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1. Introduction

Many problems in science and engineering can be solved by finding the solutions of a system of (Laurent)
polynomial equations. Here, we consider the important case where the number of solutions to the system is
finite. There exist many different approaches to tackle this problem [1-3]. Symbolic tools such as Groebner
bases focus on systems with coefficients in Q or in finite fields [4,5]. For many applications, it is natural
to work in finite precision, floating point arithmetic. This is the case, for instance, when the coefficients
are known approximately (e.g. from measurements) or when it is sufficient to compute solutions accurately
up to a certain number of significant decimal digits. The most important classes of numerical solvers are
homotopy algorithms [6-8] and algebraic methods such as resultant based algorithms [9-13] and normal
form algorithms [14-18] which rewrite the problem as an eigenvalue problem. Homotopy solvers are very
successful for systems with many variables of low degree, whereas algebraic solvers can handle high degree
systems in few variables. The algorithm presented in this paper is a new, numerical normal form algorithm
for solving square systems of Laurent polynomial equations. The approach distinguishes itself from existing
methods by the interpretation of ‘solving’ the system: we compute the points defined by the input equations
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on a toric compactification X of (C\ {0})" ~ Tx C X via an eigenvalue computation. More specifically, we
work in the Cox ring of X to find ‘homogeneous’ coordinates of the solutions. The motivation is that, even
though generically all solutions lie in (C\ {0})”, many problems encountered in applications are non-generic
with respect to the Newton polytopes of the input equations. Solutions on or near X \ Tx cause trouble
for the stability of existing numerical algorithms, as we will show in our experiments, and the proposed
algorithm is designed to handle such situations. The correctness of the algorithm depends on a conjecture
regarding the regularity of a homogeneous ideal in the Cox ring of X. In the remainder of this section, we
discuss some applications and give an overview of related work and of our main contributions. We conclude
the section with an outline of this paper.

1.1. Applications

The applications we have in mind are problems that can be formulated as polynomial systems in only a
few variables.

Many problems in computer vision, such as relative pose problems, require the solution of a system of
polynomial equations [19,20]. In this context, there are often several different polynomial formulations for
the same problem, with a different number of variables and a different degree of the equations. See [19, Sec.
7.1.3] for a description of a relative pose problem by a square 7-dimensional system (6 quadratics and a
cubic in 7 unknowns) and by a square 3-dimensional system (two cubics and a quintic in 3 unknowns).

Another application comes from molecular biology. In [21] the problem of computing all possible confor-
mations of several molecules is written in the form of a polynomial system in only two or three variables.

A problem encountered in many fields of engineering is that of finding the critical points of a function
f, not necessarily polynomial, in a bounded domain © C R™. A possible approach is to replace f by a
polynomial f , computed from samples, which approximates f on  and compute the critical points of f
instead. The problem is now reduced to a system of polynomial equations, and if f is a good approximation of
fin Q. the solutions in €2 will be good approximations of the critical points of f. It is clear that high degrees
lead to better approximations, but also to higher degree polynomial systems. See [12] for an application of
this technique to solve one of the SIAM 100-Digit Challenge problems [22].

1.2. Related work

As stated above, solutions on or near the torus invariant prime divisors (i.e. the irreducible components
of X'\ Tx) cause trouble for numerical root finding in non-compact solution spaces such as C™ or (C\ {0})™.
In practice, for homotopy methods, such solutions are the reason for diverging paths, which often require
a lot of unnecessary computational effort. Algebraic solvers such as the algorithms proposed in [17] and
[18, §3, §4], as well as the classical resultant algorithms [9, Chapters 3 and 7] for computing multiplication
matrices, require invertibility of a certain matrix: see for instance the matrix Mj; in [9, Chapter 3, §6] or
the matrix N|p in [18, Section 2]. In the presence of solutions on special divisors ‘at infinity’, these matrices
are singular. In a numerical context, if these solutions are not exactly on, but near X \ Tx, homotopy paths
‘diverge’ to large solutions, causing scaling and condition problems, and the algebraic algorithms require
the inversion of an ill-conditioned matrix, causing large rounding errors. A partial solution is to homogenize
the equations and solve the problem in X = P™ x --- x P™ k > 1,ny 4+ ...+ nir = n, which should be
thought of as a compactification of C™, such that a ‘solution’ is defined by n + k (multi-)homogeneous
coordinates. This technique is used in total degree homotopies [6,23], multihomogeneous homotopies [24,
Chapter 8] and in normal form methods such as [18, §5, §6] or [25]. However, depending on the support of
the input equations, this standard way of homogenizing may introduce highly singular solutions on the torus
invariant divisors, or even destroy 0-dimensionality. More general sparsity structures are taken into account
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by polyhedral homotopies [26—-28], toric or sparse resultants [10,9,29-32] and truncated normal forms [18,
§4]. In [33] a method for dealing with diverging paths in a polyhedral homotopy is proposed.

In symbolic computing, modified sparse resultant methods have been introduced for solving degenerate
systems symbolically [34,35]. Recently, specialized Groebner basis methods over semigroup algebras have
been developed for exploiting sparsity structure [36].

1.8. Contributions

To the best of the author’s knowledge, Cox rings (other than the familiar ones corresponding to products
of projective spaces) have not been applied for numerical root finding before. To do so may seem like a bad
idea, because the dimension of the Cox ring is (possibly much) greater than that of X. However, because
of its fine grading by the class group Cl(X) = Div(X)/ ~ of Weil divisors modulo linear equivalence, this
does not affect the computational complexity that much (see Remark 6.1). The input Laurent polynomial
equations define a homogeneous ideal I of the Cox ring S = @aeCl( X) S with respect to this grading (this
is detailed in Section 3). We will assume that I defines a zero-dimensional reduced subscheme Vx (I) of X
which is contained in its largest simplicial open subset U (see Section 2). The regularity Reg(I) C C1(X) of
this ideal is defined in Section 4. In the same section, we conjecture a degree o € C1(X) that is in Reg([)
(Conjecture 1). The correctness of the algorithm depends upon this conjecture, which is supported by some
weaker results in Section 4 and by experimental evidence in Section 7. For this degree @ € Reg([), let
(S/I)s be the degree a part of the graded S-module S/I. We will construct a linear multiplication map
My 2 (S/1)a — (S/I)s with respect to a rational function f on X which is regular at the roots of I. Here
is a simplified version of Theorem 5.1.

Theorem 1.1. Let Vx(I) = {(1,...,(s} C U be reduced and let a, g € CI(X) be such that o, o+ € Reg(I)
and there exists hg € Sa, such that (; ¢ Vx(ho),j =1,...,5. Then for any g € Sa,, the multiplication map
My (S8/1)q — (S/1)q with f = g/ho has eigenvalues f((;).

For every monomial 2% € S,,, we compute a multiplication matrix and denote its eigenvalues by XijsJ =
1,...,94. This way, we reduce the problem of finding Cox coordinates of ¢; to finding one point on the affine
variety defined by the simple binomial system {z% = \;; | 2% € S,,} (Corollary 5.1). This leads to a
numerical linear algebra based algorithm for finding Cox coordinates (Algorithm 1). Unlike other numerical
methods, the algorithm is robust in the situation where some of the (; are on or near torus invariant prime
divisors. We illustrate this in Section 7 with some examples.

1.4. Outline of the paper

The paper is organized as follows. In the next section we discuss some preliminaries on Cox rings and
the classical eigenvalue, eigenvector theorem for polynomial root finding. Our problem setup is discussed
in detail in Section 3. In Section 4 we introduce homogeneous Lagrange polynomials and their relation
to multigraded regularity. Our main result is discussed in detail in Section 5. The resulting algorithm is
presented in Section 6. Finally, in Section 7 we work out several numerical examples. Throughout the paper,
we work with polynomials, varieties and vector spaces over C.

2. Preliminaries
In this section we give a brief introduction to the classical eigenvalue, eigenvector theorem and to

complete toric varieties and their Cox rings. We denote by V(I) C C™ the affine variety of an ideal
I C Clzy,...,zy] and by I(Y) C Clxy,...,z,] the vanishing ideal of a set Y C C™. If I is generated
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by fi,..., fs € Clx1,..., 2], we denote I = (f1,...,fs) and V(I) =V ({f1,....fs)) = V(f1,..., fs). For
a finite dimensional vector space W, WV = Homgc (W, C) denotes its dual. For a linear endomorphism
M : W — W of a finite dimensional vector space W, a right eigenpair is (A, w) € C x (W \ {0}) satisfying
M(w) = Aw. Analogously, a left eigenpair is given by (v, A) € (WY \ {0}) x C satisfying v o M = v.

2.1. The classical eigenvalue, eigenvector theorem for polynomial root finding

Let R = C[xy,...,2,] be the ring of n-variate polynomials with coeflicients in C. Take f; € R,i=1,...,s
and let I = (f1,..., fs) be a zero-dimensional ideal in R. That is, V(I) = {z1,...,2s} consists of § < 0o
points in C™. We assume for simplicity that all of the z; have multiplicity one or, equivalently, that I is
radical. By [9, Chapter 2, Lemma 2.9] there exist polynomials ¢; € R, =1,...,d such that

.
e = {7 170,

The ¢; are called Lagrange polynomials with respect to the set V (I). We define v; € (R/I)Y by v;(f +1) =
f(z5)-

Lemma 2.1. The map ¢ : R/T — C®: f+ 1+ (vy(f+1),...,vs(f+1)) is an isomorphism of vector spaces.

Proof. The map 1 is clearly linear and injective. Surjectivity follows from ¢ (¢; + I) = e; with e; the j-th
standard basis vector of C°. O

It follows from Lemma 2.1 that, under our assumptions, dimc(R/I) = 6. This is well known, see for
instance [4, Chapter 5, §3, Proposition 7]. In particular, the map v defines coordinates on R/I and the
residue classes of the Lagrange polynomials form a basis of R/I with dual basis v;,j =1,...,d. For g € R,
define the linear map M, : R/I - R/I: f+1+— fg+1.

Theorem 2.1 (Eigenvalue, eigenvector theorem). The left and right eigenpairs of My are
(Ujag(zj))7 (g(zj)v€]+j)7 .]:1’35
Proof. See for instance [9, Chapter 2, Proposition 4.7]. O

Note that by definition, My, o My, = Mgy, o My, for any g1,g2 € R. Therefore, after fixing a basis for
R/I, the matrices corresponding to any two multiplication maps commute and have common eigenspaces.
Theorem 2.1 provides the following algorithm for finding the points in V(I):

1. compute the matrices My, ,..., M, ,
2. find the coordinates of the z; from their simultaneous eigenvalue decomposition.

For a more detailed exposition on multiplication matrices, we refer the reader to [9, Chapter 2], [2, Chapter
4] and [1, Chapter 2].

2.2. Complete toric varieties and Coz Tings
We will restrict ourselves to the discussion of only those aspects of toric varieties that are directly

related to this paper. The reader who is unfamiliar with unexplained basic concepts can find an excellent
introduction in [37] or [38]. For more information on Cox rings we refer to [37, Chapter 5] and the original
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paper by Cox [39]. The n-dimensional algebraic torus (C*)™ = (C \ {0})" has character lattice M =
Homgz ((C*)™,C*) ~ Z™ and cocharacter lattice N = Homgz(M,Z) ~ Z™. An element m € M gives
x™ : (C*)™ — C* such that if m corresponds to (mi,...,my) € Z", x™(t) = t™ = t7"* ---t"». Hence
characters can be thought of as Laurent monomials and

CM]= @ C-x" ~C[t5",... .t
meM

Following [37], we denote Ng = N®zR ~ R™ and Ty = N®zC* = (C*)". A complete, normal toric variety
X with torus T is given by a complete fan ¥ in Ng and we will sometimes emphasize this correspondence
by writing X = Xy. The set of d-dimensional cones of ¥ is denoted 3(d). In particular, we write 3(1) =
{p1,-..,pr} for the rays of ¥ and u; € N for the primitive generator of p;. It is convenient to think of the w;
as column vectors and to define the matrix F' = [uy ug -+ ug] € 7"k We will use F;; for the entry in row 1,
column j of F', F; . for the i-th row of F, F. ; = u; for the j-th column of F' and F'T for the transpose. Every
ray p; corresponds to a torus invariant prime divisor D; on Xy and we have Xy \ (Uf:1 D;)=Tx, ~Tn.
The class group Cl(Xs;) of Xy, which is the group of Weil divisors modulo linear equivalence, is generated
by the classes [D;] of the torus invariant prime divisors. The Picard group Pic(Xy) C Cl(Xyx) consists of
the classes of Weil divisors that are locally principal. Identifying @le Z - D; ~ Z* we have a short exact
sequence

FT k
0— M —72"—Cl(Xg) —0
where Z*¥ — Cl(Xyx) sends a torus invariant Weil divisor Zle a;D; to its class [Zle a;D;] € Cl(Xy).
Taking Homgz (—, C*) and defining the reductive group G = Homg (Cl(Xyx), C*) we find that G is the kernel
of the map
7 (CF = Ty st (t70 .t (2.1)
That is, G is the subgroup of (C*)¥ given by

G={ge(CH: gF=1i=1,...,n}

and 7 is constant on G-orbits. Let S = Clz1,..., x| be the polynomial ring in k variables where each of
the x; corresponds to a ray p; € X(1). For every cone o € X, denote by o(1) the rays contained in o. We
are going to associate a monomial in S to each cone in X: for o € X, define 2% = Hpiga(l) x;. The irrelevant
ideal K of ¥ (or of Xy) is the monomial ideal defined as

K={(2":0€%(n))CS8. (2.2)
The ezceptional set of Xx is Z = V(K) C C*. The action of G on (C*)* extends to an action on C*\ Z.
In [39], Cox proves that there is a good categorical quotient 7 : C¥ \ Z — Xy, constant on G-orbits, such
that (2.1) is its restriction to (C*)*. By the properties of good categorical quotients we have a bijection

{ closed G-orbits in C*\Z } <+ { points in Xy }.

Moreover, 7 is an almost geometric quotient, meaning that there is a Zariski open subset U C X5 such that
Tlr=1(U) : 7~ YU) — U is a geometric quotient:

{ G-orbits in 7= H(U) } + { points in U }.
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The open set U is the toric variety Xy C Xy corresponding to the subfan ¥’ C ¥ of simplicial cones of
Y (see [37, proof of Theorem 5.1.11]). Therefore, by the orbit-cone correspondence, X \ U is a union of
Tn-orbits of codimension at least 3 (cones of dimension 0, 1 or 2 are simplicial). If ¥ is simplicial, the nicest
possible bijection holds:

{ G-orbits in C*\Z } <+ { points in Xy }.
In this case we write Xy = (C¥\ 2)/G.

Example 2.1. The quotient construction of Xy is a generalization of the familiar construction of P" as
the quotient P™ = (C"*!\ {0})/C*. In this case S = Clzg,...,z,], K = (20,...,2n), Z = {0} and
G = Homyz (Cl(P"),C*) = Homg(Z,C*) = C* acts by ¢ (xo,...,2n) = (920, .--,9%n),g € G.

The ring S has a natural grading by Cl(Xx):

k
deg(z”) = deg(z{* ---ai*) = [ _a;D;] € Cl(Xz), S= @ Sa (2.3)
i=1 aeCl(Xy)

where S, = EBdeg(xa)z o C -2 In fact, the only nonzero graded pieces correspond to ‘positive’ degrees, and
one can write

Cl(Xz); = {o € CI(Xy) | @ =y deg(z1) + - + nedeg(zx),ni €N}, S= @ Sa.
aeCl(Xs)+

Similarly, we denote Pic(Xs); = Cl(Xx)+ N Pic(Xx). The graded pieces correspond to vector spaces of
global sections of divisorial sheaves, that is, for @ € Cl(Xy) with a« = [D],D = Zle a; D;,

So~T(Xz, Ox, (D)~ P C-x™ (2.4)

FTm+a>0

Here the direct sum ranges over all m such that elementwise, F''m + a > 0, that is, (uj,m) +a; > 0,i =
1,...,k where (-, -) is the natural pairing between N and M. Denoting gFimtae — x§u1’m>+a1 . -:C,iu’“’mHa"',

the isomorphism (2.4) is given by

Z cmX™" Z cmazFTm+a € Sq, (2.5)

which is homogenization with respect to a. To see the analogy with the classical notion of homogenization,
note that the action of G on C* induces an action of G on S by (g- f)(z) = f(g~'-x) forge G, f € S. If
f € S, it is the image of some Laurent polynomial under (2.5) and we can write

G- N = Y ealg o) =g (2) (2.6)

FTm+a>0

since by the definition of the reductive group g%’ "m — 1. This shows that the number g~ * does not depend on
the representative divisor D we choose for o € Cl(Xy). It therefore makes sense to write g~ = g—(* Tmta),
Equation (2.6) shows that the homogeneous components S, C S with respect to the grading (2.3) are the

eigenspaces of the action of G on S and that

Vs (f) ={p € Xs : f(x) =0 for some z € 7' (p)} C X5 (2.7)
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1 0 -1 0
F = [ug ug ug ug] =
" 01 2 -1

Ug

Fig. 1. Fan and matrix of primitive ray generators of the Hirzebruch surface 5.

is well defined if f is homogeneous. An ideal I C S is called homogeneous if it is generated by homogeneous
polynomials, and it is straightforward to extend (2.7) to define Vx(I). The ring S equipped with the
grading (2.3) and the irrelevant ideal (2.2) is called the total coordinate ring, homogeneous coordinate ring
or Coz ring of Xyx.

Example 2.2. The complete fans ¥ we will encounter in this paper are normal fans of full dimensional lattice
polytopes [37, §2.3]. If

P={me Mg | (u;,m) > —a;,i=1,...,k}

is the minimal facet representation of a full dimensional lattice polytope P C Mg, then its normal fan Xp
defines a toric variety Xs,, which we will often denote by X for simplicity of notation. There are bijective
correspondences between rays in X p, facets of P, torus invariant prime divisors in X and indeterminates
in the Cox ring. The matrix I’ contains the primitive inward pointing facet normals of P. For example, the
toric variety of the standard n-simplex is P".

Example 2.3. As a running example, we will consider the problem of finding the intersections of two curves on
the Hirzebruch surface 5. The associated fan X and the matrix F of ray generators are shown in Fig. 1. The
Cox ring S = Clzy, %2, 3, x4] is graded by Cl(3) ~ Z*/imF " ~ 7?2, with deg(z) = deg(z} 222l ab") =
(b1 — 2bg + b3, by + by). The reductive group and exceptional set are given by G = {(\, u, \, \2u) | (\, ) €
(C*)?} c (C*)* and Z = V(x1,23) UV (29, 14) C C? respectively. Since 5% is smooth, it is simplicial (in
the notation from above U = .5%) and Pic(74) = Cl(4).

3. Problem setup

In this section, we give a detailed description of the problem considered in this paper and we discuss our
assumptions. We start from n given Laurent polynomials f1,..., f, € C[M] (that is, we consider square
systems). Denote

fj = Z Cm,ij

and let P; C Mg be the Newton polytope of f;: P; = Conv(m € M | ¢ ; #0) C Mg. Let P = Py +...+P,
be the Minkowski sum of these polytopes. We assume that P is full-dimensional and we let X = Xy, be
the complete normal toric variety corresponding to its normal fan. To each P;, we associate a basepoint
free’ Cartier divisor Dp, on X, given by

1 For a = [D] € Pic(X), we say that p € X is a basepoint of S, ~ I'(X, Ox (D)) if every global section of the associated line
bundle Ox (D) vanishes at p. The divisor D and its associated degree o € Pic(X) are called basepoint free if S, has no basepoints.
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k
DPJ‘ = ;aj»iDiv ji = _nrlneilrjlj<uivm>
and we denote a; = (a;,1,...,a;%) € Z*,[Dp,] = a; € Pic(X). For this construction, Dp,p, = Dp, + Dp,
and for 7 C {1,...,n}, Py =3,  ; P; we have

D(X,0x(Y_ Dp))=T(X,0x(Dp,)) = P C-x™ (3.1)

JjeTJ mePsNM

By definition, m € P; N M if and only if F'm + a; > 0, so we have

5= Z cm X" € D(X,0x(Dp,)). (3.2)
mEPjﬁM

Homogenizing with respect to ¢; according to (2.5) gives (see [40])

n _ FTm+a,
fj = fj = E Cm,j T 7 e Sa]..
mEPjﬂM

Equation (3.2) shows that f; is a global section of the line bundle given by & x(Dp;) [37, Chapter 6]. Its
divisor of zeroes is the effective divisor div(f;) + Dp,, whose support is exactly Vx(f;). This construction
gives a homogeneous ideal I = (f1,..., f) C S. We will make the following assumptions on I.

Assumption 1. Vx (I) is zero-dimensional. We denote Vx (I) = {(1,...,{s} C X.
Assumption 2. Vx(I) C U C X, where U is the ‘simplicial part’ of X as in Subsection 2.2.
Assumption 3. I defines a reduced subscheme of U C X. That is, all points (; are ‘simple roots’ of I.

It is clear that when n = 2, Assumption 2 can be dropped. For n = 3, U is the complement of finitely
many points in X: one point for each vertex of P corresponding to a non-simplicial, full dimensional cone of
Y p. It follows that we can drop Assumption 2 also for n = 3, since ‘face systems’ corresponding to vertices
do not contribute any solutions (see for instance the appendix in [27]). For n > 3, Assumption 2 can be
dropped if X is simplicial. We will comment on Assumption 3 in Section 4 (Remark 4.1).

In order to say something more about the number ¢ in Assumption 1, we recall the definition of mixed
volume. The n-dimensional mixed volume of a collection of n polytopes Pi,..., P, in Mg ~ R™, denoted
MV(Pi, ..., P,), is the coefficient of the monomial A\jAs - -+ A, in Vol,, (3", \iP;). A formula for the mixed
volume that will be useful is (see [41,42])

n

MV(Py s P =D (1" Y [(Ro+ Py) N MY, (33)
=0 JcA{1,...,n}
|TI=¢

for any lattice polytope Py C R™ corresponding to a basepoint free divisor Dp,. The following important
theorem was named after Bernstein, Khovanskii and Kushnirenko and tells us what the number 9 is.

Theorem 3.1 (BKK Theorem). Let I = (f1,..., fn) C S be a homogeneous ideal constructed as above. If T
defines 0 < oo points on X, counting multiplicities, then 0 is given by MV (P, ..., P,). For generic choices
of the coefficients of the f;, the number of roots in Tx ~ Ty = (C*)™ is exactly equal to MV(Py, ..., P,)
and they all have multiplicity one.
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Py +/

Fig. 2. Newton polytopes involved in Example 3.1.

Proof. See [38, §5.5]. For sketches of the proof we refer to [9,43]. Other proofs can be found in Bernstein’s
original paper [44] and in [27]. O

Theorem 3.1 is a generalization of Bézout’s theorem for projective space. Motivated by this result, for
the rest of this article 6 = MV(Py,...,P,). We can represent each (; € Vx(I) by a set of homogeneous
coordinates z; = (2j1,...,2x) € C*\ Z. Let 771((;) = G - z; C C*\ Z be the corresponding (k — n)-
dimensional closed G-orbit and let G - z; be the closure in C¥. It follows from our assumptions that

VIO\Z=G-z1U---UG -z and V() =G-zU---UG-25UZ,

with Z' C Z a closed subvariety. We define J = I(G-2; U--- UG - z5) to be the ideal of the union of
orbit closures, which is radical and saturated with respect to the irrelevant ideal K. The ideal J is the one
investigated in [42] (in the simplicial case). It is clear that I C J. In some special cases where Z is very
small, the ideals I and J coincide. This happens for instance for X = P™ or for any weighted projective
space X = P(wp,...,wy,).

Example 3.1. Let us consider the polynomials

fi =141t +ty + bty + t3ty + 51,

fo =14ty + tity + 2.
We think of fi, f> as elements of C[tF!, t51] ~ C[M] with M = Z2 the character lattice of Ty = (C*)2. The
polytopes P, P, and P are shown in Fig. 2. Note that the normal fan X p of P is the fan of Fig. 1, so the
toric variety associated to this system is X = Xy, = 4%. We identify CI(X) with Z? as in Example 2.3.

It is easy to check that oy = [Dp,] = [D3 + Dy] = (1,1) € CI(X) and ay = [Dp,] = [D4] = (0,1) € CI(X).
This gives the following homogeneous polynomials in the Cox ring S = Clzy,...,z4):

3 2 2 3
f1 = I3T4 + T1T4 + T2T3 + T1T223 + T]X2X3 + XX,

2 2
fo = x4+ xox5 + 12223 + T T2,

The mixed volume is § = MV(Py, P;) = 3. To see that the ideal I = (f1, f2) satisfies our assumptions, we
compute its primary decomposition.?

I= <x1 + 23, ToTs + az4> N <x1, Tor3 + m4> N <x3, x2xo + m4> N (za,24)

which gives the decomposition of the associated variety V(I) = G-21 UG- 22 UG- 23 U Z' with orbit
representatives z; = (—1,—1,1,1),20 = (0,—1,1,1),23 = (1,-1,0,1) and Z' = V (23, 24) C Z. This shows
that I defines the expected number of simple, isolated points on X = 5. The first solution (; = w(z1) € T
lies in the torus, the others satisfy (o = 7(22) € D1, (3 = 7(z3) € D3. The ideal J in this example is the
intersection of the first three primary components of I. We find J = (z}xs + z123, f2).

2 We used Macaulay?2 to perform the symbolic computations in this example [45].
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4. Multigraded regularity and homogeneous Lagrange polynomials

The regularity of a graded module measures its complexity (for instance, in terms of the degree of minimal
generators). The notion of regularity has been studied in a multigraded context. The general situation
is treated in [46]. The zero-dimensional case is further investigated in [42] and some more results in a
multiprojective setting can be found in [25,47]. In our case, the regularity (as defined below) of the ideal I in
Section 3 will determine in which graded piece S, of the Cox ring S we can work to define our multiplication
maps in Section 5. The ‘larger’ this graded piece (i.e. the larger the dimension of S,, as a C-vector space), the
larger the matrices involved in the presented algorithm in Section 6. We will define homogeneous Lagrange
polynomials and show how they are related to multigraded regularity. As in Subsection 2.1, these Lagrange
polynomials and their dual basis will have a nice interpretation as eigenvectors of multiplication maps. For
a € Cl(X), we denote n, = dimg (S,). Since X is complete, n, < 00,Va € CI(X) [37, Proposition 4.3.8].
The ideals I, J C S are as defined in Section 3. In particular, I satisfies Assumptions 1-3. For a € Cl(X),
let S, = @, C - zb,b; € N¥ and consider the map

B, :CH\Z s Pl 2 P(SY) = P(D(X,O0x (D)) : (21,...,25) = (2P, ... a0m).

Note that ®, may have basepoints (hence the dashed arrow) and it is constant on G-orbits. We will say
that o € CI(X) is basepoint free if ®, has no basepoints (this extends the definition for basepoint free
a € Pic(X) to the class group). We say that ¢ € U C X is a basepoint of S, if 771({) are basepoints of
®,. The following lemma is straightforward and we omit the proof.

Lemma 4.1. Let o = [D] € CI(X) be such that no ; is a basepoint of So. For generic h € S,, we have
G ¢ Vx(h),j=1,...,0.

Note that in particular, the condition of Lemma 4.1 is always satisfied for basepoint free a.. The grading
on S defines a grading on the quotient S/I: (S/I)o = Sa/In. It follows from Lemma 4.1 that for any
a = [D] € Cl(X) such that no ¢; is a basepoint of S, the following C-linear map is well defined for generic
hesS,:

Ve :(S/I)a—>(f§:f+lal—> <%(z1)7...,%(25)>. (4.1)

We fix such a generic h € S,,. Note that the definition of v, does not depend on the choice of representative
zj of G - z;. We will now investigate for which o € CI(X') the map 1, defines coordinates on (S/I)4, that
is, for which « it is an isomorphism (note that this is independent of the choice of h satisfying ¢; ¢ Vx (h)).
It is clear that for this to happen, we need dimc((S/I),) = 0. The dimension of the graded parts of S/I is
given by the multigraded analog of the Hilbert function [42].

Definition 4.1 (Hilbert function). For a homogeneous ideal I in the Cox ring S of X, the Hilbert function
of I is given by HF; : CI(X) — N : a +— dim¢ ((S/1)a)-

We note that in [42], the Hilbert function of the scheme Vx(I) is equal to HF ; as defined above. In order
to state a necessary and sufficient condition for surjectivity of v, we will introduce a homogeneous analog
of the Lagrange polynomials introduced in Subsection 2.1.

Definition 4.2 (homogeneous Lagrange polynomials). Let o € C1(X) be such that no ¢; is a basepoint of S,
and let h € S, be such that ¢; ¢ Vx(h),j = 1,...,0. A set of elements ¢1,...,¢5s € S, is called a set of
homogeneous Lagrange polynomials of degree o with respect to h if for j =1,...,4,
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1. Cz S VX(gj)vi 7&]’
2. Cj GVx(h—fj).

In terms of the homogeneous coordinates z;, a set of homogeneous Lagrange polynomials satisfies £;(z;) =
0,7 # j and ¢;(2;) = h(z;),j =1,...,0.

Remark 4.1. Let ¢;,5 = 1,...,6 be a set of homogeneous Lagrange polynomials of degree o with respect
to h. The cosets ¢; + I, € (S/I), are a dual basis for the evaluation functionals v; € (S/I). given by
vj : (S8/I)o = C : f+ 1, — (f/h)(z;). If I defines points with multiplicities (the case of ‘fat points’,
violating Assumption 3), a starting point would be to extend this set of evaluation functionals to a basis
of (S/I)Y, using analogs of differentiation operators. It is known that the theory for the affine root finding
problem (Subsection 2.1) extends nicely in this way; see for instance [9, Chapter 4, Proposition 2.7], [2,
Section 4.3] or [48]. We leave this for future research.

In what follows, we use the same function h to define 1, and a set of homogeneous Lagrange polynomials.
Proposition 4.1. Let o € CL(X) be such that no (; is a basepoint of So. Then

1. v is injective if and only if I, = Ju. In this case HF j(a) < 4,
2. g 1s surjective if and only if there exists a set of homogeneous Lagrange polynomials of degree «v. In
this case HF[(a) > 4.

Proof. Let f,h € S, such that {; ¢ Vx(h),j = 1,...,6. If ¢, is injective, then f € Jo = Vo (f + 1a) =
0= f €I, So J, C I, and the other inclusion is trivial. Conversely, if I, = J, then ¢, (f + I,) =0 =
fedJoa= f€l,,so, is injective. The corresponding statement about HF; follows easily.

If v, is surjective, take ¢; € 1 *(e;). Conversely, if ¢;,5 = 1,...,d is a set of homogeneous Lagrange
polynomials of degree a, ¥ (¢; + I,) = e; and 1), is surjective. Again, the statement about HF; follows
easily. O

Corollary 4.1. If o € Pic(X) is ample® and I is radical, then 1, is injective.

Proof. In this case I = I(G - z1U---UG - zsUZ’) by the Nullstellensatz. Take f € J,. Since any polynomial
in S, for a ample vanishes on Z (S, C K, see e.g. [49]), f vanishes on Z’ C Z. Therefore f € I, and
Jo C I, C Ju. Now apply Proposition 4.1. O

The following proposition shows that the existence of homogeneous Lagrange polynomials of degree
a € CI(X) is equivalent to the fact that the points ®,(z;) span a linear space of dimension § — 1 in Pme~1.
Let p; € C™ be a set of homogeneous coordinates (in the standard sense) of ®,(z;) € P"~! and define
the matrix L, = [py -+ ps] € CMa*9,

Proposition 4.2. Let a € CI(X) be such that no (; is a basepoint of S,. There exists a set of Lagrange
polynomials of degree « if and only if L, has rank d.

Proof. The rank of L, is ¢ if and only if there exists a left inverse matrix LL € C%%me guch that LLLQ = idg
is the § x ¢ identity matrix. We will show that this is equivalent to the existence of a set of homogeneous

3 A divisor D and its degree a = [D] are called very ample if D is basepoint free and X — P(I'(X, 0x(D))Y) is a closed
embedding. If kD (or ka) is very ample for some k > 1, then D (or «) is called ample. See [37, Chapter 6] for definitions and
properties.
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Lagrange polynomials of degree a. Suppose that L], exists. The rows of L should be interpreted as elements
of S, represented in the basis {x%,... 2% }. The columns of L, are elements of SY represented in the
dual basis. Let the j-th row of LL correspond to Ej € S,. It is clear from LLLa = ids that

Topi) = () = {1 i=j

0 otherwise.

By Lemma 4.1, there is h € S, such that h(z;) # 0,5 = 1,...,6. Then ¢; = h(zj)gj,j =1,...,0 are
a set of homogeneous Lagrange polynomials. Conversely, if a set of homogeneous Lagrange polynomials
exists, construct a matrix I:}; by plugging the coefficients of ¢; into the j-th row. Then there is h €
S, such that Lf L, = diag(h(z1),...,h(zs)) is an invertible diagonal matrix. The left inverse is L], =
diag(h(z1),...,h(zs))"'Li,. O

Based on these results, we make the following definition.

Definition 4.3 (Regularity). The regularity Reg(I) C C1(X) of I is the subset of degrees a € C1(X) for which
no ¢ is a basepoint of S, and the following equivalent conditions are satisfied:

1. 1, is an isomorphism,

2. HF (o) = § and I, = J,,

3. HF;(a) = 0 and there exists a set of homogeneous Lagrange polynomials of degree «,
4. I, = J, and there exists a set of homogeneous Lagrange polynomials of degree «.

Theorem 4.1. If o € Reg(I), oy € CI(X)4 is such that no (j is a basepoint of Sa, and HF (o + o) = 6,
then o + ap € Reg(I).

Proof. Let ¢;,5 =1,...,0 be a set of homogeneous Lagrange polynomials of degree a w.r.t. h € S,. It is
easy to verify that for generic hg € Sq,, hol;,j =1,...,0 is a set of homogeneous Lagrange polynomials of
degree a + ag w.r.t. hhg. O

If o € Pic(X) is basepoint free and HFj(«) = 4, then to show that a € Reg(I), by Proposition 4.2 it
suffices to show that L, is of rank §. If « is ‘large enough’ (the associated polytope has enough lattice
points), this seems reasonable to expect. Alternatively, by Proposition 4.1 it suffices to show that I, = J,.
Based on experimental evidence we propose the following conjecture.

Conjecture 1. Let I = (fy,..., f,) C S be a homogeneous ideal obtained as in Section 3 such that Vx (I)
is a zero-dimensional subscheme of U C X. Let a; = deg(f;) € Pic(X) be the basepoint free degrees of the
generators. Then ag + a1 + ... + o, € Reg(!) for all op € C1(X)4 such that no ¢; is a basepoint of Sq,.

In the rest of this section, we prove some weaker results to support Conjecture 1 and we continue our
running example by investigating the regularity.

We consider the question for which a € C1(X) we have HF(«) = 6. The following theorem generalizes
Theorem 3.16 in [42] in the case where Z is small enough.

Theorem 4.2. Let I = (f1,..., fn) C S be a homogeneous ideal obtained as in Section 3 such that Vx(I)
is a zero-dimensional subscheme of U C X. Let a; = deg(f;) € Pic(X) be the basepoint free degrees of the
generators. If codim(Z) > n then for all basepoint free ag € Pic(X )y, HF (oo + a1 + ...+ o) = 6.
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Proof. Consider the Koszul complex

n n

0-5-Ya)» @ Stag)=-— @B S-az)>PS(—a) =S
i=1 Jc{1,..n} Jc{1,...,n} =1
|T|=n—1 |T|=2

where a7 =), ; a; and S(—a) is the Cox ring with twisted grading: S(—a)s = S(8 — a). Since the orbit
closures G - z; have dimension k — n and by assumption dim(Z) < k —n, the f; form a regular sequence in

S. Hence the Koszul complex is exact. Restricting to the degree a = ag + a1 + ... + a,, part we get

0— S(ap) — @ Sla—az)— - — @ Sla—ayzy) %@Sa—az — Sa.
Jc{l,..n} JC{L,...n}
|T|=n—1 | T|=2

Since «p is basepoint free, it corresponds to a polytope Py and we have by (2.4) and (3.1)
dime (Sag+a,) = [(Po + P7) N M|

with Pz = 7,c; P; for any subset J C {0,...,n}. Counting dimensions we get

n

dime ((S/1)a) =Y _(-)"* > |(Py+Ps)nM]|,

=0 Jc{1,...,n}
|T1=¢

and the right hand side is the formula (3.3) for the mixed volume § = MV(Py,..., P,). O

Note that the conditions of Theorem 4.2 are satisfied by all toric surfaces (n = 2). Here is an analogous
result for the case where the system is ‘unmixed’ (in some sense) and the corresponding polytope is normal.

Theorem 4.3. Let I = (f1,..., fn) C S be a homogeneous ideal obtained as in Section 3 such that Vx(I) is a
zero-dimensional subscheme of X. Let o; = deg(f;) € Pic(X) be the basepoint free degrees of the generators.
If there is a basepoint free degree o, € Pic(X) corresponding to a normal polytope, such that o; = t;a for
positive integers t;, then HFj(ta,) = 0 fort > Z?:l t;

Proof. The assumption on «; implies that P; = t; P, + m; for a normal polytope Pj, lattice points m; and
positive integers ¢;. We can assume without loss of generality that m; = 0,7 = 1,...,n. We consider the
embedding X, C P1I=1 of X where o/ = P, N M. More precisely, X is the image of ®,, [37, Proposition
5.4.7). Let w,,, m € o/ be homogeneous coordinates on P™e+~1 = PI¥|=1 The toric ideal of X, is denoted
Iy C Clum,m € /] and the Z-graded coordinate ring of X is C[Xy] = Clum,m € #]/1. By [37,
Theorem 5.4.8], we have S,, ~ C[Xy]:, and f; € S,, corresponds to an element h; + Iy € C[Xy]t,.
We define the homogeneous ideal I' = (hy + Iy, ..., hy + Iy) C C[Xy]. By assumption, I’ defines a 0-
dimensional subscheme of X/, 80 hy + Lo, . .., hy + I is a regular sequence in C[X ). The ring C[X /] is
arithmetically Cohen-Macaulay [37, Exercise 9.2.8], so the corresponding Koszul complex

0—-K,—> K, 1— —>Ky— K —»C[Xy] with K= @ (C[Xg{](*Zti)
JcA{1,...,n} =NA
|71=t

is exact. Since P, is a normal polytope, we have dim¢ (C[X ]:) = [tP, N M]|. Counting dimensions and using
the same formula as before for § = MV(Py, ..., P,) = MV(P,,..., P,) we find that dim¢ ((C[X]/I'):) = ¢
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for t > " | t;. Combining this with (C[X]/I"); 2~ (S/I)ta, (see [37, Theorem 5.4.8]) we get the desired
result. O

We note that in the case where X is a product of projective spaces, stronger bounds than those of
Theorem 4.2 and Theorem 4.3 are known [25].

Example 4.1. We continue Example 3.1. The polytope P = P; + P, (shown in Fig. 2) has 12 lattice points.
Therefore n, = 12, with &« = [Dp| € Pic(X). Since § = 3, L, is a 12 x 3 matrix. Its rows are indexed by
the monomials spanning S,, and its columns by the representatives z;. The transpose is given by

N B > % % % el
. Y % 0‘? q@ n/@ q§ 9% mq? f»q? @‘L@ %9 %,
@’*? (p@ &/@@ ®”® 3’\@ 33 & 5 ®”® 3’\@ 33 & $ $ N
1 -1 -1 1 -1 1 1 -1 1 -1 1 -1 21
Ll = 1 0 -1 0 0 0 1 0 0 0 0 0 2o
0 1 0 0 0 —1 0 0 0 0 1 23

Consider h = 39(xsz — z173) € S, and note that h(z;) # 0 for all j. A set of homogeneous Lagrange
polynomials w.r.t. h is given by

B D
9 9 Y 3‘*’@ ®“"® > IS w”“v o e .87
WW @”W w&ﬂ @@‘” 33 v @’N@ ” 3‘$ ? @”w 33 ” &53 ” gé ” «?\@ ”
9 [t 0 0 0 2 -2 0 0 -2 2 -2 2 0 0y
I 3& = 2 0 -2 -1 1 0 2 1 -1 1 -1 0 ly
0 2 0 1 -1 -2 0 -1 1 -1 1 2 l3

which is related to the pseudo inverse of L, by
L}, = diag(h(21), h(z2), h(z3)) "' LE, = diag(1/78,1/39,1/39) L.

To check that I, = J, we compute HF (o) = HF ;(«) = 3. Hence we have o € Reg([). In fact, in this
example [ is radical and « is ample, so I, = J, follows from Corollary 4.1.

5. A toric eigenvalue, eigenvector theorem

In this section, we will work with multiplication maps between graded pieces of S/I. Again, I is a homo-
geneous ideal in S obtained as in Section 3 satisfying Assumptions 1-3. For a, oy € Cl(X), a homogeneous
element g € S,, defines a linear map

Mg : (S/I)Oé — (S/I)Oé+060 : f+Ioz Hgf+1a+ozo

representing ‘multiplication with g’ Just as in the affine case, these multiplication maps will be the key
ingredient to formulate our root finding problem as a linear algebra problem. We state a toric version
of the eigenvalue, eigenvector theorem and show how the eigenvalues can be used to recover homogeneous
coordinates of the solutions and equations for the corresponding G-orbits. Our main result uses the following
Lemma.

Lemma 5.1. Let o, o9 € CU(X)+ be such that o, + ap € Reg(I) and no {; is a basepoint of Sa,. Then for
generic hg € Sag, Mpy : (S/Da = (S/D)atae : [+ Lo+ hof + Inta, S an isomorphism of vector spaces.
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Proof. Let 1, be given as in (4.1) for some h € S,. We can take hhgy € Syia, to define 9q1q,. Then
Va+ae © Mp, = Yo shows that My, is invertible. O

Theorem 5.1 (Toric eigenvalue, eigenvector theorem). Let o, ap € C1(X)4 be such that o, + ap € Reg(I)
and no (j is a basepoint of Sq,. Then for any g € Say, My/p, = M}?OloMg : (S/1)o — (S/I)q has eigenpairs

g g .
(h—O(ZJ),Zj—‘rIa), <vj,h—o(zj)>, j:l,,é,

where the {; 4+ 1, are cosets of homogeneous Lagrange polynomials of degree o and the v; are the dual basis

of (S/1)s.-

Proof. The map My, is an isomorphism by Lemma 5.1. We define ¢q, ¥ata, as in (4.1) with h € S,,
hho € So+a, respectively. A straightforward computation shows that ¥a4a,0Mp, (¢;+1s) = e;. Analogously,
we have Yata,0My(lj+1a) = 1= (z))e;. It follows that ho(z;) My (¢j+1a) = g(2;)Mp, (€;+1a), and therefore

g
Myne (b + 1a) = h—o(zj)(fj +1a),

which proves the statement about the right eigenpairs, since the ¢; 4 I, are linearly independent. For the
statement about the left eigenpairs, note that for any f € S,

Mg/ho (f+1a) = vj o Mh_ol(gf + Ia+a0)

and since M}, is an isomorphism, there is f €S, such that gf —hof € Intaq- Therefore, for each z; € V(1)
we have

g9f —hof hof

hoh (J>:0:>

and thus, since Mh_o1 (9f + Intay) = f+ 1., we have

1 g
Uj OMO/ho(f +1a) = Uj(f +1a) = h_o(zj)vj(f+la)~
The v; are linearly independent, so this concludes the proof. O

Let So, = @, C - 2% where ag € CI(X), is such that no ¢; is a basepoint of S,,. We now show
how the eigenvalues of the M, . lead directly to a set of defining equations of G - 25,5 = 1,...,4d if
ag is ‘large enough’. For every cone ¢ € Np, we define U, = C¥\ V(2%) = MaxSpec(S,+). Note that
C*"\ Z =U,ex, Us- Let Dy, be a representative divisor: ag = [Da,] = [Zle ap,;D;]. Let Py C Mg be the
polytope {m € Mg | FTm +aog > 0}. If ag € Pic(X), then for every o € ¥p there is m, € Py M such
that

(uiyme) +ag; =0, Vp; € 0(1), (5.1)

see for instance [39, Lemma 3.4] or [37, Theorem 4.2.8]. If D,,, is not Cartier, such an m, does not exist
for every cone o € Y p. We will denote the subset of cones for which m, € Py satisfying (5.1) exists by
Yp C Yp. This set is nonempty since {0} € Yp. We write PoNnM = {my,.. mnao} b, = FTm; + ag
and by, = Fm, + ao. For all 0 € £p we denote Py N M — my = {mq — Mg, ..., Mn,, — M} (note that
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0€ BhNM—m,)and ¢V = {m € Mg | (u,m) > 0,Yu € o},0- = {m € Mg | {u,m) = 0,Yu € o}. We
partition PyN M — m, into M+ = (PoN M —m,)No+ and M, = (PyN M —m,) \ MZ. The inclusion

NMy +ZMy =48 > cmm+ Y, dpm|cm €Ndm€Zp Ca'NM
meEMq meMZE

is clear. In what follows, we will show that if equality holds for some simplicial o € S p with zj € Uy, then
o is ‘large enough’ to recover equations for G - z; from the eigenvalues of the M, /.

Theorem 5.2. Let z € U, for a simplicial cone o € Sp such that m(z) is not a basepoint of S.,. Take
ho € Sa, such that ho(z) # 0 and let N\; = 2% /ho(2),i = 1,...,Nay- If 0¥ N M = NM, + ZMZ, then
G -z C U, is the subvariety defined by the ideal

h
<Ibib°' 7Az ;gf) | i = 17"'7n0é0> C Sxa'

To prove Theorem 5.2, we need the following auxiliary lemma.

Lemma 5.2. Let 0 € f]p be a simplicial cone. For any point z € U,, the orbit G - z is the subvariety defined
by

G-ZZ{JJEUU|a:FTm—ZFTm,mEUVﬂM}CUa~

IfoVN M =N{my,...,mg} + Z{muy1,...,ms}, then

T T T T
{zcUy|af M2 " meo"nMy={zcU, |2 ™ —2F" ™ i=1,... s}

Proof. Note that z¥ ™ — zF'm ¢ S,e,¥m € oV N M and my41,...,ms € o= N M. The first statement
is shown in the proof of Theorem 2.1 in [39]. For the second statement, the inclusion ‘C’ is obvious. To
show the opposite inclusion, take m € ¢¥ N M and write m = ¢ymq + ... + csm, with ¢1,...,¢, € N,
Crtly---,Cs € Z. Then

K S

xFTm _ H(mFTmi)ci H (xFTmJ)cJ

i=1 Jj=K+1

and if 2 ™ = zFTmi,i =1,...,s, it follows that gFim = F'm g

Proof of Theorem 5.2. It follows from Lemma 5.2 that G - z is the variety of
<zFT(mi*m") _ SFT(mimmo) |i=1,... ,na0> = <xbi*b" — pbimbe li=1,.. .,na0> .

Write ho(z) = 3129 ¢;a%, ¢; € C. Tt is easy to check that

_ _ — h
1 A1 abr=be _ Zbi—bs abr—be _ /\1%
o I . z . .
1 A gPnag ~be _ pbnag =bs pPrag—be _ ) ho(@)
Nag gbo

and for generic ¢;, the matrix on the left is invertible (it’s invertible for ¢; = 0, so the determinant is a
nonzero polynomial in the ¢;). O



S. Telen / Journal of Pure and Applied Algebra 224 (2020) 106367 17

Theorem 5.3. Let z € U, with o € Sp simplicial be such that 7(2) is not a basepoint of Sa, and ¥ N M =
NM,g + ZME. For generic hg € S, satisfying ho(z) # 0, the variety

2bi
V.=V azb - —i=1,...,n4 ck
(a: ho(z)’l s , N, O)C

is nonempty and Y, C G - z.
The proof of Theorem 5.3 uses the following lemma.

Lemma 5.3. If ag € CI(X), is such that 0¥ N M = NM, + ZML for some o € Sp, then aq is not a
torsion element of C1(X).

Proof. Suppose uag = 0 for some u > 0. Then F"m +uag = 0 for some m € M, and therefore F'' (m/u) +
ap = 0. Since X p is complete, this means that Py = {m/u} and Py either has 1 lattice point (if m/u € M,
in which case ag = 0), or it has none. Since ag € C1(X)4, we can assume 0 € Py and this must be the only
lattice point in Py. Then 0¥ N M = NM, + ZML = {0}. But ¢ has dimension n because o is strongly
convex ([37, Proposition 1.2.12]), so this is a contradiction. O

Proof of Theorem 5.3. Since o is not a torsion element of C1(X) (Lemma 5.3), we have the exact sequence
0—2Z— Cl(X) — CUX)/(Z -ag) —0

where Z — C1(X) sends u — uag € ClI(X). Taking Homyz(—, C*) shows that G — C* : g — ¢g*° is surjective
(because C* is divisible). Therefore we can find g € G such that g = ho(z)~! and thus ho(g - 2) = 1.
Every z € Y, satisfies 2% — (g-2)% = 0,i = 1,...,n4,: this follows from (g - 2)% = 2% /hg(2). In particular,
xbe = (g-2)% # 0 (2 € U, and hence g - z € U, since U, is G-invariant) and therefore x satisfies

w7t = (g 2)% b i =1,...n4,. By Lemma 5.2 it follows that g- 2 € Y, C G- 2z. O

Recall that we took o such that no (; is a basepoint of S,,. We conclude this section with the following
immediate corollary of Theorems 5.2 and 5.3.

Corollary 5.1. Let \;; = z?i/ho(zj) be the j-th eigenvalue ~0f the i-th multiplication map M, ). For
Jj=1,...,0, assume that z; € Uy, for a simplicial cone o; € Xp satisfying U;/ NM=NM,, + ZM#}_. The
ideal

_ ho(x) | .
<l’b1 baj — Aijiob(a,) | 1= 1, e ,na0> C Sa:f’j
x %

defines the orbit G -z; C Uy, and for any point 2} € V(b = Xijyi =1,...,n4,) C Uy, we have (2}) = (j.

Corollary 5.1 implies that we can find homogeneous coordinates of the solutions from the eigenvalues
Aij by solving a system of binomial equations if Py ‘has enough lattice points’ Concretely, for every point
z; there has to be a cone o; € f]p such that z; € U,, and ij NM =NM,, + Z/\/lf;j. Note that if all
solutions are in the torus, then z; € U, for 0 = {0} € S p and this condition translates to the fact that
Z(PhN' M —m) = M for some m € PynN M. If Py is very ample, then oy € Pic(X), so Yp = Xp and
oV N M =NM, + ZMZE holds for all o € Xp [37, Proposition 1.3.16]. We will elaborate on how to solve
this system of binomial equations in the next section.



18 S. Telen / Journal of Pure and Applied Algebra 224 (2020) 106367

6. Algorithm

In this section we present an eigenvalue algorithm for computing homogeneous coordinates of the points
in Vx(I), where I is an ideal satisfying Assumptions 1-3. As in Theorem 5.1, let a, ag € CI(X ) be such
that o, o + ap € Reg(I) and no (; is a basepoint of S,,. In practice, we will take a« = o + - - - + c,, where
a; = deg(f;) (by Conjecture 1) and «ag ‘large enough’ to recover all solutions (Corollary 5.1). We denote

Nag

Say = EB(C b,
i=1

We have that HF;(a) = HFj(a + ag) = 6. Given a generic hy € Sy, and a surjective linear map N :
Satae = C? with ker N = Iota,, We define

Npy : Sa = C°: f = N(hof)

and assume that Np, is surjective as well. Such a map N can be computed directly from the input equations.
We will come back to this later. Let N* : B — C? be the restriction of N, to a subspace B C S, of
dimension ¢ such that N* is invertible, and let

N;i:B —C%: fs N(z%f), =1, Ny
Theorem 6.1. The map v : B ~ (S/I)y : g — g+ I is an isomorphism of vector spaces and the linear maps
(N*)"YoN;: B — B satisfyvo (N*)"LoN; = Myb; p, 0 v where My, p,, are the maps from Theorem 5.1.

Proof. By Lemma 5.1, hof € Intq, if and only if f € I,. Therefore ker Nj,, = I,. The first statement
follows from S, = B @ ker Ny,,. Since ker N = I, 1,, N is well defined mod I, ,. We define

N: (S/Da+ae — c’: [+ Iava, = N(f)

Since N is a surjective linear map between d-dimensional vector spaces, it is invertible. For g € B, N *(g) =
N(hog) = (N o My, )(g+1.) 50 vo (N*) "1 = (N o Mj,)~". Analogously we find Ny(g) = (N o Mys,)(g+ ).
The theorem follows from (vo(N*)"1oN;)(g) = (NoMy,)  o(NoMw,))(g+1,) = (Mh_olobei ov)(g). O

Theorem 6.1 tells us that, identifying B with (S/I),, the homogeneous multiplication operators are given
by (N*)~1 o N;. After fixing a basis B for B the multiplication operators are commuting § x § matrices and
we can compute their simultaneous diagonalization to find the values A;; = z;” /ho(%5).

We now show how the map N can be computed from the input equations. Our strategy is based on
techniques for computing Truncated Normal Forms (TNFs), as introduced in [18]. We use the notation
V = Sataes Vi = Satap—a; and by the Resultant map Res : Vi x --- x V,, = V we mean the linear map

(qrs--sqn) = a1 fi+ -+ anfn-

When represented in matrix form, using monomial bases for the vector spaces involved, this map looks
a lot like the resultant matrices coming from Macaulay and toric resultants [9, Chapters 3 and 7]. Since
imRes = I444q,, the cokernel map of Res isa map N : V — C® ~ V/imRes with the properties we need.
The next step is to find the homogeneous coordinates of Vx(I) from the A;;. Suppose that z; € Uy, for
o; € Y p and that « is such that a}/ NM=NM,, + Z/\/lij. By Corollary 5.1, it remains to compute one
point on the variety V(2% — Xij,i = 1,...,n4,) for j =1,...,68. If {; € Tx, we can do this efficiently using
only linear algebra as follows. Let A = [by -+ by, ] € ZF*"0 be the matrix of exponents and compute
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Algorithm 1 Computes the Cox coordinates of the points defined by I = (f1,..., fa)-

1: Res + Matrix of the resultant map V4 X -+ x V,, -V
2: N <« Matrix of the cokernel V — C? of Res

3: hg < Generic element of Sq,

4: Construct a matrix of Np,

5: Find B C S, such that (Nh“)‘B is invertible

6: N™ < (Nn,)|B

7: Construct a matrix of N;, 1 < i < ng,

8: fori=1,...,n4, do

9: Myu yp, < (N*)7IN;

10: end for

11: Compute A;;,1 <4 < nq,, 1 < j <6 by sim. diag. of the My, /),
12: for j =1,...,9 do

13: J; « <mb’ — A 1<i < nan> cs
14: i (ming [Ais]) /(02 |As513)Y/2 > tol then

15: Find one point z; € C* on V(jj) using SNF

16: else

17: Find one point z; € C* on V(J;) using Newton iteration
18: end if

19: end for

20: return zp,..., 25

its Smith normal form: UAV = S with U,V unimodular and S = [diag(my,...,m,,0,...,0) 0] € Z**nao
where m;|m;1. We make the substitution of variables z; = yij ... yg’” to obtain the equivalent system of
equations given by yUb = Aij- Applying the invertible transformation given by the matrix V/, this simplifies

to

’I’Lao ’I’Lao

y}tne:H)\V“ {=1,...,r and I:H)\V,“ r<l{<k.
i=1 i=1

17 0 1j 0
This imposes no conditions on yg, £ > r, so we can put y, = 1,¢ > r. Taking the logarithm then shows that

logy = [logyr -+ logys] = [w Ok, ]

where w = [logA\y; ---log )\naoj][vz,l -+ Vi |diag(1/maq,...,1/m,) and Ox_, is a row vector of length k —r
with zero entries. To find the homogeneous coordinates, we only need to invert our change of coordinates
and the logarithm:

logz = [logay -+ logag] =logy U, zo =€ (=1,... k.

Taking the logarithm has some advantages for the implementation: it reduces all computations to some
matrix multiplications and it may prevent overflow. When (; is not in the torus, some of the A;; may be
zero. In this case, to compute a point on V(xbi —Xij,i=1,...,n4,), we may use a simple Newton iteration,
for instance. In the nearly degenerate situation, where );; is close to zero for some 7, the approach above
suffers from rounding errors. We take this into account by using the Smith normal form technique when
(min; [Ai;])/(CCre9 |Aij|2)1/2 > tol, where | - | denotes the modulus and tol is a predefined tolerance. This
leads to Algorithm 1.

In line 5 of the algorithm, the choice of the subspace B is important for the numerical stability. A good
choice is using QR factorization with optimal column pivoting as in [17,18] which results in a basis for
(S/I)q consisting of monomials in S. An alternative is using the singular value decomposition, in which
case B is the orthogonal complement of I, in S, [50, Section 3]. We use the SVD for the experiments in
this article.

Algorithm 1 requires some computations involving polytopes. If one is interested in solving many systems
with the same structure, it is advantageous to do these computations in an ‘offline’ phase. The ‘online’
algorithm then takes a basis of S,,, So and Sy+q,, & facet representation of P and P, and the mixed
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volume § = MV(Py,..., P,) as inputs. The ‘offline’ version of the algorithm computes all this information
from the input equations, and generates an «q such that Z(Py N M —m) = M. This is enough to find (at
least) all solutions in the torus by Corollary 5.1.

To retrieve the coordinates in (C*)™ of toric solutions from their homogeneous coordinates, we use the
map (2.1).

Remark 6.1. We conclude this Section with a remark on the complexity of Algorithm 1 as compared to
the TNF algorithm of [18]. The first step in both algorithms is to compute the cokernel of a resultant map
Res. Since for both algorithms the monomials indexing the vector space V in the definition of Res are the
lattice points contained in a slightly enlarged version of the polytope P = P; + ...+ P, this step takes
roughly the same computation time for both algorithms. Even though the Cox ring has dimension k > n,
the dimensions of its graded pieces correspond to the lattice points contained in n-dimensional polytopes.
This is an important observation, because for larger problems, the computation of the cokernel of Res is
the most expensive step of the algorithm. Next, both algorithms compute the multiplication matrices from
this cokernel. This is more expensive for the algorithm in this paper: there are more multiplication maps.
Another important difference is that for the TNF algorithm, the eigenvalues of the multiplication maps
immediately give the coordinates of the solutions, whereas Algorithm 1 processes these eigenvalues to find
the homogeneous coordinates (line 12-19). We conclude that Algorithm 1 is computationally more expensive
overall. This should be considered the price that is payed for being more robust in nearly degenerate
situations, which is the main objective in this paper. However, the increase of complexity is not dramatic:
systems with thousands of solutions can be solved within reasonable time (see Subsection 7.3), and there is
certainly room for performance optimization in the current Matlab implementation, which is tested in the
next Section.

7. Examples

Algorithm 1 is implemented in Matlab. Polymake is used for computations involving polytopes [51], except
for the mixed volume, which is computed using PHCpack [7]. In this section, we test the implementation
on several examples and compare the results with those of some other polynomial system solvers. All
computations are done in double precision arithmetic on an 8 GB RAM machine with an intel Core 17-
6820HQ CPU working at 2.70 GHz. To measure the quality of an approximate solution, we compute the
residual as defined in [17, Section 7] as a measure for the relative backward error. In double precision
arithmetic, a residual of order 1076 is the best one can hope for. The goal of the experiments is to show
that Algorithm 1 meets our objectives: it finds all solutions with good accuracy within reasonable time. In
particular, it does so for (nearly) degenerate systems with solutions on or near the exceptional divisors of
X that cannot be solved by other state of the art solvers.

7.1. Points on 74

We finish our running example by using Algorithm 1 to compute homogeneous coordinates of the solutions
of the system defined in Example 2.3. We use tol = 1072, o« = a1 + ay. For ag = ay, Algorithm 1 finds
three solutions. All three residuals are of order 10716,

To illustrate the results, we use the moment map

1
p:Co\NZ 5Pz e Z \a:FTm"’“\m,
ZmEPﬁM |£E | mePNM
where | - | denotes the modulus. The map g is constant on G-orbits and takes a point x € C*\ Z to a

convex combination of the lattice points of P. It has the property that torus invariant prime divisors are



S. Telen / Journal of Pure and Applied Algebra 224 (2020) 106367 21

Fig. 3. Left: images in P of the real part of V(f1) (=) and V(f2) ( ) from Example 2.3 under the moment map p. The
images of the computed real solutions are shown as black dots (®). Right: same picture for a different system. (For interpretation
of the colors in the figure(s), the reader is referred to the web version of this article.)

(a) P1

(b) Py (c) P3

Fig. 4. Newton polytopes of the equations of the eight point radial distortion problem.

k is sent to the interior of P. More information can be found in

sent to their corresponding facets and (C*)
[38, Section 4.2] and [52, Section 2]. Fig. 3 shows that two of the computed solutions lie on divisors and
one is in the torus. The image under p of all of the solutions must lie on an intersection of the images of
V(f1)\ Z,V(f2) \ Z (but not all intersections correspond to solutions). As an illustration, we have included
the same picture for a system with more solutions in the right part of the same figure. The polytopes for this
system are P, = [0,4] x [0,4] and P, = 5A5 where Ay is the standard simplex. There are § = 40 solutions,

12 of them are real.
7.2. A problem from computer vision

One of the so-called ‘minimal problems’ in computer vision is the problem of estimating radial distortion
from eight point correspondences in two images. In [53], Kukelova and Pajdla propose a formulation of this
problem as a system of 3 polynomial equations in 3 unknowns. The Newton polytopes are visualized in
Fig. 4. The mixed volume is 6 = MV(Py, P2, P5) = 17 and the matrix of facet normals is

0 -1 -1 0 1 0
F=[1 -1 -1 00 0|,
0 0 -1 10 -1

so the Cox ring S has dimension 6. We assign random real coefficients drawn from a standard normal
distribution to all lattice points in the polytopes and solve the system using Algorithm 1. We first run the
offline version, which generates the polytope Py. In this case, Py is the standard simplex. All 17 solutions
are found with a residual of order 10716 within £0.1 s (using the online version of the algorithm). To show
the robustness of Algorithm 1 in the nearly degenerate case, i.e. the case where there are solutions on or
near the torus invariant prime divisors, we perform the following experiment. Consider the lattice points
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1072

1077

1012
>
¢ >

2 4 6 8 10 12 14 16
e

10-17

Fig. 5. Minimal and maximal residual for different values of the parameter e for the parametrized eight point radial distortion
problem, for Algorithm 1 (—®—) and the toric TNF algorithm (—e—).

ﬁgz{mePlﬂM|<u3,m>+3:O}, %:(PlﬂM)\ﬁg.

The points in %5 are the lattice points on the facet of P; corresponding to uz = (=1, —1,—1). Set

Gi= > emiX™+ D emix™  i=12
meFs meYs

with ¢, ,; real numbers drawn from a standard normal distribution. Now let fl = g1 and

fale) = Z (107 %m2 + (1 =107 em )X ™ + Z Cm2X" e € [0,00).
meFs3 meYs

The equation fg = 0 is parametrized by the real parameter e. The third equation fg = 0 is chosen randomly.
When e = 0, fg = g5 and the system is generic, as before. When e — oo, the part of fg corresponding to
3 converges to the part of fl corresponding to %3, meaning that there will be solutions ‘at infinity’ on
the divisor Ds. We solve the system for e = 0,1/2,1,3/2,...,16 and compute both the maximal residual
Tmax and the minimal residual rp;, for the 17 solutions found by Algorithm 1 with tol = 10~* and the
solutions found by the toric version of the Truncated Normal Form (TNF) algorithm [18]. The TNF solver
computes the multiplication matrices for the input equations (in the classical sense) using heuristically ‘the
best possible basis’ from a numerical point of view. The numerical results in [18,50] motivate the choice
of this method as a reference. The result of the experiment is shown in Fig. 5. Note that not only the
residuals of the solutions approaching the divisor deteriorate for the TNF algorithm. Accuracy is lost on
all solutions. The reason is that even for the ‘best’ basis selected by this algorithm, the computation of
the classical multiplication matrices is ill-conditioned because the system is nearly degenerate. Looking at
the computed Cox coordinates, we see that for three of the solutions, the coordinate x3 goes to zero as e
increases, so 3 out of 17 solutions approach the divisor Ds.

One can perform the same experiment for any other facet of P;. However, in order to find the solutions
on the divisors, the polytope Py must be large enough and it might not be sufficient that its lattice points
generate the lattice (Corollary 5.1). Repeating the same experiment, but this time using % instead of
Z3, the solutions in the torus are still found with good accuracy by Algorithm 1. Accuracy is lost on
the solutions approaching Ds. The reason is that the standard simplex does not ‘show’ this facet. Using
Py, = Conv((0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,0,1),(0,1,1),(0,0,2)) we find homogeneous coordinates of
all solutions.
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Table 1
Results for generic systems with mixed supports.
n NZ dmax ) k Nay OFFLINE ONLINE

t Diean Dmax t Dinean Dinax
2 20 10 144 12 3 1.9e+1 15 14 2.0e-1 15 14
2 20 20 505 14 4 2.4e+1 14 12 1.9e+0 14 11
2 20 30 1268 15 3 5.8e+1 14 12 1.9e+1 14 12
2 20 40 2390 16 3 2.6e+2 14 11 1.4e+2 14 13
2 20 50 3275 16 3 3.7e+2 14 12 2.3e+2 14 11
2 20 60 4469 12 3 7.8e+2 11 7 5.2e+42 11 8
2 40 30 1522 15 3 9.5e+1 14 11 3.4e+1 14 10
2 60 30 1670 15 4 1.2e+2 14 12 5.3e+1 14 12
2 200 30 1672 10 3 l.1le+2 15 10 6.0e+1 15 9
3 5 3 18 21 4 2.2e+1 14 12 1.1le-1 15 13
3 5 5 136 36 4 3.9e+1 14 9 6.3e-1 14 13
3 10 5 190 60 5 3.5e+1 15 7 2.1e40 15 11
3 10 7 592 63 5 1.3e+2 14 10 3.2e+1 15 7
4 5 3 81 106 6 6.9e+1 14 11 3.7e+1 14 11

7.8. Generic problems

To give an idea of the computation time and the type of systems Algorithm 1 can handle, we perform
the following experiment. Consider the parameters n, NZ, dm.x € N\ {0}. For j = 1,...,n we generate
a set of; C Z™ of NZ lattice points by selecting NZ points in N™ with coordinates drawn uniformly from
{0,1,...,dmax } and shifting these points by substracting the first point from all other points. Then for each
m € &; we generate a random real number ¢, ; drawn from a standard normal distribution and we set

fj = Z Cm,ij'

med;

If two or more points m € 7, coincide, we add the c,, ; together, so NZ is an upper bound for the number
of terms in fj. We use Algorithm 1 to compute the Cox coordinates of the solutions of the resulting system
and their image under (2.1). In Table 1 we report the number of solutions §, the dimension k of the Cox
ring, the number n,, for the automatically generated cy, and, for both the offline and the online solver,
the maximal residual 7 ,x, the geometric mean of the residuals of all solutions ryean and the computation
time ¢ (in seconds). The residuals are represented by Dmean = [— 10810 Tmean | a0d Dimax = [— 1010 "max |-
It follows from Bernstein’s second theorem [44,27] that solutions on divisors can only occur if the involved
polytopes have common tropisms corresponding to positive dimensional faces. An important case in which
this may happen is the unmixed case in which all input polytopes are equal. We repeat the experiment, but
this time we keep the supports & = & = ... = &, fixed. Table 2 shows some results. Of course, for this
type of systems, the dimension of the Cox ring (or, equivalently, the number of facets of the Minkowski sum
of the input polytopes) is lower and the system of binomial equations from Corollary 5.1 is easier to solve.

7.4. Comparison with homotopy methods

As discussed in the introduction, homotopy continuation methods provide very successful numerical
solvers for systems of small degrees in large numbers of variables. Algebraic methods prove to be more
robust in the case of high degrees and small dimensions, see for instance the numerical experiments in
[18]. In this sense, these two important classes of numerical solvers are complementary to each other. As an
illustration, we repeat the mixed experiment from Subsection 7.3 for three challenging 2-dimensional systems
and compare the results with two homotopy implementations that are considered state of the art: Bertini
(v1.6) [6] and PHCpack (v2.4.64) [7]. For both these solvers, we use standard double precision settings and
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Table 2
Results for generic systems with unmixed supports.
n NZ dmax 8 k Nay OFFLINE ONLINE
t Dmean Dmax t Dmean Dmax

2 20 60 3638 7 3 5.8e+2 13 11 3.8e+2 13 10
3 10 10 834 14 6 3.5e+2 13 12 1.9e+42 13 12
4 6 3 15 7 8 3.3e+1 15 15 8.4e-1 15 14
4 6 4 28 6 11 4.3e+1 14 13 5.4e4-0 15 14
4 6 5 216 9 7 5.7e+2 12 11 2.7e+2 12 11
4 6 6 339 8 6 1.5e+3 6 4 2.0e+3 6 5
5 6 3 10 6 8 7.5e+1 15 14 1.0e+1 15 15
Table 3
Results for generic systems using Algorithm 1 and the homotopy packages PHCpack and Bertini.
n NZ dmax ) Algorithm 1 PHCpack Bertini

k Na, LOFFLINE LONLINE ) t ) t )
2 20 20 622 14 3 4.4e+1 2.8e+0 622 1.7e+0 597 2.2e+1 605
2 200 30 1700 14 3 1.5e+2 7.le+1 1700 1.3e+1 1671 4.9e+2 1119
2 800 40 3117 9 3 3.5e+2 2.3e+2 3117 7.7e+1 3055 7.6e+3 2832

the backward errors of the computed solutions are of the order of the machine precision because these solvers
intrinsically use Newton refinement. The results are reported in Table 3. For each solver, the number 5 is
the number of correctly computed solutions (with residual < 10~?). Note that both homotopy solvers miss
some solutions for all these problems. PHCpack is very efficient for this type of generic problems because it
implements polyhedral homotopies [27,28]. This means in practice that exactly § paths are tracked. Bertini
tracks 1258, 3135 and 6320 paths for the first, second and third problem respectively. This experiment shows
that even for generic systems, for large § and small n the state of the art homotopy algorithms do not find
all solutions. The method introduced in this paper aims at solving (nearly) degenerate, non-generic systems.
In practice, this often means that there are ‘large solutions’. To show that such situations cause trouble for
homotopy methods, even for small §, we consider the experiment of Subsection 7.2. Solving the system for
e = 4.5 using Algorithm 1 we find three solutions whose coordinates have a modulus of order 10*. PHCpack
and Bertini both find only 14 solutions (the homotopy solvers give up on the paths converging to the ‘large
solutions’).

8. Conclusion

We have presented a toric eigenvalue, eigenvector theorem that allows to compute homogeneous coor-
dinates of solutions of systems of Laurent polynomial equations (satisfying the assumptions in Section 3)
on a natural toric compactification X of (C*)™. This results in a numerical linear algebra based algorithm
that proves to be robust in the case of (nearly) degenerate systems with solutions on the torus invariant
prime divisors. The algorithm is particularly successful for small dimensions n and large degrees. It relies
on a conjecture related to the regularity of I (Conjecture 1), which is checked numerically to be true in all
of the presented experiments and supported by some weaker results in Section 4.
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