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1. Introduction

According to the classical result of Gabriel [6], a Noetherian scheme S can be reconstructed from the
category of quasi-coherent sheaves over S. The aim of this work is to modify an argument by Gabriel, to
show that a similar statement is true for a monoid scheme of finite type.

To state our result, let us fix some terminology and notations. See any book in topos theory, or the
main body of this paper for the terms used here. In what follows, . denotes the category of sets, which
is the terminal topos. For a category A, one denotes the centre of A by Z(A), which, by definition, is
the commutative monoid of all natural transformation of the identity functor idy to itself. We denote the
collection of all isomorphism classes of points of a topos 7 by F(.7), while £oc(7) denotes the poset of
all localisations of 7. For a localisation 2 of 7 and p = (p«,p*) : .¥ = 7 a topos point of 7, we write
pM D if p.(S) € P for every set S € L.

Let X be a monoid scheme. The poset of all open subsets of X is denoted by Open(X). The structure
sheaf of X is denoted by Ox and the category of quasicoherent sheaves over X by Qc(X). A monoid scheme
is called of finite type if it is separate and can be covered by a finite number of affine subschemes Spec(M;),
such that each M; is a finitely generated monoid.
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The following is our version of the reconstruction theorem:

Theorem 1.0.1 (Main theorem). Let X be a Noetherian monoid scheme. The following results hold:

i) The category Qc(X) is a topos.
ii) The map ®x : Open(X) — Loc(Qc(X)), given by

By (U) = Qc(U),

s an isomorphism of posets
iii) If U is an open subset of X and 9 = ®x(U) is corresponding localisation of Qc(X), then

iv) For any point x € X, the functor
DC(X)‘)y, AHAIa

which assigns to a quasicoherent sheaf A the stalk A, at x, is the inverse part of a point of the topos
Qc(X). Furthermore, the corresponding map I : X — F(Qc¢(X)) on the underlying topological space of
X is a bijection if X is quasi-projective.

v) If x € X and U is an open subset of X, then x € U if and only if II(z) h & x (U).

Parts i) and iv) were proven in [13]. The aim of this work is to prove the rest. Specifically, we will prove
part ii) in the affine case at the end of Section 4 (see Corollary 4.3.11), part iii), in full generality, is proven
in Section 5.2 (Lemma 5.2.1) and finally, part v) and the general case of part ii) is proven at the very end
of the paper, in subsection 5.4.

I would like to thank the referee for his/her corrections and suggested improvements.

2. Preliminaries on topoi and localisations
2.1. Grothendieck topologies and Grothendieck topoi

Let A be a small category. A set valued presheaf (or simply presheaf) on A is a functor P : A°? — .

For an object A in A, a sieve S on A is a subfunctor of the representable functor Homg (—, A). Recall
that a Grothendieck topology J on A assigns to each object A in A a collection JA of sieves on A, called
covering sieves, such that certain axioms hold. We refer to [11] (or [1], [9]) for these axioms. However, we
will list these axioms in Section 3.2, for the special case when A is a one object category, corresponding to
a monoid M.

A site (A, J) consists of a small category A, equipped with a Grothendieck topology J. A presheaf
F: A°? — ¥ is said to be a sheaf for the topology J if, whenever we have a covering sieve S of an object A,
any morphism « : S — F of presheaves has a unique extension Homy (—, A) — F. The category of sheaves
on A with respect to the topology J is denoted by Sh(A, .J).

Recall that a Grothendieck topos is a category 7, equivalent to the category of set valued sheaves over
a Grothendieck site.

If 7’ and 7 are topoi, a geometric morphism f : 7' — F is a pair of functors f, : ' — 7 and
f*: 9 — 7' such that f* is the left adjoint of f,. and f* respects finite limits.

A point of a topos  is simply a geometric morphism p = (p,.p*) : ¥ — Z from the topos of sets to 7.
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For a small category A, one denotes by Top(A) the collection of all Grothendieck topologies on A. It is
well-known that the inclusion induces an order on Top(A), which makes it a complete lattice [9, Lemma
0.34]. If J is the minimal (discrete) topology on A, then the corresponding category .7 = Sh(A, J) is just the
category Fct(A™",.7) of all presheaves over A. If J is the maximal (indiscrete) topology, then .7 = Sh(A, .J)
is the trivial category, which has only one object and one morphism. For a site (A, J), we write Top ;(A) to
denote the subclass of Grothendieck topologies containing J. This class is in one-to-one correspondence to
two other classes, which can be described entirely in terms of the topos .7 = Sh(A, J). To describe them,
we need some additional facts from topos theory.

2.2. Subobject classifier
Tt is well-known (see for example [11]), that any Grothendieck topos has a subobject classifier. This is an

object §2, together with a morphism from the terminal object ¢ : 1 — €2, such that for any object A and any
subobject i : B C A, there is a unique morphism x5 : A — 2, for which

B
B!\L
1

is a pullback diagram in 7. Here and elsewhere, g! denotes the unique morphism from B to the terminal.

i
RN

XB

_—
t

D=

The map xp : A — Q is called the characteristic map of a subobject B. For example, x4 = toy!.
2.8. Lawvere-Tierney topologies

Let 7 be a topos. Recall that a Lawvere-Tierney topology on 7 is given by a morphism j : Q — Q, such
that j o j = j and the following diagrams commute:

1t ax0-2 -0
\lj ljxj lj
t

Q ax0-2 Q.

Here, A : Q2 x Q2 — Q is the characteristic map of the subobject 1 =1 x 1 ﬂ Q x Q. The collection of all

Lawvere-Tierney topologies on 7 is denoted by £X(7).
Let j be a Lawvere-Tierney topology on 7. An subobject B < A is called j-dense if the following
diagram commutes

A
v, X
o—1 .0

A object F' of the topos 7 is called a j-sheaf, if for any object A and any dense subobject B C A, the
induced map

Hom (A, F) - Hom & (B, F)
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is a bijection. Denote by Sh;(.7) the full subcategory of .7 consisting of j-sheaves. It is well-known that
Sh; () is also a topos and the inclusion Sh;(.7) — 7 has a left adjoint functor, which commutes with
finite limits.

2.4. Localisations of categories

Recall that a localisation of a topos 7 is a full subcategory 2 of 7, such that the following conditions
hold:

i) If x belongs to 2 and y €  is isomorphic to z, then y belongs to 2.
ii) The inclusion ¢ : Z — 7 has a left adjoint p: F — Z, called the localisation functor.
iii) The localisation functor p respects finite limits.

If this is the case, then 2 is also a topos and the composite functor p o ¢ is isomorphic to the identity
functor idg, see [7, Proposition 1.1.3]. Moreover, the pair (i,p) defines a geometric morphism 2 — 7,
known as embedding [11]. Without loss of generality, we can always choose p in such a way that pt = idg.

We denote by £oc¢(.7) the collection of all localisations of 7. The collection (.7) has a natural poset
structure induced by inclusion of subcategories.

The following well-known result explains the relationship between Grothendieck topologies and localisa-
tions.

Lemma 2.4.1. Let (A, J) be a site and = Sh(A, J) the corresponding topos.

i) For K € Top;(A), the category Sh(A, K) is a localisation of 7 and the localisation functor is the
composite

T = Sh(A, J) C Fet(A?,.%) — Sh(A, K),

where the last functor is the sheafification functor.
i) If 2 is a localisation of T with localisation functor p : F — P, we denote by K the collection of all
sieves R C Homy (—, A) for which the induced morphism

p(R) = p(Hom (—, 4))

is an isomorphism. Then K € Top;(A).

iii) The correspondences defined in i) and i) induces an order reversing bijection between Loc(T) and
Top ;(A).

iv) The result remains true if one uses the Lawvere-Tierney topologies on . That is, if j is a Lawvere-
Tierney topology on J, then Sh;(T) is a localisation of 7. The localisation functor in this case is
given by sheafification. In this way, one obtains an order reversing bijection

ST(T) = Loc( 7).

This fact is well-known, see for example [1, Propositions 3.5.4 and 3.5.7] for the bijection in iii) and [9,
Exercise 2. Ch. 3] for the bijection in iv).
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2.5. Centre of a category

One way to obtain a commutative monoid from a category is to consider its centre. Recall that the centre
Z(A) of a category A is the monoid of all natural transformation idy — ids of the identity functor to itself.
It is well-known that the monoid Z(A) is commutative.

Thus, an element 6 of the centre Z(A) of A is a collection of morphisms 64 : A — A, where A is running
through all the objects of A, such that for any morphism f : a — b of the category A, the diagram

a a
S
b b

Oa
——

0y
—_—

commutes.

Let .7 be a topos. If 2 C &' are localisations of 7 and 6 is an element of Z(2’), then the collection
(02)ze belongs to Z(2). Hence, one obtains the monoid homomorphism Z(92') — Z(2), called restriction.
This allows us to define a functor

Z : Loc(7)°? — Com.Monoids.
2.6. Gluing of topoi

Let .7;, i = 0,1,2 be Grothendieck topoi and p} : .7 — o, @ = 1,2 localisations. A gluing (see [13]) of
T and J along 9 is the category 7, whose objects are triples (Aj, As, «), where A; is an object of 7,
i=1,2and a: pj(A1) — p5(As) is an isomorphism in .%. A morphism (A1, A2, @) — (B1, Be, ) in 7 is a
pair (f1, f2), where f; : A; = By, is a morphism in 7}, i = 1,2, such that p5(f2)a = Bpi(f1). We have the
following diagram

yLyl

pr2 i 21 l

%ﬁ'%a

P2

where pr; 1 7 — 7 is given by pri(A;, A, ) = A;, i =1,2.

Recall that an object A of a Grothendieck topos 7 is called s-Noetherian if it satisfies the ascending
chain condition on its subobjects. A Grothendieck topos .7 is called locally s-Noetherian provided it posses
a system of s-Noetherian generators, see [13, Section 2.4] for more on this.

According to [13],  is a locally s-Noetherian topos and the functors pri, pro are localisations if 7,
1 =20,1,2, are locally s-Noetherian topoi.

Proposition 2.6.1. Let .J;, ¢ = 0,1,2 be locally s-Noetherian toposi, pi : F; — F, i = 1,2 localisations and
T be the corresponding gluing topos. The following is a pull-back diagram

2(7) —= 2(7)

L

Z2(%) —= Z(%).
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Proof. The functors pf : .7; — J have, by assumption, right adjoint functors p;. : 9 — Z, ¢ = 1,2.
Denote by &; : idg, — pixp*, i = 1,2 the counite of the adjoints. We may assume, without loss of generality,
that pfpi.(Ao) = Ao for any object Ag of J. Hence, the categories %, 71 and 75 can be identified
respectively with the following full subcategories of 7:

{(p1+(Ao), p2+(Ao),id 4, )| A0 € T},
{(A17p2*p>{(‘41)7idpl*Al)‘Al € '%}7
{(p1:p5(A2), Az, idy, 4,)|A2 € T2}

We have to show that for any natural transformations §; : idg, — idg;, ¢ = 1,2, such that
£1(p1+(Ao)) = &2(p2+(Ao))
for every object Ay of 9y, there exists a unique natural transformation 6 : id > — id &, such that
0(A1, p2.p1(A1),idp,. 4,) = (§1(A1), p2spi&i(Ar))
and
0(p1xp3(Az), Az,idp,, 4,) = (p14p3€2(A2), a2(A2))

holds for every A; € 5,1 =1,2.
To this end, take any object (Aj, Ao, ) of 7. Since §(A1, Az, ) must be a morphism in 7, we have

0(A1, Ag, ) = (61(A1, Ag, ), 02(A1, Ag, ),
where
01(A1, Ay,a) : Ay — Ay and  03(A1, Ay, ) 1 Ay — Ag
are morphisms in .77 and 75 respectively. We have the following morphism in .7:
(ida,, p3(a™h) 0 Ka(A2)) : (A1, A, ) — (Ar, p2upi(Ar),idy,, a,)-
Applying the naturality of 6 for this morphism, we obtain
01(A1, Ag, ) = &1(Aq).

Similarly, we obtain 2(A1, Ao, @) = £2(A2). This, not only proves the uniqueness of 6, but also yields the
method to construct it and the result follows. O

3. Monoids, M-sets and subobject classifier

We investigate some properties of the subobject classifier of the topos of M-sets, where M is a monoid.
The main result of this section says that if M is s-Noetherian and commutative, then the subobject classifier
respects localisations. This allows us to construct, in Theorem 5.1.1, the subobject classifier of the topos
0c(X) of quasi-coherent sheaves over X, where X is an s-Noetherian monoid scheme.
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3.1. Subobject classifier for the topos of M -sets

In this section, we will recall the construction of the subobject classifier of the topos of right M-sets %),
where M is a multiplicatively written monoid [11].

Elements of the set Q) (also denoted as QM to make explicit the role of the monoid M) are right ideals
of M. We recall that a subset m C M is called a right ideal, if mM C m. In order to describe the action of
M on €, for a right ideal m and an element a € M, we set

(m:a)={z € M|ax € m}.

Lemma 3.1.1. Let the notations be as above. One has:

i) (m:a) is a right ideal,
ii) (m:1)=m,
iii) (m:a):b)=(m:ab),
iv) (M:a)=M.

Proof. i) Take any element m € M and x € (m : a). Then ax € m. Since m is a right ideal (ax)m € m. So
xm € (m:a).

ii) and iv) are obvious.

iii) For an element x € M, one has z € ((m : a) : b) if and only if bx € (m : a). The last condition is
equivalent to abx € m. In other words, x € ((m: a) : ) if and only if z € (m: ab). O

Corollary 3.1.2. The rule (m,a) — (m: a) defines a right M -set structure on Q.

By iv) of Lemma 3.1.1, the map ¢t : 1 — , given by t(1) = M € , is a morphism of M-sets. For any
right M-set A and any M-subset i : B C A, define the map xg: A — € by

xp(a) ={m € M|am € B}.

One easily sees that yp is a morphism of M-sets and the diagram

B
B!\L
1

is a pullback diagram. Hence, (2 is the subobject classifier in .%)s [11].

i
s

XB

QD=

E——
t

8.2. Grothendieck topologies on a monoid

According to Lemma 2.4.1, there is an order reversing bijection between the set Loc(-#)s) and all
Grothendieck topologies defined on the one object category corresponding to M. Let us recall the last
notion in this particular case.

For a monoid M (not necessarily commutative), a Grothendieck topology, or simply a topology, F on M
is a collection of right ideals, such that

(T1) M e .7,
(T2) If a € # and m € M, then (a:m) € Z,
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(T3) If b € .# and a is a right ideal of M such that (a:m) € % for any m € b, then a € Z.

Thus, .Z# is a subobject of the M-set ). Since ), is a subobject classifier, it defines a map y g : Qp —
Qpr, which is a Lawvere-Tierney topology on .%); and any Lawvere-Tierney topology on % is of this form.
Explicitly, the map x.# is given by

xz(a) ={m e M|(a:m) e F}.

This result draws a clear analogy to Gabriel’s topologies in ring theory [15]. We will see that many of
the results originally proven for rings by Gabriel [6] are still valid for monoids.

Lemma 3.2.1. Let % be a topology on M. The following hold:

(i) If a C b are right ideals and a € F, then b € F.
(ii) Ifa,b e .F, thenanbe Z.
(iii) If a,b € Z, then ab € F.

Proof. i) Take any element m € a. Then m € b and (b: m) = R € .#. Hence, by (T3), we have b € .Z.
ii) If m € a, then (anNb:m)=(b:m) €.% by (T2). Hence, anb € .%, by (T3).
iii) For any m € a, we have b C (ab : m). Hence, by i), we have (ab : m) € .% and (T3) implies that
abe 7. O

For a monoid M, we let Top(M) denote the set of all topologies on M. As was already mentioned,
Top(M) is closed under arbitrary intersections and is a complete lattice, where the ordering is given by
inclusion. The least element is just {M}, while the greatest element is the set of all right ideals.

8.83. Monoid homomorphisms and subobject classifier

Let f : M — N be a monoid homomorphism. One has the following set maps between the subobject
classifiers of M and N:

N oM and f, QM SV
defined by

fr)=f7'm), and fi(m) = J f(@)N.

rem

We point out that |J f(z)N is the right ideal generated by f(m).

rem

Lemma 3.3.1. For any m € QM nc QV and a € M, one has

Moreover, if g : N — K is a monoid homomorphism, then

V) (9)«(m) = g (f+(m)).
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Proof. i) is clear and ii) is a formal consequence of i).

To prove iii), observe that f.(m: a) is a right ideal of N, generated by elements of the form f(z), where
azx € m. It follows that f(az) € f.(m). Hence, f(z) € (f«(m): f(a)), showing iii).

For iv), observe that

(f*(n) :a) = {z € Mlax € f*(n)}
={z € M|f(ax) € n}
={z € M[f(z) € (n: f(a))}
= f*(n: f(a)).
v) By definition, (gf).(m) is an ideal of K, generated by gf(m). Since g.(f«(m)) is also an ideal containing

gf(m), we have (gf)«(m) C g«(f.(m)). To prove the converse, take an element z € g.(f«(m)). We have
x = kg(y), where y € f.(m) and k € K. Thus, y = nf(m), where m € m and n € N. It follows that

z = kg(nf(m)) = (kg(n))gf(m) € (¢f)«(m) and vi) follows. O

Corollary 3.3.2. The map f* : QN — QM (unlike f. : Q™ — Q) is a morphism of M-sets. Here and in
what follows, the monoid M acts on QV via f.

8.4. Localisation of monoids

Let M be a commutative monoid. Recall that if S C M is a submonoid, one can form a new monoid
S=1M, called the localisation of M by S. Elements of S~'M are fractions *, where m € M and s € S.
By definition, 7?—11 = T—; if and only if there is an element s € S, such that mjssy = maoss;. Actually, this
construction can be extended to M-sets in the obvious way. It is also obvious that if A is a M-set, then

S~1A becomes an S~!M-set. The canonical map
fiM—57M, f(m)=T
is a monoid homomorphism, called the localisation map.

Lemma 3.4.1. Let S be a submonoid of a commutative monoid M and let f : M — S™'M be the corre-
sponding localisation.

1) Ifn is an ideal ofS M, then fof*(n) = n.
iii) f*f ( )—Uses(m S)
iv) For anyt € S, one has

(f fa(m) ) = f7 fu(m).

Proof. i) By part i) of Lemma 3.3.1, it suffices to show that n C f. f*(n). Take an element z = % € n. Since
n is an ideal, we see that sz € n. Hence, n € f*(n) and sz = f(n) € f.f*(n). Since f.f*(n) is an ideal of
S™IM, we see that = f(n) -1 € f, f*(n) and i) follows.

ii) By part iii) of Lemma 3.3.1, it suffices to show that (fi«(m) : f(a)) C fi«(m : a). To this end, take an
element z € (f*m : f(a)). Since z € ST'M, we can write z = 2, where m € M and s € S. By assumption,
zf(a) € fi(m). So, 2 € f,(m). Thus, there exist an element v € m and t € S, such that

ma U
S t
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This implies that matt’ = ust’, for an element ¢’ € S. We have z = 7:—,/, where m’ = mitt’ and s’ = stt’.
Since am’ = amtt’ = ust’ € m, we have z € (f.(m) : a). This proves the result.

iii) We have x € f*f.(m) if and only if £ € f.(m). This is equivalent to saying that 7 = ™, for some
m € m, s € S. The last condition holds if and only if zt € m for some ¢t € S, i.e. when z € (m : ¢) and the
result follows.

iv) Since n C (n : a) for any ideal n in a commutative monoid M, we only need to show (f*f.(m) :¢) C
f*fe(m). Take z € (f* fi(m) : t), then

zt € f* fu(m) = U(m 1 8).

ses

Thus there exists s € S such that zts € m. Hence,

z€(m:ts) C U(m:r):f*f*(m)

res

and iv) follows. 0O

Corollary 3.4.2. The map f, : QM — QS M g compatible with the monoid actions and as such, induces
the map of S™'M -sets

fos : STIQM 5 QSTM,
which is surjective.

Proof. The first assertion follows from the part ii) of Lemma 3.4.1, while surjectivity property from part i)
of Lemma 3.4.1. O

Thus, by construction, we have a commutative diagram

oM S—toM

N A

QS’lM
where the horizontal map is the localisation: m > .

3.5. s-Noetherian monoids

Following [13], a monoid M is called right s-Noetherian if M satisfies the ascending chain condition on
right ideals. Equivalently, any family of right ideals of M contains a maximal member and this holds if and
only if any right ideal of M is finitely generated.

Example 3.5.1.

i) Any finite monoid is right s-Noetherian.

iii) Let M be a commutative and finitely generated monoid. Then M is s-Noetherian, see [13].
iv) A commutative monoid M is s-Noetherian if and only if My = M/M* is s-Noetherian [13]. Here, M *
is the group of invertible elements of M.

)

ii) Any group is right s-Noetherian.
)
)
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3.6. Subobject classifier of s-Noetherian monoids

We will show that under the s-Noetherianness assumption, the functor
fro S = Lo fi(A)=5"1A
respects the subobject classifier. This is due to the following Proposition:
Proposition 3.6.1. Let M be a commutative and s-Noetherian monoid. The canonical map
fog 1 STIQM L STM
is an isomorphism of S~ M-sets for any submonoid S C M.

Proof. The above map is surjective by Corollary 3.4.2. Before we prove injectivity, we need to prove two
auxiliary claims.
Our first claim is that for any ideal m, there is an element s, such that

frfa(m) = (m:sm).

We have f*f.(m) = J,cg(m : s) by part iii) Lemma 3.4.1. Since M is s-Noetherian, the ideal (J,.g(m : s)
is finitely generated, say by z7 € (m: s1), -,z € (m: ). Take sy = 81 -+ 8. Then z; € (m: sy,) for all
i=1,---,k Hence, (m: sy) contains the ideal generated by x1,--- , 2, which is f* f.(m).

For any ideal m of M, we have m € QM which is an M-set. So, we can also consider T as an element of
S—IOM.

Our second claim is that the equality

m f*fo(m)

1 1

holds in S~*QM. To show this fact, observe that by Claim 1 and part iv) of Lemma 3.4.1, we have

(m:sm) = f*fu(m) = (f*fu(m) : sm)

and the second claim follows.
This second claim shows that the composite of the map f* : Q° M, M with the canonical morphism
QM — S71OM is the inverse of f.g: STIOM — QS M o

3.6.1. The necessity of s-Noetherianness

More generally, if f = (f., f*) : F — 2 is a geometric morphism from a topos J to a topos £, there
exists a canonical morphism 7 : f*(Q%) — Q7 classifying the monomorphism f*(¢) : f*(1) — f*(Q7).
According to [10], f is called sub-open if 7 is a monomorphism. Hence, if M is an s-Noetherian monoid,
the localisation S~! : %) — Fg-1) is the inverse image part of a sub-open geometric morphism .#y; —
Zs-1- It should be point-out that the s-Noetherian assertion is essential.

In fact, take M to be the multiplicative monoid of the natural numbers. For S = M, the map 7 is not a
monomorphism. To prove this claim, take A = QM and B = QSflM, where a(I) = S71I, I € QM as in the
next Lemma. Moreover, let a;,as € QM be the following elements: a; = M, while ay = J consists of those
natural numbers = Hp p¥r, for which either v, = 0 or v, > p. Here, p runs through the set of all prime
numbers. In this case, a(a;) = a(az). We claim that there is no natural number s, for which M = J : s.
The Lemma below will imply the non-injectivity of 7. To prove the assertion, assume that such an s exists.
Choose a prime p, such that p does not divide s. Then p € M, but p # sn, where n € J.
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Lemma 3.6.2. Let M be a commutative monoid and S C M a submonoid. Moreover, let A be an M-set and
B an S~'M-set, which is considered as an M -set via the canonical homomorphism M — S™1M. Denote
by B: A — STLA the canonical map. For a morphism of M-sets a: A — B, the following two conditions
are equivalent

a(a)

i) The morphism of S~*M-sets 7 : ST'A — B is a monomorphism. Here, (%) =
ii) If a(a1) = a(asz), there exist s € S, such that a1s = ass.

Proof. i) = ii). If a(a1) = a(az), then B(a1) = B(az). This follows from the injectivity of 7, since ao = 7.
So, G = % and a1s = ays for some s € S.
ii) = 1). Assume 7(£+) = 7(£2). Thus,

a alar) _ alaz)
S2

S1 - S92
this implies a1s95t = assyst for some ¢t € S and ‘Sl—i = ‘;—; The injectivity of 7 follows. 0O

. So, aa1s2s) = aags1s) for some s € S. By ii),

4. The case of affine monoid schemes

In this section, we aim to prove part ii) of Theorem 1.0.1 (the main theorem) for affine monoid schemes,
i.e., when X = Spec(M). In this case, the topos Qc(X) is the category -y of M-sets.

We start with a few general remarks on ordered sets, the order topology and the relationship between
the order- and the Zariski topology.

4.1. Ordered sets

Let P be a poset. For an element a € P, we set
P, ={x € Pla <z}
and
P* ={z € Plz < a}.

Any poset P has a natural topology, called the order topology, where a subset S C P is open if y € S and
x <y imply € S. Thus, Open(P) is a distributive lattice and it is finite if P is finite. It is well-known,
that any finite distributive lattice L is of this form for a uniquely defined P (see for example [14, p. 106)),
namely for P = Irr(L), the subset of irreducible elements of L (an element x € L is irreducible if x =y V 2z
implies z = y or = = 2).

Recall that a Galois connection between posets X and Y is a pair v = (o, 8), where o : X — Y and
B :Y — X are maps such that

(z1 S @2) = (a(21) = alx2)), (11 Sy2) = (By1) = B(y2))
and for any = € X, y € Y, one has
(< By)) = (alz) < y).
It follows that
< fa(z) and y< aB(y).

An element & € X (resp. y € Y) is called stable under the Galois connection, if © = Sa(z) (resp. y = aB(y)).
In this case, o and § induce bijections on stable elements.
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4.2. The comparison between the order- and the Zariski topology

Recall that a proper ideal p C M of a commutative monoid M is called prime if for any a,b € M, such
that ab € p, one has a € p or b € p [5], [12]. This implies that, M \ p is a submonoid of M. We denote the
set of all prime ideals of M with Spec(M). Let a be an ideal of M. We set

V(a) = {p € Spec(M)|a C p}.

Tt is classical to equip the set Spec(M) with a topology, called the Zariski topology, where the V' (a)’s are
closed subsets. Here, a runs through all the ideals of M.
For any element f € M, one puts

D(f) = {p € Spec(M)|f ¢ p}.

It is well-known, that the sets D(f) form a basis of open sets for the Zariski topology on Spec(M).

Since Spec(M) is also a poset under inclusion, it also has the order topology. Any Zariski open subset is
open in the order topology. To see this, we can restrict ourself with subsets of the form D(f). If p € D(f)
and q C p, then f ¢ p and hence, f ¢ q. Thus, q € D(f). It follows that, D(f) is open in the order topology.
The converse is not true in general, but it is true in the following important case.

In what follows the group of invertible elements of M is denoted by M *.

Lemma 4.2.1. If M/M* is finitely generated, the Zariski topology on Spec(M) coincides with the order
topology.

Proof. We have to show that for any prime ideal p, the set {q € Spec(M)|q C p} is open in the Zariski
topology. Let x1, -,z € M be the representatives of generators of M/M>*. Without loss of generality,
we can assume that x1, -+, 2, ¢ p and @41, , 2, € p. Denote by S the submonoid of M generated
by invertible elements and by x1,- - , Z,,. Since p is prime, M \ p is a submonoid containing the invertible
elements of M and, also, the elements x1,- - , ,,. Hence, S C M \ p. Take any y ¢ p. It can be decomposed
as a product of an invertible element and elements from the set {1, ..., 2, }. Clearly, 1 < i < m as otherwise
y would be an element in p, since p is an ideal. This shows that S = M \ p. Take f = z1 - - x,,. We claim

D(f) = {ala € p},

which obviously implies the result. To show the claim, observe that f ¢ p (because p is prime) and hence,
p € D(f). It follows that

{ala € p} C D(f).

Conversely, take g € D(f). Then f ¢ q. Assume q N S # 0. The product [[;~, @; is in q. Since q is prime,
it follows that z; € p for some 1 < ¢ < m. Thus, f € ¢, which contradicts of our choice of gq. Hence,
q C M\ S =p and the claim is proven. O

4.3. Grothendieck topologies on a commutative monoid M and subsets of Spec(M)
The goal of this subsection is to construct a Galois connection between the posets of Grothendieck

topologies on a commutative monoid M and subsets of Spec(M).
We start with the following observation.



14 1. Pirashvili / Journal of Pure and Applied Algebra 225 (2021) 106782

Proposition 4.3.1. Let M be a commutative monoid and p be prime ideal of M. We set S, = M \ p. The
following assertions hold:

(i) The set
Fpyi=1{a€ oM and anS, # 0}

s a topology on M.
(ii) For an ideal a, one has

(a€ ) <= (p ¢ V(a).
(iii) For prime ideals p and q, one has p C q if and only if Fiqy C Fipy-

Proof. i) Since 1 € S, = M NSy, we obtain M € Fy,y. Assume a € Fy,y and m € M. By assumption, there
exists an element s € S, such that s € a. Since s € (a: m), the axiom (T2) follows. In order to verify (T3),
let b be an ideal from %} and let a be an ideal, such that (a:m) € F,y for any m € b. By assumption,
there are s,t € S, such that s € b and ¢ € (a : s). Thus, st € a. Since st € S, we see that a N S # () and
axiom (T3) holds.

ii) Obvious.

iii) Assume p C q and a € Fqy. Then

D#a\gCalp.
Hence, a € F;,. It follows that # 5, C F,,.
Conversely, assume #q) € F(,y. Take an element m € p. For the principal ideal mM we have mM ¢

Fpy- It follows that mM ¢ Frqy. Hence mM C q. In particular m € q. Thus p Cq. O

Recall our discussion on topologies on a monoid in Section 3.2. Denote by P(X) the set of all subsets of
a set X. We construct two maps

Y : P(Spec(M)) — Top(M) and = : Top(M) — PB(Spec(M)),
given by

Y(P):= () Fpy and Z(F)={p € Spec(M)|p ¢ F},
peP

where P C Spec(M) is a subset of the set of prime ideals of M and .% is a topology on M.
Proposition 4.3.2.
i) For an ideal a, one has
(aeT(P)) <= (p¢V(a) for all peP)
and hence,

Y(P) ={alV(a) NP = 0}.
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i) The functions T and Z form a Galois correspondence between the posets P(Spec(M)) and Top(M).
iii) Let .F be a topology on M. Then

T(E(F)) = {a e QY|V(a) C 7}.
iv) Let P be a subset of Spec(M). Then
S(T(P)) = {q € Spec(M)[3p € P,q  p}.
Proof. i) follows from part ii) of Proposition 4.3.1.

ii) Clearly both maps reverse the ordering. Thus, we have to show that if % is a topology on M and P

is a subset of Spec(M), then

(F CT(P) = (P C 5(%)).
In fact, .# C 7(P) holds if and only if for any ideal a € .# and any prime ideal p € P, one has p ¢ V(a).
Since p € V(p), it follows that p ¢ .# and P C =(.F).

On the other hand, assume P C Z(%). For any p € P one has p ¢ %#. Take an ideal a € F#. If
V(a) NP # (, it follows that there exists p € P, such that a C p. Hence, p € %. This contradicts our
assumption on P. We have V(a) NP = ) and a € T(P), showing . C T(P) and ii) follows.

iii) For an ideal a, one has

(aeX(E(F)) = (Wei(F)= p¢V(a))= (p¢F =p¢V(a).
The last condition is the same as V(a) C % and we are done.

iv) We have q € Z(Y(P)) if and only if q ¢ 7(P). By i), this happens if and only if there exists p € P,
such that ¢ Cp. O
Example 4.3.3.

i) We have
T({0}) = {all nonempty ideals of M} = Q™ \ {0},
while
T(0) = QM = {all ideals of M}.
ii) If m(M) is the ideal of all non invertible elements of M, which is the greatest proper ideal of M, then
T({m(M)}) = {M}
and
Y (Spec(M)) = {M}.

Lemma 4.3.4. Let f € M be an element. We have

T(D(f) = {a e QY|f €a}.
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Moreover, the localisation corresponding to the topology T (D(f)) via iii) of Lemma 2.4.1 is the category of
My -sets.

Proof. For the first assertion, observe that, by part i) of Proposition 4.3.2, we have a € T(D(f)) if and only
if V(a) N D(f) = 0. In other words, if for any prime ideal p containing a, it also contains f. Obviously, this
condition holds if f € #. The converse is also true because if f ¢ a, the ideal, which is maximal among the
ideals containing a and not containing any power of f, is prime.

For the second part, we have to show that an M-set A is a sheaf with respect to this topology if and
only if the map Iy : A — A, given by I7(a) = fa, is a bijection.

Assume A is a sheaf in this topology. This means that for any ideal a such that f € a, the restriction
map

A = Hom (M, A) — Homj(a, A)

is a bijection. By considering a = fM, injectivity of this map implies the injectivity of [,, : A — A, a — ma.
For the surjectivity of [, take any element a € A. Let m,n € M be elements such that fm = fn. We have
fma = fna and hence, ma = na, since [ is injective. This shows the existence of a well-defined morphism
of M-sets fM — A for which fm — ma. By the bijectivity of the map A = Hom;(M, A) — Hom(a, A),
it follows that there exist b € A, such that fb = a. Thus, {; is a bijection.

Conversely, assume that [y : A — A is bijective. This condition obviously implies the bijectivity of the
restriction map A = Homps (M, A) — Homp,(a, A). Let us take any ideal a, such that f € a. To show the
bijectivity of A = Homp; (M, A) — Hom(a, A), observe that it fits in the diagram

A = Homps (M, A) — Homps(a, A) — Homs (fM, A).

Since the composite map is a bijection, we only need to show injectivity of the second map. For this, take
any morphism of M-sets « : a = A. We have a(fz) = fa(z) for any x € a. Thus

a(z) = 17 (a(fr)),
showing that « is uniquely defined by its restriction on fM and the result follows. O

Recall that a topology .# (resp. a subset P) is stable if and only if # = Y'=(.%) (resp. P = ET(P)). From
the properties of Galois correspondences, one obtains a bijective correspondence between stable topologies
on M and stable subsets of Spec(M). Our next goal is to find a convenient way of characterising stable
subsets and stable topologies.

Proposition 4.3.5. Let M be a commutative monoid. A subset P C Spec(M) is stable if and only if it is an
open subset in the order topology of Spec(M).

Proof. This follows from part iv) of Proposition 4.3.2. O

Proposition 4.3.6. Let .# be a topology on a commutative monoid M. Then .F is stable if and only if for
any ideal a ¢ 7, there exists p € V(a), such that p ¢ F.

Proof. The ‘if’ part is a consequence of Proposition 4.3.2. For the other side, it suffices to show that
TYE(ZF) C Z. Take an ideal a ¢ Y= (.F). By Proposition 4.3.2, we have V(a) € .Z. So, there is a prime
peV(a),such that p ¢ .#. O
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Corollary 4.3.7. For any commutative monoid M, there exist a bijection between the stable topologies of M
and open subsets of Spec(M) in the order topology.

Proof. This is a formal consequence of Galois correspondence and Proposition 4.3.5. O

Lemma 4.3.8. Let .7 be a topology on a commutative monoid M.

(i) Let ¢ be an ideal of M. If a is an ideal which is mazimal with respect to the property that a ¢ .F and
¢ C a, then a is a prime ideal.

(ii) Assume that for any ideal b € F, there exists a finitely generated ideal a, such that a C b and a € F.
For any ideal ¢ ¢ 7, there exists a prime ideal p € V (c), such that p ¢ F.

Proof. (i) Take elements a,b ¢ a and assume ab € a. Consider the ideals a’ = aUaM and b’ = aUDM € Z.
By our assumption, a’, b’ € .#. We have a’b’ C a, which contradicts the fact that a’b’ € .%. The latter holds
due to Lemma (3.2.1), implying that a is prime.

(ii) Consider the set A of all ideals a, such that ¢ C a and a ¢ #. Clearly, A admits an ordering by
inclusion and ¢ € A. We will use Zorn’s lemma.

Take any chain (a;);c; in A. Then b = (J; a; is an ideal since any union of ideals of a monoid is an
ideal. We claim that b ¢ %. Assume b € %#. We can find a finitely generated ideal b’ € %, such that
b’ C b =J, a;. Since b’ is finite generated, b’ € a; for some i. This contradicts the fact that a, € A, proving
the claim. Now we can use Zorn’s lemma to conclude that 4 has a maximal element p, which is prime
thanks to (i) and ¢ Cp. O

Lemma 4.3.9. Let M be an s-Noetherian monoid. Any topology % on M is stable and hence, there exists a
subset P C Spec(M), such that F = Fp.

Proof. By Proposition 4.3.6, we have to show that for any ideal ¢ ¢ %, there exists a prime p € V (¢), such
that p ¢ #. This follows from the second part of Lemma 4.3.8. O

This fact, together with Corollary 4.3.7, implies the following:

Corollary 4.3.10. Let M be an s-Noetherian monoid. There exists a bijection between the topologies of M
and open subsets of Spec(M) in the order topology.

We are now in a position to prove part ii) of Theorem 1.0.1 in the affine case.

Corollary 4.3.11. Let M/M™* be a finitely generated monoid and Z the category of M-sets. There is an
isomorphism

Loc(7) = Open(Spec(M)).

Proof. We know (see Lemma 2.4.1, part iii)) that Loc(.7) = Top(M) (this is valid for all M). Hence, the
result follows from Lemma 4.2.1 and Corollary 4.3.10. O

5. The general case
5.1. Preliminaries on monoid Schemes

Recall that for any commutative monoid M and any M-set A, there exists a unique sheaf A of sets on
Spec(M), such that
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L(D(f),A) = Ay.

Here and elsewhere, I'(U, F) denotes the set of sections of a sheaf F on an open subset U (i.e. F(U)) and
Ay is the localisation of A with respect to the submonoid of M generated by f. The stalk of A at the point
p is the localisation A, of A by the submonoid M \ p. If A = M, the sheaf M is denoted by Oy;. The sheaf
Oy is the sheaf of monoids, while the sheaf A becomes a sheaf of Oys-sets. The pair (Spec(M), Q) is
called an affine monoid scheme.

Like in classical algebraic geometry, one can glue affine monoid schemes to obtain general monoid schemes
[5]. In [3], the authors define a separated monoid scheme in the same line as in the classical algebraic
geometry.

A monoid scheme is called s-Noetherian (resp. Noetherian orof finite type), if it can be covered by a
finite number of open affine monoid subschemes Spec(M;), where each M; is an s-Noetherian (resp. finitely
generated) monoid. Furthermore, we shall assume that s-Noetherian and Noetherian monoid schemes are
also separated for the purposes of this paper.

Let X be a monoid scheme and A a sheaf of Ox-sets; that is, a sheaf of sets, together with an action of
the monoid Ox (U) on the set A(U) for all open U C X, such that these actions are compatible when U
varies. One denotes by Ox-Sets the category of sheaves of O x-sets.

Let A be a sheaf of Ox-sets. It is quasicoherent [4], [13] if for any point z € X, there is an open and
affine subscheme U = Spec(M), such that € U and the restriction of A on U is isomorphic to a sheaf of
the form A, for an M-set A. The category of all quasicoherent sheaves on X is denoted by Nc(X).

According to [13], the category of quasi-coherent sheaves over an s-Noetherian scheme is a locally s-
Noetherian topos [13]. The next result describes the subobject classifier of this topos. To state it, we fix
some notations. Let U = Spec(M) be an s-Noetherian affine monoid scheme. We denote by QU the quasi-
coherent sheaf corresponding to the M-set QM. Moreover, if V is an open affine monoid subscheme, then it
is open in the order topology. Since it is also affine, V' has a greatest element, say p. Then V = Spec(M,).
We can thus define an isomorphism of sheaves

apy : Res(QYV) — QY

corresponding to the canonical isomorphism S—1QM — QS "M constructed in Proposition 3.6.1. Here,
S = M\ p and ResY is the restriction Sh(U) — Sh(V).

Theorem 5.1.1. Let X be an s-Noetherian monoid scheme. There exists a unique quasi-coherent sheaf QX
together with isomorphisms of quasi-coherent sheaves

Yu : Resp (Q%) — QY

where U is an affine open monoid subscheme, such that if V is also an affine open subscheme and W = UNV
the diagram

Resl, (Yu)

Resi, (%) Res{, (QY)
Resyy, (¥v) l \LQU,W
VvV w
Resy, (V) P Q

commutes. The sheaf QX is the subobject classifier of the topos Qc(X).
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Remark 5.1.2. In the statement of this theorem, we implicitly use the fact, that the intersection of two open
affine subschemes of a separated monoid scheme is again an open affine subscheme [3].

Proof. The collection of sheaves QU and isomorphisms
ouy = a(/’lw ocauw : Resgv(QU) — Res},/V(QV)

satisfy the requirements of [8, Exercise II, 1.22] thanks to part v) of Lemma 3.3.1, and as such, glue as
sheaves. Thus, the existence and uniqueness of QX follows. Take quasi-coherent sheaves A and B and
assume that A C B. We know that QM is a subobject classifier in the topos of M-sets. Hence, locally,
there exists a unique morphism of sheaves : 5 : A — QX as in the definition of the subobject classifier.
Uniqueness implies that these local maps agree on the intersection of affine open subsets. This shows that
they are restrictions of a uniquely defined morphism of sheaves A — QX and the result follows. O

5.2. The centre of Qc(X)

Lemma 5.2.1. Let X be an s-Noetherian monoid scheme. Then
Z(Qc(X)) 2T'(X,0x).

Proof. We first consider the case when X = Spec(M) is affine. In this case, the result is classical and it
follows basically from the Yoneda lemma, since for any M-set A, we have a functorial isomorphism

A = Homy (M, A).

This shows that M represents the identity functor on the category of M-sets. For a general monoid scheme
X, observe that if U and V are open monoid subschemes of X, the category Qc¢(U U V) is equivalent to
the gluing of Qc¢(U) and Qc(V) along Qc(U NV). This fact, well-known in classical algebraic geometry (see
[6, Proposition 2, p. 441]), follows directly from the gluing of sheaves discussed in [8, Ch. 2. Exercise 1.22].
Thus, we can use Lemma 2.6.1 to finish our proof. 0O

5.8. The proof of main theorem

The aim of this subsection is to prove the main Theorem, described in the introduction. We will need
one preliminary lemma before that though. To state it, let us fix some terminology.

If « : Wy C Wy is the inclusion of open monoid subschemes, then ¢* : Open(Ws) — Open(W7) is a map
given by L — LNWy, L € Open(WW5). We also have a similar map

tF Loc(Qe(Wa)) — Loc(Qc(Wh)),

which sends a localisation 2 of Qc¢(W3) to the intersection 2 N Qc¢(W7). Here, we consider Qc(W7) as a
localisation subcategory of Qe¢(Wa2) (see [13, 4.3.2]) and use the fact that the intersection of localisations in
a topos is again a localisation [2, Theorem 6.8 and Example 6.9 iv)].

We have a map ®x : Open(X) — Loc(Qc(X)), given by ®x(U) = Qc(U). By construction, P is
compatible with ¢, meaning that the following diagram commutes
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(i3]

Open(Ws) T Soc(Qe(W))
Open(W7) Loc(Qe(W1)).

Lemma 5.3.1. Let X be a monoid scheme of finite type. Assume Uy and Uy are open monoid subschemes of
X and U12 = U1 n UQ, V= U1 U UQ. Then both

*

Open(V) _a Open(U;)

* *
Ly L3

Open(Us) — Open(U2)
and

Loc(Qe(V)) _h Loc(Qe(Un))

: :
lld? \LLS

Loc(Qc(Uz)) —— Loc(Qc(Ui2))

4

are pullback diagrams. Here, 11,t2,13,14 are the appropriate inclusions.

Proof. The statement related to the first diagram follows from the definition.

For the second diagram, observe that £oc(Qc(V)) is in a one-to-one correspondence with the Lawvere-
Tierney topologies on the topos Qc(V') (see iii) and iv) of Lemma 2.4.1). Thus, we can and we will work
with Lawvere-Tierney topologies.

Any such topology j on Q¢(V) is a morphism of sheaves QY — QY with appropriate properties. The
restriction of QY on U; (res. Uy, Ujs) is QUt (res. QV2, QU12). The result follows from the fact that for any
two morphisms QU — QU and QY2 — QU2 which restrict to the same morphisms QU2 — QUi2_ there
exists a unique morphism Q" — QY which restrict to the given morphisms. O

5.4. Proof of the main theorem

We are now in a position to prove Theorem 1.0.1, the main theorem of this paper.

Proof of Theorem 1.0.1. i) and iv) As already sated in the introduction, parts i) and iv) were already proven
in [13].

ii) Observe that by Lemma 5.3.1, it suffices to restrict ourself to the affine case. This is a consequence of
Corollary 4.3.11 and Lemma 4.3.4.

iii) This follows from Lemma 5.2.1.

v) Let p = (p«, p*) be a point of the topos 7 and Z a localisation of 7. Denote the canonical inclusion
2 C Z by ¢ and the corresponding localisation functor by p : J — 2. The pair of morphisms (¢, p) is a
geometric morphism 2 — 7. By our definition, p h 2 if and only if p, : ./ — 7 factors through 2. If this
happens, the induced functor ./ — Z will be the direct image part of a geometric morphism . — & and
hence, give rise to a topos point of Z.
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Equivalently, this happens if and only if p* : 7 — . factors through the functor p : 7 — 2. That is to
say, there exists a functor p; : 2 — ., such that p* = p; o p.

Let Q¢(X) be our topos, € X a point and U an open subset of X. In this case, the functor p : Qe(X) —
Qc(U) is just the restriction functor. If € U, then the stalk functor II(x) : Qc(X) — . factors through
Qc(U) — . Hence, II(x) th Qc(U). Conversely, if II(x) h Qe(U), then II(x) = p; o p, where p; is the inverse
image functor of a topos point of Qc(U). As shown in [13], it corresponds to the stalk at some point y € U.
The equality II(z) = p; o p shows that for any quasi-coherent sheaf F' defined on X, we have F, = F,,. Thus
x=yand hencezx € U. 0O
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