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0. Introduction

The quantum Borcherds-Bozec algebras were introduced by Bozec in his research of perverse sheaves
theory for quivers with loops [1-3]. They can be treated as a further generalization of quantum generalized
Kac-Moody algebras. Even though they use the same Borcherds-Cartan data, the constructions of the
quantum groups are quite different.

More precisely, the quantum Borcherds-Bozec algebras have more generators and defining relations than
quantum generalized Kac-Moody algebras. For each simple root a; with imaginary index, there are infinitely
many generators e;;, fu (I € Zsg) whose degrees are la; and —la;, respectively. Bozec deals with these
generators by treating them as similar positions as divided powers Ggl) in Lusztig algebras.

Geometric approach to the half parts of quantum groups can be traced back to Lusztig’s work [15]. In
[16], Lusztig constructed the canonical bases for the half parts of the quantized enveloping algebras of Kac-
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Moody algebras. The canonical bases correspond to certain simple perverse sheaves on representation space
of quivers without loops. By allowing quivers to have edge loops, in [9], Kang and Schiffmann generalized
Lusztig’s work to quantum generalized Kac-Moody algebras, while in this case, the canonical bases corre-
spond to certain semisimple perverse sheaves rather than simple perverse sheaves. (See also [12].) Motivated
by the results for quivers with one vertex and multiple loops in [17], Bozec considered the general definition
of Lusztig sheaves for arbitrary quivers, possibly carrying loops, and constructed the canonical bases for the
half parts of quantum Borcherds-Bozec algebras in terms of simple perverse sheaves [1,2].

In [2], Bozec studied the crystal basis theory for quantum Borcherds-Bozec algebras. He defined the notion
of Kashiwara operators and generalized crystals. He also proved several critical results, which provides
an important framework for Kashiwara’s grand-loop argument (cf. [10]). He also provided a geometric
construction of the crystal for the negative half of quantum Borcherds-Bozec algebras based on the theory
of perverse sheaves associated to quivers with loops (cf. [7,11]), and a geometric realization of generalized
crystals for the integrable highest weight representations via Nakajima’s quiver varieties (cf. [8,18]).

For a Kac-Moody algebra g, Lusztig showed that the integrable highest weight module L over U(g) can
be deformed to those integrable highest weight module L over U,(g) in such a way that the dimensions of
weight spaces are invariant under the deformation (cf. [14]). Let &7 = Q[q, ¢!] be the Laurent polynomial
rings. Lusztig constructed a o/-subalgebra U, of U,(g) generated by divided powers and kii, and defined a
U.s-submodule L, of L. He proved that Fy ®,, L, is isomorphic to L as U(g)-modules, where Fy = .o/ /1
and I is the ideal of &7 generated by (¢ — 1).

In [4, Chapter 3|, Hong and Kang modified Lusztig’s approach, and showed that the U,(g) is a deformation
of U(g) as a Hopf algebra. Moreover, a highest weight U(g)-module admits a deformation to a highest weight
Uy(g)-module. They used the A;-form of U, (g) and highest weight U, (g)-module, where A; is the localization
of Q[q] at the ideal (¢ — 1). We can see that & = Q[q,q¢" 1] C A;.

In this paper, we study the classical limit theory of quantum Borcherds-Bozec algebras. We first review
some basic notions of Borcherds-Bozec algebras and quantum Borcherds-Bozec algebras. For their represen-
tation theory, the readers may refer to [5,6]. As we show in Appendix, the commutation relations between
e; and fj; are rather complicated. For the aim of classical limit, we need another set of generators. Thanks
to Bozec, there exists an alternative set of primitive generators in Uy(g), denoted by s;; and ¢;;, which satisfy
a simpler set of commutation relations

sutjr — tipsa = 0ijoumTa (Kl — K7t

for some constants 7; € Q(q). Using Lusztig’s approach, we prove that these generators also satisfy the
Serre-type relations (cf. [13, Chapter 1]).

In Section 3, we define the Aj-form of quantum Borcherds-Bozec algebras and their highest weight
representations. We show that the triangular decomposition of Uy(g) carries over to A;-form. In Section 4,
we study the process of taking the limit ¢ — 1. Let U; = Q ®4, Uy, be a Q-algebra, where Uy, is the
Aq-form of U,(g). We prove that the classical limit Uy of U,(g) is isomorphic to the universal enveloping
algebra U(g) as Hopf algebras, and when we take the classical limit, the Verma module and highest weight
modules of U, (g) tend to those Verma module and highest weight modules of U(g), respectively. Finally, we
provide the concrete commutation relations between the generators e;; and fji of Uy(g) in Appendix. They
have an interesting combinatorial structure.
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1. Borcherds-Bozec algebras

Let I be an index set possibly countably infinite. An integer-valued matrix A = (a;;); jer is called an
even symmetrizable Borcherds-Cartan matriz if it satisfies the following conditions:

(1) Qg5 — 2, O, 72, 74, ey
(i) aij € Z<o for i # j,
(iii) there is a diagonal matrix D = diag(r; € Z~¢ | i € I) such that DA is symmetric.

Set I'® := {i € I | a;; = 2}, the set of real indices and I'™ := {i € I | a;; < 0}, the set of imaginary

indices. We denote by I'° := {i € I | a;; = 0} the set of isotropic indices.
A Borcherds-Cartan datum consists of

aj(hi) = ai;, a;j(d;) =d;; foralli,jel,
(g) for each i € I, there is an element A; € P such that
Ai(hj) =65, Ai(dj) =0 foralli,jel.
The A;(i € I) are called the fundamental weights.
We denote by
PT:={\eP|Xh;)>0 forallicI}
the set of dominant integral weights. The free abelian group Q := ,c; Za; is called the root lattice. Set
Q= ic; Lo and Q_ = —Q . For =) kja; € Q, we define its hight to be ht(3) := > k;.
There is a non-degenerate symmetric bilinear form (, ) on h* satisfying
(asy A) = riA(h;) for all A € b*,
and therefore we have
(v, ) = ryai; = rjay; foralli,je 1.
For i € I'®, we define the simple reflection w; € GL(hH*) by
wi(A) =X = A(hy)ay for X € p*.
The subgroup W of GL(h*) generated by w; (i € I'®) is called the Weyl group of g. One can easily verify

that the symmetric bilinear form ( , ) is W-invariant.
Let I := (I*® x {1}) U (I'™ x Z+). For simplicity, we will often write 4 for (i, 1) if i € I*°.
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Definition 1.1. The Borcherds-Bozec algebra g associated with a Borcherds-Cartan datum (A, P, II, PV, 11Y)
is the Lie algebra over Q generated by the elements e;;, fi ((¢,1) € I°°) and b with defining relations
[h,h'] =0 for h,h' € b,
leik, fj1] =k dij O by fori,j el k1€ Zso,
(h, €] = la(h)eji,  [h, fu] = —laj(h) fji,
(ade;)' 7' (ejy) = 0 for i € I™, i # (4,1),
(adf;)! ' (f1) = 0 fori € I'®, i # (j,1),

leikseji) = [fir, fi1) =0 for a;; = 0.

Let U(g) be the universal enveloping algebra of g. Since we have the following equations in U(g)

(adx)™(y) = Z(—l)k <TZ> ™ Fyak for x,y € U(g),m € Z>o,
k=0

we obtain the presentation of U(g) with generators and relations given below.

Proposition 1.2. The universal enveloping algebra U(g) of g is an associative algebra over Q with unity
generated by e, fu ((i,1) € I®) and b subject to the following defining relations

hh' =h'h for h,h' € b,

eirfj1 — fiein = ki 0p by fori,j €1kl € Zso,

hejl — ejlh = laj(h)ejh hfjl — fjlh = —laj(h)fjl,

lflaij

1—la;; - .
Z (—1)k< kla ]>ei1_l“”_kejl ek =0 forieI™ i+ (4,1, (1.2)
k=0
1-la;; 1 I
—1ai;\ ,1-a,— e
Z(_]‘)k< k ]>fi1 bais kfjlfzk:O fOTZEI 72#(¢77l)7
k=0

eixejl — ejieik = fikfj — fjufik =0 for a;; = 0.
The universal enveloping algebra U(g) has a Hopf algebra structure given by

Alz)=r®1+1®x,
e(z) =0, (1.3)
S(r) = —x for z € g,

where A : U(g) — U(g) ® U(g) is the comultiplication, ¢ : U(g) — Q is the counit, and S : U(g) — Ul(g) is
the antipode.

Furthermore, by the Poincaré-Brikhoff-Witt Theorem, the universal enveloping algebra also has the
triangular decomposition

Ulg)=U (g)©U"(g) @ U*(g), (1.4)

where U™ (g) (resp. U%g) and U~ (g)) is the subalgebra of U(g) generated by the elements e; (resp. h and
fa) for (i,1) € I®°.
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In [5], Kang studied the representation theory of the Borcherds-Bozec algebras. We quote some results
that we will use later.

Proposition 1.3. /5]
(a) Let A € PT and V(\) = U(g)vy be the irreducible highest weight g-module. Then we have

S =0 forie I,

K3

(1.5)
favx =0 for (i,l) € I* with A(h;) = 0.

(b) Every highest weight g-module with highest weight A\ € PT satisfying (1.5) is isomorphic to V().
2. Quantum Borcherds-Bozec algebras

Let ¢ be an indeterminate and set

r; JCI:2)

G =q" qu=9q *Z
Note that ¢; = q(;) if i € I'®. For each i € I'®* and n € Zxo, we define
a —q" & n [n];!
[n); = =——, [ni' =] | [kl { } = =T
% —q " kl;[l ki, [kl — k]!

Let % = Q(q) (fu | (i,1) € I*®) be the free associative algebra over Q(q) generated by the symbols f;
for (i,1) € I*°. By setting degf;; = —la;, F becomes a @)_-graded algebra. For a homogeneous element u
in .%, we denote by |u| the degree of u, and for any A C Q_, set F4 = {z € F | |z| € A}.

We define a twisted multiplication on % ® % by

(21 @ 22) (1 @ y2) = ¢~ 121Dy @ 2oy,

and equip .# with a co-multiplication d defined by

6(fa) = Z " fim ® fin for (i,1) € I*.

m+n=lI

Here, we understand f;o =1 and f; =0 if [ < 0.

Proposition 2.1. [7,2] For any family v = (vy) @ er~ of non-zero elements in Q(q), there exists a symmetric
bilinear form (, )p : . F x F — Q(q) such that

(a) (z,y)r =0 if [z] # |y,
(b) (1,1)L =1,
) (fir, fu)r = var for all (i,1) € I,
) (z,y2)r = (6(x),y ® 2)1, for all x,y,z € F.

Here, (1 ® 22,51 @ Y2)r = (1, Y1) (22, Y2) L for any x1,x2,y1,y2 € F.

From now on, we assume that

vy € 1+ qZ>o[lg]] for all (i,1) € I*°. (2.1)
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Then, the bilinear form (, )z, is non-degenerate on .7 (i) = @5, F—ia, for i € '™\
Let U be the associative algebra over Q(q) with 1 generated by the elements ¢" (h € PV) and ey, fi
((i,1) € I*°) with defining relations

=1, ¢"¢" =" for h,h' e PV
"ejg" =g MWey, " fug" = ¢ MW fy for he PV, (4,1) € I,

1—la¢j

Z (—1)* {1 _klaij] et ke ek =0 for i € I, i # (4,1),
=0 i (2.2)
17[!1” 1 l
(1 || g gt =0 fori e 1 £ G,
k=0 t
eineji — ejeik = finfs1 — ffiw =0 for a;; = 0.
We extend the grading by setting |¢"| = 0 and |ey| = la;.
The algebra U is endowed with the co-multiplication A : U — U ® U given by
A(g") =q"@q",
Aley) = Z Q?Z)neim Q@ K, "ein,
m-+n=lI (23)
A(fa) = Z Ay fim K@ fin,
m-4n=I

where K; = qf”,i el.

Let U<C be the subalgebra of U generated by f; and ¢", for all (i,1) € I™® and h € PV, and U+ be
the subalgebra generated by e;; for all (i,1) € I°°. In [1], Bozec showed that one can extended ( , )1 to a
symmetric bilinear form (, )z on U satisfying

(qh7 1)L = 17 (qhafil)L = 07
(" K;) =q ™, (2.4)
(@,9)1 = (w(@),w(y) forallz,y e U,

where w : U — U is the involution defined by
w(g") =q", wlea) = fu, w(fu) =eq for he PY, (i,l) € I*.
For any x € U , we shall use the Sweedler’s notation, and write
Alz) =) ) ® ().
Following the Drinfeld double process, we define U as the quotient of U by the relations

Z(a(l), beay)w(bay)ace) = Z(a(g), bay)ramyw(bey) for all a,b € =0, (2.5)

Definition 2.2. Given a Borcherds-Cartan datum (A, P, 11, PV, 11V), the quantum Borcherds-Bozec algebra
U,(g) is defined to be the quotient algebra of U by the radical of ( , ), restricted to U~ x U*.
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Let U™ (resp. U™) be the subalgebra of U,(g) generated by e;; (resp. fi) for all (i,1) € I°°. We shall
denote by U the subalgebra of U,(g) generated by ¢" for all h € PV. It is easy to see that ¢" (h € PV) is
a Q(q)-basis of UY.

In [6], Kang and Kim showed that the co-multiplication A : U — U ® U passes down to Uq(g) and
therefore, U,(g) becomes a Hopf algebra. They also proved the quantum Borcherds-Bozec algebra has a
triangular decomposition.

Theorem 2.3. [6] The quantum Borcherds-Bozec algebra Uy(g) has the following triangular decomposition:
Uyg) 2U U UT. (2.6)

By the defining relation (2.5), we obtain complicated commutation relations between e;; and f; for
(i,1), (4, k) € I*°. We shall derive explicit formulas for these complicated commutation relations in Appendix
A. But, as we already see in (1.2), the commutation relations in the universal enveloping algebra U(g) of
Borcherds-Bozec algebra g are rather simple

eikfj1 — fiiein = k0ij 0 by for i,5 € Ik, 1 € Zo. (2.7)

Thanks to Bozec, there exists another set of generators in U,(g) called primitive generators. They satisfy a
simpler set of commutation relations, and we shall prove that these generators also satisfy all the defining
relations of Ugy(g) described in (2.2).

We denote by C; (resp. P;) the set of compositions (resp. partitions) of [, and denote by 7 : Uy(g) — U,(g)
the Q-algebra homomorphism defined by

nlea) = ea, n(fu) = fu. n(d") =q ", nlq) =q* for he PY, (i,l) € I*. (2.8)

As usual, let S : U,(g) — Uy(g) and € : Uy(g) — Q(g) be the antipode and the counit of U,(g), respectively.
Then, we have the following proposition.

Proposition 2.4. [1,2] For any i € I'"™ and | > 1, there exist unique elements t; € Uy, and sy = w(tir)
such that

Q) (full>1) =Q(q) (ta | L > 1) and Q(q) {ea | I > 1) = Q(q) (sa | [ > 1),
(ti,z)L =0 for all z € Q(q) (fir, -, fu—1), (si,2) = 0 for all z € Q(q) (€1, - ,eiu—1),

i) = ta, n(sa) = s,
i) =tu @1+ 1®ty, 0(sa) =50 @1+1® s,
Altg) =ta @1+ Kl @ty, Alsy) =sq @ KM +1@ sy,

If we set 7y = (i, ta)r = (i1, Sit) 1, we have the following commutation relations in Ugy(g)
Siltjk — tjksil = 5ij5lk7—il(Kf - K;l) (29)
Assume that i € I'™ and let ¢ = (c1,-- - ,¢n) be an element in C; or in P;. We set
m m
ti,c = H ticj and Si,e = H Sic; -

Jj=1 J=1
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Notice that {t; . | ¢ € C;} is a basis of Ulla,
For any i € I'® and ¢, ¢’ € Py, if ¢ # ¢, then by induction, we have

(tiestie )1 = (Sise, Sier)r = 0.

For any i € I'™\I*° and ¢, c’ € Cy, if the partitions obtained by rearranging ¢ and ¢’ are not equal, then
we have

(tisertier) 1 = (Sises Sier)r = 0.
For each ¢ € I, we also use the notation t;; and s;;. Here we set
tin = fir, S = eil.

Sometimes, we simply write ¢; (resp. s;) instead of ¢;; (resp. s;1) in this case. By mimicking Definition 1.2.13
in [13], we have the following definition.

Definition 2.5. For every (i,1) € I°°, we define linear maps €

e U = U™ by

—~

2.10)
2.11)

, €iy(tjn) = 0ij0u, and €} (zy) = € (x)y + ¢ 112D ze] | (y)

—~

) ei,l(tjk) = 0;;01, and egl,l(fﬂy) = ql(|y"m)€él,l($)y + xegl,l(y)
for any homogeneous elements =,y in U ™.
Proposition 2.6.

(a) For any x,y € U™, we have

(tay, x)r = Ta(y, €5, (x))r and (yta,z)r = Ty, €;,(z))L

(b) The maps e;; and e}, preserve the radical of (', )r.
(¢) Let x € U™, we have

(i) If i (x) =0 for all (i,1) € I°°, then z = 0.

(ii) If efy(x) =0 for all (i,1) € I°, then x = 0.

Proof. (a) For any homogeneous element x € U~. We first show that

(5(1‘) =tu ® 6;71(1‘) + Z tw @ Yuw, (212)
W)

where t,, = t(, 1)t ) if w= (j1,01)...(jr, lr) is @ word in I*°, and y,, are elements in U~

Since e;,l is a linear map, it is enough to check (2.12) by assuming that x is a monomial in t;;. Fix
(i,1) € I*°. We show it by induction on the number of t; that appears in z. If  doesn’t contain ¢;;, then
e;’l(m) = 0 and there is no term of the form t;; ® —. Now assume that x contains t¢;;, then we can write
x = x1t; 29 for some monomials x1, 2o such that x; doesn’t contain ¢;;. So we have

eg’l(x) = eg,l(xltilmg) = ql(‘ml"ai)xleg’l(tillé) = ql(‘”“"ai)xl[acg + ql(_l(”"ai)tile;l(ajg)]. (2.13)

On the other hand
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0(x) =6(x1)(ta @14+ 1@ t;)d(xz2). (2.14)
By induction hypothesis, the term ¢;; ® — only appears in
(1@z)(ta @ 1)1 @ z2) + (1@ 21)(1 @ ty)(ty ® € (x2)), (2.15)
which is equal to

ta @ qUoh o) 2y 41 ® qf(lrllflai’flai)ﬂfltileg,l(@)

_ . (2.16)
=t ® ¢'11h0V 2 [wy + g7yl ().
This shows (2.12).
Similarly, we can show that
S(z) = el )(z) @tu+ Y 2w ®tu. (2.17)
wE(i,0)
Since e; ; and e}, are linear maps, Equations (2.12) and (2.17) hold for any z,y € U~.
For any c € Cy, we have (ti,tic)L = 0(1),cTu- Thus
(tilya x)L = Til(ya e;,l(x))L and (ytil7 m)L = Til(ya egl,l(x))L (218)

for any z,y € U™.

(b) Since 75 = (ti1,ti1) 1 # 0, our assertion follows.

(c) Note that each monomial ends with some ¢;;’s. By (a), if ¢/ (z) = 0 for all (i,1) € I*°, then = belongs
to the radial of (, ), which is equal to 0 in U~. O

For any ¢ € I"™ and n € N, we set

By a similar argument as [13, 1.4.2], we have the following Lemma.

Lemma 2.7. We have

5(t§n)) — Z q;pp’tl(p) ® tgp’) (2.19)

p+p’'=n

for anyi € I'® and n € N.

Proposition 2.8. For any i € I"®, (4,1) € I, and i # (j,1), we have

> P <o
p+p'=1—lag;

in Uy(g).

Proof. If i € I"®, we have a;; = % Set

Rigo= Y. (~1rtPed).
pt+p'=1-lai;
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By (2.6), we only need to show that e};(R; )) = 0 for all p € I°°. It is clear that

en(Ri ) =0 if pw#1,(4,1).

By the definition of €/, we have
el (1 tt?)) = g O Pt + o el (1)

= P (e g (@nlay) =)y p=Dy 401y JO=24p)y 07 =D),

i

Thus
&/ (Rigp)= . (—1)pg ¥ @eang=(@uta) (e, )
p+p'=1-la;;
+ Z (_1)pqi(1*;l)')t§p)tjltl(_p’fl)
p+p'=1-la;;
ST (gt et 1) 0Dy 1)
0<p<li-las;
+ > (—1ypglleatP) Pl y(~taii =),
0<p<i-la;;

The coefficient of tgp)tjltgfla"’" ) in the first sum of (2.21) is

(_1)p+1q*(*la7‘,j *P)(ai’ai)q*(aivlaj)qu
_ (_1)p+1q(l%-‘rl))(ai,ai)—l(ai7aj)+(—P)(i’£—a‘l

(o aq)
2

(71)p+1ql(ai,aj)+p

(_1)p+1q(laij +P).

Hence, we have e (R; ;1)) = 0.
By the definition of €7, we have

6;‘,1 (tl(‘p)tjltl('pl)) _ qfl(a]-,p/ai)e;ll(tgp)tjl)tgp,) _ qfl(aj,p/ai)t(P)tl(p,).

So

Clasi—p") —l(csn —la;;—p' '
e (Riiy) = Z (—1)(A~tai;—p") g =l p I)tz('l ai; =), (P)

jl i
0<p’<1—la;;

By [13, 1.3.4], we obtain

2(az,0) 2(ai,0)
> (—1) ey~ g Ues plad) [1 -1 (ai,aﬁ] =0
/
o P .
0§p,§1_l2((5:,1§iz)) 7

Hence, we get e;-’l(Ri’(N)) = (. This finishes the proof. O

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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By the above arguments, we have primitive generators t; ((¢,1) € I*°) in U~ of degree —la; and sy
((i,1) € I*°) in U™ of degree lo; satisfying

sitji — tixsa = 0iouTa (Kl — K74,

o, e (2.25)
k=0 ‘

By using the involution w, we get

lflaij

> (-nF [1 _klaif] sit Tl ks s =0 fori € I, i # (4,1). (2.26)
k=0 i

Since t;; (resp. s;) can be written as a homogeneous polynomial of f;; (resp. e;;) for k < I, we have
tig " =Wy ¢hsjgTh = ¢t MWsy for he PV, (4,1) € I, (2.27)
and
[tik, tj1) = [Sik, 85 =0 for a;; =0. (2.28)
3. A;-form of the quantum Borcherds-Bozec algebras

We consider the localization of Q[g] at the ideal (¢ — 1):

A1 ={f(q) € Q(g) | f is regular at g = 1}

(3.1)
={g/h|g,h € Qlq], h(1) # 0}

Let J; be the unique maximal ideal of the local ring A;, which is generated by (¢ — 1). Then we have an
isomorphism of fields

A1/I1 = Q,  flg) +JI1— f(1).

Note that, for ¢ € I'¢, [n]; and {Z} are elements of Z[g,q~!] C A;. For any h € PV, n € Z, we formally
define

7

h n
ooy 4" =1 g
(¢ ,n)q——q_l eU".
Definition 3.1. We define the A;-form, denote by Ua, of the quantum Borcherds-Bozec algebra U,(g) to
be the Aj-subalgebra generated by the elements s;, Ty, ¢" and (¢";0),, for all (i,1) € I°® and h € PV,
where

1 1

Ty=———
omug -1

ty for (i,1) € I*. (3.2)

Let UXI (resp. Uy ) be the Aj-subalgebra of Ua, generated by the elements s; (resp. Ty) for (i,1) € I*°,
and UQ be the subalgebra of Ua, generated by ¢" and (¢";0), for (h € PY).
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Lemma 3.2.

(a) (¢";n), € UR, foralln € Z and h € PV.

Proof. It is straightforward to check that

n
-1
(¢";n)g = q"(¢"; 0)g + qq —

3.3
Kg—K;l_q—l(HK_l)Kg—l (3:3)

q?—l qizfl g—1"

The lemma follows. O
The next proposition shows that the triangular decomposition (2.6) of U,(g) carries over to its A;-form.
Proposition 3.3. We have a natural isomorphism of A1-modules
Ua, U, ®@UR, ®@UL (3-4)
induced from the triangular decomposition of Uy(g).

Proof. Consider the canonical isomorphism ¢ : U,(g) — U~ @ U’ @ U given by multiplication. By (2.25)
and (2.27), we have the following commutation relations

si(q";0)g = (¢"; —lai(h))gsi,

(¢";0)gTiu = Tu(q"; —lai(h)),, (3.5)
Kl gt

suTlljx — Tiksa = 51';'511@%-

Combining with (3.2), the image of ¢ lies inside Uy, @ Up @ U, . O

The representation theory of quantum Borcherds-Bozec algebras has been studied by Kang and Kim in
[6]. In the following sections, we shall use some notions defined in [6], which are similar to those in classical
representation theory of quantum groups.

Fix A € P, let V7 be a highest weight U,(g)-module with highest weight A and highest weight vector vs.
Then we have the Ai-form for the highest weight modules.

Definition 3.4. The A;-form of V¢ is defined to be the Uy,-module V, = Ua,vx.

By the definition of highest weight module and Vj,, it is easy to see that Vi, = Uglv)\. The highest
weight Uj,(g)-module V¢ has the weight space decomposition

vi=vy, (3.6)

[T

where V¢ = {v € V7 | ¢"v = ¢"®v forall h € PV}. For each u € P, we define the weight space
(Va )u=Va, N VL. The following proposition shows that Vj, also has the weight space decomposition.
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Proposition 3.5. Vi, =@ ,<,(Va,)u-
Proof. The proof is the same as [4, Proposition 3.3.6]. O

Proposition 3.6. For each p € P, the weight space (Va,), is a free Ai-module with ranka, (Va,)n =
dimQ(q)V‘f,

Proof. We first show that (Va,), is finite generated as an Aj-module. Note that Vi, = Uy v\ and every
element in Uy is a polynomial of Ty with coefficients in A;. Assume that A = p+ « for some o € Q4. Then
for each v € Ay with weight p1, v must be a Vy -linear combination of {T5,;, - - - Tj 1, vx | lhou, +- - - lyoq, = af,
which is a finite set.

Let {T¢vx} be a Q(g)-basis of VI, where T are monomials in Tj;. The set {T¢v)} is certainly contained
in (Va,), and is also A;-linearly independent. So we have ranky, (Vy, ), > dimg(q)V,l. Let {u, -+ ,up} be
an A;-linearly independent subset of (Vy4,),. Consider a Q(g)-linear dependence relation

c(Qui+ -+ cp(quy =0, ci(q) € Q(g) fork=1,---,p.

Multiplying some powers of (¢—1) if needed, we may assume that all ¢x(q) € A1, which implies that cx(q) =
0forallk=1,---,p. Hence ui,--- ,u, are linearly independent over Q(g) and ranky, (Va,), < dimgg V).
This finishes the proof. O

Corollary 3.7. The Q(q)-linear map ¢ : Q(q) ®a, Va, — V9 given by ¢ ® v — cv is an isomorphism.
4. Classical limit of quantum Borcherds-Bozec algebras

Define the Q-linear vector spaces

Ur = (A1/d1) ®a, Ua, 2 Ua,/J1Ua,,

(4.1)
V= (A1/J1) @a, Va, = Va,/31Va,.
Then V! is naturally a U!-module. Consider the natural maps
Upr, = Ur =Uyp, /J1Uys,, 42)

Va, = Vi=Vy, /I Va,.

The passage under these maps is referred to as taking the classical limit. We will denote by Z the image of
x under the classical limit. Notice that ¢ is mapped to 1 under these maps.
For each p € P, set V,} = (A1/J1) @4, (Va,)u- Then we have

Proposition 4.1.

(@) VI =@, \ Vi
(b) For each € P, dimgV, = ranks, (Va,)u = dimgq)V,4.

Denote by h € U; the classical limit of the element (¢";0), € Uy, . As in [4], we have the following lemma.
Lemma 4.2.

(i) For all h € PV, we have ¢" = 1.
(ii) For any h,h' € PV, h+h/ = h+ I/. Hence, we have nh = nh forn € 7.
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Define the subalgebras Uy = Q ® Ugl and U =Q® Ui. The next theorem shows that we can define
a surjective homomorphism from the universal enveloping algebra U(g) to Uy, and as a U(g)-module, V! is
a highest weight module with highest weight A € P and highest weight vector v).

Theorem 4.3.

(a) The elements 5, Ty ((i,1) € I®) and h (h € PY) satisfy the defining relations of U(g). Hence there
exists a surjective Q-algebra homomorphism ¢ : U(g) — Uy sending e;; to S, fi to T, and h to h. In
particular, the Uy-module V' has a U(g)-module structure.

(b) For each u € P, h € PV, the element h acts on V! as scalar multiplication by p(h). So V! is the
u-weight space of the U(g)-module V1.

(c) As a U(g)-module, V' is a highest weight module with highest weight X € P and highest weight vector

UX-
K!'— K —1 K!—1
Proof. (a) Since —5——"— = (;{2 (14 K;')—*—=, when we take classical limit, we get
q; — 1 q—1 g—1
KI-K7' 1 -
% = —~2~l’l“ihi:lhi.
g —1 2r;

By (2.25), we have the following equation in U;
SuT i — T30 = 0ij0u:lhs,

and it is the same as the commutation relations in U(g).

Since
¢"sji=q""Msud", "Tj=q M Tug" for he PY,(4,1) € I,
we have ¢ - lsil = sll% and
—1 q—1
¢ - Lou — su -1 Sil -1 (4.3)
qg—1 -1 qg—1
Thus h3; — 54h = la(h)3,. Similarly, we have
B Tt — T = —lou(h)T.
It is easy to check the commutation relations
[Tik,le] = [Sir,51) =0 for a;; = 0. (4.4)

For i € I'®, we have

[, =n andmi: (Z)

Hence the remaining Serre relations follow.
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q/l.(h)—l

b) For v € (Va,), and h € PV, we have (¢";0),v =
1K q 1
q—

v. Hence when we take the classical limit,
we obtain hv = u(h)v.

(c) As a U(g)-module, by (2), we have hty = hvy, = A(h)Ty in V! for all h € PV. For each (i,1) € I*°,
syUy is zero. Therefore, V! = U0y = U~ (g)vx and hence V! is a highest weight module with highest
weight A € P and highest weight vector v). O

Combining Proposition 4.1 (b) and Theorem 4.3 (b), we have chV! = chV9. For a dominant integral
weight A € P*, the irreducible highest weight U,(g)-module V9()) has the following property.

Proposition 4.4. [6] Let A\ € P and V(\) be the irreducible highest weight module with highest weight
and highest weight vector vy. Then the following statements hold.

a 1€ 1™, then f77 " vy =0.
(a) Ifi €I, then f}") 1oy =0
(b) Ifi € I'™ and \(h;) = 0, then fivx =0 for all k > 0.

We now conclude that the classical limit of the irreducible highest weight U, (g)-module V() is isomor-
phic to the irreducible highest U(g)-module V().

Theorem 4.5. If A € P and V7 is the irreducible highest weight U,(g)-module V1(X\) with highest weight ),
then V1 is isomorphic to the irreducible highest weight module V() over U(g) with highest weight ).

Proof. By Proposition 4.4, if ¢ € I'®, then Ti)‘(hi)ﬂm = 0; if i € I'™ and A(h;) = 0, then Tj,vy = 0 for all

k > 0. Therefore, V! is a highest weight U,(g)-module with highest weight A and highest weight vector v,
satisfying:

(a) If i € I'®, then £+, =T F g, — 0,
(b) If i € I'™ and )\(hz) =0, then f;3v)\ = Ti;gﬁA =0 for all £ > 0.

Hence V! 22 V()) by Proposition 1.3. O

By Proposition 4.1 (b), the character of V4(\) is the same as the character of V()), which is given by
(see, [5,3])

S wew E(w)e AP =Pw(Sy)
[Toea, (1 —eme)dimaa
_ Dwew Der, E(w)e(s)ertrem
Ha€A+ (1 — e—)dimga .

chV()) =

(4.5)

Theorem 4.6. The classical limit Uy of U,(g) is isomorphic to the universal enveloping algebra U(g) as
Q-algebras.

Proof. By Theorem 4.3 (a), we already have an epimorphism ¢ : U(g) — U, sending ey, fi, b to 54, Ty, h,
respectively. So it is sufficient to show that ¢ is injective.

We first show that the restriction 1y of 1 to U%(g) is an isomorphism of U°(g) onto UY. Note that 1)
is certainly surjective. Since x = {h; | i € I} U{d; | i € I} is a Z-basis of the free Z-lattice PV, it is also
a Q-basis of the Cartan subalgebra h. Thus any element of U°(g) may be written as a polynomial in .
Suppose g € Keryyy. Then, for each A\ € P, we have
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0 =10(g) - Ux = A(g)Vx,

where vy is a highest weight vector of a highest weight U,(g)-module of highest weight A and A(g) denotes
the polynomial in {A(z) | € x} corresponding to g. Hence, we have A(g) = 0 for every A € P. Since we
may take any integer value for A\(z) (x € x), g must be zero, which implies that 1)y is injective.

Next, we show that the restriction of ¢ to U~ (g), denoted by _, is an isomorphism of U~ (g) onto U; .
Suppose Kery_ # 0, and take a non-zero element v = 3 ac f¢ € Keryy_, where a; € Q and f; are monomials
in fii’s (i,1) € I*°. Let N be the maximal length of the monomials f¢ in the expression of u and choose
a dominant integral weight A € P* such that A(h;) > N for all i € I. The kernel of the U~ (g)-module
homomorphism ¢ : U~ (g) — V! given by x ~— 1(z) - Uy is the left ideal of U~ (g) generated by f{\(}”)H
for i € I*® and f;; for i € I'™ with A(h;) = 0. Because of the choice of ), it is generated by J"i)‘(h")Jrl for all
1 e I™°.

Therefore, v = )" ac fc ¢ Kerp. That is, ¥_(u) - Ty = 9¥(u) - Un # 0, which is a contradiction. Hence,
Kery)_ = 0 and U~ (g) is isomorphic to Uy .

Similarly, we have Ut (g) = U,". Hence, by the triangular decomposition, we have the linear isomorphisms

U(g) =U (9) @ U(g) @ Ut (g) = U; @ U @ Ut = Uy,

where the last isomorphism follows from Proposition 3.3. It is easy to see that this isomorphism is actually
an algebra isomorphism. 0O

We now show that U; inherits a Hopf algebra structure from that of U,(g). It suffices to show that Uy,
inherits the Hopf algebra structure from that of U,(g). Since

A(Ty) =Ta @1+ KL @ Ty, Alsa) =50 @ K; '+ 1@ sa,

A" =¢"2 ", (4.6)

S(Tu) = —K; 'Tu, S(su) = —suK}, S(¢")=q", |

e(Tu) = e(sa) =0, e(¢") =1,

we have
h h
¢'®q¢" —1®1
Al(g"0)0) = —— ——— = (@10, ® 1+ ¢"® (¢"50)y,

(4.7)

S((4":0)g) = (a";0)q,
e((¢";0)q) = 0.
Hence the maps A: Uy, — Up, @ Up,, €: Uy, — Ay, and S: Uy, — Uy, are all well-defined and Uy,
inherits a Hopf algebra structure from that of U,(g).

Let us show that the Hopf algebra structure of Uy coincides with that of U(g) under the isomorphism we
have been considering. Taking the classical limit of the equations in (4.6) and in (4.7), we have

ATy) =Ty @1+10Ty, ABu) =5.01+1®5;, A(h) =h®1+1®h,

S(Ty) =—Ta, S(Su) = —5ua, S(h) = —h, (4.8)
e(Ty) = €(5;1) = e(h) = 0.

This coincides with (1.3). Therefore, we have the following corollary.
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Corollary 4.7. The classical limit Uy of Uy(g) inherits a Hopf algebra structure from that of U,(g) so that
Uy and U(g) are isomorphic as Hopf algebras over Q.

Since U~ (g) = U; , by the same argument in [4, Theorem 3.4.10], we have the following theorem when
we take the classical limit on the Verma module over U,(g).

Theorem 4.8. [/] If X € P and V9 is the Verma module M?(X) over Uy(g) with highest weight A, then its
classical limit V' is isomorphic to the Verma module M()\) over U(g) with highest weight \.

Appendix A

We shall provide an explicit commutation relations for e;; and fj;, for (¢, k), (4,1) € I*® in Uy(g). Recall
that, we have the co-multiplication formulas

le Z q_mnfzm ® fln

m-tn=I

Then, the defining relation (2.5) yields the following lemma.

Lemma A.1. [6] For any i,j € I and k,l € Z~q, we have

(a) Ifi # j, then e and f; are commutative.
(b) Ifi=j, we have the following relations in Uy(g) for all k,1 >0

Z ngm_S)VineisfimKZ‘_n = Z (L)n(m S)Vznfimeiusn- (Al)
m+4n=~k m+4n=~k
n+s=l n+s=l

Since

KineimKi_n = q(QT)Lmezmv
KinfimKi_ - (_1)2"mfzm7

we can modify the equations (A.1) as the following form

E qn(S ™) Vzn i ezsfzm = E qggmiS)VinKinfimei& (A2>
m4n=k m+n=~k
n+s=I n+s=l

If i € I', then k =1 =1 and m = s, so there are only one commutation relation in this case
eifi +vaK; ' = fiei +va K. (A.3)

If i € I'™ (we omit the notation “i” in this case for simplicity), we first assume that k = [. By (A.2), we
have

k=1=1, eifi+nK '=fies+nkK,
k=1=2, esfo+unK leifi+1uK ?= foes + 1K fre; + 10K>,

k=1= n, enfn + VlK_lenflfnfl + -+ anlKl_nelfl + VnK_n
= fnen + Vlen,16n71 +---+ anlKn_lflel + VnKn~
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By direct calculation, we can write e, f, — fne, in the following way

enfn - fnen = alfnflenfl + ann72en72 + -+ anflflel + o,

where
a1 = (K- K™Y,
a =1p(K? -~ K2~y K tay =p(K? - K2) — 2K (K - K1),
o3 :z/g(K?’—K 3) K tay — K 20y (A5)
=13(K? = K™%) — in K Y (K2 — K™2) + (13 — i) K 2(K — K1), '
ap =Vp(K"—K™") — K Yo, 1 — oK 20, 59— —v, 1K™V,
IfmeNand c=(c,- - ,cq) is a composition of m (i.e. ¢ € Cy,), then we set v, = szl v, and |c|| = d.

By induction, we have

enfn = Z {Z [I/rﬂperT—P(KT _ K—T)} } frn—pen—p + fnen, (A.6)

p=1 \r=1

where 9,, = Zcecm(—l)”"nuc. For example, ¥4 = v} — 3vivg + 2v4v3 + V3 — vy,
Next, we assume that k — [ = ¢, then m — s =t. By (A.2), we have

l l

Z q(;;ItVnK_nel—nfk—n = Z (]let) Vnank—nel—n~
n=0 n=0

Hence, we have

erfr + Q(;)tle_lelflfkfl +ot q(_i)(l_l)tV171K_(l_1)€1ft+1 + q&ftVlK_lft

= frer + K fioren 4+ qgl) Vi KOV f e + QZ)VlKlft.
We substitute K by q&.)K in formula (A.6) and obtain

efr = Z {Z [Vr p—r (a0 K)" P ((g(y K)" — (qfi)K)’T)} } Jo—pei—p + frer (A7)

p=1 \r=1

Finally, we assume that [ — k = ¢, then s —m = t. By (A.2), we get

k k
Z )Vn elfnfkfn = Z q&)ntVnankfnelfn~
n=0 n=0
Hence, we have

erfr + q@)le_lel,lfk,l + -+ qéi;l)tVzAK_(l_l)etJrlﬁ + qZ)WK—let

= frer +q V1ka 1€—1+ -+ q(;)(lfl)tquK(l_l)fletH + q(;ftVlKlep

We substitute K by q(:)tK in formula (A.6) and obtain
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k P
efe = Z Z [Vrﬁp—r(Q(_itK)r_p((Q(z)K) (‘J(l) K)~ )] fe—pei—p + frer. (A.8)

p=1 \r=1

Combining Formulas (A.6), (A.7), and (A.8), we have the following statement.

Proposition A.2. Fori € I'™, we have the following commutation relations for all k,1 >0

min{k,l} »

eifik — fivea = Z Z [Virﬁi,p—r(QZ;lK) ((Q(z) 'K)" (q(z) K;)~ )} fik—p€ii—p,

p=1 r=1
where ¥ p_, = Zcec,,_T(_l)”c”Vi,C
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