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1. Introduction

The main goal of this article is to investigate the relationship between the module categories of Leavitt
path algebras and the module categories of path algebras, and give a criterion for the existence of a nonzero
finite dimensional module over Leavitt path algebras.

Even though we work with finitely separated digraphs and non-separated row-finite digraphs, to keep
the discussion less technical we will restrict attention to non-separated finite digraphs in this introduction.
Before describing the contents of each section below we provide some context, background and motivation.

Leavitt [25] defined L(1,n) as the F-algebra generated by Xo, X1, -+, X,,—1, Yo, Y1,---, Y1 subject
to the relations Y;X; = d;; for 0 < ¢, j < mn and XYy + XqY7 +--- 4+ X,,1Y—1 = 1 where 0 is the
Kronecker delta. He proved that L(1,n) is a simple algebra and L(1,n) = L(1,n)" but L(1,n) % L(1,n)’
for j =2,--- ,n— 1. The algebra L(1,n) is the Leavitt path algebra of R,, the rose with n petals:
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The Leavitt path algebra L(T") of a di(rected)graph I" was defined (many decades after Leavitt’s seminal
work, via a detour through functional analysis) by Abrams, Aranda Pino [3] and by Ara, Moreno, Pardo
[16] (independently and essentially simultaneously) as an algebraic analog of a graph C*-algebra. It is a
universal (Cohn) localization of the path algebra FT' of the digraph I' [13, Corollary 4.2]. The excellent
survey [1] is the definitive reference for the history and development of Leavitt path algebras. We will give
the precise definition of L(T") in the next section.

A major theme in the theory of Leavitt path algebras is to establish a dictionary between the graph
theoretic properties of I' and the algebraic structure of L(I') (see [1], [2] and their references). In particular,
in strictly ascending order of generality, for a finite digraph I' it is known that:

(i) L(T") has DCC (Descending Chain Condition) on right (or left) ideals [4, Theorem 2.6] if and only if T’
is acyclic (that is, T has no directed cycles) if and only if L(T') is von Neumann regular [10, Theorem
1] if and only if L(T") is finite dimensional if and only if L(I") is isomorphic to a direct sum of matrix
algebras (over the ground field F) [5, Corollaries 3.6 and 3.7].

(if) L(T") has ACC (Ascending Chain Condition) on right (or left) ideals [4, Theorem 3.8] if and only if the
cycles of T' have no exits if and only if L(T') is locally finite dimensional (i.e., a graded algebra with
each homogeneous summand being finite dimensional) if and only if L(I") is a principal ideal ring [8,
Proposition 17] in which case L(T") is isomorphic to a direct sum of matrix algebras over F and/or
matrix algebras over [z, 27!] (the Laurent polynomial algebra) [6, Theorems 3.8 and 3.10].

(iif) L(T') has finite GK (Gelfand-Kirillov) dimension, equivalently L(I") has polynomial growth if and only
if the cycles in T" are mutually disjoint [11, Theorem 5] if and only if all simple L(I")-modules are finitely
presented [17, Theorem 4.5].

In fact (i) and (ii) are special cases of (iii): T is acyclic if and only if the GK dimension of L(T') is 0.
The digraph I has a cycle but the cycles of T have no exits if and only if the GK dimension of L(T") is
1. The first instance of L(T") with GK dimension > 1 is given by the Toeplitz digraph

)

I: e — e ([22], [12], see Example 5.6 below).

We can add the following to this list:

(iv) L(T") has a nonzero finite dimensional quotient if and only if I" has a sink or a cycle such that there is
no path from any other cycle to it (Theorem 6.5) if and only if L(I") has UGN (Unbounded Generating
Number) [9, Theorem 3.16] if and only if L(I") @ L(T') is not a quotient of L(I') (Corollary 6.7).

Our Corollary 6.9 states: If L(T") has finite Gelfand-Kirillov dimension then L(T") has a nonzero finite
dimensional quotient and if L(T") has a nonzero finite dimensional quotient then L(I") has IBN. Neither
of these implications is reversible.

Here is a summary of the contents of the rest of this paper: We review the relevant definitions and basic
facts in the next section. In section 3, we work in the category of unital modules over the Leavitt path
algebra of a finitely separated digraph I'. After observing that this category is equivalent to a subcategory
of the category of quiver representations of I' (Proposition 3.2) we illustrate this point of view with several
propositions and examples in sections 3 and 5, providing new proofs of slight extensions of some basic results.
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(Such as Propositions 3.4 and 3.7 below.) Also, in Example 5.6 we give a short proof of the non-splitting
theorem in [12].

In section 3 we also give a necessary and sufficient criterion for the existence of a nonzero finite dimensional
quotient in terms of dimension functions (Corollary 3.9). While this criterion is still difficult to check in the
generality of separated digraphs, in the non-separated case it is equivalent to the existence of a sink or a
cycle to which only finitely many vertices can connect but no other cycle.

In section 4 we collect a few definitions and facts needed later. We also reinterpret the criterion for the
existence of a nonzero finite dimensional representation in terms of the nonstable K-theory of the Leavitt
path algebra.

From section 5 on we focus on non-separated digraphs. Now finitely separated is the same as row-finite,
that is, no vertex may emit infinitely many arrows. We give an explicit graded projective resolution of L(T")
as an F'-module in Fact 5.2. The rest of this section is mostly about slight extensions of important examples
of L(T")-modules and their properties considered from our viewpoint.

In section 6 we determine all possible finite dimensional quotients of L(I") for a row-finite digraph I':
Any finite dimensional quotient of L(I') is isomorphic to @M, (Bx) where the sum is over maximal sinks
and maximal cycles with finitely many predecessors in I' and ny is the number of paths in I' terminating
at the relevant sink or at a chosen vertex on the relevant cycle. The cyclic algebra By, is F[z]/(Px(x)) with
P,(0) = 1. If k corresponds to a sink then By = F if this sink is in the support of M, otherwise By = 0
(Theorem 6.2). Theorem 6.5 states that L(I") has a nonzero finite dimensional quotient if and only if T" has a
maximal sink or a maximal cycle. This criterion (for a finite I") is equivalent to the one given in [9, Theorem
3.16] for L(T") to have UGN. In Corollary 6.7 we give a short proof of a generalization: For a Leavitt path
algebra not having UGN is equivalent to L(I') @ L(T") being a quotient of L(T") (Corollary 6.7).

Section 7 is about the relationship of the module categories Mpr and M,y of the path algebra FI' and
the Leavitt path algebra L(I'). We know from Proposition 3.2 that 9ty is (essentially) a full subcategory
of Mpr. In fact L(T) is a retract (or a summand) of Mpr via the functor _ @pr L(I") by Theorem 3.3.
We can also realize 9,y as a localization/quotient of Mpr. We identify the relevant Serre subcategory
ﬁr‘ and show that Mpr/ ﬁp is equivalent to 9y ) (Theorem 7.10). The proof uses a new realization of
M ® L(T) as a direct limit. The fact that L(T') is a flat FT-module is also relevant. This was proven in [13]
for a finite I', we give a short proof using the direct limit model for M ® L(I") in Lemma 7.3.

2. Preliminaries

A di(rected)graph T is a four-tuple (V, E, s,t) where V is the set of vertices, F is the set of arrows, s and
t: E — V are the source and the target functions. The digraph I' is finite if E and V are both finite. T is
row-finite if s71(v) is finite for all v in V. Given V' C V the induced subgraph on V' is T := (V' E’, &', t')
with B/ := s~ 1 (V) Nt~ 1 (V') ; s’ := s|g ; t' := t|pr. A subgraph is full if it is the induced subgraph on its
vertices.

A vertex v in V is a sink if s71(v) = 0; it is a source if t7}(v) = (). An isolated vertex is both a source
and a sink. If ¢(e) = s(e) then e is a loop. A path of length n > 0 is a sequence p = e;...e, such that
t(e;) = s(e;q1) for i = 1,...,n — 1. The source of p is s(p) := s(e1) and the target of p is t(p) := t(en). A
path p of length O consists of a single vertex v where s(p) := v and t(p) := v. We will denote the length
of p by i(p). A path C = ejez---e, with n > 0 is a cycle if s(C) = t(C) and s(e;) # s(e;) for i # j. An
arrow e € E is an ezit of the cycle C = ejes - - - e, if there is an ¢ such that s(e) = s(e;) but e # e;. The
digraph I' is acyclic if it has no cycles. An infinite path is an infinite sequence of arrows ejeses - -+ such that
t(er) = s(egs1) for k=1,2,3,---.

Remark 2.1. A digraph is also called an “oriented graph” in graph theory, a “diagram” in topology and
category theory, a “quiver” in representation theory, usually just a “graph” in C*-algebras and Leavitt
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path algebras. The notation above for a digraph is standard in graph theory. However Q = (Qo, Q1, s, t)
is more common in quiver representations while E = (E°, E',s,r) is mostly used in graph C*-algebras
and in Leavitt path algebras. We prefer the graph theory notation which involves two more letters but
no subscripts or superscripts. As in quiver representations we view I' as a small category, so “arrow” is
preferable to “edge”, similarly for “target” versus “range”.

There is a preorder defined on the set of sinks and cycles in I': we say that a cycle C' connects to a sink
w denoted by C' ~» w if there is a path from C to w. Similarly C' ~ D if there is a path from the cycle C to
the cycle D. This is a partial order if and only if the cycles in I" are mutually disjoint. A cycle is minimal
with respect to ~ if and only if it has no exit (sinks are always minimal). A cycle C' is maximal if no other
cycle connects to C' (in particular, a maximal cycle is disjoint from all other cycles). A sink w is maximal
if there is no cycle C which connects to w.

Given a digraph T, the extended digraph of T is T := (V,EU E* s,t) where E* := {e* | e € E} and the
functions s and ¢ are extended as s(e*) := t(e), t(e*) := s(e) for all e € E. Thus the dual arrow e* has the
opposite orientation of e. We want to extend * to an operator defined on all paths of I': Let v* := v for all
vinV, (e*)* :=efor all e in E and p* := e ...e} for a path p =e;...e, with e1,...,e, in EUE*. In
particular * is an involution, i.e., **x = id.

A separated digraph is a pair (I',II) where I' = (V, E, s,t) is a digraph and II is a partition of E finer than
{s7'(v) :v €V with s7!(v) # 0}. That is, if e and f are in X € II then s(e) = s(f). Hence the induced
source function s : II — V is well-defined. We will also denote by X the function E — II assigning to each
arrow e the unique part X € II containing e.

If TV = (V/,E') is a subgraph of the separated digraph T" then I is also a separated digraph with the
separation I := {X NFE'| X €1, X N E' # 0}. A separated digraph is finitely separated if X is finite for
all X in IT. Clearly, a subgraph of a finitely separated digraph is also finitely separated. For a non-separated
digraph finitely separated is the same as row-finite, that is, s~!(v) is finite for every vertex v.

The Leavitt path algebra of a separated digraph (I',II) with coefficients in the field F, as defined in [14],
is the F-algebra Ly (T, IT) generated by V U E Ll E* satisfying:

(V) vw = by v for all v,w e V,

(E) s(e)e=e=ct(e) for alle € ELUE*,
(SCK1) e*f = b, t(e) foralle, f € X and all X €1I,
(SCK2) s(X) = > .cxee” for every finite X € IT

where ¢ is the Kronecker delta.

We will usually suppress the subscript F when we denote our algebras. When T" or II are clear from the
context we may also omit these from our notation. We will also abbreviate s(e), t(e) and s(X) etc., as se,
te and sX to reduce notational clutter.

The relations (V) simply state that the vertices are mutually orthogonal idempotents. If we only impose
the relations (V) and (F) then we obtain FT, the path (or quiver) algebra of the extended digraph I': The
paths in T form a vector space basis of FI, the product pg of two paths p and ¢ is their concatenation if
tp = sq and 0 otherwise. We get the Cohn path algebra C(T,II) of the separated digraph (I",1I) when we
impose the relations (SCK1) in addition to (V) and (F). Hence L(T',II) is a quotient of C(I",II), which is
a quotient of FT'. The abbreviation SCK stands for Separated Cuntz-Krieger.

Note that Ly (T") is not a quotient of the polynomial algebra in the noncommuting variables V U E U E*
because we need to consider the algebra of polynomials without a constant term. In particular, when T is
a single vertex v with no arrows then Ly (T') = Fv 2 F not F & Fv (similarly for the path algebra and also
for the Cohn path algebra).
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The algebras FT', FT, C(T,1I) and L(T,II) have 1 if and only if V is finite, in which case the sum of all
the vertices is the unit: It is clear that ) _,, v = 1 when V is finite. For the converse, a given element in
any these algebras is a finite linear combination of paths in T' and we can pick v € V which is not the source
of any of these paths if V' is infinite. Now left multiplication by v gives zero, so there is no unit element in
any of these algebras, since Proposition 3.7 below shows that v # 0 in L(T,II) for every v € V, hence also
in C(T,1II).

When the vertex set V is infinite, L does not have 1 but L has local units: a commuting set of idempotents
Q such that for all a,b in the ring there is a w in ) with wa = a = aw and wb =b = bw. In L, as well as in
FT and C(T,II), we may take {2 to be all finite sums of vertices. We call a ring homomorphism ¢ : R — S
unital if R has a set of local units  with ¢(2) being a set of local units in S. With this definition the
natural homomorphisms between FT', C(T',II) and L are all unital.

When the ring has a 1 this definition of a unital ring homomorphism is equivalent to ¢(1) = 1 in S:
If R has 1 then there is a w € Q with 1 = wl = w € Q, hence 1 € Q. If ¢ is unital then there is w € Q
with ¢(w) = 1 since 1 € p(w). Now ¢(1) = p(1)1 = ¢(1)w = ¢(w) = 1. Hence our definition of a unital
ring homomorphism implies the standard definition when R and S have 1. For the converse we may take
Q={1}.

If an algebra A does not have 1 then the ideal I generated by U C A is FU + AU + UA 4+ AUA, in
general. If A has local units then this simplifies to I = AU A.

There is a Z-grading on FT'" and all the other algebras above given by |v| = 0 for v in V, |e| = 1 and
|e*| = —1 for e in E. This defines a grading on all our algebras since all the relations are homogeneous. The
linear extension of * on paths induces a grade-reversing involutive anti-automorphism (i.e., |a*| = —|a| and
(af)* = f*a*). Hence these algebras are Z-graded x-algebras and the (graded) categories of left modules
and right modules for any of these algebras are equivalent.

More generally, we may consider G-gradings on L(T',II) for any group G, with V U E being homogeneous.

Lemma 2.2. If G is a group and || is a G-grading on L(T',II) such that all vertices v in V and all arrows e

in E are homogeneous then all e* in E* are also homogeneous with |e*| = |e|~*.

Proof. We see that [v|= 1 for all v in V since v?

=wv.Lete* =" e, where e is the homogeneous component
of e* of grade g. Hence eje = 0 if g # |e| ™! since e*e = te and |te| = 1. Similarly, if e € X then e} f =0
for e # f € X. Thus e;sX = e Zfex ffr=0ifg#le|~t. Also e;v = 0if v # sX = se because e*v = 0.

Since efv = 0 for all v € V when g # |e[~" we see that e* is homogeneous and |e*| = [e|~!. W

Consequently, any function from E to G defines a unique G-grading on L(I",II) with |v| =1 for allv € V
and |e*| = |e| ™! since the relations (CK1) and (CK2) are homogeneous. A morphism (or a refinement) from
a G-grading to an H-grading on the algebra A is given by a group homomorphism ¢ : G — H such that
for all h € H, Aj, = @y(9)=nAg where Ay := {a € A : |a|g = g} U {0}. There is a universal G-grading on
L(T,1I) and C(T',II) which is a refinement of all others:

Proposition 2.3. Let G := Fg be the free group on the set of arrows. The G-grading defined by |v|g = 1
and |e|g = e is an initial (universal) object in the category of G-gradings of FT' or L(I',II) or C(T',II) with
V U E being homogeneous.

Proof. For any H-grading let ¢ : G — H be the homomorphism given by ¢(e) = |e|gz. W
Combined with the existence of certain representations of L(T', IT) defined in the next section this universal

grading is useful in showing that some elements of L(I',II) are nonzero (or linearly independent) as in
Proposition 3.7 below.
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When IT = {s7*(v) |v € V,s7*(v) # 0}, we say that I' is not separated, C(T',II) is denoted by C(I)
and called the Cohn path algebra of T. Similarly L(T',II) is denoted by L(T") and called the Leavitt path
algebra of T. Also the conditions (SCK1) and (SCK2) are denoted by (CK1) and (CK2) respectively [3],
[16]. Since e*f = e*(se)(sf)f by (E), using (V') the relation (SCK1) is shortened to: (CK1) e*f = o, ste
foralle, f € F.

A subset H of V is hereditary if for any path p, sp € H implies that tp € H [3]; H is I-saturated if {te :
e € X} C H for some (finite) X € II implies that sX € H [14]. If I is an ideal of L(T',II) and p is a path in T
with sp € I then tp = p*p = p*(sp)p € I, alsoif {te:e € X} C I then sX =) _yee* =3  e(te)e* €1,
so I NV is hereditary and Il-saturated. We have a Galois connection between the subsets of V' and the
ideals of L(I',II) given by S + (S) and I — I NV which gives a bijection between hereditary saturated
subsets of V' and graded ideals of L(I") when T' is a (non-separated) row-finite digraph [16, Theorem 5.3].

3. Quiver representations and L(T, IT)-modules

We will work in the category 9, of unital (right) modules over L := Ly (T, II). However L has a 1 if and
only if the vertex set V is finite. Even if V is infinite, we define a unital L-module as a module M with the
property that ML = M, i.e., for any m in M we can find Ay, A2, ..., A\, in L and mq, mo, ..., m, in M so that
m = miA\1+maAa+- - -+mpA,. This condition is equivalent to the standard definition of unital (when L has a
1) since ml = (miA1+mado+- - +mpA,)l = miA 1+madol+ - +mp A1 = miAi+modo+- - +mp A, = m.
The category of unital modules is an abelian category with sums since it is closed under taking quotients,
submodules, extensions, (arbitrary) sums (but not infinite products: if V is infinite then the L-module LY
is not unital).

We will need the following consequence of (SCK1) and (SCK2):

Lemma 3.1. Let T be a finitely separated digraph and M be a right L-module. Then (tie)eex : MsX —
@eexMte for all X € II is an isomorphism (of vector spaces), where pe is right multiplication by e.
Moreover, if M is unital then M = @®,cv Mv (as a vector space) and MsX = ®.cx Mee*.

Proof. To see that the inverse of (fte)ecx 1S [fler]eex @ Peex Mte — MsX given by (me), .y [fter]eex =
Y ecx Mee™ we check their compositions:

(me)eeX[/‘e*]eeX(Nf)feX = (Z mee*)(:“f)feX = (Z mee*f)feX = (mf)fgx
ecX ecX

where the last equality uses the relation e* f = 6. ¢tf and my(tf) = my since my € Mtf. Also form € MsX
we get

m(ue)eeX[Me*]eeX = (me)eex[ue*}eeX = Z mee’ = msX = m.
ecX

When M is unital for any m in M we have m = >} mypay = 23:1 mgvj for some vertices vi,--- ,v; €
V. Hence M = ) ., Mv. This sum is direct: For any finite set A of vertices with v ¢ A if m € Mv N
> wea Mw then m = muv (since m € Mv) but mv = 0 (since wv = 0 for each w € A). Thus Mv N
Y wer Mw = 0.

MsX =3 cx Mee* since sX =3 yee*. If e # fin X then ee*ff* = e(e*f)f* = 0. Also ee*ee* =
ee*. That is, MsX = GecxMee*. R

Consequently, the linear transformation defined by right multiplication with any e in E from Mse to
Mte is onto. Hence right multiplication with any path p from Msp to Mtp is also onto. Similarly, right
multiplication with p* is injective.
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We want to view the category 9y as a subcategory of 9Mpr, the category of unital modules over the
path algebra FI', or equivalently, the category of quiver representations of I'. The category of quiver repre-
sentations of I is the category of functors from the path category of the digraph I' (whose objects are the
vertices V' and the morphisms are the paths in T') to the category of F-vector spaces. A morphism of quiver
representations is a natural transformation between two such functors. That is, a quiver representation p
assigns a (possibly infinite dimensional) vector space p(v) to each vertex v and a linear transformation
p(e) : p(se) — p(te) to each arrow e. A morphism of quiver representations ¢ : p — o is a family of linear

plse) Y plte)
transformations {¢, : p(v) — o(v) }yev such that Ve € E the diagram o, | 1 ot commutes [20].
o(se) ot o(te)

In Proposition 3.2 below the hypothesis on I' of being finitely separated may be removed (even in the
generality of Cohn-Leavitt path algebras of separated digraphs as defined in [14]) at the cost of complicating
condition (T). We will not pursue this generality here.

Proposition 3.2. If I' = (V, E,s,t,1I) is a finitely separated digraph then the category My, is equivalent to
the full subcategory of quiver representations p of I' satisfying:

Forall X eI, (p(e))ecx : p(sX) — @ p(te) is an isomorphism. )
ecX

Similarly, the full subcategory of graded quiver representations (with respect to the standard Z-grading where
the grade of a path is its length) satisfying (I) is equivalent to the category of graded unital L-modules (with
respect to the standard Z-grading).

Proof. Given a right L-module M we define a quiver representation pps as follows: pp(v) = Mwv and

pu(e) : Mse — Mte is defined by m(se)par(e) := m(se)e = me(te). By the first part of Lemma 3.1 (I) is

satisfied. If ¢ : M — N is an L-module homomorphism then ¢, is the linear transformation making the
pv(v) = Mv— M

diagram ) J} ¢ commutative. This defines a homomorphism of quiver representations, i.e.,
pnv(v) = Nv— N

Py (€)pte = wsepn (€) because right multiplication by e commutes with .

Given a quiver representation p we define (underlying vector space of) the corresponding module M, =
@ycvp(v). To define L-module structure we will use the projections p, : @yevp(w) — p(v), the inclusions
Ly 1 p(V) — Byevp(w) for v € V and the projections p. : Grex,p(tf) — p(te), the inclusions ¢ : p(te) —
@rex,p(tf). Now, let mv := mp,t,, me := mpsep(€)ie, me* := mpteLe(p(f));elXeLsX. It is routine (albeit
tedious) to check that the defining relations of L are satisfied.

Now let’s check that the constructions above yield equivalences of categories. M,,,, := ®yevMv = M
by Lemma 3.1, as vector spaces. It is easy to check that the L-module structures also match. Also, given a
module homomorphism ¢ : M — N, we have ¢ = Gyev @y : BvevMv — Byey Nv. For the composition
in the other order ps, (v) := Myv := ( Bwev p(w))v = p(v) and p(e) = pu,(€) : Myse — Mpte because
the diagram

M,se = p(se) it M, = Byevp(w)
ple) | b psep(€)ite
Myte = p(te) < M, = Buwevp(w)

commutes. Finally, for any homomorphism {¢, : p(v) — O’(U)}vev from p to o, the v-component of
Bwevpw IS @u 1 pu, (V) = p(v) — o, (v) = o(v).
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For the graded version the proof is essentially the same as above. Note that the morphisms (p(e))ecx :
p(sX) — € p(te) for all X € II of condition (I) necessarily have grade +1, i.e., a homogeneous element
ec X

of grade n is sent to a homogeneous element of grade n +1. M

The argument above almost proves the stronger statement that 9, is isomorphic to the subcategory of
quiver representations of T" satisfying the condition (I). The only issue is the difference between internal and
external direct sums. In fact, we can obtain an isomorphism of categories if we work in a graded category
where each subspace Mv of the L-module M, v € V, is a homogeneous summand. There is no need for such
an artifice since equivalence of categories is sufficient for our purposes.

L = @& vL where the sum is over v € V and each vL is a cyclic projective L-module. The vector space
Mv = Hom*(vL, M) is actually a module over the corner algebra vLv = End”(vL).

My is not only a full subcategory of Mpr but also a quotient, in fact, a retract of Mpr.

Theorem 3.3. The composition of the forgetful functor from My v my to Myr with _ @pp L(T',IT) from Mpr
to My is naturally equivalent to the identity functor on My m)-

Proof. We first check that both the forgetful functor and _ ®pr L(I',II) send unital modules to unital
modules. If M is a unital L(T",II)-module then M = @,cy Mv by Lemma 3.1. Since V' C FI", M is also
unital as an FT-module. If M is a unital L(T", II)-module then (M @ L(T", 1)) L(T',II) = M & L(I', II) because
L(T,1I) is unital as an L(T, IT)-module.

The L(T',II)-module homomorphism M ®pr L(I',1I) — M where m ® o — ma defines a natural
transformation from the composition of the forgetful functor with _ ®pr L(I',II) to the identity functor
when M is an L(T", IT)-module. To see that this is an isomorphism we define its inverse M — M Qg L(T", II)
as m — > m ® v where the sum is over V,,, := {v € V|mv # 0}. This sum is finite since M is unital. If
u ¢ Vi, then m ® u = 0, hence the sum > m ® v may be taken over any finite subset of V' containing V.

To see that this is L(T",II)-linear it is enough to check the action of the generators V U E U E*. For
all w € V and all m € M we have ) _mu®v = m®@u = (3. m ® v)u because V is a set of orthogonal
idempotents. For all e € E and all m € M we have > _me®v =me®te =m®e = (>, m ® v)e because
ve # 0 iff v = se. For all e* € E* and all m € M we have > me* ® v =me*®s€:me*®zfexff* =
Sme*f R f*=m(te) @e* =m@e* = (Y. mewv)e* using (SCK2) and (SCK1) where e € X € Pi.

The composition m ~— > m @ v + 3. mv = m by Lemma 3.1. Since M = @Mwv and Path(T) spans
L(T,1I), elements of the form m ® v with m € Mv generate M ® L(I',II) as an L(T',II)-module. For such
elements m @ v — mv — mv ® v = m ® v. That is, the other composition is also identity. W

My is a categorical localization of the quiver representations of I'. This is related to the fact that the
algebra L is a universal localization of the path algebra FI', when I' is non-separated this is Corollary 4.2 of
[13]. Recall that the universal localization £ 1A of an algebra A with respect to a set ¥ = {0 : P, — Q, }
of homomorphisms between finitely generated projective A-modules, is an initial object among algebra
homomorphisms f : A — B such that o ® id : P, ® 4 B — 0, ® 4 B is an isomorphism for every o in X.

Proposition 3.4. If " is a finitely separated digraph then L(I',II) is the universal localization of FI' with
respect to {ox : ecx (te)FT — (sX)FT | X € II} where ox ((ae)eex) =D cx €de-

Proof. For any v € V the cyclic (right) module vFT" is projective since v is an idempotent. For all X in II,
ox ®idr,m is an isomorphism with inverse (e*-)ccx where e*- denotes left multiplication by e*. When
f : FT — B is an algebra homomorphism f(v)? = f(v) and vFI' @pr B = f(v)B via a ® b — f(a)b
and b — v ® b (note that FT' and B need not be unital). If f : FI' — B is an algebra homomorphism

-1
such that ox ® idp is an isomorphism for all X in IT then the composition f(sX)B = (sX)FI' ®pr B —



A. Kog, M. Ozaydwn / Journal of Pure and Applied Algebra 224 (2020) 1297-1319 1305

(@ (te’)]FF) @rr B = @f(te')B £ f(te)B is uniquely and completely determined by the image of f(sX),

which we call f(e*). Now f(v) := f(v) for all v in V, f(e) := f(e) for all e in F LI E* defines the unique
homomorphism f : L(I",II) — B factoring f through FI' — L(I',1I). W

With the quiver representation viewpoint there is no need to mention the generators {e* : e € E}
explicitly, they are implicit in the condition (I). Theorem 3.2 also enables us to construct concrete models
for L-modules and homomorphisms between them as illustrated in the following applications.

Proposition 3.5. Let I' be a finitely separated digraph. If d : V. — N U {oo} satisfies d(sX) = > .y d(te)
for all X in I then there is an L-module M with dim® (Mv) = d(v).

Proof. Let the quiver representation p be given by p(v) := F¥") if d(v) < oo and p(v) := F®) otherwise. We
can find isomorphisms 0x : p(sX) — @eexp(te) for all X in IT by the hypothesis on d. Let p(e) := Oxpre
for all e in E. Condition (I) is satisfied by construction and the corresponding L-module M of Theorem 3.2
has dim® (Mv) = dimF p(v) = d(v). W

Corollary 3.6. There is an L-module M with Mv = F®MN) for all v in V. Hence p and p* are nonzero in L
for every path p of T.

Proof. The existence of an L-module M with Mv = F®) for all v in V is given by Proposition 3.5. Right
multiplication by p is onto from Msp to Mtp = F®N) by Lemma 3.1. Hence every path p in L is nonzero.
Since * is an involution p* also is nonzero. M

The next proposition shows that the natural algebra homomorphism from FI' to L(T",II) is injective.
(For a non-separated digraph this is Lemma 1.6 of [21].) Thus we may regard the path algebra FI" as a
subalgebra of the Leavitt path algebra L. This is still true when IT" is not finitely separated and it follows
from Theorem 2.7 in [14], a more general result giving an F-basis for a Cohn-Leavitt path algebra. Below
we provide a different (short) proof.

Proposition 3.7. If T' is a finitely separated digraph then the homomorphism from the path algebra FT to the
Leavitt path algebra L is injective.

Proof. Let Fg be the free group on E (the arrow set of I'). We can define F-gradings on FI" and L by
|v] =1forallv € V,|e| = e and |e*| = e~ ! for all e € E (since all the relations are homogeneous this grading
is well-defined). The homomorphism FT' — L is graded so its kernel is a graded ideal. Any homogeneous
element of FI' is either a scalar multiple of some path p of positive length or a linear combination of
vertices. By Proposition 3.5 there is an L-module M with dim(Mv) = oo for every v in V. Vertices of T
are orthogonal idempotents of L defining projections on M with infinite dimensional images, so a linear
combination of vertices will be zero in L if and only if it is trivial. Also, Lemma 3.1 implies that the linear
transformation given by right multiplication with p of positive length from M sp to Mtp is onto, hence p # 0
in L. Therefore the kernel of FI' — L is trivial. W

Lemma 1.6 of [21] actually states that the set of all paths and all dual paths {p} U {p*} is linearly
independent in L for a non-separated digraph I'. The proof above yields this stronger statement for a
finitely separated I' since all elements of {p} U {p*} are nonzero (by Corollary 3.6) homogeneous and they
have different grades. Theorem 2.7 in [14] provides an even stronger statement.

Definition 3.8. A dimension function of a finitely separated digraph I' is a function d : V' — N satisfying
d(sX) =) .cxd(te) for all X in II
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If the L-module M is finitary, that is, dim(Mv) < oo for all v in V then Lemma 3.1 shows that
d(v) := dim(Mw) is a dimension function. The converse also holds, that is, every dimension function is
realizable:

Corollary 3.9. If d is a dimension function for T' then there exists an L-module M with dim(Mv) = d(v).
Hence L has a nonzero finite dimensional module if and only if I has a nonzero dimension function of finite
support.

Proof. This is the special case of Proposition 3.5 with d : V — N. By Lemma 3.1, dim(M) =
> wev dim(Mv), hence d(v) = dim(Mwv) has finite support if M is finite dimensional. M

If M is a nonzero finite dimensional L-module then the image of L in End® M is (isomorphic to) a nonzero
finite dimensional quotient of L. Conversely a nonzero finite dimensional quotient is also a (nonzero finite
dimensional) L-module. Thus the corollary above gives a necessary and sufficient condition for the existence
of nonzero finite dimensional quotient. When I' is a (non-separated) row-finite digraph we determine all
possible finite dimensional quotients of L(T") in Theorem 6.2 of Section 6.

4. Support subgraphs and the monoid of a finitely separated digraph

In this section we reinterpret the criterion for the existence of a nonzero finite dimensional representation
in terms of the nonstable K-theory of L(I") := Ly (T',II). First we will need a few definitions.

A subgraph IV = (V', E’) of T' = (V, E) is called cohereditary when for all e in E if te € V' then se also
is in V’. A subgraph I" of the separated digraph T is colorful for any X in IT if sX € V'’ then X N E’ # (.
If M is a right L(T')-module then the support subgraph of M, denoted by T'y, is the induced subgraph of
Fon Vy :={veV|Mv#0}.

The subgraph IV = (V'  E’) is cohereditary if and only if V' \ V' is a hereditary subset of V. When I"
is full then I' is colorful if and only if V' \ V’ is Il-saturated as defined in [14]. Our focus is more on the
support subgraph rather than the ideal Ip; generated by V' \ Viy = {v € V| Mv = 0}, so we work with
cohereditary and colorful instead of hereditary and Il-saturated.

Lemma 4.1. The following are equivalent for a subgraph A of a (finitely separated) digraph T':

(i) A =Ty, the support subgraph of a unital L(T')-module M.
(ii) A is a full, cohereditary and colorful subgraph.
(i) If A= (V',E') then

v veV’ e eekFl o ) e eeF
H(U)_{O vV’ 0(6)_{0 e¢ FE'; 9(6)_{

defines an onto algebra homomorphism 0 : L(T') — L(A).

Proof. (i) = (it): T'ps is a induced subgraph hence full. If te is in T'ps then 0 # Mte = Me*e C Me = M (se)e,
so Mse # 0, that is, se is also in I'yy and I'py is cohereditary. If sX is in I'y; then 0 # MsX =7 Mte
implies that there is an e in X with Mte # 0. Thus e is in I',, and I'ss is colorful.

(44) = (791): We need to check that @ preserves the defining relations of L(I"). No hypothesis is necessary
to see that the path algebra relations are satisfied. For e, f in X if e # f then e*f = 0 in L(A) as well as in
L(T"). To see that e*e = te is preserved we need A to be cohereditary and full. (If e € E’ then te € V' and
e*e = te holds in L(A) also. If te € V’ then se € V' since A is cohereditary. So e € E’ since A is full. Again
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e*e = te holds in L(A). Otherwise e*e = 0 = te in L(A).) Finally, if sX € V’ then X N E’ # 0 since A is
colorful. The image of sX = _y ee* under 0 is sX =)y €e”, a defining relation of L(A).

(#1) = (i): Given a subgraph A = (V', E’) so that 6 : L(I') — L(A) defines an algebra epimorphism,
let M := L(A) =2 L(I")/Kerf. Now v € V' if and only if 6(v) # 0 and Mv = L(A)v # 0. Hence the vertex
set of T'ps is V7. But A is full (if te € V’/ then 0 # 0(te) = 0(e*)0(e),so e € E') hence ')y = A. A

Proposition 4.2. If M is a unital L(T')-module then M also has the structure of a unital L(T pr)-module (where
Tpr is the support subgraph of M ) inducing the L(T') structure via the epimorphism 6 : L(T') — L(Tpy).
Hence Kerf C AnnM .

Proof. Let pps be the quiver representation of I' corresponding to M (as in Proposition 3.2). The restriction
of par to Ty satisfies (I) because for all X € Iy,

puley (sX) = MsX == P Mte= @ Mte= @ pulr,(te)
ecX eeXNE eeEXNE)

(since Mte =0 for e € X \ Ejpr). Let M’ be the unital L(I"js)-module corresponding to pas|r,,. Now M’
is also an L(I")-module via 0 : L(I') — L(I'ar). As vector spaces M' = @, oy, Mv = D,y Mv = M by
Lemma 3.1 and since Mv = 0 for v € V' \ Vj;. We can define an L(I'j;)-module structure on M via this
isomorphism. But the action of the generatings v € V', e € E, e* € E* on M and M’ is compatible with
this isomorphism, so M = M’ as an L(I")-modules. Thus the L(I")-module structure of M is induced from
the L(T ps)-module structure via 6. W

As an L(T'ps)-module, M has full support, that is, Mv # 0 for all v € V).
Remark 4.3. If T, is the kernel of 6 : L(T') — L(T'ps) then I, is generated by V\ Vi = {v € V | Mv = 0}.

Proof. Let J be the ideal generated by V \ V. Clearly V' \ Vjy C I, hence we have the projection from
L(T)/J to L(T')/Ins = L(Typs). Conversely, let ¢ : L(T'y) — L(T')/J defined by: ¢(v) = v+ J, ¢(e) =
e+ J, p(e*) = e* + J. The defining relations of L(T'ys), except for (SCK2), are trivially satisfied. If
XNEy #0for X €Tl then Y xnp,, e +J =2 cxee* + J because sX € Vi so e € X \ Eyy if and
only if te ¢ Vis. But ¢ is the inverse of the projection L(T")/J — L(T")/Ip thus Iny =J. N

Definition 4.4. The (additive) monoid S(T") of the finitely separated digraph I is generated by V subject to
the relations:

sX = Zte for all X in II.
ecX

Hence, dimension functions of I' correspond exactly to monoid homomorphisms from S(I') to N (natural
numbers under addition).

S(T") is isomorphic to the monoid V(L(I')) of nonstable K-Theory of L(T"), (that is, isomorphism classes
of finitely generated projective L(I')-module under direct sum). The generator v of S(I') corresponds to the
(right) projective L(T')-module vL(I") [16, Theorem 3.5], [14, Section 4], based on [18]. The corresponding
relations among the isomorphism classes of the cyclic projective modules vL(I") was shown to hold in the
proof of Proposition 3.4. We can now reinterpret the existence of a nonzero finite dimensional representation
in terms of the nonstable K-theory of L(T,II).

Theorem 4.5. L(I',II) has a nonzero finite dimensional representation if and only if T has a finite, full,
cohereditary and colorful subgraph A with a nonzero monoid homomorphism from V(L(A)) to N.
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Proof. L(T',II) has a nonzero finite dimensional representation if and only if T has a nonzero dimension
function of finite support by Corollary 3.9. The support of this dimension function defines a finite, full,
cohereditary and colorful subgraph A and its restriction gives a nonzero dimension function on A (hence, a
nonzero monoid homomorphism from V(L(A)) to N).

Conversely, a nonzero dimension function on A can be extended by 0 to a dimension function on I since

A is cohereditary and colorful. This gives a nonzero dimension function of finite support on I'.  H
5. Leavitt path algebras of non-separated digraphs

Recall that when II = {s7'(v) | v € V,s7!(v) # 0}, we say that I' is not separated. The Leavitt path
algebra L(T,II) and the Cohn path algebra C(T',1I) are denoted by L(T') and C(T"). The conditions (SCK1)
and (SCK2) are denoted by (CK1) and (CK2) respectively [3], [16]. Since e*f = e*(se)(sf)f by (E), using
(V') the relation (SCK1) is shortened to: (CK1) e* f = 0. ste for all e, f € E.

For any arrow e in E we have e*e = te by (CK1). Consequently p*p = t(p) for any path p of T'. Hence
for any two paths p and ¢ of I' if ¢ = pr then p*q = p*pr = r, if p = ¢r then p*q = (¢*p)* = r*.
Using (CK1) we see that p*¢ = 0 unless the path ¢ is an initial segment of the path p (p = ¢r) or p is
an initial segment of ¢ (¢ = pr). Thus the Cohn path algebra C(I') and the Leavitt path algebra L(T)
are spanned by {pg*} where p and ¢ are paths of ' with tp = tq. In fact this is a basis for C(I") which
can be shown by defining an epimorphism from C(T') to a reduced semigroup algebra FS/F{0} where
S = {pq*|p,q € Path(T), tp = tq} U {0} with the multiplication of S defined formally as above. In L(T")
however if F # () then {pq* : tp = tq} is linearly dependent because of (CK2).

Lemma 5.1. Let ' be a row-finite digraph and M an FT'-module. Then

(i) C(I) = SgepatnmFLq".
(ii) FT'g* 2 FT'tq as left FT'-modules.
(iii) M @pr FT'¢* = M Qpr FTtq & Mtq as vector spaces.
(iv) M @pr C(I') = M ®Fr (Bgepatn(r)FI'q") = ©yepatnr)Miq.

Proof. (i) Since an F-basis for C(T') is {pg*|p, ¢ € Path(T'), tp = tq}, therefore C(I') = @F'¢*.

(ii) The isomorphism is given by -¢ and its inverse is -¢*.

(iii) The first isomorphism is a consequence of (ii), and the second is m®a — ma with inverse m — m®tq
for m € Mtq.

(iv) This is a consequence of (i), (ii) and (iii). W

Fact 5.2. The ezact sequence 0 — I — C(I') — L(I') — 0 where I is the ideal of C(T") is a graded (with
respect to any grading of FT with V U E homogeneous), projective resolution of L(T') as a left FT'-module.

Proof. Since a vertex v is an idempotent in FT', hence the left FT'-module FI'v is projective. By Lemma 5.1
(i) and (ii) C(T") = ©gepatnm)FTtq, so C(I') is a projective left FT-module.

When T is finite I is a projective FI'-module because FI" is a hereditary ring. If ' is row-finite then FI"
should still be hereditary, but this fact does not seem to be available in the literature. We will give another
proof which also yields a more concrete description of I as an FI'-module.

All elements of I are of the form Ele Qi(Vi = Y oy, €€°)Bi where ;, B; are in C(I") (because C(T')
has local units). However f*(v — > . _ ee*) =0=(v—>_, _, ee")f forall f € E. Hence I =) FI'(tq —
> ee*)g*, in fact the sum is direct:

Let Y0, a;(tq; — Y ee*)gf = 0 in I where the g¢;s are distinct paths of I', o; in FI'tq; and I(q1) > l(g2) >
-+ >1(gn). When i > 1 either ¢f¢; = 0 or it is in Path(I') \ V. Hence 0 = Y1 | a;(tq; — Y ee*)giq1 =
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ay(tqr — > ee*). The projection of ay(tq — > ee*) in C(T') to the summand FT'tg; is aq, thus a3 = 0.
Similarly we get that «; = 0 also for i = 2,--- | k. Therefore, I = @FT'(tq — > _ ee*)q*.

Since v — Y ee* is an idempotent in C(T") and (@se=,FI'e*) + FI'v is a projective FI-module, FI'(v —
doee™) = (Bse=oFTe*) ®FTW) (v — > ee*) is projective. Hence FI'(tqg — > ee*)g* Z FT'(tq — > ee*) is also
projective. Consequently, I is a projective left FT'-module. The inclusion of I into C(T") and the projection
from C(T") to L(T") are graded homorphisms (with respect to any G-grading such that all elements of VU E
are homogeneous) so 0 — I — C(I') — L(I') — 0 is a graded projective resolution. MW

Example 5.3. When T is the rose with n petals R, let M = p(v) := F®N) and let p(e;) : p(v) — p(v)
be given by (apaias---)p(e;) = (4;Qi4nGitan - ) where e;, i = 0,--- ,n — 1 are the loops of T". Condition
(I) is satisfied, p(e;) are the downsampling maps and this representation of L(R,) in End FN) gives the
realization of L(1,n) mentioned in the introduction.

Example 5.4. Let I' be a row-finite digraph, w a sink in I' and P" the set of all paths ending at w. We will
define the L(T')-module M™ via the corresponding quiver representation p* where p*(v) is the vector space
with basis {p € P* | sp = v} and p™(e) is the linear transformation defined as

w ifp=e
pp(e) == ¢ egez---e, if p=eesesz---ey
0 otherwise.

Grouping the paths from v to w by their first arrow gives Condition (I) since for every nonsink v there is
a bijection between the disjoint union of the given bases of p*(te) over e € s~ (v) and the given basis of

P (v).

P¥ is an F-basis of M® and (the proof of Theorem 3.2 shows that) pe* = ep. Hence the image of pg*
in Endf (M™) with p, ¢ in P¥ is the elementary matrix E,q, thus M™ is simple. The two-sided ideal (w)
of L(T") is spanned by {pg* | p, ¢ in P} which is linearly independent in L(T") since the image set {E,,} is
linearly independent. Therefore (w) = M, (F), the algebra of matrices indexed by P* with only finitely
many nonzero entries where n(w) is the number of paths ending at w.

Mapping p € P™ to p* defines a homomorphism from M™ to wL(T") which is onto: {pg*|sp = w, tp = tq}
spans wL(I"), but w is a sink so p = w = tq and {¢* | tg = w} spans wL(I"). Since M™ is simple and wL(T")
is nonzero by Proposition 3.7, M™ = wL(T") thus M™ is projective. If N is a finite direct sum of {M™} then
dimF (Nu) is the multiplicity of M* for any sink u. Hence there are no relations among the isomorphism
classes of distinct M™. In particular if u # w are sinks then M" 22 M™.

Defining the grade of p in P* to be —I(p) makes M* a graded L(I')-module. Then E,, is a graded
homogeneous linear transformation of degree I(p) — I(q). If for every vertex v in I' there is a path from v
to a sink then we have a monomorphism from L(T) to @EndF (M™) where the sum is over all sinks of T
(because this is a graded homomorphism whose kernel does not contain any vertex).

When T is finite and acyclic then End®(M™) = M, ,)(F) and the homomorphism from L(T) to
© M, () (F) is onto since all the elementary matrices are in its image. Acyclicity of I' and (CK2) yields that
{pq* | tp = tq = sink } spans L(I'). Their images {E,} are linearly independent, so L(I") = ©M,,(y)(F).
Thus M™ are the only simple modules of L(T") and also L(T") is finite dimensional. Conversely, if L(T") is
finite dimensional then I' has finitely many vertices and arrows as these are part of a basis of FT' C L(T').
If T had a cycle C then C* for k =1,2,--- would be linearly independent in FT' C L(T") contradicting fact
that L(T") is finite dimensional. Hence L(T') is finite dimensional if and only if T is finite and acyclic [5,
Corollary 3.6].

The discussion above applies verbatim, proving a generalization to infinite digraphs:
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Proposition 5.5. If I' is row-finite and has no infinite paths then L(I') = @M, (IF) where the sum is over
all sinks. (Here M, ,,)(IF) is the algebra of matrices indexed by P* with only finitely many nonzero entries.)
Also MY Z wL(T) is a graded simple projective module for every sink w.

Example 5.6. An important instance of Example 5.4 is the Toeplitz digraph:

The basis given above of M is {w, f, ef, €?f, ---} which can be identified with N via the length
function. Therefore M™ =2 F®™) as vector spaces where agw + a1 f+asef+--- corresponds to (agaiaz -+ ),
a finite F-sequence. This representation of L(I") also fits the framework of Proposition 3.5 with d(v) = oo
and d(w) = dim M"Y w = dim wL(T)w = 1.

If S and T denote the images of e + f and e* + f* in End F™N) respectively then (ag aj ag ---)S =
(arazas ---)and (agajas ---)T = (0apajaz ---). Wehave: v+w =1, (e+ f)(e*+ f*) =ee*+ ff*=wv,
(e+ flw=f, w(e* + f*) = f* showing that e + f and e* + f* generate L(T).

Since (e* + f*)(e+ f) = e*e+ f*f = v+ w = 1, we have an epimorphism from the Jacobson [22]
algebra F(z,y) :=F(X,Y)/(1-Y X) to L(T") sending z to e+ f and y to e* 4+ f*. Composing this with the
homomorphism from L(I") to End FM) gives a monomorphism as {z™y™ | m, n € N} spans the Jacobson
algebra and their images {S™T™ | m, n € N} are linearly independent. Thus L(I") is isomorphic to the
Jacobson algebra and also the subalgebra of End FN) generated by S and 7.

L(T)/(w) 2 Flz,z~!] since w <+ 1 — xy in the isomorphism between L(I') and F(z,y) above. The short
exact sequence My, (F) = (w) < L(T') — F[z,27!] does not split [12, Theorem 2]: If it were split then
there would be a subalgebra A of End F(N) generated by S 4 a and T + f isomorphic to F[z,2~!] with
z 4+ S+ aand 27! < T + f, for some o and 3 with finite dimensional images. Considering F(N) as a
right A & F[z, 2~ !]-module we see that S + « and T + 3 are inverses of each other. There is a k with
FNa C F* := {aga; -~ | a, = 0 for n > k} and so F¥*(S + a) C F* because F**'S = F*. Thus S + «
has a nontrivial kernel, contradicting that S + « is invertible.

The short exact sequence My (F) = (w) < L(T') — Flz,27!] does not split as L(I')-modules either
since Moo (FF) is not finitely generated. However, the inclusion wL(T') < L(T') does split since v + w = 1,
hence vL(T") & wL(T') = L(T"). By Proposition 3.4, vL(T") 2 vL(T') ¢ wL(T") thus L(T") & wL(T') ¢ L(T) =
(wL(T"))™ @ L(T') for any n € N. Therefore the category of finitely generated L(T")-modules does not have
Krull-Schmidt because wL(T") is simple by Example 5.4, hence indecomposable. (More generally, if I' is a
finite digraph containing a cycle and a path from this cycle to a sink then the category of finitely generated
representations of L(I") does not have Krull-Schmidt.)

When F = C we can replace the vector space of finite C-sequences C™) with the Hilbert space 12 of
square summable sequences. Then S and T = S* above are bounded operators (of norm 1) and the closure
with respect to the operator norm of the #-subalgebra L(I') in the C*-algebra of bounded linear operators
B(I?) generated by S and S* is the classical Toeplitz algebra.

Example 5.7 (Chen modules [19]). L et T be a row-finite digraph, o = ejeges--- an infinite path and [o]
the set of infinite paths 8 = f1fof5--- having the same tail as a (that is, fi+x = entr for all k& in N, for
some m and n). We will define the L(T")-module M“ via the quiver representation p* as follows: p*(v) is
the F-vector space with basis {§ € [a] | s8 = v} and p®(e) is the linear transformation defined as

0 otherwise.

ﬂpa(e) ::{6263~.. ifﬂ:66263,,,
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Grouping the paths starting at v in [a] by their first arrow gives Condition (I). Thus [«] is a basis for M
and the proof of Theorem 3.2 shows that Se* = ef when te = sf and 0 otherwise. Also 8pg* = ¢ if B = py
and 0 otherwise, implying that M is simple.

There are two types of M* depending on whether « is (eventually) periodic (that is, we can find m, n
so that egy, = ex for k > m) or not. When « is not periodic, M* is a graded L(I')-module: the degree
of fifafs--+ is m —n where m and n are the positive integers satisfying f,,+r = en1x for all £ € N. If
« is periodic, picking the n, m above smallest possible with C' := e;,11€m42 - €myn, We get a bijection
between the set of paths P¢ := {p|tp = sC, p does not end with C} and [a] given by p <> pC*>. Via this
identification the image of pC'q* with I € N and p,q € P in End® (M®) is Epyqy.

When I is R, the rose with n petals and a = egegeg - -+ then M above is (isomorphic to) the module
of Example 5.3.

6. Finite dimensional quotients of the Leavitt path algebra of a row-finite digraph

In this section, I' will be a non-separated digraph, that is, IT := {s7'(v) | s~!(v) nonempty}. In the
non-separated context finitely separated means row-finite. Recall that an L(I')-module is of finitary if
dim¥ (Mv) < oo for allv € V. When V is finite, finitary is the same as finite dimensional since M = @,cy Mv
by Lemma 3.1.

Lemma 6.1. If an L(T')-module M is finitary then the cycles of its support subgraph I'jyr have no exits.

Proof. If vq,...,v,, 0,41 = v1 are consecutive vertices in a cycle of I'y; then dim(Mwvy) > dim(Mwvy) > -+ >
dim(Mwv,) > dim(Mwvy) by Lemma 3.1. Hence dim(Muvy) = dim(Muvgy1) for k =1,--- ,n. It follows from
Lemma 3.1 again that Mte =0 for e € s_l(vk) unless te = vi1. Thus cycles of I'y; have no exits. W

Next we characterize all possible finite dimensional quotients of the Leavitt path algebra of a row-finite
digraph as direct sums of matrix algebras over finite dimensional cyclic algebras.

Theorem 6.2. If A is a finite dimensional quotient of the Leavitt path algebra L(T') of a row-finite digraph

I then A= @ M,, (Bx), where each ny is a positive integer, By = F [z]/ (Pr(x)) with Py(x) non-constant
k=1

and P,(0) =1, k=1,2,....m.

Proof. If A = L(I")/I is a finite dimensional quotient of L(I") then A is a unital L(I")-module. Its support
subgraph I"4 is finite by Lemma 3.1 and the cycles of I' 4 have no exits by Lemma 6.1. Let I4 be the ideal
generated by V\Vy ={v € V | L(T')v = Iv} = V NI as in Remark 4.3. We have a homomorphism from
L(T4) = L(I")/I4 onto L(I")/I = A (since 14 is generated by I NV'). So we may replace I with "4, a finite
digraph whose cycles have no exits.

L(T'4) is isomorphic to a direct sum of matrix algebras over F and/or F [az,x_l] by [6, Theorem 3.8
and 3.10] (the number of summands of the form M, (F) is the number of sinks in I'4 and the number of
summands of the form M, (F [z, #7!]) is the number of cycles in I'y) and A = L(I'4)/J. From now on we
will identify L(T"4) with this direct sum of matrix algebras.

Let 7% be the projection from L(I"4) to the k th factor M,,, (F) or M, (F[z,2~!]) and ﬂfj be 7% composed
with the projection to the ij-th entry. Note that multiplying on the left by Ej; and on the right by Ej,, in
the k-th coordinate moves the ij-th entry to the Im-th entry, hence ﬂfj(J) is independent of ij (since J is
an ideal). If Jj, := ﬂfj(J) then Jj, is an ideal of F or F [z,27'] and J = &M, (Ji): We have J C &M, (Ji)
by the definition of the Ji. To see the converse note that &M, (Jx) is generated by Efja with a € Jy where
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Efj denotes the element with E;; in the k-th coordinate and 0 all the others. If oo = ﬂfj (8) with 8 € J then
E}BE}; = Efia, thus Ef;a € J and @M, (J;) C J.

If Jx < F then either J, = F, in which case the corresponding summand does not appear in A, or
Jr = 0 and the summand M, (F) & M,, (By) where By = Flx]/(z — 1). If Ji < F[z,z~!] then either
Ji = Flx, 27 so the corresponding summand does not appear in A, or J; = (Px(z)) and we may assume

k

that Py is non-constant, P, € F[z] and P,(0) = 1 (multiplying with a power of z if necessary). Now
By := Fla]/(Py(z)) = Flz, 27/ (Py(z)) and A = &My, (F[z,271])/Mn, (Jk) = M, (By). ®

As mentioned in the final paragraph of section 2 above, the graded ideals of L(I") when I is a row-finite
digraph are in 1-1 correspondence with hereditary saturated subsets of vertices [16, Theorem 5.3]. This
correspondence is given by sending a graded ideal I to V NI and its inverse sends a hereditary saturated
subset S of V to (9), the (graded) ideal generated by S. In particular, if I is a graded ideal then I = (INV).
Consequently;

Fact 6.3. A graded ideal I of L(T") is nonzero if and only if INV # 0. Hence, a graded homomorphism ¢
from L(T') is one-to-one if and only if p(v) #0 for allv € V.

If a grading is a refinement of another then an ideal graded with respect to the finer grading is clearly
also graded with respect to the other. The converse holds for the universal grading and standard Z-grading,
i.e., an ideal is graded with respect to one if and only if with respect to the other (since I is generated by
I NV which consists of homogeneous elements).

A subset S of V is hereditary if and only if the induced subgraph on its complement V'\ S is cohereditary.
Also S is saturated if and only if the induced subgraph on V'\ S is colorful for a non-separated digraph.
Hence we can add a fourth equivalent condition to Lemma 4.1 (for T' a row-finite digraph): There is a
1-1 correspondence between graded ideals {I} of L(T") and support subgraphs {T'3; = (Var, Ear)} given by
I = (V\Va). Thus, for any ideal I of L(I') the unique maximal graded ideal .J contained in I'is (V\ V(1)
Moreover the modules L(T")/I and L(T')/J have the same support subgraph.

Corollary 6.4. If I is a graded ideal of L(T') with dim(L(T')/I) finite then A := L(T')/I is isomorphic to a
direct sum of matriz algebras over IF.

Proof. When I is graded I = (V'\Vy4) as explained above. There are no cycles in I' 4 because L(T"4) = L(T') /1
is finite dimensional. Hence the only summands of L(T')/I are matrix algebras over F. W

In order to state a necessary and sufficient criterion (in terms of the digraph I') for the existence of a
nonzero finite dimensional quotient of L(I') we need a few definitions. We say v connects to w, denoted
v ~ w, if there is a path p in I" such that sp = v and ¢tp = w. This defines a preorder (reflexive and
transitive relation) on the vertices of I'. If v and w are on a cycle then v ~ w and w ~ v. Let U be the set
of sinks and cycles of I". There is an induced preorder on U, also denoted by ~». (This is a partial order on
U if and only if the cycles of T are disjoint.) A sink or a cycle u € U is mazimal if v’ ~ w only if v/ = u.

The predecessors of v in V is V., :=={w € V | w ~ v}. If u and w are two vertices on a cycle C then
they have the same predecessors, so V. ¢ is well-defined. Let I',, be the induced subgraph on V_,,.

Theorem 6.5. Let T' be a row-finite digraph. L(T') has a nonzero finite dimensional module (equivalently
a monzero finite dimensional quotient) if and only if T' has a maximal sink or cycle with finitely many
predecessors.
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Proof. Having a nonzero finite dimensional quotient is equivalent to having a nonzero finite dimensional
module: Any quotient is also a module and conversely if M is a nonzero finite dimensional L(T')-module
then there is a nonzero homomorphism from L(T") into End(M) whose image is finite dimensional.

If there is a nonzero finite dimensional quotient L(T")/I let M = L(T")/I and A := T, its support
subgraph. A is a finite digraph (Lemma 3.1) whose cycles have no exits (Lemma 6.1). If A has a sink w then
w is also a sink in I" because A is colorful by Lemma 4.1. There is no path from any cycle in I" to w since
this cycle would be a cycle with an exit in A (as A is cohereditary). Hence w is a maximal sink. If there is
no sink then the finite digraph A must have a cycle. This cycle has to be maximal, as above, otherwise A
would have a cycle with an exit. The predecessors of this maximal sink or cycle is contained in A so it is
finite.

Conversely, if I' has a maximal sink or cycle with finitely many predecessors then the induced subgraph
A on this finite set W of predecessors is full, cohereditary and colorful. So L(A) is a quotient of L(T') by

~

Lemma 4.1. Moreover, there is at most one cycle in A which has no exits. Thus L(A) = M, (F) if there is

no cycle or L(A) = M, (F[x,z71]) when there is a cycle (as in the proof of Theorem 6.2 above). In both
cases the finite dimensional algebra M, (F) can be realized as a quotient of L(A) hence also of L(I'). W

Remark 6.6. Theorems 6.2 and 6.5 with some additional work can yield a description of all finite dimensional
indecomposable modules of Leavitt path algebras of (non-separated) row-finite digraphs. However, these are
already classified in Theorems 4.4 and 4.9 of [24] using a different approach. They are as follows.

There are two kinds of finite dimensional indecomposable unital L(I')-modules: If M is of the first kind
then M is completely determined by a maximal sink v with finitely many predecessors. The subspace Mu
for any vertex u has dimension equal to the number of paths from u to v (hence the support of M is the
predecessors of v). The linear transformation given by an arrow e is essentially a projection (corresponding
to the injection from the set of paths te to v to the set of paths se to v by appending e to the beginning of
each path). These indecomposables are simple.

An indecomposable M of the second kind is determined by a maximal cycle C' with finitely many pre-
decessors, an irreducible f(z) € F[z] with f(0) =1 and a positive integer n. Now, Mv = F[z]/(f(z)") for
any vertex v on C'. The linear transformation given by one of the arrows on C corresponds to multiplication
by z, the remaining arrows on C' give the identity transformation (isomorphism type of M is independent
of which arrow corresponds to multiplication by z). For any vertex u, Mu is isomorphic to a direct sum of
copies of Mwv indexed by the paths from u to v, which do not traverse C'. The arrows that are not on the
cycle C give projections, as above. These indecomposables are simple if and only if n = 1.

For a ring R with 1, the UGN (Unbounded Generating Number) property is: if R"™ = R™ @ P as
R-modules then m > n. Equivalently, R does not have UGN if and only if R™*! is a quotient of R™ (up
to isomorphism) for some m. We define the non-UGN type of R to be the smallest such m. For a non-UGN
Leavitt path algebra we prove below Corollary 6.7 that its type is always 1. Corollary 6.7 also provides a
different proof of the characterization of the UGN property for Leavitt path algebras [9, Theorem 3.16].

Clearly, UGN implies IBN. Also the existence of a nonzero finite dimensional quotient implies UGN
(by a dimension count after tensoring with this quotient). The UGN property of L(T") is characterized in
terms of ' in [9, Theorem 3.16] for a finite digraph I". Even though their characterization is expressed quite
differently, it is not difficult to see that it is equivalent to the existence of a maximal sink or a maximal
cycle. L(T") has UGN if and ounly if it is algebraically amenable by [9, Remark 3.17 ]. This is a consequence
of Corollary 5.11 in [15] where the concept of algebraic amenability was introduced.

Corollary 6.7. Let T be a finite digraph. Then T has a mazximal sink or a mazimal cycle if and only if L(T)
has UGN if and only if L(T) is algebraically amenable if and only if L(T') has a nonzero finite dimensional
quotient if and only if L(I") ® L(T") is not isomorphic to a quotient module of L(T").
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Proof. If " has a maximal sink or a maximal cycle then L(T") has a nonzero finite dimensional representation
by Theorem 6.5, hence L(I") has UGN as explained above.

When T' does not a maximal sink or a maximal cycle let U be the set of vertices in I" lying on at least
two cycles and let P = ®uepul(T). Since L(T') = @,eyvvL(T") we see that P is a quotient module of L(T').

Using the isomorphisms uL(T") & @®ge—yteL(I") of Proposition 3.4 repeatedly, for each u € U we can
express uL(I") as a direct sum with at least two of the summands being uwL(I"), since u lies on multiple
cycles. Hence P & P is quotient of P.

If w is a sink then w is a descendant of a cycle since there are no maximal sinks. If v € V' is on a cycle
which meets another cycle then v is a descendant of some v € U. If v is on a cycle which is disjoint from all
other cycles then v is a descendant of a different cycle since there are no maximal cycles. Repeating this if
necessary we get that v is a descendant of some w in U because I' is finite. Thus all sinks and all vertices
on a cycle are descendants of U.

For each v € V all paths starting at v eventually reach a sink or a cycle. Thus using vL(I") & ®ge—pteL(T)
repeatedly we can express vL(T') as a direct sum with summands wL(I") where each w is a descendant of
U. If w is a descendant of v in U then wL(I') is a quotient of uL(I") as above. Hence vL(I') and also
L(T") = @vL(T) are quotients of P* for some k.

Now P is a quotient of L(T'), also P @ P hence P?* are quotients of P and L(T') @ L(T') is a quotient of
P2k Therefore if T' has no maximal sinks or maximal cycles then L(I') @ L(T) is a quotient of L(I'). M

Remark 6.8. For every positive integer m there are infinitely many non isomorphic algebras of non-UGN
type m, namely the Leavitt algebras L(m,n) for all n > m. These algebras can be realized as the corner
algebras wLw of separated Leavitt path algebras L = L(T'y, ) where I'y, ,, is the digraph with two vertices
u, w and m+n arrows from u to w separated into a part of m and another part of n arrows [14, Proposition
2.12 (1)]. Computing the non-stable K-theory monoid V(wLw) gives: (i) Every finitely generated projective
wlLw is free. (ii) All isomorphisms between finitely generated projective wLw-modules are consequences of

k41 s a quotient of (wLw)* if and only if k& > m.

(wLw)™ = (wLw)™. Consequently, (wLw)
Corollary 6.9. We have the following implications for the Leavitt path algebra of a finite digraph, neither
of which is reversible: L(T") has finite Gelfand-Kirillov dimension implies that L(T') has a nonzero finite
dimensional quotient implies that L(T") has IBN.

Proof. If L(T') has finite Gelfand-Kirillov dimension then the cycles in " are disjoint [11, Theorem 5]. Thus
I' must have a maximal sink or a maximal cycle and by Theorem 6.5, L(I') has a nonzero finite dimensional
quotient. If L(T") has a nonzero finite dimensional quotient then L(I") has IBN (since finite dimensional unital
algebras have IBN and if a unital ring does not have IBN then neither does any nonzero homomorphic image
of it).

The examples below show that neither implication is reversible:

Cy ()

®y > Oy

I'y: U

There is no path to the loop at v from any other cycle, hence L(I';) has a nonzero finite dimensional
quotient. But the Gelfand-Kirillov dimension is infinite since the loops at w are not disjoint.
To see that the second implication is not reversible consider the digraph I's below:

(1

.’l) .’LL

ITy: U
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L(T'5) has no nonzero finite dimensional quotient (both cycles and the sink are reachable from another
cycle). But L(I'z) has IBN by the criterion of Kanuni-Ozaydin [23]: The only relation we have is v = 2v+2u,
yielding (1,2). Then L(T'2) has IBN since (1, 1) is not in the Q-span of (1,2). Another way to see that L(I'3)
has IBN is to note that L(I'3) is isomorphic to a Cohn path algebra (of the rose with 2 petals). Cohn path
algebras have IBN [7]. W

7. Myr versus My ()

My r) is a full subcategory of Mpr by Proposition 3.2 and My is a retract of Mpr by Theorem 3.3,
that is, the composition of the forgetful functor from My, ) to Mpr with _ @pr L(I") from Mpr to M)
is naturally equivalent to the identity functor on 9y ). Thus, My ) is also a quotient of Mpr. In this
section we identify explicitly the Serre subcategory of My that we quotient out and along the way we
realize the functor _ ®pr L(I") via a direct limit construction.

We will need the following generalization of (CK1) and (CK2) which requires a definition: Let E,, :=
{p € Path()|l(p) = n orl(p) < n and tp is a sink } and E} := {p € E,|sp = v} for n € N. In particular,
Ey =V and E; = SU E where S is the set of sinks in I'. If w is a sink then E¥ = {w} for all n € N.

Lemma 7.1. For alln e N andv eV

(i) pq= 6p,qtp forallp, q € Ey;
(ii) {pp*|p € En} is a set of orthogonal idempotents;
(iii) v =>_ pp* where the sum is over p € EY.

Proof. (i) p*q # 0 if and only if p is an initial segment of ¢ or ¢ is an initial segment of p. This is possible
only if p = ¢ because either [(p) =n =1(q) or tp or tq is a sink. Also p*p = tp.

(ii) This follows directly from (i).

(iii) For n = 0 this says v = v. For n > 0 this follows from repeated applications of (CK2) until [(p) =n
or tp is a sink. W

To understand the functor _ ®pr L(T') : Mppr — M) better we will give an alternate model for
M®L(T). If M is an FT-module then we define the FT'-modules ¥ M for all k € N as a quiver representation:
(" M)v := @, epy Mtp for all v € V. To define the linear transformation given by e € E from (o*M)se =
@ Mtp to (¥ M)te = @ Mtq we focus on a single block Mtp — Mtq. This is defined to be zero unless
p=-ep and q = p'f with f € Eip, in which case it is right multiplication by f. Note that ¢°M = M and
o*(c'M) = o**'M for k, [ in N. For an FT-module N we have a module homomorphism 6y : N — o N

. 0o
given by Nv e ®repyMtf = (oN)v. We get a directed system M D o 20 G20 We
also have FT-module homomorphisms from o*M to M ® L(T') given by m +— m ® p* for m € Mtp C o* M
yielding a commutative triangle

ok M M Paansvi
N 4
M ® L(T)

We get a homomorphism from the direct limit colim o*M to M @ L(T).
Theorem 7.2. If M is an FT'-module then colima® M is an L(T')-module naturally isomorphic to M @pp L(T).

Proof. The homomorphism from colim c*M to M ® L(T') was defined above. In the opposite direction
we want to show that the linear transformation from M ® L(T) to colimo*M sending m ® p* to [m)]
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where m € Mtp C o'® M is well-defined. Since {pg* | p,q € Path(T), tp = tq } is a basis for C(T) and
C(T) = DuevvC(I') we have M ® C(I') = @geparnryMtq. Thus m ® p* +— [m] is a well-defined linear
transformation from M ® C(T) to colimo®M. Since m ® (v — Y., _, ee*)q* ~ 0 for every non sink v € V
the linear transformation M ® L(T') — colimo®M is defined. Since these homomorphisms are inverses
of each other we have M ®pr L(T') = colima* M and the isomorphism is natural, i.e., for any FI-module
homomorphism f: M — N we get a commutative diagram

colimokf

colimo* M colimo* N
~| =
f®idr(r)

MeLIT) ——— NL(I)

The FT-module colima* M satisfies condition (I) of Proposition 3.2 since it is isomorphic to the L(T")-module
M ® L(T'). Thus colime*M and M @ L(I') are isomorphic as L(I')-modules. W

When T is finite the fact that L(T") is a flat FI'-module is proven in [13, Proposition 4.1]. Below we give a
different proof for a row-finite I' using Theorem 7.2. This is not a consequence of L(I') being a localization
of FT' (Proposition 3.4) since universal localizations are not necessarily even stably flat [26, Lemma 1.4].

Lemma 7.3. L(T") is a flat left FT-module.

Proof. We need to check that t ®idp,r) is one-to-one where ¢ : A — B is the inclusion of an FI'-submodule.
We will use the model colimo®_ for _ @ L(T). If o € colimo®A is in Ker(v ® idpr)) then a = [ay] for
some a; € o¥A and k € N. Since [a}] = 0 in colimo®B, we have n > k with ay ~ 0 in 0" B. Then
ay € o*A C 0¥ B maps to a,, = 0 € 0" A by naturality. Hence a = [a,] = 0, i.e., _ ® L(T) is left exact. W

Example 7.4. Let ' be ® and Abe ® —® 5o F[' @ F[z] and L(I") & Flz,27']. Also CT) 2 F <
z,y > /(1 —yx) =2 L(A) and I = M (F), the algebra of matrices indexed by N with only finitely many
nonzero entries. The ideal I in L(A) is generated by the sink in A. The projective resolution 0 — I —
C(T) — L(T) — 0 of Fact 5.2 does not split (over FT') because F[x,271] is not a projective F[x]-module
(since HomF #}(F[z, 271, F[z]) = 0).

When M is an FI'-module, let M= {meM| IneNVpeE, mp=0}.Ifme M then mq € M for
all ¢ € Path(T), hence M is a submodule of M. Also, if f: M — N is an FI'-module homomorphism and
m € M then f(m) € N so " is an endofunctor on Mg with f= fl3;- The inclusions M < M define
a natural transformation from ~ to the identity functor. If A is a submodule of M then A=ANM ,
therefore ~ is left exact.

Lemma 7.5. If M is an L(T")-module then the following are equivalent:

(i) M =0;
(ii) (-€)semv : MU — @se—p Mte for all nonsink v € V is one-to-one;
(iii) (-p)pery : Mv — Dgp—oMtp for all v € V and for alln € N is one-to-one.

Proof. (i) = (ii) : Ker((-€)se—y) C M.

(43) = (#14): Since Fj is the union of E and all sinks in T', this follows from (E7)" = E,, and the fact that
composition of one-to-one functions is one-to-one.

(#it) = (i): This is immediate from the definition of M. m
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Theorem 7.6. M is the kernel of M — colimo® M, equivalently the kernel of the composition M =2 M Qpp
FT €% M @pp LT).

Proof. First we will prove this assuming M = 0. The homomorphism M — ¢*M is one-to-one if M =o.
MColimakM can be identified with Us*M. Hence M — colimo®M has kernel 0 = M. Note that

M/ M = 0. Now, consider the commutative square

M — M/M
\: 4
M®LT) — M/Me LT)

Ifme Ker(M — M®L(T)) then m € M since M/]/W\ — M/]/\/[\®L(F) is one-to-one as shown above. W

Theorem 7.7. Let f : A — B be a homomorphism of FT'-modules. Then f ®pr idrry = 0 if and only if
f(4) < B.

Proof. If f(A) C B then for all v € V and for all @ € Av there is a k € N such that f(a)p = 0 for

all p € EY. Now f(a) ® v = f(a) @ >_pp* = Y f(ap) ® p* = 0 where the sum is over all p in E}. Also

fla) @A = flav) ® A = (f(a) ®v)A =0 for all XA in L(I). Since A = ©,cy Av, we get that f ® idp) = 0.
Conversely, if f @pr idr) = 0 then in the commutative square

A N B
4 4
A LT) -5 BeL(I)

f(A) C Ker(B— B® L)) = B by Theorem 7.6. W
Corollary 7.8. M ® L(I") = 0 for an FT'-module M if and only if M = M.

Proof. If M = M then the inclusion M < M is idys and iday (M\) C M hence idyerr) = idy @idpry =0
by Theorem 7.7. Thus M ® L(T") = 0.

Conversely, if colime*M = M ® L(T') = 0 then [m] = 0 in colimo*M for all m € M. Hence m €
Ker(M — o™M) for some n € N. Thus m € MandM=M. ®

Corollary 7.9. Let M be an FT'-module and let ¢ : FT' — L(T") be the standard algebra homomorphism. If
for all nonsink v eV

Mvil P Mte

se=v

id 2
is one-to-one then M = M Q@ FT' O M ® L(T") s one-to-one.

Proof. Since composition of one-to-one functions is again one-to-one, the hypothesis implies that

My —% @ Mip is one-to-one for all n € N. Hence M = 0 and M — M ® L(T") is one-to-one
pEEY

by Theorem 7.6. W
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Theorem 7.10. The full subcategory ﬁp of quiver representations Mypr with objects M = M is a Serre
subcategory. The quotient category Mpr/Mr is equivalent to My, ).

Proof. If/A\ is a FT-submodule of B then A = BN A and if f is a FI'-module homomorphism then
f(B) C f(B). It follows that My is closed under subquotients. If A is a submodule of B with A = A and
5/71 = B/A then for b € Bv there is n such that bp € A for all p € E? since E]Z = B/A. Also for each
bp there is n, such that bpg = 0 for all ¢ € Eff; Let k = max{n, |p € E}}. Now bp = 0 for all p € E}_ .
hence B = B and 53\tp is a Serre subcategory since it is a full subcategory closed under sub quotients and
extensions.

Recall that the quotient category 9ipr/ ﬁp has the same objects as 9Mpr. The morphisms are
colim Hom(A', B/B’) where the direct limit is over ordered pairs (A’, B’) such that A’ < A with
A//Z’ = A/A’ and B’ < B with B’ = B'. The functor from M) to SJT]Fp/ﬁp is the forgetful func-
tor from My, ) to Mpr composed with the quotient functor to Sﬁ]pp/ﬁp.

The functor from Myr/ ﬁr‘ to M,y is induced by _ ®@pr L(I'). The inclusion A" < A and the quotient
B — B/B’ give isomorphisms A ®pr L(I') =2 A’ @pr L(I") and B/B’ ®pr L(I') = B ®pr L(I') when
A//X/ = A/A" and B’ = B’ by Lemma 7.3 and Corollary 7.8. The image of a morphism [A SN B/B’] is
defined via the isomorphisms A®pr L(T') & A'®@pr L(I') and B/ B’ Qpr L(T') = B&gpr L(T). Well-definedness
follows from the naturality of these isomorphisms.

The composition of the two functors above from My, 1) to itself is naturally equivalent to the identity
functor on My ry by Theorem 3.3. The natural transformation from the identity functor on Mpr /ﬁp to
the other composition is given by (the equivalence class of): M = M ®pr FI' — M ®pr L(T"), more
explicitly m = > m;v; — > m; ® v; for all m € M. This defines an isomorphism in Mpr /ﬁp because
its kernel is M (by Theorem 7.6) and its cokernel is also an object of Mr: Given Zle miql in M @ L(T)
if n = max{l(q:)}_; then (3 mq})p is in the image of M for all p € E,. Since both compositions are
naturally equivalent to the identity functors, the categories Mpr/ ﬁr‘ and My, ) are equivalent. W
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