™).

Thus we obtain the desired equivalence TV (X**) ~ (T'(X*))° by uniqueness of the right adjoint functor. O
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The fundamental theorem of coalgebras, as seen in Remark 2.10, provides an explicit formula for the
cofree O-coalgebra that generalizes the approach of [24, 6.4.1] and [6, 1.10].

Corollary 3.11. Let C be a presentably symmetric monoidal oco-category. Let © be an essentially small co-
operad. Suppose C is compactly generated. Suppose that CoAlLgqy(C) is also compactly generated. Suppose
furthermore that every compact object Y in C is naturally equivalent to its double linear dual Y ~ Y™**.
Then, for any object X in C, its cofree ©-coalgebra is given by:

TV(X) =~ colim; ((T(X]))°),

(2

where X ~ colim; X; is a filtered colimit of compact objects X; in C.

Proof. Let C' be an O-coalgebra in C. Since CoAlgy(C) is compactly generated, then C is the filtered
colimit of compact coalgebras C:

C~ colimj Cj.
By compactness, we obtain the equivalence:

CoAlgy(C) (C,colim; ((T'(X;))°)) = lim; colim; Co AL g4 (C)(C}, T(X))°).

2

By Proposition 3.10, we obtain an equivalence:
CoMllge(C)(Cy T(X7)°) = C(U(Cy), X77).
By hypothesis, the natural equivalence X; ~ X;* provides the equivalence:
C(U(C)), X1*) = CU(C)), X,).

Since U : CoAlgy(C) — C preserves colimits and compact objects (by Proposition 2.5 and [16, 5.5.7.2]),
we obtain that U(C') is the filtered colimit of compact objects U(C};) in C. Therefore:

lim; colim; C(U(C};), X;) ~ C(U(C), X).

Thus we have shown Co Al gy (C) (C,colim; ((T(X}))°)) ~ C(U(C), X). By uniqueness of the right adjoint,
we obtain the desired equivalences. 0O

We shall explain where the term wuniversal measuring is coming from. Recall that the internal hom
property of C implies that, for any X, Y and Z objects in C, there is an equivalence of spaces: C(XQY, Z) ~
C(Y,[X, Z]). The Sweedler cotensor gives conditions for an ©-algebra structure on [X, Z]. The following is
a generalization of [24, 7.0.1] and [1, 3.3.1].

Definition 3.12. Let C and © be as above. Let C be an ©O-coalgebra in C, and A and B be O-algebras in C.
Let ¢ : C ® A — B be a map in C. We say that (C, 1) measures A to B (or (C,v) is a measuring of A to
B) if the adjoint map A — [C, B] is a map of ©-algebras in C.

We give examples generalized from [1].

Example 3.13 (/1, 3.3.53]). If I is the unit of the symmetric monoidal structure of C, then a map I® A — B
in C is a measuring of A to B if and only if it is a map in ALg,(C).
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Example 3.14 (/1, 3.5.4/). The adjoint of the identity map on [C, A] is a map C ®[C, A] — A and is always a
measuring. In particular, the evaluation C ® C* — 1 is always a measuring of C* to I. Similarly A°® A — I
is a measuring of A to I. It is claimed to be the origin of the term measure in [11, 2.12.10].
By definition of the Sweedler hom, as we have:
CoAlgo(C)(C,{A, B}) ~ Algo(C)(B,[C, A]),
we see that the O-coalgebra {A, B}, together with the natural map {A, B} ® A — B (adjoint of the
identity over {A, B}), is indeed the universal measuring algebra of A to B, in the following sense. Given

any other measuring (C,v) of A to B, there exists a unique (up to contractible choice) map C — {A, B}
of ©O-coalgebras in C such that the following diagram commutes in C:

C®A
3 P

~

{A,B}® A — B.

Remark 3.15. Following [1, 3.3.6], we see that, given maps A’ — A and B — B’ in Alg,(C), amap C' — C
in CoAlgy(C), together with a map A — [C, B] in AlLgy(C), we obtain the following map in Alg,(C):

A —— A—— [C,B] —— [C",B].
This shows that the space of measurings provides a functor:
CoAlLgy(C)® X AlLgy(C)P x Algy(C) — 8,
that is representable in each variable with respect to the Sweedler hom, tensor and cotensor.
Remark 3.16. We can generalize a result from [4]. Let C be a presentably symmetric monoidal co-category.

Let A and B be E-algebras in C. Recall that the topological Hochschild homology THH(A) is given by
tensoring over the circle:

THH(A) ~ A® St

In particular, if (C, ) is a measuring of A and B, then from the map of E.-algebras A — [C, B] we obtain
a map of E.-algebras:

A®S' —[C,Bl®S' — [C,B® SY.

Therefore (C,1) also determines a natural measuring of THH(A) to THH(B). Therefore we obtain a map
of E.-coalgebras:

{A, B} — {THH(A), THH(B)}.
Remark 3.17. From [1, 1.3.73], the primitive elements of the measuring coalgebra { A, B} are the derivations

from A to B. In particular, the subcoalgebra of primitive elements of the coalgebra {A, A} is equivalent to
the tangent complex of A.
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8.4. The enrichment in coalgebras

Let D® be a monoidal oo-category. Its reverse, denoted (D®)™ or simply D", is defined in [12, 2.13.1].
Essentially, @ and @" have the same underlying co-category but the tensor X ® Y in D" corresponds
precisely to Y ® X in @. Left modules over @ correspond to right modules over @M. If @ is symmetric,
then @™ ~ @ by [12, 2.13.4]. We shall be interested with the reverse opposite, denoted D"™P = (DP)", of
a monoidal oo-category @. The following is a generalization of the discrete ordinary case [14, 5.1].

Lemma 3.18. Let C and © be as above. Then the Sweedler cotensor endows the co-category AL g (C) with the
structure of a right module over the reverse opposite of the (symmetric) monoidal co-category CoAlLgy(C).

Proof. Since the internal hom [—, —] : C x C°? — C is a lax symmetric monoidal functor (see [9, 1.3]), then
it is a map of commutative algebras in é\atoo, the oo-category of oo-categories endowed with its Cartesian
monoidal structure. This shows that C is a C°P x C-algebra in é\atoo, and thus in particular, C is a left
module over C°P. Hence C is a right module over its reverse opposite C™P via its internal hom. Therefore,
by Proposition 2.4, the co-category Alg(C) is a right module over AL gy (C™P) via the Sweedler cotensor.

Since ALgq(C™) ~ AlLgy(C)™, then ALgy(C™P) =~ CoAlgy(C)™P. DO

Since CoAlgy(C) is a presentably symmetric monoidal co-category, it is enriched over itself by [7,
7.4.10]. We denote CoAlgy(C)(D, E) the ©O-coalgebra in C which classifies coalgebra maps from D to E,
characterized by the universal mapping property:

CoAlge(C) (C ® D, E) ~ CoAlge(C) (C, CoAlge(C)(D, E)) .

Theorem 3.19. Let C be a presentably symmetric monoidal oco-category. Let © be an essentially small
oo-operad. The oo-category of O-algebras AlLgy(C) is enriched over the symmetric monoidal co-category
CoAlgy(C), via the Sweedler hom. Moreover it is tensored and cotensored respectively using the Sweedler
tensor and Sweedler cotensor. In particular, we have an equivalence of ©-coalgebras:

eojzrg@(e)(c, {A,B}) o~ {A, c, B]} o~ {CDA,B},
for any O-coalgebra C in C and any O-algebras A and B in C.

Proof. By Lemma 3.18, the oo-category AlLgo(C)°P is a left module over the symmetric monoidal co-

category CoAlgq(C), via [—, —]°P the opposite of the Sweedler cotensor, such that [—, A]°P : CoAlgy(C) —
AL go(C)°P admits a right adjoint {—, A} for all A in ALgy(C). By [7, 7.4.9] (see also [17, 4.2.1.33] and [12,
6.3.1, 7.2.1]), this shows that ALgy(C)°P is enriched over CoAlgy(C), with tensor [—, —]°P. Thus, by [12,
6.2.1], we get that Algy(C) is enriched over CoAlgy(C), with cotensor [—, —]. O

Remark 3.20. The previous theorem shows that we can enrich the equivalence in Example 3.9 to an equiv-
alence of ©-coalgebras in C:
[e]

)

Goﬂrg@(e)(a AO) ~ {A,c*} ~ (C>A)
for any ©O-coalgebra C and any O-algebra A.

Corollary 3.21. Let C be a presentably symmetric monoidal co-category. Let © be an essentially small oo-
category. Let A be an ©O-algebra in C. Let C' be an ©-coalgebra in C. Then there are adjunctions of enriched
oo-categories over CoALgqy(C):
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Co—: Algy(C) T L Alge(C):[C,—]. (3.1)
[=, A]P: CoAlgo(C) L 7 Alge(C)®: {—, A}. (3.2)
—bA:CoAgy(C) T L Alge(C): {A,—}. (3.3)

In [1, 5.1.2, 5.1.4], the adjunction (3.1) generalizes adjunctions from Weil restrictions and on the de Rham
algebra. The second adjunction (3.2) generalizes the anti-equivalence between finite dimensional algebras
and finite dimensional coalgebras of Proposition 2.12, see also Remark 3.5 and Example 3.9 above. Finally,
the adjunction (3.3) generalizes the algebraic bar-cobar adjunction as seen in [1, 5.3.14].
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