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1. Introduction

Leavitt path algebras of directed graphs are considered a mainstream topic of research in algebra. Intro-
duced initially in [2] and [4], they are the algebraic counterparts of graph C*-algebras and generalizations
of Leavitt algebras. Relative Cohn path algebras, as they are named in [1], are generalizations of Leavitt
path algebras in which the so-called Cuntz-Krieger relation (CK2) hold just for a subset of regular vertices
of the directed graph. Therefore relative Cohn path algebras include Cohn path algebras (the case when
we completely omit the aforementioned (CK2) axiom), Leavitt path algebras, and everything in between.
They are also known as Cohn-Leavitt path algebras; see for example [27] and [34].

Previously to the consideration of relative Cohn path algebras, its C*-analog was introduced in [30],
where Muhly and Tomforde presented the relative graph C*-algebra C*(E, S) of a graph E and S a subset
of regular vertices of E. Moreover, relative Cuntz-Krieger algebras associated to finitely aligned higher-rank
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graphs were defined in [32]. Ara and Goodearl, in [3], introduced and investigated relative Cohn path
algebras of separated graphs, a more general class of graphs that encompass relative graph algebras.

Differently from what it might seem at first, the class of relative Cohn path algebras is equal to the class
of Leavitt path algebras, see [1, Theorem 1.5.17] (the same is true for relative graph C*-algebras and graph
C*-algebras, see [30]). In any case, working with relative Cohn path algebras is an useful and advantageous
tool to unite considerations regarding both Cohn and Leavitt path algebras. For example, in [33] the use of
relative Cohn path algebras is shown to be necessary when representing a Leavitt path algebra Li(E) as a
direct limit of subalgebras of its finite subgraphs (in the case when F fails to be row-finite); here Vas also
presents examples which illustrate the benefits of considering relative Cohn path algebras over using Leavitt
path algebras alone (similar considerations are made in [30] for relative graph algebras). Furthermore, the
Gelfand-Kirillov dimension and the invariant basis number (IBN) of relative Cohn path algebras are studied
in [29] and [27], respectively. In the context of C*-algebra theory the study of relative algebras is also of
great importance. For example, it is not clear if the relative Cuntz-Krieger algebras of finitely aligned higher
rank graphs form a larger class than the class of ‘non-relative’ algebras, see [32]. In relation with dynamics
and operator theory, relative graph algebras are the key ingredient in the unifying study of KMS states
associated to graph algebras, see [9]. For the latter, the key step is to build a relative boundary path space
and to realize relative graph C*-algebras as partial crossed products. To obtain an algebraic version of this
result is one of our goals, as we describe below.

In this paper we connect the theory of relative Cohn path algebras with another key concept arising from
operator algebras theory: partial skew group rings. Partial skew group rings were introduced by Exel and
Dokuchaev in [11] as algebraic analogues of C* partial crossed products. This notion has been in constant
development recently and for example [7,10,15,19,31] illustrate how the interaction between the theory of
partial skew group rings and the theory of non-commutative rings can be fruitful. In our context, given
a graph F, one could maybe use the equivalence between the class of Leavitt path algebras and the class
of relative Cohn path algebra to apply the results in [24] and obtain a realization of a relative Cohn path
algebra of E as a partial skew group ring. But, this would lead to an action of the free group on the edges of
an extended graph and not on the free group on the edges of E. Our approach is more natural, as we define
a relative boundary path space, and an action of the free group on the edges of the graph E, that give rise to
the relative Cohn path algebra. Using our characterization we are able to describe maximal commutativity
of a certain abelian subalgebra of the relative Cohn algebra in terms of a combinatorial property of the
graph (which we call Relative Condition (L)). This commutative subalgebra corresponds to the one studied
in [14] for Leavitt path algebras.

The other aspect of our work is to establish a connection between the theory of representations of
relative Cohn path algebras with the theory of branching systems. Notice that branching systems, and
representations arising from them, have connections with wavelets, C*-algebra theory, ring theory, among
other areas (see [12,13,16-18,20,22,23,25] for example). In this paper we prove generalized versions of several
representation theorems for Leavitt path algebras in [21], that is, we show how to obtain representations of
relative Cohn path algebras from FE-relative (algebraic) branching systems and study them. In particular we
are able to obtain deeper versions, for Leavitt path algebras, of several results given in [21]. Concretely, we
give necessary and sufficient conditions to guarantee faithfulness of a representation induced by an E-relative
branching system. This result also extends a key result in [25] for the algebras of separated graphs that can
be seen as relative Cohn path algebras. Further to improve the known result for Leavitt path algebras, our
proof is simpler, and relies on a version of the reduction theorem for relative Cohn path algebras (a result
we prove in Section 3). As an application of our theorem we build faithful representations, arising from
E-relative branching systems, of any relative Cohn path algebra (this also extends results in [25] for row
finite graphs with no sinks).

Our work is organized as follows. First in Section 2 we recall some basic terminology and definitions about
relative Cohn path algebras and partial skew group rings. In Section 3 we prove the uniqueness theorems
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for relative Cohn path algebras, which we will need in order to realize them as partial skew group rings.
Furthermore, we show the so-called reduction theorem for relative Cohn path algebras (Proposition 3.3),
in the spirit of the one originally given in [5] for Leavitt path algebras. In Section 4 we apply the previous
results to associate relative Cohn path algebras to partial skew group rings. Finally, we devote Section 5
to the introduction of the notion of E-relative (algebraic) branching systems and the representations of
the relative Cohn path algebra Cx (E) induced by them. We present one of the main results of the paper,
Theorem 5.6, where we describe necessary and sufficient conditions for a representation arising from a
FE-relative branching system to be faithful. Furthermore, we construct faithful representations, arising from
FE-relative algebraic branching systems, associated to any relative Cohn path algebra.

2. Preliminaries
Throughout the paper K denotes a field and K* := K \ {0}.
2.1. Relative Cohn path algebras

Let E = (E°, E',r,s) be a directed graph. The elements of E° are called vertices and the elements of E!
edges. If a vertex v emits no edges, that is, if s~1(v) is empty, then v is called a sink. A vertex v is called a
reqular vertex if s71(v) is a finite non-empty set. The set of regular vertices is denoted by Reg(FE).

A path of length n in E is a sequence &1&s ... &, of edges in E such that r(&;) = s(&41) fori € {1,2,...,
n —1}. If € is a path of length n, then we write || = n. We consider vertices in E? as paths of length zero.
The set of all finite paths of length n is denoted by E™ and we let Path(F) = U322 E™.

An infinite path in E is an infinite sequence &£ ... of edges in E such that r(&;) = s(&41) for i € N.
The set of all infinite paths in F is denoted by E°.

As usual, the range and source maps can be extended from E' to E° UPath(E) by defining s(&) := s(&1)
for E =&&...€e E¥or £ =¢;...&, € Path(E), and r(§) :=r(&,) for £ =& ...&, € Path(E).

A closed path a = ej...e,, in the graph E is a path such that r(e;) = s(e;+1) and r(a) :=r(e,) = v =
s(e1) =: s(a). The closed path « is called a cycle if it does not pass through any of its vertices twice, that
is, if s(e;) # s(e;) for every ¢ # j. An exit for a path a = ey ...e, is an edge e such that s(e) = s(e;) for
some i and e # e;. We say that E satisfies Condition (L) if every simple closed path in E has an exit, or,
equivalently, every cycle in E has an exit.

Definition 2.1. Let E be an arbitrary graph. Let X be any subset of Reg(E). The Cohn path algebra of E
relative to X, denoted Cyx(E), is the free K-algebra generated by the sets E° U E1 U {e* | e € E'} with
relations:

(V) vw = &, v for v,w € E°,

(E1) s(e)e =er(e) = e for e € 1,

(E2) r(e)e* = e*s(e) = e* for e € E1,

(CK1) e*f =6, sr(e) for e, f € E' and,

(XCK2) v =3 -1, ee” for every vertex v € X.

We denote Y := Reg(F) \ X throughout this paper.

We immediately see that the Cohn path algebra Ci (E) corresponds to Ok (E) = C%(E) and the Leavitt
path algebra Ly (E) to Lg(E) = CReg(E)(E).

From the axioms of the Definition 2.1 we have that every element of Cx (E) can be represented as a
sum of the form Y " | k;a; 87 for some n € N, paths «;, 8; such that r(a;) = r(8;), and k; € K for every
1=1,...,n.
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We can define an K-linear involution * on Cj (E) in the following way: (31, kieui31)* = Soi, kiBic;
for n € N, paths «;, §; such that r(a;) = r(5;), and k; € K for every i = 1,...,n.

Also C3(E) is an unital ring if and only if E° is finite (where the identity is the sum of elements of E°);
it has local units if E° is not finite (the finite sums of distinct vertices are local units).

Following [1, Corollary 2.1.5] another property is that it is also naturally graded by Z so that the
n-component is:

CX(E), = {Zkialﬂf | o, B; are paths, k; € K, |a;| — |B;] = n for all 2} .

We finish this subsection recalling that any relative Cohn path algebra Cx (E) is isomorphic to the
Leavitt path algebra of a graph E(X) which is obtained by adding certain new vertices and edges to E.

Definition 2.2. (as in [1] Definition 1.5.16) Let E be an arbitrary graph, X be a subset of Reg(E), and
Y =Reg(E)\ X.Let Y/ = {v : v € Y}. For v € Y, and for each edge e € r~1(v), consider a new symbol ¢’.
Define the graph F(X) as follows:

EX)=FE'UY" and E(X)' = E'U{e :r(e) €Y}.
For cach e € E* let rp(x)(e) = r(e) and sgx)(€¢') = s(e), and rg(x)(e) = r(e) and sp(x)(e) = s(e).

Theorem 2.3. (as in [1], Theorem 1.5.18) Let E be a graph, X a subset of Reg(E), and let E(X) be the
graph constructed above (Definition 2.2). Then there is an isomorphism ¢ : Cis (E) — Li (E(X)) such that
o) = v+ if v €Y and ¢(v) = v otherwise. Furthermore, ¢p(e) = e if rg(e) ¢ Y and ¢(e) = e+ €
if re(e) € Y. Moreover, the inverse of ¢ is given by an isomorphism v : Lx(E(X)) — Cx(E) such that
V) =vifv ¢, andp(v) =3 c o1, e€", Y') = V=) ces—1(n) €€ ifv €Y. Also(e) =eifr(e) Y,
and P(e) =€ pesr [ () =e(w =3 jesr [) ifr(e) =veY.

2.2. Partial skew group rings

For later use, we recall the definitions of a partial action and a partial skew group ring as in [11].

A partial action of a group G on a set Q is a pair & = ({Di}ieq, {at}tec), where for each t € G,
D; is a subset of Q and oy : D;-1 — D, is a bijection such that D, = Q, «. is the identity in €,
ar(Dy—1 N Dg) = Dy N Dy and ay(as(x)) = aus(z), for all © € Dy—1 N Dy—14-1. In case §2 is an algebra or
a ring then the subsets D; should also be ideals and the maps «; should be isomorphisms. Associated to a
partial action of a group G in a ring A the partial skew group ring A x, G is defined as the set of all finite
formal sums } , . a¢0;, where, for all t € G, a; € Dy and d; are symbols. Addition is defined in the usual
way and multiplication is determined by (a:0:)(bsds) = as(a—¢(at)bs)dets.

3. Uniqueness theorems for relative Cohn path algebras
In this section we develop the main tools we will use in the next sections. These are also interesting
results in their own. We begin with the so-called reduction theorem for relative Cohn path algebras (Propo-

sition 3.3), for which we need an auxiliary result first.

Lemma 3.1. Let c = ejes - - - e, be a cycle without exits based at a vertex w, and denote g = w, puy =€y - - ey,
for 1 <k <n with s(ey) €Y. Then
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wCI)(((E)w = Z lijkciukch_j | lijk S K;ti,tj eNU {0}
0<i<t,,
0<j<tj,
0<k<n
Proof. Following the same ideas as in the proof of [1, Lemma 2.2.7] we have first that any v € Path(FE) such
that s(v) = w is of the form ¢™7, where m € Z", 7o = w, 7, = €1 - - - ¢, for 1 < p < n, and deg(y) = mn+p.
Consider v, A € Path(E) with s(\) = s(y) = w. Suppose that s(ex) € Y and s(ex+1) € X,...,s(ep) € X
for k£ < p. If deg(y) = deg(X) and yA* # 0, we have yYA\* = cle; - --egej - -efc 9. If deg(y) > deg(X) and
YA* #£ 0 then YA* = cdF9e1---egef - -efc™?, d € N. On the other hand, deg(y) < deg(A) and yA* # 0
imply yA* = cley ---epej, - -+ efc™14 deN.
For any a € wCi (E)w, write o = Yi_, Liv;A! with [; € K and ~;, \; € Path(FE) such that s()\;) =
s(vi) = w for all 1 < ¢ < r. Then, using the computations in the previous paragraph we get the desired
result. O

Although we cannot determine whether the corner wCi (E)w given in Lemma 3.1 is isomorphic to some
known algebra, we provide below an example of elements in a specific corner.

Example 3.2. Consider the graph in the picture below with Y = {w, v}.

€1
'
€2

Take the cycle ¢ = ejeq based at w. Notice that elements in wC5 (E)w include ¢f(c¢*)? (since v € Y), and
clerei(c*)? (since also w € Y) for 4,5 € N U {0}.

Proposition 3.3. For any nonzero element o € C35 (E) there exist u,n € Path(E) such that either:

(i) 0 # p*an = ku, for some k € K* and u € E°, or
(i) 0 # p*an = k(v — ZeES,l(U) ee*), for some k € K* andv €Y, or
(iii) 0 # p*an € wC; (E)w, for some cycle without exits based at a verter w.

Proof. We show first that for a nonzero element o € Cix (E), there exist paths u,n € Path(E) such that
0+#an€ KE or 0+# p*an = k(v — Zees*l(u) ee*), for some k € K* andv €Y.

Consider a vertex v € E° such that av # 0. Write av = Y_" | el + o/, with e; € B, e; #ej for i # j
and «;, o’ € Cx(E), o in only real edges and such that this is a minimal representation of av in ghost
edges.

If ave; = 0 for every i € {1,...,m}, then 0 = ave; = «; + &’e;. Hence a; = —d’e;, and av =
Yo —deier + o' =o' (3200, —eief +v) # 0. This implies that Y ;" | —e;ef + v # 0. There are now two
cases, depending whether v € Y or not. Suppose first that v € EY\ Y. Since s(e;) = v for every 4, this means
that there exists f € E', f # e; for every i, with s(f) = v. In this case, avf = o/ f # 0 (because o is in
only real edges), with o/ f in only real edges, so we conclude. In the second case, assume that v € Y. Then,
multiplying the equation av = o/ (Y-, —e;ef +v) # 0 by o *, we get that o/ *av = Y1 —e;ef +v # 0,
and we obtain the desired result.

Continue with the case ave; # 0 for some ¢, say for ¢ = 1. Then 0 # ave; = a1 + o’ey, with a; + a’e;
having strictly less degree in ghost edges than «. Repeating the argument above a finite number of steps
we prove our first statement.
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Now, consider 0 # o € Cyx(FE). Suppose that there exists a path n € Path(E) such that 8 := an €
KE\{0} (if not, by what is proved above, we are finished). Write 0 # 3 = >"'_, k;3; as a linear combination
of different paths 5; with k; # 0 for any i. We prove by induction on r that, after multiplying 5 on the
left and/or the right, we get a vertex or a element in wCjs (E)w for some cycle without exits based at a
vertex w.

For r = 1, if 81 has degree 0 then it is a vertex and we are finished. Otherwise we have = k131 =
Eifi--- fn, so that k; ... f£3 = v where v = r(f,) € E°.

Suppose by induction that the property is true for any nonzero element which is a sum of less than r
paths in the conditions above. Write 0 # 3 = Y ._, k;3; such that deg(3;) < deg(B;+1) for any i. If for
some ¢ we have deg(3;) = deg(B;+1) then, since §8; # Bit1, there is some path p such that 8; = pfr and
Bir1 = pf'v' where f, f' € E! are different and v,7 are paths. Thus 0 # f*u*3 and we can apply the
induction hypothesis to this element. So we can go on supposing that deg(5;) < deg(8;+1) for each i.

We have 0 # 818 = kiv + >, ki, where v = (1) and ~; = 57 ;. If some ~; is null then we apply the
induction hypothesis to 878 and we are done. Otherwise if some v; does not start (or finish) in v we apply
the induction hypothesis to v57 8 # 0 (or 87 Bv # 0). Thus we have

0#z:= ﬁfﬁzkw-&-zki%,

1=2

where 0 < deg(y2) < -+ < deg(y,) and all the paths +; start and finish in v.

If T(v) N P.(E) = 0 then, by [1, Lemma 2.2.8], there exists a path 7 such that 7*3{ 87 = 7*27 = ky7(7)
and we are done.

If T(v) N P.(E) # (0 then there is a path p starting at v such that w = r(p) is a vertex in a cycle without
exits. In this case 0 # p*B18p = p*2p € wCi (E)w and the proof is complete. O

Remark 3.4. Notice that the proposition above does not follow immediately from the Reduction Theorem
([1], Theorem 2.2.11) and Theorem 2.3. In fact, if we take v € Li(F(X)) such that v € Y then it is
already “reduced” to a vertex; but if we now apply the isomorphism 1 : Lx(E(X)) — Cix(E) then
Y(v) = X ces-1(y) €€, Which is not in any “reduced form” of Proposition 3.3.

Notice that, by Lemma 3.1, for X = Reg(FE) (that is O (E) = L (E)) we obtain the following well-known
result: if ¢ is a cycle without exits based at a vertex w then

wLy(E)w = {Z Lc" |1, e K,m,ne Z} >~ Klz,z™ ).

r=m

In particular from Proposition 3.3 we get the so-called reduction theorem for Leavitt path algebras:

Corollary 3.5. (as in [1], Theorem 2.2.11) Let E be an arbitrary graph and K any field. For every nonzero
element o € Li (E) there exist p,n € Path(E) such that either:

(i) 0+ p*an = ku, for some k € K* and u € E°, or
(ii) 0 # p*an = p(c), for some cycle without exits ¢ and p(x) a nonzero polynomial in K[z, z™1].

Another immediate consequence from Proposition 3.3 is the following result, which we will use in the
proof of the Graded Uniqueness Theorem.

Corollary 3.6. Let o be a nonzero homogeneous element of Cx (E). Then there exist yu,m € Path(E) such
that either
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(i) 0% p*an = ku, for some k € K* and u € E°, or
(if) 0# pran=k(v — > cs-1(, €€7), for some k € K* andv €Y.

In particular, every nonzero graded ideal of Cwx(E) contains a vertex or a element of the form v —
Zeerl(v) ee* for somev €Y.

Proof. By the first part of the proof of Proposition 3.3 we have that for a nonzero element a € Ci (E),
there exist paths u,n € Path(E) such that 0 # an € KE or 0 # p*an = k(v — Zees*l(v) ee*), for some
ke K* and v € Y. For the second case it is done. Suppose we are in the first case. Since « is a homogeneous
element, 0 # an is a homogeneous element in KE. Now we write an = >.._, k;3; with k; € K*, 8; # B;
and |B;| = |B;] for all i # j. Therefore 5fan = kir(81) and we complete the proof.

The particular statement follows immediately. O

We are now in position to show the uniqueness theorems for relative Cohn path algebras.

Theorem 3.7. (The Graded Uniqueness Theorem) Consider A a Z-graded ring and w : C5x (E) — A a graded
ring homomorphism. Suppose that 7(u) # 0 for every vertex u € E° and m(v — 2665_1(1)) ee*) # 0 for every
vertex v € Y. Then 7 is injective.

Proof. Notice that Ker(r) is a graded ideal of C(E). Then by Corollary 3.6, Ker(w) is either {0}, or
contains a vertex, or contains a element of the form v — 3 ) ee* for some v € Y. By the hypothesis,
the only option is Ker(7) = {0}. O

e€s—1(

Theorem 3.8. (The Cuntz-Krieger Uniqueness Theorem) Consider 7 : Cix (E) — A a ring homomorphism.
Suppose that the graph E satisfies Condition (L), that w(u) # O for every vertex u € E°, and w(v —
Zees—l(v) ee*) # 0 for every vertex v € Y. Then w is injective.

Proof. We use that Ker(r) is an ideal of C'x (E). Let o be a nonzero element in Ker(w). Since E satisfies
Condition (L) then, by Proposition 3.3, there exist u,n € Path(F) such that either 0 # p*an = ku, for
some k € K* and u € E° or 0 # p*an = k(v — ZeEs_l(v) ee*), for some k € K* and v € Y. Therefore
Ker(7) either contains a vertex, or contains a element of the form v — Y ee* for some v € Y, what
contradicts the hypothesis of the theorem. Therefore Ker(r) = {0}. O

e€s—1(v)
As a consequence of the isomorphism between relative Cohn path algebras and Leavitt path algebras we
obtain other uniqueness theorem. For this aim we previously define:

Definition 3.9. Let E be a graph. We say that E satisfies Relative Condition (L) if every cycle c =e; - e,
such that s(e;) ¢ Y for every i = 1,...,n, has an exit.

Theorem 3.10. (The Relative Cuntz-Krieger Uniqueness Theorem) Consider 7 : Cix (E) — A a ring homo-
morphism. Suppose that the graph E satisfies Relative Condition (L) and that:

(i) m(u) # 0 for every vertex u ¢ Y,
(i) 7(v = X ees-1(0) €€") # 0 for every vertex v € Y, and
iii) 1, €€° 0 for every vertexv € Y.

ec€s~1(v) Y

Then 7 is injective.

Proof. Tt is straightforward that the corresponding graph E(X) satisfies Condition (L). Consider the iso-
morphism ¢ : Lx(E(X)) — Cix(E) given in Theorem 2.3. We have that m ot : Lx(E(X)) — A is
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a ring homomorphism. Moreover, if v ¢ Y then 7o ¢(u) = 7(¢(uv)) = w(u) # 0; if v € Y then
70 (o) = (V) = T(aesr(nyce’) £ 0 and 70 $(1) = TWE) = 70— Sey 1) €€*) # 0. By
the Cuntz-Krieger Uniqueness Theorem ([1, Theorem 2.2.16]) we have that 7 o 4 is injective. Therefore =
is injective. 0O

4. Relative Cohn path algebras as partial skew group rings

Given a graph E and a subset X of Reg(F), in this section we describe the associated relative Cohn path
algebra as the partial skew group ring associated to a partial action, of the free group on the edges of the
graph, on the “relative algebraic boundary path space”. We use this characterization to relate dynamical
properties of the action with combinatorial properties of the graph.

Since each relative Cohn path algebra is isomorphic to a Leavitt path algebra (see Theorem 2.3), and in
[24,26] each Leavitt path algebra was realized as a partial skew group ring, we obtain a characterization of
relative Cohn path algebras as partial skew group rings by composing isomorphisms. However, the partial
skew group ring obtained this way is formed by a partial action of the free group on edges of F(X), so that
some “unnatural” edges e’ appear on the free group. Furthermore, the boundary path space will also include
paths containing edges of E(X). We believe that the picture we present is the correct one for dealing with
relative graphs, as we have an action of the free group on the edges and a “relative boundary path space”
that only involves edges and vertices of E. In fact, the “relative algebraic boundary path space” of a graph
is the space of infinite paths in the graph union with finite paths ending in a sink or in a vertex in Y. The
precise definition follows below (compare it with the analytical counterpart, see [9]).

Definition 4.1. Let E be a graph and X be a subset of Reg(E). Recall that Y = Reg(FE) \ X. The algebraic
relative boundary path space Ox E is defined by

Ox(E) = E* U{¢ € Path(E) : r(§) is a sink } U{{ € Path(E) : r(§) € Y}.

We denote by F the free group generated by the set E'. Next we define a partial action ({U.}ceF, {0c }eeF)
of F on Ox(E). The sets and maps are defined as follows:

Let W = U,,en E™ be the set of all finite paths of length greater or equal to one (as a subset of F), and
define:

o Up:= 9x(E), where 0 is the neutral element of F.

o Up-r :={€Ix(E):s(§) =r()}, forallbe W.

o Uy ={§€0x(E):&&...§, =a}, forallac W.

o Uy :=U,, for ab™! € F with a,b € W, r(a) = r(b) and ab™' in its reduced form (that is, a4 # bjp|)-
e U,:=10, for all other c€ F.

Furthermore, let
U, ={€¢ € 0x(E) : s(¢) = v}, for all v € E°.

Remark 4.2. Note that v € U, if, and only if, v is a sink or v € Y. Moreover, if v = r(b) is a sink then
Up-1 = {r(b)} and U, = {b}. Notice also that if v € X then U, = U Us,.

s(a)=v

Next we define the maps 6. : U.-1 — U,. Let 6y : Uy — Uy be the identity map. For b € W, let
Op : Uy—1 — Uy be the “add b” or “creation” map, that is, if & € Up—1 then 0,() = b (we are assuming
here that br(b) = b). The inverse of 8, is given by the “erase b” map, that is, 0,-1 : Uy, — Up-1 is given by



C. Gil Canto, D. Gongalves / Journal of Pure and Applied Algebra 224 (2020) 106310 9

Op-1(n) = Njp|+1Mp|+2--- if 7(b) is not a sink and r(b) ¢ Y, and 0,-1(b) = r(b), if r(b) is a sink or 7(b) € Y.
Finally, for a,b € W with r(a) = r(b) and a4 # by we define 0,41 : Upg-1 — Ugp—1 as the “erase b and
add a” map, that is, 0,51 (&) = a&p|+1)§(b|+2)-

Example 4.3. Consider the graph below and take Y = {r(f1)}.

f fo

fs
Ja

We have, for example,

Usy(g)-1 = Uy, = {f2, fofa, fofo, fofofa--- fafafo---}.

Also, since 7(f1) € Y we have that r(f1) € U,(s,) and hence U, 4,y contains, but is not equal to Uy, U Uy,.

The set partial action defined above induces a partial action in the algebra level (for more details about
the relations between partial actions on sets and partial actions of algebras see [6] and [15]). For each ¢ € T,
with U, # 0, let F(U,.) be the K-algebra of functions from U, to K. Note that F(U.) may be identified with
the subset of the functions in F(Ox E) that vanishes outside of U.. Furthermore, each F(U.) is an ideal of
the K-algebra F(0xFE). Now, for each ¢ € F, define o, : F(U.-1) — F(U.) by a(f) = f o 0.1, which is
an K-isomorphism. One can now check that the family {{a.}cer, {F(Ue)}ecr} is a partial action of F on
F(OxE).

To obtain the relative Cohn path algebra we need to consider the following restriction of the above partial
action: for each ¢ € F, and for each v € E, define the characteristic maps 1. := xy, and 1, := xy, . Finally,
let

D(0x(E)) = Dy = span{{1,, : p € F\ {0}} U {1, : v € E°}},

(where span means the K-linear span) and, for each p € F \ {0}, let D, C F(U,) be defined as 1,Dy, that

is,
D, =span{{1,1,:q € F}}.
Since a,(1,-114) = 1,1, (see [24]), consider, for each p € F, the restriction of a; to D,-1. Notice that

ap Dy
Denote by D(0x(F)) X, F the partial skew group ring associated to it.

-1 = D, is an isomorphism of K-algebras and, furthermore, {{a},},er, {Dp}per } is a partial action.

Theorem 4.4. Let E be a graph and X be any subset of Reg(FE). There exists a K-algebra isomorphism o,
from C3%(E) onto D(9x(E)) x4 F, such that ¢(e) = 1.6, p(e*) = 1,-10,-1, for alle € E', and ¢(v) = 1,00,
for allv € E°.

Proof. Consider the sets {1.0c,1,-10,-1 : ¢ € E'} and {1,800 : v € E°} in D(0x(E)) x4 F. Proceeding as in
[24] one can check that these sets satisfy the relations defining the relative Cohn path algebra and hence,
by the universal property of Cx (FE), we obtain the desired homomorphism ¢ : Cj (E) — D(0x (E)) x4 F,
such that, for all e € E! and all v € EY, p(e) = 1.0, p(€*) = 1,-16,-1 and p(v) = 1,0.
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To show that ¢ is injective we will use the Graded Uniqueness Theorem (Theorem 3.7). So we need
to define a Z-grading in D(9x(E)) %, F. This is done as in [24] and hence we just sketch the steps: For
each p € F, let |p| := m — n, where m is the number of generators (elements of E') of p and n is the
number of inverses of generators of p. Define, for each z € Z, A, C D(0x(E)) %, F as the K-linear span of
{a,d, : ap € D, and |p| = z}. Then {A.}.cz is a Z-grading of D(dx(E)) x, F. Remember Cx (E) is a Z
graded K —algebra, with the grading induced by the length of the paths. Now, for each ab* € Cf(( (E) with
la| — |b] = z, we have that p(ab*) € Dgy-1064p-1. Since |ab™1| = |a| — |b] = 2 then Dgy-1d,,-1 C A,, and
hence ¢ is a Z graded isomorphism.

To apply the Graded Uniqueness Theorem (Theorem 3.7), we still need to check that p(v) # 0 for all v €
E° (which is straightforward since p(v) = 1,0 and U, # 0 for all v € E°), and that m(v—3"_c 1(,y ee*) # 0
for every vertex v € Y. Notice that if v € Y then, by Remark 4.2, v € U,. On the other hand v ¢ U, for
any e € s~!(v) (since any element in U, has length at least one). Therefore 1, # > ecs—1(v) le and hence
(v — Zeés_l(v) ee*) =1, — ZeES_l(U) 1. # 0. We conclude that ¢ is injective.

The proof that ¢ is surjective is identical to the proof given in [24, Theorem 3.3]. O

The interplay between combinatorial and algebraic objects is a driving force in the study of Leavitt
path algebras and in other areas of Mathematics (see [28] for an example of this interplay out of Leavitt
path algebras theory). Usually to make the connection between a combinatorial property of a graph (for
example), and an algebra associated to it, one builds an intermediate dynamical system with properties
that model the algebraic and combinatorial aspects under study. This is the case at hand. In our setting,
the combinatorial object is composed by a graph and a subset X of the regular vertices, and the algebra
associated to it is the relative Cohn path algebra.

Given a graph E, and a non-empty subset Y, the associated relative Cohn path algebra is never simple,
since the graph E(X) has sinks (which imply the existence of hereditary and saturated sets). In [8,19]
simplicity of a partial skew ring A x F was characterized in terms of maximal commutativity of A and
F —simplicity of A. Below we show that maximal commutativity of D(Jx (F)) in D(9x (E))x4F, is equivalent
to Relative Condition (L) in the graph. Therefore, for any relative graph with Y # () and that satisfies the
Relative Condition (L), D(9x(E)) is never F—simple.

Proposition 4.5. Let E be a graph and X be a subset of Reg(E). Then D(0x(F)) is maximal commutative
in D(Ox(E)) xq F if, and only if, the graph E satisfies Relative Condition (L).

Proof. Suppose first that F satisfies Relative Condition (L). Let a; € Dy, with t # 0 and a; # 0, be such
that a;d; - agdy = agdyp - a;d; for each ag € Dy, that is, such that

ar(ag-1(at)ao) = arag (1)

for all ag € Dyg.

Taking ag = 1;-1 in Equation (1) we obtain that a; = a;1;-1 and hence the support of a; is contained in
Ui NU,-1. So either t € W or t = r~! with r € W. If t € W then t is a closed path and if t = 7~! then 7 is
a closed path. Furthermore, by induction we obtain that a; = aglgny—1 and a;1n = ay, for all n € N.

Let £ € supp(a¢), that is, a;(§) # 0. Notice that, since a; € Dy, there exists an M such that for each
w € Uy with g - pupr = & -+ - €ar it holds that ar(p) = ai(§).

Suppose that ¢ € W. If ¢ is a closed path such that the source of each edge in ¢ belongs to X then, by
the Relative Condition (L), ¢ has an exit. The proof now follows as the proof of Proposition 3.1 in [19].
So suppose t is a closed path, say ¢t =t ...tg, and s(t;) € Y for some j. Let =& ... Earpinryr - pr (a
finite path), where r(1z) = s(¢;). Then we can find an n € N such that 14» () = 0 and this implies that
0 # as(u) = a;14n(p) = 0, a contradiction. The case t = r~1, with r a closed path, is done analogously.
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We conclude that there is no a; € D;, with ¢ # 0, such that a;d; commutes with each element of Dydy.
Hence D(0x(E))do is maximal commutative.

Suppose now that E does not satisfy Relative Condition (L), that is, there exists a closed path t = t;...t,,,
such that s(t;) ¢ Y for all 4, which has no exit. Then, proceeding as in the proof of Proposition 3.1 in [19]
we get that 1,0; commutes with D(9x (E))dy and so D(9x(E)) is not maximal commutative. O

5. Representations of C’I}f- (F) arising from relative branching systems

In this section we define E-relative algebraic branching systems associated to a directed graph F (and
a subset X of Reg(F)) and study the representations of relative Cohn path algebras associated to such
systems.

We start with the definition of an E-relative algebraic branching system (this is motivated by definitions
in [21]).

Definition 5.1. Let E be a graph and X a subset of Reg(E). Let X be a set and let {R.}ecp1, {Dy }vero be
families of subsets of X such that:

R.N Ry =0 for each d,e € E' with d # e;
D, N D, = for each u,v € E° with u # v;
Re C Dy for each e € E',

D,= U R.foreachve X;and

e:s(e)=v

5. for each e € E', there exists a bijective map f. : Dy ey — Re.

=W

A set X, with families of subsets {Rc}ecrt, {Dy}vero, and maps f. as above, is called an E-relative
(algebraic) branching system, and we denote it by (X, {Re}ecrt, {Dv}oero, {fe}ecrt), or when no confusion
arises, simply by X.

We show that each E-relative branching system induces a representation of the relative Cohn path algebra

Fix an E-relative branching system X. Let M be the K-module of all functions from X taking values in
K and let Homg (M) denote the K-algebra of all homomorphisms from M to M (with multiplication given
by composition of homomorphisms and the other operations given in the usual way).

Now, for each e € E! and for each v € E°, we will define homomorphisms S, S* and P, in Homg (M).
Let

Se¢ = Xr, - ¢ f. 7,
where ¢ € M and xg, is the characteristic function of R.. For ¢ € M, we define the homomorphism S} by
S;0 = XD, (., PO fe
Finally, for each v € E°, and for ¢ € M, we define P, by
P, =Xxp, - ¢,
that is, P, is the multiplication operator by xp,, the characteristic function of D,,.

Proposition 5.2. Let X be an E-relative branching system. Then there exists a representation (that is, an
algebra homomorphism) m : O (E) — Homp (M) such that



12 C. Gil Canto, D. Gongalves / Journal of Pure and Applied Algebra 224 (2020) 106310

m(e) = Se, w(e*) =S and w(v) = B,
for each e € E* and v € EO.
Proof. Analogous to what is done in [21, Theorem 2.2]. O

Let E be a graph, with E and E! countable and X C Reg(F). Next we show that there always exists an
FE-relative algebraic branching system in R associated to E and X. We will use the construction we present
later, when we build faithful representations of relative Cohn path algebras.

Proposition 5.3. Let E = (E°, E',r, s) be a graph, with E°, E' both countable. Then there exists an E-relative
branching system X, where X is an (possibly unbounded) interval of R.

Proof. Let E° = {v;};cr, where I = {1,2,...,N} or I = N. For each i > 1 define D,, = [i — 1,14).

Our next goal is to define R, for each e € E!.

Let v be such that N :=|s7(v)| < co. Then s71(v) = {ey,...,en}. If v € X then partition the interval
D, into N intervals, closed on the left and open on the right, and define each R.,, ..., R., as one of these
intervals (with Re, N Re, = 0, for i # j). If v € Y then partition the interval D, into N + 1 intervals,
closed on the left and open on the right, and define each of R.,,...,R., as one of these intervals (with
Re, N Re; =0, for i # j).

Let v be such that |s~!(v)| = co. Then s~1(v) = {e1, €2, ...}. Partition the interval D, into oo intervals,
closed on the left and open on the right, and define each of R., as one of these intervals (with R., N R., = 0,
for i # j, and length of R., equal to Qi)

Finally, for each e € E' define f. : D,(¢y — Re as the affine bijection between these intervals.

It is now standard to check that X above is a relative branching system. O

Proposition 5.3 together with Proposition 5.2 guarantees that every relative Cohn path algebra Cx (E)
of a countable graph E may be represented in Homg (M ). Let us summarize this result in the following
corollary:

Corollary 5.4. Given a countable graph E, there exists a homomorphism m : Cx (E) — Hom (M) such that

m(v)(¢) = xp,-¢, 7(e)(9) = Xn. pof' and w(e*)($) = XD, .,-00 fe

for each ¢ € M, where M is the K-module of all functions from X taking values in K, X is an (possible
unlimited) interval of R, and R and D, are as in Proposition 5.3.

Remark 5.5. Propositions 5.2, 5.3, and Corollary 5.4 generalize to relative Cohn path algebras Theorems
2.2, 3.1, and Corollary 3.2 in [21].

Let (X,{Re}ecrt, {Dv}oero, {fe}ecrr) be an E-relative branching system. For a closed path a = e;...e,,
let fo : Dy, = R., € D, denote the composition

fo=fe, 0. 0fc .

Notice that since « is a path f, is well defined.
We are now in position to prove one of the main results of the paper.

Theorem 5.6. Let E be a graph and (X,{Rc}ecpr, {Dvtvero, {fe}tecrr) be an E-relative branching system.
Let 7 be the representation of Cyx (E) induced by this E-relative branching system. Then w is faithful if, and
only if, the following conditions are satisfied:
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1. for each e € E' and v € E°, R, and D, are non-empty;

2. D, # Uees—l(v) R, for allveY; and

3. for each finite set of paths {c',...,c™} in E, beginning on the same vertex w with ¢ = ey ---e, a cycle
without exits such that s(e;) ¢ Y for every i € {1,...,n}, there is an element zy € D, such that
fi(20) # 20 for all j € {1,...,m}.

Proof. Suppose that Conditions 1. to 3. are satisfied. Let 7 be a representation of Cx (E) and ¢ : Cx (E) —
Lk (E(X)) be the isomorphism given in Theorem 2.3. Then 7 := 7o ¢! is a representation of L (E(X)).
We will show that 7 is injective, and hence 7 is also injective.

Consider a € L (F(X)). By Corollary 3.5 we have that there exist u,n € Path(E(X)) such that either:
0 # p*an = ku, for some k € K* and u € E(X)%; or 0 # p*an = p(c), where ¢ is a cycle without exits in
E(X) and p(x) a polynomial in K[z, r71].

Suppose the case 0 # p*an = ku. If u € E°\ Y, then 7(u) = 7(u) and hence for each p € M, where M
is the K-module of all functions from X taking values in K, ©(u)(p) = xp, - p # 0 by 1.. If uw € Y, then
¢~ (u) = D ees—1(w) €€” and again for each p € M, 7(u)(p) = xur, - p # 0 by 1.. Now if u € Y’, we have
¢t (u) =u— Zeerl(u) ee* and for each p € M, 7(u)(p) = xp,\ur, - P 7 0 by 2.. In any case 7(pu*an) # 0
and necessarily 7(«) # 0.

Assume now that 0 # p*an = >

l.c", for some cycle ¢ without exits in E(X), I, € K, m,n € Z,
m < n. If there are negative indices of ¢ in the previous sum, multiply u*an on the left by a certain power
of ¢, say ¢®, so that c*u*an = Z:'L:O l-¢" where n € N. Notice that if ¢ = e; ---¢e; is a cycle without exits
in E(X) then the vertices s(e;)p ¢ Y for every i = 1,...,t; hence ¢~*(c) = c and 7(c*pu*an) = 7(c*p*an).
Then for each p € M, T(c*p*an)(p) = Sor_o XD - P((fe)™") # 0 by 3.. So we have that T(c*u*an) # 0
which gives T(a) # 0.

Since T is injective, it immediately follows that 7 is injective.

In order to prove the converse statement suppose that one of 1., 2. or 3. is not satisfied. We will show
that this implies that 7 is not injective.

For the first situation, if D, = () for some vertex v then 7(v) = 0; if R, = ) for some edge e then 7w(e) = 0.
ces—1(v) Lte for some v € Y. Then (v — 3 ¢ -1(,) €e€”) = 0.
Finally suppose there exist jy and a cycle ¢ = e - - - e, without exits based at w such that s(e;) ¢ Y for

In the second case imagine D, =

every i, with the condition that fJ°(z) = z for every z € D,,. Then we have that 7(c/°) = 7(w) since
fC(Dr(en)) = fe1 to fen (Dr(en)) = fe1 to fen,l(Ren)
= f€1 T fenfl(DT(en—l)) = f€1 T f6n72 (Ren—l)

= fe1 (REQ) = Rel = Ds(el) = Dy,

and for each p € M, 7(c)(p) = Xgao(p, )+ P ) = X, - p = m(w)(p). O

Remark 5.7. We remark that Theorem 5.6 generalizes [21, Theorem 4.2] which refers to Leavitt path al-
gebras of row finite graphs with no sinks (and provides only a sufficient condition for faithfulness of the
representations). It also generalizes the main result in [25] (Theorem 4.3, which deals with separated graphs
without loops such that all edges have the same source and the range map is injective, and again only
provides a sufficient condition for faithfulness) in the context of non separated graphs. Therefore, more than
providing the correct ambience for the study of relative Cohn path algebras, our theorem above, taking X
as the set of regular vertices, improves on the known theory of Leavitt path algebras.

Finally, motivated by Corollary 4.3 in [21] and using Theorem 5.6, we construct below a faithful repre-
sentation of O (E) for any graph E and subset X C Reg(E).
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Example 5.8. Let E = (E°, E', 7, s) be a graph with EY, E* both countable, and let X C Reg(F). Consider
D, for v € E°, and R, for e € E', constructed as in the proof of Proposition 5.3.

We need to define bijective maps fe : Dyy — Re, for each e € E'. To do this, first fix an irrational
number 6 € [0,1), and let hy : [0,1) — [0,1) be defined by hg(xz) = (z 4+ ) mod(1), which is a bijective
map. Consider for any e € E*, g, : D,y — [0,1) and ge : [0,1) — R, as the affine bijections between these
intervals respectively. Consider f. = ge o hg o ge. This defines f. : D) — R, as a bijective map.

Then we have an E-relative branching system

<%7 {Dv}veEoﬂ {RE}EEEl ) {fe}eEEl )7

and hence we obtain a representation 7 : C (E) — Homy (M) (as in Proposition 5.2).

We will prove that the representation 7 : C% (E) — Hompg (M) induced by the E-relative branching
system constructed above is faithful.

All we need to do is verify the hypothesis of Theorem 5.6. By construction it clearly satisfies 1. and 2..
We check that for each finite set of paths {c!,...,¢™} in E, beginning on the same vertex w, and with
¢ =e;1 ey, acycle without exits such that s(e;) ¢ Y for every ¢ € {1,...,n}, there is an element zy € D,,
such that f7(zg) # 2o for all j € {1,...,m}.

So, let ¢ =e;...e, be a cycle without exits such that s(e;) ¢ Y for every i € {1,...,n}, and beginning
on w. In this case we have that R., = D, () and Re, = D,(,_,) fori = 2,...,n. Notice that then gc, = ge_”1

-1
[

and g, = g;,-, for i =2,...,n. Hence

fe=1fe,0...0fe, =Ge,0hp0ge, ©...0Ge, ©hgOge, = ge, ©hy 0o,

and therefore fJ = g;, o hgj 0 ge, - It follows that, if z € D,, is a rational number, then f,, o...0 f (2) is a
irrational number and hence no rational number is a fixed point for f.. Then, for any finite set {c!,...,c™}
in E, beginning on w, we may choose zyg € D, to be a rational number, and so f7(z9) # z for all
je{l,...,m} as desired.

Observe that the construction in Example 5.8 gives [21, Corollary 4.3] in the case that F is a row finite
graph with no sinks and X = Reg(FE) (i.e., for Leavitt path algebras). Also motivated by [21, Corollary 4.3],
in [17] the authors build faithful representations of graph C*-algebras associated to countable graphs (see
Proposition 3.2). Therefore our construction can also be seen as an “algebraization” of the C*-construction.
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