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1. Introduction

Gerstenhaber brackets were originally defined on Hochschild cohomology by M. Gerstenhaber himself
[3, Section 1.1]. In 2002, A. Farinati and A. Solotar showed that for any Hopf algebra A, Hopf algebra
cohomology H*(A) := Ext}(k,k) is a Gerstenhaber algebra [2]. Hence, we can define a Gerstenhaber
bracket on Hopf algebra cohomology. In the same year, R. Taillefer used a different approach and found
a bracket on Hopf algebra cohomology [9] which is equivalent to the bracket constructed by A. Farinati
and A. Solotar. The category of A-modules and the category of A®-modules are examples of strong exact
monoidal categories. In 2016, Reiner Hermann [5, Theorem 6.3.12, Corollary 6.3.15] proved that if the strong
exact monoidal category is lax braided, then the bracket is constantly zero. Therefore, the Gerstenhaber
bracket on the Hopf algebra cohomology of a quasi-triangular Hopf algebra is trivial. However, we do not
know the bracket structure for a nonquasi-triangular Hopf algebra. Taft algebras are nice examples of
nonquasi-triangular Hopf algebras. In this paper, we show that the Gerstenhaber bracket on the Hochschild
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cohomology of a Taft Algebra is nontrivial. However, the bracket structure on Hopf algebra cohomology of a
Taft algebra is constantly zero. Also, we take the Gerstenhaber bracket formula on Hochschild cohomology
and find a general formula for Gerstenhaber bracket on Hopf algebra cohomology.

We start by giving some basic definitions and some tools to calculate the bracket on Hochschild co-
homology in Section 2. Then, we compute the Gerstenhaber bracket on the Hochschild cohomology of
A = k[x]/(zP) where the field k has characteristic 0 and the integer p > 2 in Section 3. We use the technique
introduced by C. Negron and S. Witherspoon [6] and note that they computed the bracket on Hochschild
cohomology of A for the case that k has positive characteristic p [6, Section 5].

In Section 4, we compute the Gerstenhaber bracket for the Taft algebra T}, which is a nonquasi-triangular
Hopf algebra. We use a similar technique as in [6] to calculate the bracket on Hochschild cohomology of
T,. It is also known that the Hopf algebra cohomology of any Hopf algebra with a bijective antipode can
be embedded in the Hochschild cohomology of the algebra [10, Theorem 9.4.5 and Corollary 9.4.7]. Since
all finite dimensional Hopf algebras (also most of known infinite dimensional Hopf algebras) have bijective
antipode, we can embed the Hopf algebra cohomology of 7T}, into the Hochschild cohomology of T},. Then,
we use this explicit embedding and find the bracket on the Hopf algebra cohomology of T}. As a result of
our calculation, we obtain that the bracket on Hopf algebra cohomology of T}, is also trivial.

In the last section, we derive a general expression for the bracket on Hopf algebra cohomology of any
Hopf algebra A with bijective antipode. We first consider a specific resolution that agrees with the bar
resolution of A and find a bracket formula for it. Then, we use the composition of various isomorphisms and
an embedding from Hopf algebra cohomology into Hochschild cohomology in order to discover the bracket
formula on Hopf algebra cohomology.

2. Gerstenhaber bracket on Hochschild cohomology

Let k be a field, A be a k-algebra, and A° = A ®; A°? where A°P is the opposite algebra with reverse
multiplication. For simplicity, we write ® instead of ®. The following resolution B(A) is a free resolution
of the A°-module A, called the bar resolution,

B(A) - 2y 48 By yo3 Dy ge2 T, 4, (2.1)

where

n
dn(ao® a1 ® -+ ® apy1) = Z(*l)iao ®a1 @ Q41 @ @ Qg
i=0
and 7 is multiplication.
Consider the following complex that is derived by applying Hom 4 (—, A) to the bar resolution B(A)

0—sHom e (A®2, A) - Hom s (A%3, A) 25 Hom . (A%4, 4) 55 .. (2.2)

where d (f) = fd,. The Hochschild cohomology of the algebra A is the cohomology of the cochain complex
(2.1), i.e.

HH*(A, A) = @) Ext’;. (4, A).

n>0

We also define the Hopf algebra cohomology of the Hopf algebra A over the field k as

H*(A, k) = @ Ext’i (k, k)
n>0
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under the cup product.

Let f € Homy(A®™ A) and g € Homy(A®", A). The Hochschild cohomology of A is an algebra
with the following cup product and the Gerstenhaber bracket structures. The cup product f — g €
Homy (A®(m+7) | A) is defined by

(f—9)(a1®@ - ®amin) = (=1)""fla1 ® -+ @ am)g(@m+1 @ Amin)

for all aq,- -+, amin € A, and the Gerstenhaber bracket [f, g] is an element of
Homy (A®(m+7=1) " A) given by

[f.g] = fog— (—1)m=D=Dgof

where the circle product f o g is

(fog) a1 ® @ amyn—1) ==

m
Z(fl)("fl)(ifl)f(al @1 ®9(a; @+ Aign—1) ® Gign @+ @ Umgn—1)
i=1
for all ai, - ,@min—1 € A. We note that these definitions directly come from the bar resolution.

There is an identity between cup product and bracket [3, Section 1]:
[ = g" B = [0 = gt + ()0 £ gt ], (2.3)

where f*, ¢g*, and h* are the images (in Hochschild cohomology) of the cocyles f, g, and h, respectively.
Computing the bracket on the bar resolution is not an ideal method. Instead, we can use another reso-
lution, A % A, satisfying the following hypotheses [6, (3.1) and Lemma 3.4.1]:
(a) A admits an embedding ¢ : A — B(A) of complexes of A-bimodules for which the following diagram
commutes

A -5 B(A)

N

(b) The embedding ¢ admits a section 7 : B — A, i.e. an A°-chain map 7 with 7. = idy.

(c) There is a diagonal map that satisfies Ag) =(TRATRA W)Ag()A)L where Ap(a) : B(A) = B(A) ®a
B(A) is a diagonal map on B(A) and A®) = (id ® A)A.

We give the following theorem which is the combination of [6, Theorem 3.2.5] and [6, Lemma 3.4.1] that
allows us to use a different resolution for the bracket calculation.

Theorem 2.4. Suppose A %5 A is a projective A-bimodule resolution of A that satisfies the hypotheses (a)-
(c). Let ¢ : A @4 A — A be any contracting homotopy for the chain map Fa : A @4 A — A defined by
Fp = (n®aidy —idy @4 ), i.c.

d(¢) == dad + ¢dag,a = Fa. (2.5)

Then for cocycles f and g in Hom ae (A, A), the bracket given by

[f.9le = fos g — (=1)1I=DWI=Dg o, f (2.6)
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where the circle product is

fosg=folidy ®ag@aidy)A® (2.7)
agrees with the Gerstenhaber bracket on cohomology.

In general, it is not easy to calculate the map ¢ by the formula (2.5). We use alternative way to find ¢.

Let h be any k-linear contracting homotopy for the identity map on the extended complex A — A — 0
where A is free. A contracting homotopy ¢; : (A ®4 A); — A;+1 in Theorem 2.4 is constructed by the
following formula [6, Lemma 3.3.1]:

¢i = hi((Fa)i — ¢i—1d(aga),)- (2.8)
3. Bracket on Hochschild cohomology of A = k[x]/(xP)

Let A = k[z]/(zP) where k is a field of characteristic 0 and p > 2 is an integer. We compute the Lie
bracket on Hochschild cohomology of A by Theorem 2.4. We work on a smaller resolution of A than the bar
resolution of A. Consider the following A°-module resolution of A:

u v u Uy

N N L R - |} (3.1)

whereu=2®1 -1z, v=2P"1@1+2P 22+ - +2@2P 2+ 1®2P~ ! and 7 is the multiplication.

The bracket on A where k is a field with positive characteristic, is calculated by C. Negron and S.
Witherspoon [6, Section 5]. We adopt the contracting homotopy h for the identity map from that calculation
and obtain a new map h for our setup. Let &; be the element 1®1 of A;. The following maps h,, : A,, — A, 11
form a contracting homotopy for identity map, as we can see by direct calculation:

h_1(z") = &a',

15013 Zxé-xz-i-j 1— l

ha(z'&a?) = 51’,1)—133]527 (3.2)
J—1
hon (2" Ena?) = Za:“” ezt (n>1)
1=0

honi1 (2 €oni177) = 8j p_ 10" Copta (n > 1) .

Then, we take ¢_; = 0 and construct the following A®-linear maps ¢; : (A ®4 A); — A;41 for degree 1
and 2 by (2.8):

i—1
o(bo @aa'éo) =Y al&a'™1,
1=0

¢1(€1 ®4 2°€0) = —6; p_162,
¢1(&0 ®a T€1) = 4 p—16o.
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Lastly, we form the following diagonal map A : A — A ®4 A:

Ao (&) = & ®4 &o,
A1(&1) =& ®a 80+ & ®ak,

n n—1
Azp(§2n) = Zf% @4 Eon—2i + Z Z %2141 ®4 2€9,_9i—12¢, for n > 1 (3.4)
1=0 1=0 a+b+c=p—2
2n+1
Aopi1(§ong1) = Z & ®4a &ong1—i, forn > 1.

=0

It can be seen that the map A is a chain map lifting the canonical isomorphism A = A ®4 A by direct
calculation.

Now, we are ready to calculate the brackets on cohomology in low degrees. By applying Hom 4 (—, A) to
A, we see that the differentials are all 0 in odd degrees and (pzP~1)- in even degrees. In each degree, the
term in the Hom complex is the free A-module Hom 4¢ (A€, A) = A. Moreover, since p is not divisible by the
characteristic of k, we deduce HH?(A) = A, HH* " (A) = (), and HH*(A4) = A/(«P~") [10, Section 1.1].

Let 27¢f € Homge (A, A) denote the function that takes &; to 7. Since the characteristic of k does not
divide p, the Hochschild cohomology as an A-algebra is generated by &} and & [10, Example 2.2.2]. We
only calculate the brackets of the elements of degrees 1 and 2 which can be extended to higher degrees by
the formula (2.3). Hence, we have the following calculations:

The bracket of the elements of degrees 1 and 1:

('€} 0p 27€7)(&1)
= 0ol @aa’e] 4 AP (&)
=2 P(1®a 276 ®a 1) (& ®a & ®a o+ & ®a &t ®a o+ & ®a o ®E1)

= 2'&1 (€0 ®a 27&)
= xiff(fll'j_l + J/‘Ell‘j_z 4+ .4 xj_lfl)

and by symmetry (27&5 oy 2€7)(€1) = ia*ti 71, Therefore, we have
[2'€7,27€7] = (j — D)™ 1g.
The bracket of the elements of degrees 1 and 2:

('€} 0 27€5)(E2)
=21 ®aa7¢ @4 1)AD (&)
=2 o(1®a 7€ @a1) (€ ®a o ®aba+E ®aba®a&o+E®a&®ao

+E®a Y (@G @az’at)+ Y 2% ®a 2 (€ ®a &1+ & ®a wo)a”)
a+b+20 a+b+2c
=p— =p—

= ' P(E ®a 7 &) = ' (G127 T+ x&ia? TP 4 adTHG) = jat L

The circle product in the reverse order is
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(275 0 2?17 (&2)
=27 o(1@a a6 @4 1)AP) (&)
=278d(1@4 2P ¢ @4 1) (€ ®aéo®aba+E®a&a®abo+ER®a& ®a o

+E®a Y (@G @ar’6at)+ ) 2% ®a (6 ®a &L+ & @4 m)a”)

a-+b+c a+b+c
=p—2 =p—2
— $]§;¢( Z (50 Q4 xa+b+i§1xc _ $a£1 U berifOxc))
a+b+c
=p—2
=275 ( Z (Satbrip—1£22° + 2%0prip-1£22°))
a+b+c
=p—2
=27 ((p— )" + ) 2%6a°)
a-+c
=i—1
— (p _ i)$i+j—1 + Z poteti — (p _ i)IH_j_l + jptTi—1 = pxi-&-j—l.
aﬁ-cl
=i

Therefore, we obtain
(€5, 2765] = (j — p)a™ e,
Lastly, the bracket of the elements of degrees 2 and 2:

(€5 05 27€5)(&3) = 2'€50(1 @4 2765 @4 1) AP (&)
=2'5p(& @A 1TE + & ®a 7€) = 2°¢5(0) =0

and by symmetry (27&5 o4 2°€3)(€3) = 0. Therefore, we have
[(27€5,27€5)] = 0.

As a consequence, the brackets for the elements of degrees 1 and 2 are

(€1, 27€D)] = (7 — )27,
[(a'¢],27€5)] = (j —p)a™™ 713,
(a5, 27€5)] = 0.

Brackets in higher degrees can be determined from these and the identity (2.3) since the Hochschild
cohomology is generated as an A-algebra under the cup product in degrees 1 and 2.

A similar computation to the calculation in this section is made by L. Grimley, V. C. Nguyen, and
S. Witherspoon [4] for Gerstenhaber brackets on Hochschild cohomology of a twisted tensor product of
k[z]/(x?). S. Sanchez-Flores [8] also calculated the bracket on group algebras of a cyclic group over a field of
positive characteristic which is isomorphic to A = k[x]/(aP). C. Negron and S. Witherspoon [6] calculated
the bracket on group algebras of a cyclic group over a field of positive characteristic as well with the same
h, ¢, and A maps. They assume the field with characteristic p which makes the coefficient j instead of j —p
in the calculation of [(z'¢},27€3)] as p vanishes. Hence our calculation agrees with those except slightly
different [(z'¢5, 27€3)).

Please cite this article in press as: T. Karadag, Gerstenhaber bracket on Hopf algebra and Hochschild cohomologies, J. Pure
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4. Bracket on Hopf algebra cohomology of a Taft algebra

The Taft algebra T, with p > 2 is a k-algebra generated by g and x satisfying the relations: g” = 1,2? =
0, and g = wgx where w is a primitive p-th root of unity. It is a Hopf algebra with the structure:

e Alg)=9g®g, Alx)=1Rz+r®g
e g(g)=1,e(x)=0
e S(g) =g S(x) =—zg7".

Note that as an algebra, T}, is a skew group algebra A x kG where A = k[z]/(a?) and G =< g | g? =1 >.
The action of G on A is given by 9z = wz.

In this section, our main goal is to calculate the bracket on Hochschild cohomology of T}, with the same
technique in Section 3 and find the bracket on Hopf algebra cohomology of T}, by using the embedding of
H*(T,, k) into HH*(T},, T},).

We first find the bracket on Hochschild cohomology of T},. Let D be the skew group algebra A° < G where
the action of G on A€ is diagonal, i.e. 9(a ® b) = (Ya) ® (9b). Then, there is the following isomorphism [1,
Section 2]

D=AxG=PAge Ag~! C Ty,
9eG

Hence D is isomorphic to a subalgebra of T5 via a1 ® aa ®g — a19® (9" asg™1). Moreover, A is a D-module
under the following left and right action [1, Section 4]:

(a19 ® azg™ " as = a1gazasg™" = a1(%(azaz))
1
az(a1g ® aggfl) = a29 tasza1g = as(?  (azaq)).

Remember the resolution (3.1)
Ao Uy A0 My e Uy ge e Toa g
This is also a D-projective resolution of A and the action of G on A€ is given by

(a1 ® az) = (Ya1) ® (Yaz) in even degrees,
(a1 ® ag) = w(%a1) ® (Yaz) in odd degrees.

From the resolution A, we construct the following 77 resolution of T}:
Ty@pA:- —T)@p A°—T; @p A°—T, ®@p A°—T; @p A — 0. (4.1)

It is known that, T), = T @p A as T,-bimodules via the map sending 2’ ® g* to (1® g*) @p =" [10, Section
3.5]. Then we have A ® T}, = Ty @p A® with the T)-bimodule isomorphism given by

k(x' @ (27 @ gF)) = (1®¢") @p (28 @ 27). (4.2)
Then, we obtain the following resolution A which is isomorphic to the resolution (4.1), i.e.

Ao B ART, 25 AT, 5 A®T, =5 T, — 0 (4.3)

Please cite this article in press as: T. Karadag, Gerstenhaber bracket on Hopf algebra and Hochschild cohomologies, J. Pure
Appl. Algebra (2022), https://doi.org/10.1016/j.jpaa.2021.106903




JPAA:106903

8 T. Karadag / Journal of Pure and Applied Algebra ese (sses) seseee

where 0 = v ® idrg, t = u @ idrg, and T = 7 ® idpg.
The following lemma gives us a contracting homotopy for the identity map on the resolution A.

Lemma 4.4. Let h,, be a contracting homotopy in (3.2). Then hy = hn @ 1ie forms a contracting homotopy
for the identity map on A.

Proof. For n > 0, the domain of by, ® 1x¢ is A ® A ® kG which is A ® T}, as a vector space. Moreover, by
definition of contracting homotopy, h,, satisfy

hi—ldi + di—l—lhi = ZdAl

Then,
fzi_lcﬂ —+ CZ7;+1}~L7; = (hi—l X deg)(dl ® deG) + (di+1 X deg)(hz X ’Ldk(;)
= (hi1d; @ idkg) + (diy1h; ® idkg) = (hi—1d; + diy1h;) @ idya
= idAi R idpg = idAi
and that implies h, is a contracting homotopy for A. The proof is similar for n = —1. O

We abbreviate a1 ® a2 ® g € A® T, by a1 ® azg. By the Lemma 4.4, we obtain
hoi(a'g) = &'y,
(z foxJ Zm &attiti= l
hy(z'€127 g) = 8; p 177 €ag,
hon(2'ana?g) = = 3 2™ gy aaly,

=0

hani1 (2 €ani127g) = 6 p 12 €2ny29.

We need a lemma to have the linear maps ng : (A ®T, A)Z — Ai+l- However, we first mention that there
is an isomorphism from (A ® T},) @7, (A®T),) to (A® A) ®4 (A® A) ® kG as Tj-modules given by

w((lﬂl ® mjlgkl) ®7, (l.iz ® mjzgk2)) — wkl(z’z+j2)(xi1 ® le) R (miz ® sz>g(k1+kz)_ (4.5)

Lemma 4.6. Let Fy = (m®aidp —idp @ a7) be the chain map for the resolution A in (3.1) which is used for
calculation of ¢ in (3.3). Then Fg : A@Tp A — A defined by (7 @, idg —idg @r, ) is evactly (Fa ®idrg)t).
Moreover ¢ := (¢ @ idpg ) is a contracting homotopy for Fj.

Proof. Let (¢ ® 7' g") ®@r, (22 ® 272g*?) € (A® T,) @1, (A ® T,). Note that Fj is zero if degrees of
(2 ® 291g*1) and (2% ® 292g*2) are both nonzero since 7 is only defined on degree zero. Also remember
that # = 7 ® idxg for the resolution A.

We check the case that the degree of (%t ® x71g*1) is zero and the degree of (z%2 ® z72¢*2) is nonzero.
By using definition of Fj, we obtain

FA((!L‘“ ® legkl) ®7, ($i2 ®szgk2>) _ ( 11+]1 )®T ( i ®£Uj29k2)
=k (i2+]2)xl1+12+j1 ® szgkl-i-kz.

Please cite this article in press as: T. Karadag, Gerstenhaber bracket on Hopf algebra and Hochschild cohomologies, J. Pure
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On the other hand, we also have

(Fa ® idpc)((2" ® 271 g") @7, (2 @ 272g™))
= (Fa ®idye) (WM 2 (@1 @ 27) @4 (272 @ 272)gh1+h2)
— Wk (E2+72) piatiz+in ® l.jzgkl-i-kz )

The proofs for other cases are similar. Hence Fj and (Fj ® idyc)y are identical.
In order to prove ¢ := (¢ ® idy)1 is a contracting homotopy for Fg, we need to show that

did+ddsg, 5 =Fi
It is clear that
did = (da ® idyc) (¢ @ idpa) = (dad @ idic ).
We now claim that
Vg, & = (dasaa @ idic)y.
By definition

JAQ@TPA =dj ®r, idr, + (—1)"idr, ®r, dg

JPAA:106903

9

where * is the degree of the element in left A ® T},. Moreover, (A ® T},) ®1, (A ® T},) is generated by
Emlc ®T, z¢,1G as Tp-bimodule. Without loss of generality, assume m and n are odd. Then we have the

following calculation:

Vi, i(Emlc ®1, 2'60lc)
= p((x&mla — Emrle) O, ¥'&nle — Emla @1, (21 — 2'&nala))
= (2 — Em®) @A T'&ula — £ @4 (2116, — 2°6,2) 14
and
(dagan @ idra)¥(Emlc O, '601a)

= (dA®AA ® deG)(gm XA xigan)
= (2&m — Em) @4 2 1a — En @4 (27T, — 27¢,7)16.

The calculation is similar for the other cases of m and n. Therefore,

(MA@TPA =(¢o® ide)WA@TpA = (¢ ®idic)(dagaa ® idrc) = (¢dag ,a @ idrc)y.

By combining (4.7) and (4.9), we obtain

did+ hor i = (a0 + ddag,a) ©idic)Y = (Fa @ idya)y = Fi

whence ¢ = (¢ ® idyg)1 is a contracting homotopy for Fy. O

Appl. Algebra (2022), https://doi.org/10.1016/j.jpaa.2021.106903
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We use the Lemma 4.6 and find the following T-linear maps éi (A ®r, A)i — Ai_H:

i—1
Po(bole @1, 2'éole) = Yo' g,
1=0

b1(&1le ®r, 2°¢0le) = —0; p-1bala,
d1(éolc ®r, z'61g) = 6 p-1&1a.

Next, we give a lemma to find the diagonal map.
Lemma 4.10. The map A := ¥~ (A @ idye) is a diagonal map on A where A is in (3.4).

Proof. We need to check that A is a chain map. The following equations are straightforward by considering
the fact that A is a chain map and (4.8):

gy 18 = djg, ¥ (A ®idic) =¥ (dasas @ idic)(A © idye)
P (dag Al ®idre) = b HAdp @idra) = v (A ® idre)(da @ idie)

AA.D

Lemma 4.10 allows us to compute the T),-linear map A Ai+] — (A T, A)i as follows:

Ao(éole) = &ole @, &ola,
Ai(&le) = &le @1, &ole + bole ®1, &la,

Aogn(éanlc) =Y &aile ®r, b2l
i=0
n—1

+Y Y 2%inile O, 2°€n 2 12°1g, forn > 1

=0 a+b+c
=p—2

2n+1

Agni1(&antile) = Y &Gla ®r, &npa-ile, forn > 1.
=0

Before computing the bracket on Hochschild cohomology of T},, we need to find a basis of Homrpe (A7 T,).
In particular, we must find a basis of Homre (A® Ty, Tp,) as it is an invariant in each degree.
It is known that

HH"(T}) := Exty (T}, T,) = Extp(A, ;) = Extlye (4, T,)¢.

The Eckmann-Shapiro Lemma (Lemma 5.3) and (4.2) imply the first isomorphism and see [10, Theorem
3.6.2] for the second isomorphism.
Consider the following resolution

Hom 4. (A, T,)¢ : 0—Hom 4 (A%, T,)) —sHom e (A%, T;,) ¢ — - - - (4.11)
where the action of G on Hom4.(A®, T},) is defined by

g flar®az) = 9£(9 " (a1 ® az)). (4.12)
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This resolution is clearly isomorphic to
G G G
0—T,—T,—T,; — - (4.13)
with the correspondence
fi — t where fi(§.) =t for all t € T,. (4.14)

We claim that Homre (A ® T}, T},) & TpG. Suppose z'g’ € TpG. Then, we have f,i,; € Homae (A, T,)¢
defined by fyigi(zF @ a!) := zFF!Higi where 2* € A. Now observe that, fi,; € Homue(A® T,)¢ is a
D-module homomorphism since

frigi (272" g) (a1 ® a2)) = foigi ("2 16)g(ar @ a2)) = (27€2'16) frigi (9(a1 ® az))
= (2" 6.2"16)gfuigi (a1 © az) = (2"6.2"g) frigi (a1 © az)

where 2%¢,2'g € D, a1 ® az € A°. Moreover, if f € Homp(A°, T,), then f is G-invariant as

g - flar®az) =9f(9 (a®az)) =99 ) fla1 ® az) = fla1 ® az)

where g € G, a1 ® ay € A°. Hence, the isomorphism from Hom 4¢ (A%, T},)¢ to Homp (A€, T},) is the identity,
so that fgig; is also in Homp(A®, T),). We next use the Eckmann-Shapiro lemma (Lemma 5.3) which implies
that Extp (A, T,) = Ext}; (T5 ®p A,T,) and the isomorphism is given by

0(fuig)(@™g® @ a"g" ®p 2t @al) = a"g" @ "y frig (2t ®al) = a™g" @2y (@M g)
= (2g")(«" M g7) (a"g")
= (2™ (7 ")) g" ) (")

k+1+1) (l,m+k+l+igs+j)(zngr)

k—+1+1) (xm+k+l+i (gS+j xn))

= ws(

_ ws( gj+s+r

_ ws(k+l+i+n)+jnxi+k+l+m+ngj+s+r )

Hence, 0(fyigs) is in Homre (T ®p A°, T;,). Lastly, recall that Ty ®p A° 2 A® T}, via £ (4.2); so that,
K" (U(f"ﬁgJ))(xk oY xlgr) = U(frcigj)((lTp Y f*gr) XD xk ® ‘rl) = xi+k+lgj+r

which implies " (0 (fzi4i)) € Hompe (A ® T}, T;,). For simplicity, we define fxigj =K (0(frigi))-

The action of G on T, given by (4.12) and (4.14) depends on degree. Since T, is spanned
by {1,g,---,9° '} in even degrees and {x,zg,---,2g?"'} in odd degrees [7, Section 8.2], we have
{flafga e 7fgp71} in even degrees and {fmfzg, e ,fwgpfl} in the odd degrees as a basis of Homre (4 ®
Ty, T)p).

We only calculate the bracket in degree 1 and 2 as before so we can extend it to higher degrees by the
relation between cup product and the bracket. Since A ® T}, = A° ® kG as vector spaces, &;1¢ generates
A®T, as a T)-bimodule. Through the calculation, id represents idagr, and ® represents ®r, .

The circle product of two elements in degree one is

(fa:gi O<;~5 fwgﬂ')(fllG) = ]Z:vg"'(g(id ® fng ® id)A(Q)(&lG)
= fogid(id ® frgs ®id)(€0le ® &ola ® &l +&le @ &1lg ® &la
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+&le®&le ®éola)
= fmgié(golG & ngg]) = fmgi (glgj) = ngJrj
Because of the symmetry, (fng o3 fzgi)(fllg) = xg"t7. Therefore
[f;cgiu fa:gj](gllG) = xg“_j - (_1)0$gi+j =0.
The circle product of the elements of degrees 1 and 2:
(fzgi OqB .fgf)(§216‘) = fmgié(ld by fgj Y 'Ld)A@) (521(;) = frg‘(z)(Zd ® .fgj ® 7'd)
(bolc ®&ole ® &la +&ole ® &2le ®&ola

+éhle® Y (3Gl ®2’6216) + &le © &le © &ola

a+b+c
=p—2
+ ) (@*Gle ® (2%le ® Hatle + 2% le ® 2°16)))
a+b+20
=p—

= fxg”g(fOlG ® fogj) =0.

And the circle product on the reverse order:

(]Egj O(; fzg’)(éQlG) = fgj Qg(Zd & fi’vgi ® Zd)A@)(ngG) = ng (Z;(Zd & fxgi ® ld)
(bola ® &l ® &ola + ol @ &la ® &ola

+&le® Y. (@%le ® 26 16) + &lo ® bole ® &la

a+b+c
=p—2

+ Y (@l ® (2%le ® &a°lg + 2°6 1 © a1g)))

= for (Y w1 p 1269’ — W Gt p 12t g’

a+b+c
=p—2

p—2
= fgj (Z wibglgi) - fgj (fZgi)

b=0
Jp-2)¢, for i =0
] (w1 g, fori#£0

Therefore, we obtain

: o o _(p—2)gj7 fori=0
[faﬂg”fgf]_{(w—i+1)gi+j, fori #0 "

Lastly, the bracket of the elements of degrees 2 and 2:
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(fa o fa)(&a16) = fy dlid ® fipy © id) AP (a16) = fiudlid © fop ® id)

(folg @ Eolg ® &3lg + &olag ® E1lg ® &1 + &ola @ &2l ® &g
+éle ®&le ®le +&le ®&Hle®@&le +&le @éle @éla
+ &1l @ E1g @ Eola + &l R&le ® E1lg + &la @ &ola @ &olg)
= fyid(bole ® &g’ +&lg ® &og?) =0

and by symmetry (fgj ¥ fgi)(£31G) = 0. Therefore, we have [fgi, fgj} = 0. As a consequence, the bracket
for the elements of degree 1 and 2 are

—(p—2)g7, for i =0

(w™i+1)giti, fori+#0 fgs for] =0

[.fzgiaf:vgj] =0, [fzg'iafgj] = {

By the identity (2.3), brackets in higher degrees can be determined, since the Hochschild cohomology is
generated as an algebra under cup product in degrees 1 and 2.

Hopf algebra cohomology of T}, and Hochschild cohomology of T}, were calculated before by V. C. Nguyen
[7, Section 8] as the Hopf algebra cohomology

H™(T,, k) =

) k if n is even,
0 if n is odd,

and the Hochschild cohomology

k if n is even,
HH™(T,,, T,) =
Spang{z} if n is odd.

It is known that for any Hopf algebra with bijective antipode, the Hopf algebra cohomology can be em-
bedded into the Hochschild cohomology [10, Theorem 9.4.5 and Corollary 9.4.7]. Since any finite dimensional
Hopf algebra has a bijective antipode, the Taft algebra T}, is also a Hopf algebra with a bijective antipode.
The embedding of H" (T}, k) into HH" (T}, T,) turns out to be the map that is identity in even degrees and
zero on odd degrees. Then, the corresponding bracket in Hopf algebra cohomology is

[fg’iafgj] =0,

so that, the bracket on Hopf algebra cohomology for the elements of all degrees is 0 by the identity (2.3).
We summarize all the work in this section with the following theorem:

Theorem 4.15. The graded Lie algebra structure on Hopf algebra cohomology of a Taft algebra is abelian.

This is the first example of the Gerstenhaber bracket on the Hopf algebra cohomology of a nonquasi-
triangular Hopf algebra and our calculation shows that the bracket on Hopf algebra cohomology of a Taft
algebra is zero as it is on the Hopf algebra cohomology of any quasi-triangular algebra. A natural question
that arises whether the bracket structure on the Hopf algebra cohomology is always trivial. In the next
section, we explore a general expression for the bracket on the Hopf algebra cohomology that may help us
to approach this question with a more theoretical perspective in the future researches.
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5. Gerstenhaber bracket for Hopf algebras

In this section, we want to explore an expression for Gerstenhaber bracket on a Hopf algebra A with a
bijective antipode S.

We give the following lemma which helps us to define the Gerstenhaber bracket on an equivalent resolution
to the bar resolution of A as an A-bimodule.

Lemma 5.1. Let A be a Hopf algebra with bijective antipode. Let P, be the bar resolution of k as a left
A-module:

Py B3 4®3 B2 q@2 D4 E g )
with differentials
n—1
dn(ag @ a1 @ ®ay) =Y (~1)'ag@a1 @+ @ aiai11 @ ® an + (—1)"e(an)ag ® -+ @ a1
1=0

Then Xo = A® ®4 P, is equivalent to the bar resolution of A as an A-bimodule.

Proof. Since S is bijective [10, Lemma 9.2.9], A° is projective as a right A-module. Also there is an A®-
module isomorphism p: A — A° @4 k defined by p(a) =a®1®1 for all ¢ € A [10, Lemma 9.4.2].
For each n, define 6,, : X,, — A®("+2) by

0,((a®b) @4 (1®c @ c? Za®01®cl @A ® (e )b

for all a,b,c!,---c" € A.
Now, we show that @ is a chain map:

Op_1dp((a@b) @4 (10 @ @---@ ™))
=0,-1((a®b) @4 ('@ ® - ®c")

n—1
+Y (-D@ebhes(ledede--add - -ac")
i=1

+(-1)"@@b) @4 (e(M @ @@ @)
=0,1(Y (aci © S()b) ©a (1@ @@ )

n—1

+Y (Dieeb)es(lecdadlde-eddt e o)

=1

+(-D)"((™a@b)@a (1@ @@ - @)
=Y adod e 0 ©S(A -4)S(chb

n—1
+3 ()Y aedeoddt e e o s
+Z Va®cl @@t @e(c)S(ch--- ey hb

and
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dnen«af@b) ®A (1®Cl®02®"'®cn))
:dn(Za@)c%®c§®~'®c7f®S(c%c§~-~c§)b)

:Zac%®cf®--~®c’f®5(c§cg-~-c§)b
+ZZ Yaode oddt - @d®S(d- )b

+Z Va®el @@t @ctS(ey - ch)b

where A(c) =" ¢1 ® co known as Sweedler’s notation.
Since S is an algebra anti-homomorphism that is convolution inverse to the identity map,

D o AS(ch--c) = elS( ) S(e) =Y e(@)S(cy-ch )
and
S(c3 -~ 5)S(ez) = Slezey -~ c5)

so that the two expressions are equal which follows 6 is a chain map.
Lastly, one can see that the A°-module homomorphism

wn(a®cl®cz®~-~c"®b):Z(a®céc§-~-c§b)®,4(1®c}®c%®---®c?)

is the inverse of #,, by using the property that S is an algebra anti-homomorphism that is convolution
inverse to the identity map. O

Let f, € Hompe(Xmm,A) and g, € Hompye(X,,A). Then we define the X-bracket [f;,g.]x €

Hom ge (X, 4n-1,4) to be a composition X BN B(A) M A; so that, we have

[for galx = 0" fus 07 00)0 = (" fo 007 g5)0 — (—1)™ DV (4% g, 0™ f,)0

where

(¢*fw © ¢*gw)9m+n—1((a ® b) RA1I® cl R ® Cernfl)
=W fro ¢*gz)(2a & C} ® c% R ® 671”+"*1 ® S(clcg 72n+n—1)b)

—ZZ DO fpa@ci @0 dT @ganled @ e dT T 9
2@ @@ S(epes - G TTD)
_ZZ (" (- 1)f Y (a ®c%®...®ci_1

® ng @l lgiledod @ 0dt Y

1 1 1 —1 —1
® cl+7’L ® ® C’HL-‘rTL ® S(c cl C’L cz—i—n Cz+n c’m-‘rn )l)
§ E (n 1 l 1)f ( ® Clc C’L C*Cl—‘r’n m+n IS(C C Cm+n— )l

®A1®61®C§®'”®C§_1®Cf®c§+n®--~®c§n+n_l)
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where

A(C) = ZCl X CQ,A(2)(C) = ch X C2 & Cg’A(C*) = Zc*{ [029] C; and
= Zggg(l @t .t lg,1ed @dtl ... dtm ).

This is the general expression of the Gerstenhaber bracket on Hochschild cohomology of A. Next, we start
with the following theorem [10, Theorem 9.4.5] to construct an embedding from H*(A, k) into HH*(A).

Theorem 5.2. Let A be a Hopf algebra over k with bijective antipode. Then
HH*(A) = H*(A, A).

In this theorem A% is an A-module A under left adjoint action, given by
a-b=>"a1bS(az) for all a,b € A. To find explicit isomorphism between HH*(A) and H*(A, A%9), we give
the Eckmann-Shapiro lemma.

Lemma 5.3 (Eckmann-Shapiro). Let A be a ring and let B be a subring of A such that A is projective as a
right B-module. Let M be an A-module and N be a B-module. Then

Ext% (N, M) =2 Exty (A®p N, M).

Proof. Let P, — N be a B projective resolution of N. Then A ® g P, is projective as A-module so that
A®p Py - A®p N is a projective resolution of A ®g N as an A-module. Let

o : Homp(P,, M) = Hom4 (A ®p P,,, M) defined by o(f)(a ®p p) = af(p),
7:Homy (A ®p P,, M) — Homp(P,, M) defined by 7(g)(p) = g(1 ®p p)

where a € A,p € P,,, f € Hompg(P,,M),g € Homy(A ®p P,, M). Since ¢ and 7 are inverse of each other
and they are homomorphisms, Homy (A ® g P,, M) 2 Homp(P,,M). O

If we replace A with A€, B with A and take M = A, N = k in the Eckmann-Shapiro lemma, we have the
isomorphism Ext’}. (A° ®4 k, A) = Ext’; (k, A°?). We also know that A = A° ®4 k [10, Lemma 9.4.2] and
the isomorphism is given by p(a) =a® 1 ® 1 for all a € A. Therefore Ext’}. (A, A) = Ext’}.(A° ®4 k, A) =
Ext’; (k, A%9).

We already have the Gerstenhaber bracket [,]x on Ext’i.(A° ®4 k, A). Hence we can use the isomor-
phisms ¢ and 7 in Eckmann-Shapiro Lemma and find the bracket expression on H*(A, A%). Now let
f € Hom4(Py,, A*) and § € Hom 4 (P,, A%). Then [f,j]p € Homa(Ppin—1,A%) and we have

[f,9lp = 7lo(f),0(9)]x
=7((¥*(a()) 0¥ (0(9))0) — (=L)D" (0(9)) 0 " (o (1)))8).

For simplification we define

forg:=r((W*(a(f) 0w (c(3))0).

Then by using previous circle product formula we obtain:
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forg(l
=7((¢"
=@

fzz DOV (F) (1@ ched el el S (e et

@ - @™
(@(f)ov (@e@)N)led el ®- - ocmtm )
(f)) o (c(@Nb(1el)@alecd @@ - @)

AalRaRAER - @c 'edged™e. @t
*ZZ DD fledede edlededm e ot
B GG TS (e )
with A(c*) = ¢f ® ¢ and
=Y o@Aodgd™ G ealededt oo dhT)
=Y (ega™ g hjledqedt @ edt
fZg (leodedt @ - @c™ Nehest it

We now have the Lie bracket [,]p on H*(A, A%?). Next, we embed H*(A, k) into H*(4, A%9) [10, Corollary
9.4.7] via the unit map

1. : Hom(Ps, k) — Hom 4 (P,, A%?).
Let f € Homa (P, k) and g € Hom4(P,, k). Then by using counit map
€ : Homy (P, A) — Homa (P, k),

1. and bracket on H*(A, A%?), we derive the formula for [f, g] € Homa (P 1n_1,k):

[£,9] = el (£), ne(9)]p = ec(nu(f) 02 1u(9)) — (=1)"" V"V (1.(g) 0 nu(f)) (5.4)
where
e((Hopn(g)(lec @@ @)
ZZ DEVEDpfledede - @d ' @ded™e. - @d )
che3 il esck TS (ched - et
with

(c") = Zc’{ ® c5 and

1 i+n—1y) i i+l i+n—1
c* —E ngl@c @t @ - @t 1)) dehtt . it

Therefore, the formula (5.4) is a general expression of the Gerstenhaber bracket on a Hopf algebra
cohomology which is indeed inherited from the formula of the bracket on Hochschild cohomology.
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