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1. Introduction

Despite its simple definition, numerical semigroups provide a fertile ground for research [12]. Following
[10], we investigate algebraic properties of an exponential counterpart of numerical semigroups from a
relative point of view. Throughout this paper, x is a field. A numerical semigroup ring is a complete
local domain of the form x[u®,...,u’"], where s,...,s, are positive rational numbers. Note that, in the
literature, si,..., s, are often assumed to be relatively prime positive integers. The objects we study are
local homomorphisms R — R’ of numerical semigroup rings. Through the homomorphism, we have an
algebra R’ over the coefficient ring R, which we denote by R’/R. Within Cohen-Macaulay homomorphisms,
we are mainly interested in the property of complete intersection. We remark that the classical study of
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numerical semigroup rings is a special case of our relative situation. Indeed, a numerical semigroup ring can
be considered as a numerical semigroup algebra over a Noether normalization.

Following the terminology of [6,7], a numerical semigroup algebra R’/R is called Cohen—Macaulay (resp.
complete intersection) if the homomorphism R — R’ is flat and its fibers are Cohen—-Macaulay (resp.
complete intersection) rings. There are only two fibers of the homomorphism. Both are zero dimensional
and hence Cohen—Macaulay. Therefore the Cohen—Macaulay property for a numerical semigroup algebra
is simply equivalent to flatness. The notion of complete intersection has been extended to arbitrary homo-
morphisms of Noetherian rings [1]. In this paper, flatness is included as a part of the definition of complete
intersection so that the hierarchy of complete intersection inside Cohen—Macaulay automatically holds.

In the context of numerical semigroup algebras, our definition of complete intersection takes the form
directly from the historical origin. Recall that, in algebraic geometry, a d-dimensional variety in the
n-dimensional ambient space is complete intersection if it can be cut out by n — d hypersurfaces. For a
flat numerical semigroup algebra R’/R, we consider a local surjective R-algebra homomorphism

#:R[Y1,....Y,] > R

The power series ring R[Y7,...,Y,] has dimension n + 1. The kernel of # needs at least n generators. If the
kernel can be generated by n elements, the flat algebra R’/R is called complete intersection. In the language

of [1],
R R[Y:,....Y,] = R

is a Cohen factorization of R — R’. If the kernel of # is generated by a regular sequence, the homomorphism
R — R’ is called complete intersection at the maximal ideal of R'. If R — R’ is complete intersection at
the maximal ideal, it is also complete intersection at the zero ideal [13]. In [1], a homomorphism is called
complete intersection if it is complete intersection at all prime ideals. Note that the kernel of 7 is generated by
a regular sequence if and only if it is generated by n elements. Hence our definition of complete intersection
for flat numerical semigroup algebras agrees with that of [1], and also with that of [7].

There are n candidates of the form YZ-B ’ —uﬁ“’Ylﬁ ... Y, for the set of generators of the kernel of #, where
0<s; <pi}
in R’ can be used to study the complete intersection property of R'/R. Each monomial in the set describes a

u’® € R and B; = 0. For prescribed numerical invariants 3;, the image of the set {Y;* - .. Y,3»

factorization of its image. If an element of R’ has factorizations from two distinct monomials in the set, the
difference of the monomials creates an extra generator for the kernel of 7. This is the idea of a-rectangular,
B-rectangular and «y-rectangular sets of Apéry numbers in the classical case [4,5]. In the relative situation,
Apéry numbers are generalized to Apéry monomials; the role of these numerical invariants is replaced by
the notion of rectangles to emphasize the “shape” rather than the “size” of the set of Apéry monomials.
Investigating factorizations of a numerical semigroup algebra, we obtain a main result asserting that a flat
numerical semigroup algebra is complete intersection if it has a nonsingular rectangle. See Theorem 4.9.

This paper is organized as follows. Section 2 starts with our broader definition of numerical semigroups.
Notions related to Apéry monomials are defined. Section 3 reviews flatness of numerical semigroup algebras.
A new criterion for flatness is given in terms of the number of Apéry monomials. In Section 4, we define
rectangles with examples to clarify the notion. Sufficient conditions are given for a flat numerical semigroup
algebra to be complete intersection. Section 5 consists of a detailed study of rectangular numerical semi-
group algebras generated by few monomials. For flat algebras generated by three monomials, we show that
rectangles must be non-singular with a special type resembling free numerical semigroups. For flat algebras
generated by four monomials, we find a subclass of rectangular algebras, which consists only of complete
intersection algebras.
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2. Apéry monomials

In the literature, a numerical semigroup is a submonoid of the set N of non-negative integers, whose
greatest common divisor is 1. The condition on the greatest common divisor is equivalent to the statement
that the complement of the semigroup in N consists of finitely many elements. In this classical definition,
the multiplicity of the numerical semigroup is recognized as the smallest non-zero number in the semigroup.
To study numerical semigroups, other submonoids of N appear without the condition on greatest common
divisors. It is also observed that a numerical semigroup divided by its multiplicity naturally occurs in the
study of the tangent cones of the numerical semigroups [8,9]. We will see that numerical semigroups in the
following broader sense give rise to many flat numerical semigroup algebras.

Definition 2.1 (numerical semigroup). A numerical semigroup is a monoid generated by finitely many positive
rational numbers.

Let S be a numerical semigroup. The numerical semigroup ring R := x[u®] in the variable u consists
of power series )
notation x[u] for R, the numerical semigroup ring comes with a choice of variable u. We denote S = log,, R.

asu® with as € k. An element u® € R is called a monomial of R. Note that, in the

We shall allow ourself to multiply S by a positive rational number ¢ and study the numerical semigroup
ring x[v*S]. Easily tracked from the relation u = v?, two rings x[u®] and x[v*°] are essentially the same.
If a numerical semigroup S is generated by s1, ..., s,, we also write the numerical semigroup ring x[u®] in
terms of the chosen variable u as x[u®', ..., u®"].

Let S and S’ be numerical semigroups. For a positive rational number ¢ satisfying ¢S C S’, the numerical
semigroup ring R’ = x[v®'] has an algebra structure over R = x[u’] through the relation u = v*. We
denote the algebra by R’'/R and call it a numerical semigroup algebra with R as its coefficient ring. Note
that there are different ways to embed R into R’. By scaling the semigroups, we may work in the situation
where R and R’ share the same variable u. For such a situation, we say R'/R is a numerical semigroup
algebra in the variable u. If S’ is generated by S together with rational numbers s1, ..., s,, the numerical
semigroup ring R’ is also denoted by R[u®] or R[u®,..., u*"] to indicate its R-algebra structure. In this
paper, the notation R[u®',...,u*"] will always mean a numerical semigroup algebra with the numerical
semigroup ring R as its coefficient ring.

The classical study of numerical semigroup rings fits in our relative situation by choosing Noether nor-
malizations. More precisely, for a numerical semigroup ring x[u], we take an element s € S and obtain a
Noether normalization x[u®] of x[u®]. The numerical semigroup ring x[u®] is Cohen-Macaulay, Gorenstein
or complete intersection if and only if the algebra x[u®]/x[u®] has the same property [10].

Apéry numbers are among the most important tools to study numerical semigroups. The notion can be
extended to the relative situation.

Definition 2.2 (Apéry monomial). For a numerical semigroup algebra R’/R, a monomial p of R’ is called an
Apéry monomial if, whenever there are monomials p; of R and py of R’ such that p1ps = p, then p; = 1.

In other words, a monomial is Apéry if it is not divisible by any non-trivial coefficient. We denote the
set of Apéry monomials of R'/R by Apr(R'/R).

Example 2.3. Apr(x[u?®, u’]/k[uf]) = {u® u?,u® ud ul® u'3}.
Example 2.4. Apr(x[u?, u’]/k[ub, u®]) = {u u3 u® ul®}.

Apéry numbers are the logarithmic form of Apéry monomials. Let R’/ R be a numerical semigroup algebra
in the variable u. Let S' = log, R’ and S = log,, R. Then an element s € S’ such that u® € Apr(R'/R)
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is called an Apéry number of S’ with respect to S. In the classical case, recall that an Apéry number of
a numerical semigroup S’ with respect to an element m € S’ is defined to be an element s € S’ such
that s —m ¢ S’. In our terminology, these numbers are exactly Apéry numbers of S’ with respect to the
numerical semigroup mN.

For a numerical semigroup algebra R'/R, an Apéry monomial p not equal to 1 is called a minimal
monomial if, whenever there are monomials p; and py of R’ such that p1ps = p, then one of p; and py has
to be p. In other words, minimal monomials of a numerical semigroup algebra are minimal elements among
non-trivial Apéry monomials with respect to the partial order given by divisions. Let u®!,...,u® be the
minimal monomials of R'/R, then R’ = R[u®,... , u"].

The following two notions are central in the computational aspect of numerical semigroup algebras.

Definition 2.5 (representation). Let R'/R be a numerical semigroup algebra in the variable u. A represen-
tation of a monomial u® of R'/R is an expression u® = u**u®, where u®® € R and u” € Apr(R'/R).

Definition 2.6 (factorization). Let R'/R be a numerical semigroup algebra in the variable u. Let u®', ... u®"
be the minimal monomials of R'/R. An expression u® = u®(u®)? ... (u’" )% for a monomial u® of R/,
where u® € R and a; € N, is called a factorization of u®.

Note that representations and factorizations always exist for monomials in a numerical semigroup algebra.
3. Flatness

Flatness is a homological notion for modules. It also has a characterization in terms of relations. Roughly
speaking, a module is flat if all its module relations come from the relations of the underlying ring. See [11,
Theorem 7.6] for the precise statement. For a finitely generated module over a Noetherian local ring, free
and flat are equivalent properties. To emphasize the computational aspect of numerical semigroup algebras,
we interpret this fact again as in [10] using the flatness criterion by relations.

Lemma 3.1. A numerical semigroup algebra is flat if and only if every monomial has a unique representation.

Proof. If every monomial has a unique representation, the numerical semigroup algebra is free and thus
flat. Assume that the algebra x[uS']/k[u®] is flat. Consider two different representations u‘'u®! = u2u®2,
where ut, u'2 are coefficients and u**, u"? are Apéry. Assume that t; < to. Applying [11, Theorem 7.6] for

the flat algebra, there are elements f;; € x[u®] and g; € x[u®'] such that

u fi; —ufy; =0, (1)
firg1 + -+ fingn = u", (2)

where ¢ = 1,2 and 1 < j < n for some n. From (1), we see that the constant term of fi; vanishes for each j.
Since u”! is an Apéry monomial, this implies that the coefficient of fi191 + -+ + fingn at u** vanishes,
contradicting (2). O

In particular, Apéry monomials form an R-module basis of a flat numerical semigroup algebra over R.

Example 3.2. The algebra x[u]/x[u?, u®] has two Apéry monomials u® and u. The algebra is not flat, since

2

u® has different representations u?u and u?u®.

Example 3.3. The algebra x[u?, u®]/x[u?] has two Apéry monomials u® and u3. All monomials with even
exponents belong to the coefficient ring x[u?], and all monomials in x[u?,u®] with odd exponents are
uniquely represented as u?*u? for some integer ¢t > 0. By Lemma 3.1, the algebra is flat.
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Example 3.4. The algebra x[u'?, u* u'® u?®]/k[u'?, u'®] has four Apéry monomials u®, u*, u?® u?®. Since

the difference of any two distinct elements in {0, 14, 35,49} is not the difference of any two elements in the
numerical semigroup (12, 16), any monomial of the algebra has a unique representation. The algebra is flat
by Lemma 3.1.

Example 3.3 is part of a general phenomenon in the classical case. If the coefficients of a numerical
semigroup algebra provide a Noether normalization, then the algebra is flat [10, Corollary 2.2]. Example 3.4
is a general phenomenon about gluing. Let S and T be numerical semigroups generated by integers, g € S
and p € T be relatively prime numbers. Recall that the numerical semigroup pS + ¢T is called a gluing of S
and T, if p and g are not in the minimal set of generators of T and S, respectively. The algebra x[u?3+47]
over k[uP®] or over k[u?T] is flat [10, Proposition 2.9]. See Example 3.6 for another flat numerical semigroup
algebra beyond these general phenomena.

In this section, we provide two more criteria for flatness: A criterion counts Apéry monomials and another
is expressed in terms of the set

Ag(8") = {a1 — az |u®,u® € Apr(s[u®]/s[u’]) and a; > as}
for numerical semigroups S C 5’.

Proposition 3.5. Let x[u’’]/x[u’] be a numerical semigroup algebra, where S’ and S are subsets of N with
greatest common divisors d' and d respectively. There are at least d/d' Apéry monomials. The following
conditions are equivalent.

e The algebra is flat.
e The algebra has d/d’ Apéry monomials.
e Ag(S)N(d/d)Z C S.

In particular, if the algebra is flat, then S = 5" N (d/d)Z.

Proof. Dividing every number in S’ by d’, we may assume that d’ = 1. With this assumption, there exists an
Apéry number in each congruence class modulo d. So totally there are at least d Apéry monomials. If there
are exactly d Apéry monomials, each congruence class consists of exactly one Apéry monomial. Consider
two representations u®'u®! = u®2u%2, where u®', u®? are coefficients and u**,u*? are Apéry. Since s; and
so are both divisible by d, the exponents w; and ws are in the same congruence class. Hence u** = u"2. In
other words, every monomial has a unique representation. By Lemma 3.1, the algebra is flat. If there are
more than d Apéry monomials, two different Apéry numbers w; and ws are in the same congruence class.
Say wi > we. Choose s; and sg in S large enough so that w; — ws = sg — s1. Then we have two different
representations u®?u®! = u*2u"? for a monomial. Consequently, the algebra is not flat.

The inclusion Ag(S’) NdZ C S is just another way to state that each congruence class contains exactly
one Apéry number. The condition that there is only one Apéry number congruent to 0 modulo d can be
stated as S’ N dZ = S, which is therefore a necessary condition for flatness. O

Example 3.6. For u = v% the algebra s[v% v%]/k[u? u?] is flat, since it has six Apéry monomials
1, vt v v? v13 v17 Note that the numerical semigroup (4,9) can not be written as a gluing of (2,3)
and another numerical semigroup, because the semigroup obtained from such a gluing needs at least three

generators [12, Lemma 9.8].
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For a numerical semigroup algebra R[u®',...,u*"], we may choose m € N such that ms; € log, R for
all i. Therefore R[u®,...,u®"] can be considered as the algebra obtained from R by joining m-th roots of
the monomials u™!,... , u™*" in R. We may apply Proposition 3.5 to the case that only one root is joined.

Corollary 3.7. Assume that log, R C N and has greatest common divisor 1. Assume that s,m € N are
relatively prime. Then the algebra R[[us/m]] is flat if and only if s € log, R.

Proof. The set of Apéry numbers is {0, s/m,2s/m, ..., (t —1)s/m}, where t is the smallest positive integer
satisfying ts/m € log, R. The algebra is flat if and only if there are m Apéry numbers. If the algebra is
flat, then ¢ = m and hence s € log,, R. Conversely, if s € log, R, then t < m. There are at least m Apéry
monomials. Hence ¢ = m and consequently the algebra is flat. O

Let S C N be a numerical semigroup with the greatest common divisor 1. As an application of Corol-
lary 3.7, the algebra x[u®, u®]/k[u®] is not flat for any s € N\ S. See Example 3.2. More generally, for
any numerical semigroup S’ satisfying S C S’ C N, Proposition 3.5 implies that the algebra HHUSI]] /k[u’]
is not flat. If we remove the condition on the greatest common divisor, plenty of flat algebras come out by
adding monomials.

Example 3.8. Let R = x[u?,u®]. Since 3 € log,, R, the algebra R[u?/?] is flat by Corollary 3.7. In terms of

1/2 4 3.

the new variable v = u'/2, we may write R[u®/?] = [v?,v® v3] = x[v*, v

5 146

Example 3.9. Joining the 4-th root of u® and the square roots of u® and u” to x[u®,u’ u’], we obtain

k[v?,v® v7] in terms of the variable v = u'/2. The algebra x[v?, v®,v7]/k[u’, u®, u’] has more than two
Apéry monomials, including three minimal monomials. By Proposition 3.5, the algebra is not flat.

If S’ is generated by S and one more element in Proposition 3.5, the condition S’ NdZ = S is also
sufficient for flatness as stated in Proposition 2.5 in [10]. This is not true in general.

Example 3.10. In the algebra x[u®, u®, u’]/k[u’, u'®, u?'], the monomial u?® has different representations
u'®u® and u'®u®. The algebra is not flat, although (5,8,9) N 3Z = (9, 15,21).

Now, we give a necessary condition for a numerical semigroup algebra to be flat. For an element s in a
numerical semigroup 7', a divisor of s in T is an element ¢t € T such that s — ¢ € T. The terminology is
justified by its exponential counterpart, where u’ divides u® in x[u’]. We call 0 the trivial divisor of s and
any divisor not equal to s a proper divisor.

Proposition 3.11. If a numerical semigroup algebra R[u’,...,u"] is flat, then any two minimal generators
of log, R belonging to T := (s1,...,Sn) have only trivial common divisor in T .

Proof. Let ay,...,an, be the minimal generators of log,, R. Assume that a; € T. We claim that any proper
divisor a) of a; in T is an Apéry number. Write

aj = Zﬁiai + Z%‘Sj (3)

and

ar—ay+ Y s =Y Blai+ Y s

for certain Apéry numbers ) ~;s; and »_v;s;. Then
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ar =Y _(Bi+B)ai+ > _vjs;.

By the criterion of flatness in Lemma 3.1,

> (B + B)ai = a

Since aq, . ..,a,;, are minimal generators, we have 8; + 81 =1 and ; = 3, = 0 for ¢ > 1. Since a1 > af, we
have 1 = 0 from (3). Hence a} is the Apéry number ) v;s;.

For o € Z, we use the notation o™ := a if @ > 0 and o™ := 0 otherwise. To show the proposition, we
assume the contrary that a1, as € T come with a common non-trivial divisor ¢. By joining ¢ to the set {s;},
we may assume ¢t = s1. Then there are expressions a; = Y «;8; and ag = Y as; for positive a; and of. By
flatness, > (o) — a;)Ts; and > (a; — af)Ts; in the expressions

a1 + Z(Oé; — Oél')JrSi =as + Z(Ox, — Oég)jLSi

cannot be both Apéry. Assume that the divisor Y (o} — a;)Ts; of ag is not Apéry. By the claim in the
previous paragraph, the number (o — a1)" can not be less than «. This is impossible since a; > 0. O

For n = 2 in Proposition 3.11, we have more precise information.

Corollary 3.12. Let s; and sz be positive integers satisfying ged(s1,s2) = 1. The following statements are
equivalent for a numerical semigroup algebra R[u®',u®2] satisfying the condition log, R C (s1, $2).

e The algebra R[u®*,u®?] is flat.
e log, R is either principal or is generated by a1s1 and azsy for some positive integers a1 and ay such
that a1 divides so and as divides s1.

Proof. We work on the case that log,, R is not principal. By Proposition 3.11, it is generated by two elements
a181 and asse with only trivial divisor in common. For 0 < r; < a1 and 0 < ry < as, we claim that 151 +7259
is Apéry. Assume the contrary, by changing indices, we may write r1$1 + ro82 = a1s1 + ris1 + r4se. Then
asse = (a1 — 11 +71])s1 + (a2 — ro + ) so implies that s7 is a divisor of ass,. This is impossible. For distinct
pairs (r1,r2) and (r1,75) satisfying 0 < r; < a; and 0 < r} < a;, we claim that ri1s; + 259 # 1) s1 + 7550.
We may assume rq < 71. If 7181 + 7982 = 7181 + r)sa, then asss = (r] — r1)s1 + (a2 — ro + 75)se implies
that sq is a divisor of asss. This is impossible. Therefore there are aias Apéry numbers. By Proposition 3.5,
the R-algebra R[u®',u®?] is flat if and only if ged(aisi,azs2) = aiaz, equivalently a; divides sp and asg
divides s1. O

Example 3.13. The algebra x[u?, u*]/x[u’, u'?] is not flat by Corollary 3.12. The algebra has Apéry mono-
mials 1,u?, u*, ub, u” u® ul® u'l u'®. While gcd(9,12) = 3, one sees that the algebra is not flat also by

counting Apéry monomials.
4. Rectangles

In this section, we denote by u®',...,u*" the minimal monomials of a numerical semigroup algebra R'/R
in the variable u.

Definition 4.1 (rectangle). The set of the Apéry monomials of the algebra R’/R is called a rectangle of size
b1 X -+ x B, if the following conditions hold.
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« All Apéry monomials can be factored uniquely as (u!)% - (u®») where 0 < £; < f3;.
e All monomials (u®t)% ... (u) with 0 < ¢; < B; are Apéry.

A numerical semigroup algebra is rectangular if the set of its Apéry monomials forms a rectangle.
As seen in the next example, the condition of uniqueness is essential in the definition of rectangles.

Example 4.2. The algebra x[ul*, u?!,u?2,u®¥]/k[u??] is flat with 22 Apéry monomials. Since 22 # B; x
B2 x B3 for integers B; > 1, the algebra is not rectangular. Note that the set of Apéry monomials can be
described as {1,u'?, u?®, u*?} x {1,u?',u*?} x {1,u®¥}. However this set is not a rectangle, because u*?

and u”® have different expressions.
A rectangle of Apéry monomials may have different sizes.

Example 4.3. The algebra x[u?, u®]/k[u'?] is rectangular. Its set of Apéry monomials can be described as
a 4 x 3 rectangle {1,u3,u® u%} x {1,u?,u*} or a 2 x 6 rectangle {1,u?} x {1,u? u, u® ud u'’}.

A numerical semigroup algebra obtained by joining one root of a monomial is always rectangular, but
it may not be flat, see Example 3.2. We are mainly interested in flat rectangular algebras. Since a rect-
angular algebra has a unique maximal Apéry monomial, flat rectangular algebras are Gorenstein by [10,
Proposition 3.1]. Here is another non-flat rectangular algebra:

Example 4.4. The algebra x[u'*, u?!, u?2 u®¥]/k[u'?, u??] is not flat, since u?3! has two representations
(ut)15u?! = (u?2)%u33. The algebra is rectangular and the set of its Apéry monomials is {1, u?'} x {1,u3?}.

Certain flat numerical semigroup algebras are always rectangular. See the proof of Corollary 3.12.

Proposition 4.5. Let R be a numerical semigroup ring which is not a power series ring. A flat algebra
R[u®t,u®?] satisfying log, R C (s1,s2) C N and ged(s1,s2) = 1 is rectangular.

Free numerical semigroups [2] (not to be confused with the notion of free algebras given by numerical
semigroups) provide examples of rectangular algebras in the classical case: Assume that R = k[u®]. Let S
be the semigroup minimally generated by sg, s1, ..., S,. Assume that S is free in the sense that its Apéry
numbers with respect to soN can be listed as > ; A;s; for 0 < \; < ¢; after rearranging the indices, where
¢; = min{h € N|hs; € (so,...,8,—1)}. By [12, Proposition 9.15], there are ¢1¢s - ¢, Apéry monomials.
So the algebra k[u®, ..., u*]/k[u®"] is rectangular.

The notions of a-rectangular, S-rectangular and y-rectangular Apéry sets for numerical semigroups also
provide rectangular algebras. Indeed, there are strict implications

a-rectangular = (-rectangular = ~-rectangular = free

for numerical semigroups [5, Theorem 2.13]. In particular, if S has an a-rectangular Apéry set, then the
algebra x[u®]/k[u®] is rectangular for some s € S. However, the converse is not true. For instance, the
semigroup (5, 6,9) does not have y-rectangular Apéry set (hence not S-rectangular nor a-rectangular), but
k[u®,u’ u’)/k[u’] is a rectangular algebra with the set {1,u’} x {1,u’, u'®} of Apéry monomials.

Given a numerical semigroup S, the properties of Cohen—Macaulay, Gorenstein and complete intersection
of the algebra x[u®]/k[u®] are independent of the choice of an element s € S. This is not the case for
rectangular algebras.

Please cite this article in press as: I-C. Huang, R. Jafari, Factorizations in numerical semigroup algebras, J. Pure Appl. Algebra
(2018), https://doi.org/10.1016/j.jpaa.2018.09.010




JPAA:5991

I-C. Huang, R. Jafari / Journal of Pure and Applied Algebra sss (seee) eoo—ses 9

4. u® of k[u?, u®]/k[u’] do not form a rectangle. An algebra

with only one minimal monomial, for instance x[u?, u®]/x[u?], is always rectangular.

Example 4.6. The Apéry monomials 1,u?, u?, u

If the set of Apéry monomials of R'/R form a rectangle of size 1 X -+ X 3, every monomial can be
factored as uf(u®1)® ... (u*" )% where u* € R and 0 < ¢; < j3; for all i. Such a factorization is unique if
and only if the algebra is flat. Under the flatness assumption, there is a unique factorization

usiﬁi — ut (u81)5i1 . (usn)ﬁm

such that 0 < 3;; < B; for all j. Note that 38; = 0 in the above factorization. Let Y be the variables
Y1,...,Y, and Z be the shorthand of Z1, ..., Z,, where Z, := YZMYI_B“ .- Y =Pt In terms of the matrix

B =Pz - =P
—Ba1 B2 o —Pon
logy Z := . . . . ) (4)
_Bnl 76n2 e Bn
we have a relation
S1 tl
S2 to
logvZ | . | =1 . |- (5)
Sn ty

Example 4.7. In the algebra x[u®?, u3®, u38, u?t, u*® u°%] /k[u?, u*®], the squares of minimal monomials are
not Apéry. So all Apéry monomials are in the set {0, u3%} x {0, u?8} x {0, u**} x {0, u®6}. Since ged(32,48) =
16, this set consists of all the 16 Apéry monomials. Therefore the algebra is flat with a rectangle of size
2 x 2 x 2 x 2. Relation (5) becomes

2 -1 0 0 35 32
0 2 -1 0 38| _ 32
0 O 2 -1 44 | — 32
0 0 0 2 56 2 x 32+ 48

If logy Z is invertible, we call the rectangle non-singular. In such a case, every monomial in Y can be
written uniquely as Zil -+ Ztn with rational exponents iy, . . ., 4,. In other words, row vectors of logy Z form
a basis for the vector space Q™. If furthermore all entries of the inverse of logy, Z are non-negative, every
monomial in Y can be written as Zi - .. Zi» with non-negative rational exponents. This statement can be
also expressed in terms of vectors of exponents: If a vector in Q™ sits in the first orthant with respect to
the standard basis, then the vector also sits in the first orthant with respect to the basis given by the row
vectors of logy Z.

Lemma 4.8. Let

B =Pz - —PBin
B —Bo1 B2 o =P

be a matriz of real numbers satisfying the property that 8; > Bi; > 0 for all i and j. If Bis; > Zj# Bijsj
for certain positive numbers si,...,s, and for all i, then det B and all the entries of the adjoint of B are
non-negative.
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Proof. We use induction on the size n of the matrix to prove the lemma. For n = 1,2, the lemma is clearly
true. To work on the case n > 2, we assume that the lemma holds for matrices of size less than n.

Deleting the i-th row and the j-th column from B, we obtain a matrix B;; whose determinant multiplied
by (—1)**7 is an entry of the adjoint of B. Note that B; still satisfies the conditions of the lemma. By the
induction hypothesis, det B;; > 0. If ¢ < j, we first perform j — 2 operations of switching rows so that the
(j — 1)-th row of B;; becomes the first row and other rows of B;; keep the order; then we perform i — 1
operations of switching columns on the new matrix obtained so that i-th column becomes the first column
and other columns keep the order. After these 7 4 j — 3 operations, B;; becomes a matrix Bz{j satisfying the
following conditions.

o The first row consists of {—fj¢}rz;.

o The first column consists of {—0¢; }e;.

» Replacing the entry —f;; at the upper left corner of Bzfj by (;, the matrix B;; obtained satisfies the
condition of the lemma.

If i« > j, we perform j — 1 operations of switching rows and i — 2 operations of switching columns. After
i+ j — 3 operations of switching rows and columns, B;; also becomes a matrix B;; satisfying the above three
conditions. Now we compute det B;; using Laplace expansion on the first row. The first row of adj(B;;)
is the same as that of adj(B;}). By the induction hypothesis, the entries of the first row of adj(B;}) are
non-negative. Since the first row of Bj; consists of {—3;s}s;, Laplace expansion shows det B;; < 0. Taking
the negative signs from switching rows and columns into account, det BZ'-j = (—1)"J=3 det B;;. Hence the
entry (—1)"7 det B;; of adj(B) is non-negative.

To prove det B > 0, we may replace B by the matrix obtained by multiplying the i-th column by s; for
all 7. In other words, we may assume that s; = --- = s, = 1. Now, adding all other columns to the first
column of B, we obtain a matrix whose entries in the first column are all non-negative. To compute the
determinant of the new matrix, we use Laplace expansion on the first column. Since all entries of adj(B)
are non-negative, det B > 0 as well. O

Theorem 4.9. A flat numerical semigroup algebra R'/R is a complete intersection, if its Apéry monomials
form a non-singular rectangle.

Proof. Let 31 x---xf, be the size of the non-singular rectangle. Consider the local R-algebra homomorphism
#: R[Y1,...,Y,] — R’, where Y; maps to u® for 1 < ¢ < n. The restriction 7: R[Y1,...,Y,] = R’ of # is
surjective. Since ker 7 is generated by ker 7, it suffices to show that ker 7 is generated by n elements.

We claim that f; := YZBZ —ut Yf“ - YPtn generate ker 7, where ut* € R and 0 < fB¢; < 3; for all i. Let Y
and Z be as in (4). Since logy Z is invertible, we may associate a non-negative number to a monomial Y =
Y/t Y, Let (ji,...,jn) € Q" be the vector given by (ji,...,jn)logy Z = (i1,...,i,). By Lemma 4.8,
all j, are non-negative. We define

|log Yi|| :=j1 + -+ + jn.
If iy > [, for some £, we replace the factor Yf‘ of Y by utlYf“ .Y, Pen resulting u**Y'/Z,. Then
Y - uYZ, = fY )Y e (fry . )

In the logarithmic form, the operation subtracts the ¢-th row of logy Z from the vector i := (i1,...,1,).
Hence

[og(uY?/Zp)|| = |[log Y| — 1.
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After finitely many such operations, every monomial Yfl -+ Y,in can be changed so that the condition i, < 3¢

is satisfied for each ¢. Applying these operations, every element of R[Y7,...,Y,] can be written as the sum
of an element of (f1,..., f,) and an R-linear combination of monomials Y;* - --Y,i» satisfying i, < 8. By
flatness and the rectangular property, f1,..., f, generate kerw. O

If S is a free numerical semigroup, we can find a minimal generator s such that the Apéry monomials of
x[u®]/k[u®] form a non-singular rectangle. The next example is observed already in [14, Lemma 3].

Example 4.10. Let a be an odd positive integer. With relations

2 -1 0 0 0 2"+ a 2m
0o 2 -1 0 O 2" 4+ 2a A
0 O 2 0 O 2" +4a 2™
0 0 0 2 —1| |20 4272 o
0 0 0 0 2 ) \anian-1g 2 (a + 2)
the flat rectangular algebra x[u?", u2"+2 ... u2"+2" 2] /x[u2"] is a complete intersection.

Let S and T be numerical semigroups generated by integers. If x[u®]/x[u?] and x[u?]/x[u?] are rect-
angular for some relatively prime numbers p € S and ¢ € T, then x[u?+?7]/k[uP?] is rectangular. Indeed,

Apr(k[u?StT] /k[uP]) =
{utwitrwz |yt € Apr(k[u®]/k[uP]) and u*? € Apr(s[u?]/x[u?])}.

See [10] and also [12, Proposition 9.11] for the case of gluing. Given rectangles of x[u®]/x[u?] and
£[u”]/k[u?] with matrices logy, Z; and logy, Zs, the algebra x[u?®™P7]/k[uP?] has a rectangle with
the matrix

o logY Z1 0
logy Z = ( 0 logy, Z ) °

Clearly, logy Z is invertible if and only if logy, Z; and logy, Z2 are invertible. In the absolute case, the
existence of rectangles depends on the choice of a Noether normalization. It is possible that [u?+P7] /k[u"]
is not rectangular for any r € ¢S +pT', even though x[u®]/x[u®] and x[u?]/k[u’] are rectangular for some
seSandteT.

Example 4.11. Let S = (2,3) and T = (3,4). The algebras x[u®]/x[u'?] and x[u?]/x[u?*] have rectan-
gles {1,u?, u*} x {1,u?,ub v’} and {1,u*, u®} x {1,u? ub u? u'2,ul® u'® u?'} respectively. To see that
k[u™$*+5T] /k[u"] is not rectangular for any r € 78 + 5T, we observe the relation 14 + 21 = 15 + 20 in
7S + 5T = (14,21,15,20). If r € {14,15,20,21}, the product of two minimal monomials is not Apéry. If
r ¢ {14,15,20,21}, the product of two minimal monomials equals the product of the other two minimal
monomials. Both cases can not happen for a rectangle.

To provide more examples, we present a class of flat rectangular algebras.
Proposition 4.12. Let a, b and 4 be integers with greatest common divisor 1. Assume that u® and u® are the

minimal monomials of the algebra k[u*, u®, u’]/k[u*]. Then the algebra is rectangular if and only if one of
a orb is even.
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Proof. If the algebra is rectangular, then its Apéry monomials are 1,u® u® and u®t?. Assume a < b. Since
u® and u® are minimal, the monomial u?? is not Apéry. So 2a = 4r + sb for some non-negative integers r
and s. Then s < 1. If s =0, then a = 2r is even. If s = 1, then b is even.

a-+b

Now assume conversely that the algebra is not rectangular. Then u is not an Apéry monomial.

Otherwise, the Apéry monomials form the rectangle {1,u®} x {1,u’}. So a +b = 4r + sa + tb for some
non-negative integers r,s,t. As u® and u® are minimal, we have s =t = 0. So a + b is even. Since a and b
can not be both even, they have to be both odd. O

Next section will provide a partial answer to the following questions.

Questions 4.13. Is every flat rectangular algebra a complete intersection? Assume that the Apéry monomials
of a flat numerical semigroup algebra form a rectangle. Is the rectangle always non-singular?

5. Algebras with few minimal monomials

In this section, we work on a rectangle of size $1 x - -+ x (3, of a flat numerical semigroup algebra R'/R

for the cases n = 2,3,4. Let u®',...,u*" be minimal monomials of R’'/R. We use the notation
S1 tl
S9 tz
logyZ | . | =1 .
Sn ln

as in (5), where Z, = /v, P ... Y, P and u* € R.
Consider the case n = 2. From
81 —Pi2 51y _ (t
—Ba1 Ba S2 ty )’

(Br — P21)s1 + (B2 — Pr2)s2 = t1 + ta.

we have a relation

If the numbers 32; and Bi2 were both non-zero, the coefficient u****2 would become the Apéry monomial
ulPr=F2)s14(B2=F12)s2  Therefore the matrix logy Z is triangular for n = 2. The main result of this section
is the case n = 3.

Theorem 5.1. For a flat rectangular algebra R[u®',u®?,u®s], the matriz logy Z is triangular after a suitable
permutation of indices. In particular it is non-singular.

Proof. Our proof consists of three steps: (1) 8;;8;; = 0 for all ¢ # j. (2) t; > 0 for some 3. (3) B;; = Bir, =0
for some {4, j,k} = {1,2,3}. Then we can change indices to that 31 = 32 = 0. With S12021 = 0, we may
change indices again so that furthermore 37 = 0. After these changes of indices, the matrix logy Z becomes
upper triangular.

Step 1. We show first that §;;8;; = 0 for all i # j. If not, say 512821 # 0, we claim that the conditions
Bi = Bji + Br: on columns would hold for all {7, j,k} = {1,2,3}. From

B =Pz —Pi3 51 i
<521 B2 523) <82> = (b),
—B31 =B B3 S3 t3
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we have a relation

(B1 = B21)s1 + (B2 — Br2)s2 = (B2s + P13)ss + (t1 + t2).

The Apéry monomial ulP1=F21)s1y(F2=F12)s2 is divisible by the coefficient u****2. Hence t; = ty = 0. If
Bos + P13 < B3, we would have two different factorizations

ulBr—B21)s1,(B2—Pra)s2 _ ;(B23+P13)s3

of a monomial in the rectangle. Hence 0 < (3 + 813 — 83 < B3 and we have another relation

(B1 — B21)s1 + (B2 — Bi2)s2 = Ba151 + Ba2sa + (Bas + Biz — B3)s3 + t3.
The Apéry monomial ulf1=F21)s1y(F2=F12)s2 is divisible by the coefficient u'3. Hence t3 = 0 and

ulBr=Ba1)s14(Ba—Pr2)s2 _ 1Bs151 1832524 (B23+B13—Ps)s3

Monomials in the rectangle are distinct. Hence the column conditions 8; = §;; + B hold for all {i,7,k} =
{1,2,3}.

To get a contradiction from B12821 # 0, we work on elements of the form 3;s; + B;isk, where {7, j, k} =
{1,2,3}. By the column conditions, we have

Bisi + Bjksk = (Bji + Bri)si + Bjrsk = Bjs; + Brisi-
Therefore f5;s; + B Sk represents the same number for any {7, j, k} = {1, 2,3}. Write
ulisinfivsr = ytu®sig®is gk,
where 0 < a; < 8, 0 < o < B, 0 < ap < Bi and ut € R. If o; > 0, the Apéry monomial ulBi—ei)siyBinse
is divisible by the coefficient u’. Then ¢ = 0 and we would have two different factorizations
ulBi—i)si yBiksk — 1585 ¥k 5k
of a monomial in the rectangle. Hence «; vanishes, and so do a; and ai. Now 8;s; + Bjksr = t. By a

similar argument, we have f3;s; + fi;s; = t' € log, R. For i = 3, we obtain a contradiction by two different
representations

ul ufrzs2 = gty

Step 2. Since (12021 = 0, we may assume 12 = 0 by changing indices. If 813 = 0, then detlogy Z =
B18283 — B1832023 > 0. If B13 # 0, then B33 = 0 and detlogy, Z can be computed according to vanishing
of B32: If furthermore f32 = 0, then detlogy Z = £18283 — 2181203 > 0. Otherwise, 32 # 0 implies that
Bas = 0 and detlogy Z = 518203 — P21F32813 > 0. In any cases, det logy Z > 0. Therefore

B1s1 — Pras2 — Bizss  —Bi2 —Pis
—P2151 + Basa — Pazss P2 —Pas| = sydetlogy Z > 0.
—B3151 — Ba2s2 + 353 —Ba2 B3

Recall that the entries of the adjoint of logy, Z are all non-negative. Hence t; = 8;5; — 3555 — Birsk > 0 for
some {i,j,k} = {1,2,3}.
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Step 3. Provided that B;;s; + Biksk = Bisi —t; > 0 for all {i,5,k} = {1,2,3}, we want to get a
contradiction. After changing indices, we may assume that t3 > 0 and 21 = 0. Let a1 be a positive integer

in log, R. Then a := a;s1 € log, R. We choose the largest element sy € log, R such that there exists a
factorization

uOt — uSo (u51 )al (uSQ )a2 (u83 )CLg

satisfying the condition sy < a. Write a; = n10; + af, where n; € Nand 0 < af < 1. Let a}, := as +n1012
and af := a3 + n1f13. Then we have another factorization

u® = yotnity (usl)a'l (uSQ)a’Q (us;;)aé.

Since (81282 + B1383 > 0, the condition sg + n1t; < « still holds. By the maximality of sg, the number n,t;
has to vanish. Write a% = naf + ay, where ng € N and 0 < af < 5. Let af’ := a¥ +nofa3. Since we assume
B21 = 0, we have one more factorization

"

u® = uso+n2t2 (usl)a/l <u52)a’2’(u33)a3 )

The condition sy + naote < « still holds from the assumption £2181 + P23s3 > 0. By the maximality of sq

again, the number natg has to vanish. We claim that af’ < 83. Otherwise, we would have a factorization

u® = usotts (uS1 )a/l +0831 (usz )a;’+632 (uss )afv,”—ﬁ%
contradicting the maximality of sg, since we assume (3181 + 3282 > 0 and t3 > 0. As an element in the
rectangle, the monomial (us)% (u®2)% (u%)% is Apéry. Now we have different representations u®u® and
ufouisitazsatag’ss of @ This can not happen in a flat algebra. O

Corollary 5.2. A flat rectangular algebra R[u®',u®2,u®3] is complete intersection.

Example 5.3. In the flat algebra x[u'6, u?* u®' u*6 u*]/k[u'®, u?!], the set of the Apéry monomials is a
rectangle of size 2 x 2 x 2 with the relation

2 -1 0 31 16
0 2 -1 46 | = 2x24 .
0 O 2 44 4 %16+ 24

We define logy, Z only for flat rectangular algebras. The following algebra is not flat. The corresponding

The matrix logy- Z is triangular.

3 x 3 matrix is singular.

18

Example 5.4. The Apéry monomials of the algebra x[u®,u®, u”]/k[u'”, u'?] are 1, u?, u'®, u?! and u® for

5 < s < 16. They form a rectangle of size 4 x 2 x 2 with the relation

52 6)-()

Using a result of Bresinsky [3], we have the following result for an algebra with 4 minimal monomials.

Theorem 5.5. Let u®',u®2, u®, u* be the minimal monomials of a rectangular algebra R'/R. If R = k[u®]
for some s in the semigroup generated by s1, S2, S3, S4, then R'/R is complete intersection.
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Proof. We may assume that sq, s, s3, s4 are integers with the greatest common divisor 1. In the rectangle
of size 81 X P X B3 X B4, we have relations

Bisi = Bijsj + Birsk + Busi + Ais

for {i,7,k,1} = {1,2,3,4}, where A; € N. Since flat rectangular algebras are Gorenstein, the semigroup
(81, 82, 3, 84) is symmetric. If the algebra is not complete intersection, then [3, Theorem 3] says

() () = (u)* ()™

for some 0 < o; < ¢;, where ¢; = min{n|0 < ns; € (s;;j # 4)}. Since monomials in the rectangle are
distinct, a; > B; for some i. Say a1 > (1. Then 51 < ¢;. Write s = nys; 4+ ngss + n3ss + ngsy, where
ni,ng,n3,ng € N. Then

(B1 — n1A1)s1 = (Biz + neAi)se + (Bi3 + ngAi)ss + (B1a + nadi)sq.

By the minimality of ¢;, the non-negative number 81 — niA; has to vanish. Therefore f12 = 13 = f14a =
nod1 = nzA = ngdp = 0 and A1s = 5157 = niA1s1. Consequently, Ay > 0 and s = nys;. The monomial
(u)* = uMf(u*)* = s not Apéry, nor is (u®2)?2(u®t) = (u®!)®*(u*®)*s. Therefore a; > f3; for
i =2 or 4. Say ag > P2. Then 2 < ¢g and Aas = Pase by the same argument as above. Now the relation
B282 = Agnqisy contradicts the minimality of c;. O
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