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1. Introduction

Complex reflection groups are finite groups generated by complex reflections. Recall that a complex
reflection is a linear transformation of finite order that fixes a hyperplane pointwise. These groups include
finite real relection groups, also known as finite Coxeter groups. It is well known that every complex reflection
group is a direct product of irreducible ones. The irreducible complex reflection groups have been classified
by Shephard and Todd [20] in 1954. The classification includes the general 3-parameter series G(de,e,n)
that can be easily described in terms of monomial matrices and 34 exceptional groups denoted by G4, G5,

-, Gar.

Broué, Malle and Rouquier [6] managed to attach a complex braid group to each complex reflection group.
This generalizes the notion of Artin groups attached to finite Coxeter groups. Extending earlier results in
[5], they also managed to generalize the definition of the (Iwahori—)Hecke algebra for real reflection groups
to arbitrary complex reflection groups by using their definition of the complex braid group. Actually, the
Hecke algebra is defined as a quotient of the complex braid group algebra by some polynomial relations. It
is believed that nice properties of these objects in the case of real reflection groups could be extended to
the general case of complex reflection groups. In [6], it was stated a number of important conjectures about
the complex braid groups and the Hecke algebras.

One of these interesting conjectures is the so-called “BMR freeness conjecture”. It states that the Hecke
algebra is a free module of rank equal to the order of the associated complex reflection group. This property
is valid for the (Iwahori-)Hecke algebra attached to any finite real reflection group (see [3]), where a basis is
constructed from geodesic normal forms in the finite Coxeter group due to Matsumoto’s property (see [16]).
The BMR freeness conjecture can be easily reduced to the case of irreducible complex reflection groups.
During the past two decades, a proof of this conjecture for each case of the classification of Shephard and
Todd has been established involving the results of a number of authors. As we are interested in the case
of the general series of complex reflection groups, we mention that this conjecture has been established for
G(d,1,n) (see Ariki-Koike [2] and Bremke-Malle [4]) and for G(de, e, n) by Ariki (see [1] and Appendix A.2
of [19]). A list of references for the proof of the BMR freeness conjecture can be found in the next section.

An important constraint in the proof of this conjecture, and in the theory of Hecke algebras for complex
reflection groups in general, is the failure of an analogue of Matsumoto’s property. That is, we are not able
to easily establish a canonical basis of the Hecke algebra. The proof of the BMR freeness conjecture was
obtained by sometimes tedious and lengthy computations in order to explicitly construct bases for the Hecke
algebras. It is then of importance to find nice bases for these algebras. In this paper, we construct bases
for the Hecke algebras attached to the complex reflection groups G(e, e, n) and G(d, 1,n). We also establish
that these bases never coincide with the Ariki basis [1] for the case of G(e,e,n) and with the Ariki-Koike
basis [2] for G(d, 1,n).

In order to establish these bases, our attention is firstly shifted to the complex reflection groups G(de, e, n).
We construct geodesic normal forms for these groups by using the presentations of Corran—Picantin [10]
and Corran—Lee-Lee [9] of G(e,e,n) and G(de, e,n) for d > 1, respectively. The geodesic normal forms are
easy to describe. They generalize our construction in [18] for G(e,e,n) to all the cases of the general series
of complex reflection groups.

We establish that these geodesic normal forms provide bases for the Hecke algebras attached to G(e, e, n)
and G(d,1,n). Since these bases are constructed from geodesic normal forms in the complex reflection
groups, they are natural bases for the associated Hecke algebras. Note that the geodesic normal forms for
G(e, e,n) have been already used in our previous work [18] in order to construct intervals in G(e, e, n) that
give rise to nice structures (called interval Garside structures) for the associated complex braid groups.

The article is organized as follows. In Section 2, we provide a basic background material and recall
the BMR freeness conjecture. The geodesic normal forms for the complex reflection groups G(de, e, n) are
constructed in Section 3, which sets the stage for our later work. The techniques used are elementary and
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the associated combinatorial characterizations are very explicit. In Section 4, the attention shifts to the
Hecke algebras. Actually, we establish presentations for the Hecke algebras attached to G(de, e, n), by using
the presentations of Corran—Picantin and Corran—Lee—Lee of the associated complex braid groups that we
recall in the same section. The remaining part of the article establishes that the geodesic normal forms
constructed in Section 3 provide natural bases for the Hecke algebras associated with the groups G(e, e, n)
and G(d,1,n).

2. Definitions and preliminaries

Let W be a finite subgroup of GL,(C) (n > 1). A complex reflection s of W is an element of finite order
d > 2 such that Ker(s — 1) is a hyperplane. Let R be the set of complex reflections of W. We say that W
is a complex reflection group if it is generated by R. Let A := {Ker(s — 1) s.t. s € R} be the hyperplane
arrangement and X := C" \ [J.A be the hyperplane complement. The complex reflection group W acts
naturally on X. Let X/W be its space of orbits. The complex braid group B attached to W is defined as
follows. For details about this definition, we refer to [6].

Definition 2.1. The complex braid group attached to W is the fundamental group
B :=m (X/W).

Recall that a complex reflection s € W is called distinguished if its only nontrivial eigenvalue is
exp(2im/o(s)), where o(s) denotes the order of s. For the standard notion of braided reflections that we use
in the next definition, the reader may check [6]. We are ready to define the Hecke algebra associated with
W (see [6] and [14]).

Definition 2.2. Let R = Z[as’i,a;é, 0 < i < o(s) — 1], where s runs over the distinguished reflections, with
the convention as ; = as ; if s and s” are conjugates in . The Hecke algebra H (W) attached to the complex
reflection group W is the quotient of the complex braid group algebra RB by the relations

JO(S) - as,o(s)—lao(s)_l — = As,0 = 07
for each braided reflection o associated with s.

Note that it is enough to choose one such relation per conjugacy class of distinguished reflections, as all
the corresponding braided reflections are conjugates in B (see [6]).

The BMR freeness conjecture proposed by Broué, Malle and Rouquier [6] in 1998 states that the Hecke
algebra H (W) attached to W is a free R-module of rank equal to the order of W. After two decades, the
BMR freeness conjecture is proven through the results of a number of authors. Thus, we have the following
theorem.

Theorem 2.3. The Hecke algebra H(W) is a free R-module of rank |W|.

The BMR freeness conjecture can be easily reduced to the case where W is irreducible. It is true for the
(Iwahori—)Hecke algebra attached to any finite Coxeter group (see Lemma 4.4.3 of [11]). Ariki and Koike
[2] proved it for the case of G(d,1,n). Note that a basis for the Hecke algebra associated with G(d,1,n) is
also given in [4]. Ariki defined in [1] a Hecke algebra for G(de, e,n) by a presentation with generators and
relations. He also proved that it is a free module of rank |G(de, e,n)|. The Hecke algebra defined by Ariki
is isomorphic to the Hecke algebra defined by Broué, Malle, and Rouquier in [6] for G(de, e, n). The details
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why this is true can be found in Appendix A.2 of [19]. Hence one gets a proof of Theorem 2.3 for the general
series of complex reflection groups.

Concerning the exceptional complex reflection groups, Marin proved the conjecture for G4, Gas, Gag, and
G32 in [12] and [13]. Marin and Pfeiffer proved it for G12, Gaa, Gas, Gar, Gog, G31, G33, and G34 in [15]. In
her PhD thesis and in the article that followed (see [7] and [8]), Chavli proved the validity of this conjecture
for G5, Gg, - - -, G15. Recently, Marin proved the conjecture for Gog and Ga; (see [14]) and finally Tsushioka
for G17, G1s and Gig (see [21]). Hence we obtain a proof of Theorem 2.3 for all the cases of irreducible
complex reflection groups.

3. Geodesic normal forms for G(de, e, n)

This section sets the stage for our later work by establishing a set of geodesic normal forms for the
complex reflection groups G(de,e,n), using the generating sets introduced by Corran—Picantin [10] and
Corran—Lee—Lee [9] for G(e,e,n) and G(de,e,n) for d > 1, respectively. The case of G(e,e,n) has been
already done in our previous work (see Section 3 of [18]). We generalize the combinatorial techniques used
there to the case of G(de,e,n) for d > 1. We obtain natural and explicit geodesic normal forms for these
groups.

3.1. Presentations for G(de, e, n)

The complex reflection group G(de,e,n) is the group of monomial matrices whose nonzero entries are
de-th roots of unity and their product is a d-th root of unity.

Set d =1 and let e > 1 and n > 2. Corran—Picantin discovered in [10] a presentation of the complex
reflection group G(e, e,n) that is defined as follows.

Definition 3.1. The complex reflection group G(e, e,n) is defined by a presentation with generators: {t; | i €
Z./eZ} U{ss,84,- - ,8,} and relations:

tit;_1 =tjt;_y fori,j € Z/eZ,

t;sst; = sst;s3 for i € Z/eZ,

sjt; =t;s; for i € Z/eZ and 4 < j < n,
SiSi+1S; = Si+18:8;41 for 3 <i<n —1,

s;8; = s;8; for | — j| > 1,
tizzlforiGZ/eZandslefor?)gjSn.

Al

The matrices in G(e,e,n) that correspond to the generators of this presentation are given by t; —
I 00 O

0 ¢* 0 " 01 o
= ¢ 0 0 for0<i<e—1, and s; — s; = 0 1 0 0 for 3 < j < n. To
0 0 I,

0 0 0 In
avoid confusion, we use regular letters for matrices and bold letters for words over the generating set of the
presentation of Corran—Picantin.

Remark 3.2.

1. For e =1 and n > 2, we obtain the classical presentation of the symmetric group S,,.
2. For e = 2 and n > 2, we obtain the classical presentation of the Coxeter group of type D,,.
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Fig. 1. Diagram for the presentation of G(d, 1, n).

The attention shifts now to the case d > 1. Let d > 1, e > 1 and n > 2. There exists a presentation of
the complex reflection group G(de, e,n) discovered by Corran—Lee—Lee in [9].

Definition 3.3. The complex reflection group G(de, e, n) is defined by a presentation with set of generators:
X={z}U{t; |i€Z/deZ} U {s3,84,- - ,s,} and relations as follows.

1. zt; = t,_.z for i € Z/deZ,

2. zsj =s;z for 3 <7 <,

3. Relations 1 to 5 of Definition 3.1 by replacing e by de,

4. 2% =1,t7 =1 fori € Z/deZ, and s =1 for 3 < j < n.

The generators of this presentation correspond to the following n X n matrices. The generator t; is

0 ¢} 0

represented by the matrix ¢; = | ¢i, 0 0 for i € Z/deZ, z by the diagonal matrix z =
0 0 I,

Diag(Cq,1,---,1) where (4 = exp(2im/d), and s; by the transposition matrix s; = (j — 1, ) for 3 < j <n.
To avoid confusion, we use regular letters for matrices and bold letters for words over X. Denote by X the
set {Z, to, tl, te 7tde—1a 83, ,Sn}.

Proposition 3.4. Let e = 1. The presentation given in Definition 5.3 is equivalent to the classical presentation
of the complex reflection group G(d,1,n) that can be described by the following well-known diagram (see

[6])-

Proof. Let e = 1. Relation 1 of Definition 3.3 becomes zt; = tgz, that is t; = z~'tgz. Also by Relation 3 of
Definition 3.3, we have t;, = 2~ *toz" for 1 < k < d—1. If we remove tq,--- ,tq_1 from the set of generators
and replace every occurrence of t;, in the defining relations with z=*toz* for 1 < k < d — 1, we recover the
classical presentation of the complex reflection group G(d,1,n). Note that we replace to by s3 in the set of
generators of this presentation. 0O

Remark 3.5. For d = 2, the presentation described by the diagram of Fig. 1 corresponds to the presentation
of the Coxeter group of type B,.

From now on, we set the following convention.

Convention 3.6. A decreasing-index expression of the form s;8;_1 - - -8y is the empty word when i < ' and an
increasing-index expression of the form s;s;41 - - - sy is the empty word when ¢ > i'. Similarly, in G(de,e,n),
a decreasing-index product of the form s;s;_1---sy 1s equal to I, when i < i' and an increasing-index
product of the form s;s;y1--- sy is equal to I, when i > i, where I,, is the identity n x n matriz. We also
set that z° is the empty word.

8.2. Minimal word representatives
Consider the complex reflection group G(de,e,n) with d > 1, e > 1 and n > 2. The case of G(d, 1,n) will

be established in the next subsection. Recall that X denotes the set of the generators of the presentation of
Corran—Lee-Lee of G(de,e,n) and X the set of the corresponding matrices.
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Denote by £(w) the word length over X of the word w € X*. Let us recall the following definition.

Definition 3.7. Let w be an element of G(de, e,n). We define {(w) to be the minimal word length £(w) of a
word w over X that represents w. A reduced expression of w is any word representative of w of word length

L(w).

Our aim is to represent each element of G(de, e, n) by a reduced word over X. This requires the elaboration
of a combinatorial technique in order to determine a reduced expression decomposition over X of an element
of G(de, e, n).

We introduce Algorithm 1 below that produces a word RE(w) over X for a given element w in G(de, e, n).
This algorithm generalizes the one introduced in Section 3 of our previous work [18] that corresponds to the
case of G(e, e, n). Note that we use Convention 3.6 in the elaboration of the algorithm. Later on, we prove
that its output RF(w) is a reduced expression over X of w € G(de, e,n).

Let w,, := w € G(de,e,n). For ¢ from n to 2, the i-th step of Algorithm 1 transforms the block diagonal
Wi;—1 0
In—it1
there exists a unique ¢ with 1 < ¢ < n such that w;[i,c] # 0. At each step ¢ of Algorithm 1, if w;[i,c] = 1,
we shift it into the diagonal position [¢,4] by right multiplication by transpositions. If w;[i, ] # 1, we shift
it into the first column by right multiplication by transpositions, transform it into 1 by right multiplication
by an element of {tg, 1, ,tde—1}, and then shift the 1 obtained into the diagonal position [i,]. Finally,
we get wy; = ij for some 0 < k < d — 1, where (f; is equal to the product of the nonzero entries of w. By

0
multiplying (%) on the right by 27, we get the identity matrix I,,.
n—1

i 0 i . . .
matrix <w Fi > into a block diagonal matrix ) € G(de,e,n). Actually, for 2 < i < n,

G 0 0 0
Example 3.8. We apply Algorithm 1 to w := 8 8 (1) Q% € G(9,3,4).
0 G 0 0
0 ¢ 0 0 2 00 0
. 0 0 1 0 0 0 1 O
Step 1 (i =4,k =0,c=1): w 1= wsy = 0 0 0 G , then w' := w'ty = 0 0 0 G , then
G 0 0 0 010 0
20 0 0
P B 0O 1 0 O
W ‘= W 8354 = 0 0 0
0O 0 0 1
0 ¢ 0 0 G 00 0
N re_ e o |0 0 10 /4 |0 0 1 0
Step 2 (i = 3,k = 1,c = 3): w := w'sgses = G 0 0 0 , then w' = w'ty = 010 0 , then
0 0 01 0 0 0 1
G 0 00
/ / 0 00
WEWS Tl 0 100
0 0 0 1
00 0 00 0
Step 3 (i =2,k=0,c=2):w'=| 0 1 0 0} 0 100
ep 3 (1 c ): w 0 01 0 0 01 0
0O 0 0 1 0 0 0 1

Step 4 (k=1):w :=w'2"t = I,.
Hence RE(U}) = ZS3t1$2S3S4Sgt1S2 = Z83t1t05354S3t1t0 (SZ"/ZCC Sgo = to).
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Input : w, a matrix in G(de, e, n) withd > 1, e > 1, and n > 2.
Output: RE(w), a word over X.

Local variables: w’, RE(w), i, U, V, ¢, k.

Initialisation: U := [1, Cae, (20, .o, €50 (U] = 1), V i=[1,Ca,C2, -+, ¢4 (V1] = 1),
s2 := tg, S2 := tg, RE(w) := &: the empty word, w’ := w.
for 7 from n down to 2 do
c:=1; k:=0;
while w’[i,c] = 0 do
| c:=c+1;
end

#Then w'[i, c] is the root of unity on the row i;
while U[k + 1] # w'[i, c] do
| k:=k+1;
end
#Then w'li,c] = ¢&_.

if k£ # 0 then
w' = w'scsc—1 - 8382tk; #Then w'[i, 2] = 1;
RE(w) := tgsass - - - sc RE(w);
c:=2;
end
w' = w'scq1 - si—1845 #Then w'[i,i] = 1;
RE(w) I=8iS;_1""" SC+1RE(U));
end
k := 0;
while V[k + 1] # w’[1, 1] do
k:=k+1;
end
#Then w'[1,1] = ¢¥;
w' = w'zik; #Then w' = I;
if k& # 0 then
| RE(w) = 2" RE(w);
end

Return RE(w);

Algorithm 1: A word over X corresponding to a matrix w € G(de, e,n).

The next lemma follows immediately from Algorithm 1. It explains how we can easily obtain the blocks
defined in the algorithm.

Lemma 3.9. For 2 < i < n, suppose w;[i,c|] # 0. The block w;_1 is obtained by

e removing the row i and the column c from w;, then by
o multiplying the first column of the new matriz by w;[i, c].

n
Moreover, if we denote by a; the unique nonzero entry on the row i of w, we have wi = Hai = Cff for

i=1
0<k<d-1.

Example 3.10. Let w be as in Example 3.8, where n = 4. The block w3 is obtained by removing the row

G 0 0
number 4 and the second column from wy = w, to obtain (0 1 0 >, then by multiplying the first
0 0 ¢

column of this matrix by (y. The same can be said for the other block ws. Finally, the block w; is equal to
(3 which corresponds to the product of the nonzero entries of w.

Definition 3.11. Let 1 < ¢ < n. Let w;[i,¢] # 0 for 1 < ¢ <.
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o Ifwy = (5 with 0 < k < d — 1, we define RE;(w) to be the word z*.
o If wyi,c] = 1, we define RE;(w) to be the word

S;Si—1 - *Sct+1 (decreasing-index expression).
o If wili,c] = ¢k with k # 0, we define RE;(w) to be the word

S; - -S3ty ifc=1,

Si“'Sgtkto if c= 2,

S;---satrptosz---s. ifc¢>3.

The output RE(w) of Algorithm 1 is a concatenation of the words RE;(w), RE2(w), -+, and RE,(w)
obtained at each step ¢ from n to 1 of Algorithm 1. Then, we have RE(w) = RE;(w)REs(w) - - - RE, (w).

Example 3.12. Let w be defined as in Example 3.8. We have

RE(’LU) = Z Sgtltosg S4Sgt1t0.

RE1(w)  RE3(w) RE4(w)

In this example, RF>(w) is the empty word.

Proposition 3.13. Let w € G(de,e,n). The word RE(w) given by Algorithm 1 is a word representative over
X of w € G(de,e,n).

Proof. Let w € G(de,e,n) such that the product of all the nonzero entries of w is equal to (% for some
0 <k <d-—1. Algorithm 1 transforms the matrix w into I,, by multiplying it on the right by elements
of X. We get wzy -+ xp_12, = I, where zy,--- ,z,_1 are elements of X \ {z} and =, = 2~k Hence

w=x et a7t = 2Fe, - xy since 27 = 1 for 1 < i < 7 — 1. The output RE(w) of Algorithm 1 is

RE(w) = z¥Fx,_1 ---x;. Hence it is a word representative over X of w € G(de,e,n). O

The following proposition will prepare us to prove that the output of Algorithm 1 is a reduced expression
over X of a given element w € G(de, e, n).

Proposition 3.14. Let w be an element of G(de,e,n). For all z € X, we have
£(RE(zw)) < £(RE(w)) + 1.
Proof. For 1 < i < n, there exists a unique ¢; such that w[i,¢;] # 0. We denote w[i, ¢;] by a;. We have

Hai:df for some 0 <k <d-—1.
i=1

Case 1. a = 1 Suppose z = s; for 3 <i < n.

A similar case is done in our previous work [18]. We get (1), (2), (3), and (4) as in the proof of Proposition
3.11 (Case 1) in [18]. For completeness, we include this part of the proof in this article.

Set w’ := s;w. Since the left multiplication by the matrix x exchanges the rows i — 1 and 7 of w and the
other rows remain the same, by Definition 3.11 and Lemma 3.9, we have:

RE;1(zw)RE;2(zw) - - - REp(2w) = RE; 1 (w)RE;2(w) - - - RER (w),
REs(xw)RE3(xw) - - - RE;_o(zw) = REs(w)RE3(w) - - - RE;_o(w).

Then, in order to prove our property, we have to compare €, := £(RE;_i(w)RE;(w)) and £y :=
£(RE;_1(zw)RE;(zw)).
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Subcase 1.1. Suppose ¢;—1 < ¢;. By Lemma 3.9, the rows ¢ — 1 and ¢ of the blocks w; and w are of the

form:
. C .. C/ .. Z
1—1 bi_1
w; - '
) a;
c c i
, 1 —1 a;
w)
’ i bi—1

with ¢ < ¢’ and where we write b;_; instead of a;_1 since a;_; may change when applying Algorithm 1 if
¢i—1 = 1, that is a;_1 on the first column of w (see the second item of Lemma 3.9).

We will discuss different cases depending on the values of a; and b;_1.

e Suppose a; = 1.
— Suppose b;_1 = 1.

We have RE;(w) = 8; - Syy28s+1 and RE;_1(w) = 8j_1---8Sct28c+1. Furthermore, we have
RE;(zw) = 8; -+ Scy28c+1 and RE;_1(xw) = 8;—1 8¢/ 4+18¢-
It follows that £; = ((i = 1) — (c+ 1)+ 1)+ (i— (+1)+1)=2i—c—c —Tland o =((i—1)— ' +
D+@GE—(c+1)+1)=2i—c— hence €y =£; + 1.

— Suppose b;—1 = ¢k for some 1 < k < de — 1.
We have RE;(w) = 8; -+ Se428x4+1 and RE;_1(w) = 8;_1 -~ 83titoss - - - Sc. Furthermore, we have
RE;(zw) = s; - - sgtitoss - S. and RE;_1(zw) = 8;_1 - S¢cr-
It follows that £ = (i —1) -3+ 1) 4+24+(c=3+1)+GE—(+1)+1)=2i4+c—c —3 and
bo=((i—-1)—c+1)+((1—3+1)+2+(c—3+4+1))=2i+c—c —2hence €y =¥, + 1.

It follows that

if a; = 1, then £(RE(s;w)) = £(RE(w)) + 1. (1)

o Suppose now that a; = (%, with 1 <k < de — 1.

— Suppose b;_1 = 1.
We have RE;(w) = 8; -+ - 83tytoss -+ S and RE; _1(w) = 8;—1 - Sct1-
Also, we have RE;(zw) = 8; -+ Sc+1 and RE;_1(xw) = 8;—1 - S3txtoSs -+ Ser—1.
It follows that £ = (i—1) —(c+1) - 1)+ (i —3+1)+2+( —-3+1))=2i—c+ —5 and
Ly=(((i—=1)=34+1)4+24+(( =1)=34+1)+(i—(c+1)—1) =2 —c+¢ — 6 hence £, = £, — 1.

— Suppose b;_1 = C(’j; for some 1 < k' < de — 1.
We have RE;(w) = 8; -+ - 83tgtoss - - S and RE;_1(w) = 8;_1 -+ S3tptoS3 - - Se.
Also, we have RE;(zw) = 8;--- S3tptoss - S, and RE;_1(zw) = 8;_1- - S3ttoSs - Ser—1.
It follows that £ = ((i—1) —=3+1)+2+ (c=3+1)+ (i =3+ 1)+ 24 (¢ =3+1) =2i+c+ —5
and Lo = ((i—1)—34+1)+2+((¢-1)=3+1)+(i—-3+1)+2+(c—3+1) =2i+c+ —6 hence
by =€) — 1.

It follows that

if a; # 1, then £(RE(s;w)) = £(RE(w)) — 1. (2)

Subcase 1.2. Suppose ¢;—1 > ¢;. Recall that v’ = s;w. If w'[i — 1,¢,_;] and w'[i, ¢] denote the nonzero

entries of w’ on the rows ¢ — 1 and i, respectively, we have w'[i — 1,¢;_,] = a; and w'[¢, ¢}] = a;—1. For w’,
we have ¢}_; < ¢}, in which case the preceding analysis would give:
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if a;_1 = 1, then £(RE(s;(s;w))) = £(RE(s;w)) + 1,
if a;—1 # 1, then £(RE(s;(s;w))) = £(RE(s;w)) —
Hence, since s? = 1, we get the following:
if a;_1 =1, then £(RE(s;w)) = £(RE(w)) — 1 (3)
if a;_1 # 1, then £(RE(s;w)) = £(RE(w)) + 1 (4)

Case 2. Suppose x = t; for 0 < i < de — 1.

Set w’ := t;w. By the left multiplication by t;, we have that the last n — 2 rows of w and w’ are the same.
Hence, by Definition 3.11 and Lemma 3.9, we have:
RE5(zw)RE(zw) - - - RE, (xw) = RE3(w)RE4(w) - - - RE, (w). In order to prove our property in this case, we
should compare £; := £(RE; (w)REs(w)) and €5 := £(RE (xw)REs(xw)).

Subcase 2.1. Consider the case where ¢; < co. Since ¢; < ¢, by Lemma 3.9, the blocks ws and w) are

by 0 0 (las
f the form: wy = duw, = [ . de
o e 1torm: wo (O ) and wsy (Céebl 0

az

) with by instead of a; since a; may change when

applying Algorithm 1 if ¢; = 1.

e Suppose az = 1.
We have b; = C§ hence £; = k. We also have REy(zw) = t;1 1. and RE;(zw) = z*. Hence we get
£y =k + 1. It follows that when ¢; < c3,

if ay = 1, then €(RE(t;w)) = £(RE(w)) + 1. (5)

e Suppose ag = Cgé for some 1 < k' < de — 1.

We have b; = g:_k/. We get REo(w) = tito and RE(w) = zF. Thus, £, = k + 2. We also get
RE;(7w) = tgesi_p and REy(zw) = z*. Thus, £y = k + 1. It follows that when ¢; < ca,

if ag # 1, then £(RE(t;w)) = £(RE(w)) — 1. (6)

Subcase 2.2. Consider the case where ¢; > co. Since ¢; > ¢, by Lemma 3.9, the blocks ws and w), are
(e ba 0
0 (hem

0 al

of the form: wy = ( by 0 ) and w) = ( ) with by instead of as since az may change when

applying Algorithm 1 if ¢o = 1.

e Suppose a; # Qd_ei.
We have £; = k + 1, and since ¢}, a1 # 1, we have £ = k + 2. Hence when ¢; > ca,

if a1 # ¢;.', then £(RE(t;w)) = £(RE(w)) + 1. (7)

e Suppose a; = Cd_ei. We have by = (fijek. We get €1 = k + 1 and €3 = k. Hence when ¢; > ¢,

if a; = ¢,.', then £(RE(t;w)) = £(RE(w)) — 1. (8)

Case 3: Suppose = = z.

Set w’ := zw. By the left multiplication by z, we have that the last n — 1 rows of w and w’ are the same.
Hence, by Definition 3.11 and Lemma 3.9, we have:
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RE5(zw)REs(zw) - - - RE, (xw) = REy(w)REs(w) - - - RE, (w). In order to prove our property in this case, we
should compare £; := £(RE,(w)) and £y := £(RE; (zw)).
We get w; is equal to by and w) = (4b; with by instead of ay since a; may change when applying

n
Algorithm 1 if ¢; = 1. We have b; = Hai = C,’j for some 0 < k<d—1. Henceif k A#d — 1, we get €1 =k

and o =k+1landif k=d—1, we £;1£1 =d —1 and £> = 0. It follows that
L(RE(zw)) < L(RE(w))+1. O (9)
The next proposition establishes that Algorithm 1 produces geodesic normal forms for G(de, e, n).
Proposition 3.15. Let w be an element of G(de,e,n). The word RE(w) is a reduced expression over X of w.

Proof. We must prove that ¢(w) = £(RE(w)). Let x1X2 - - - X, be a reduced expression over X of w. Hence
lw) = L(x1X2---%x,) = r. Since RE(w) is a word representative over X of w, we have £(RE(w)) >
L(X1Xg -+ X)) =T,

We prove that £(RE(w)) < r. Write w as zixs---x, where x1,x9, -+ ,x, are the matrices of
G(de, e,n) corresponding to X1, Xa, - ,X,. By Proposition 3.14, we have: £(RE(w)) = &(RE(x122 - - 2,)) <
L(RE(zoxg---xy)) +1 < €(RE(x3---2,)) +2 < --- <r. Hence £(RE(w)) is equal to £(w). This establishes
that RE(w) is a reduced expression over X of w. 0O

Remark 3.16. Geodesic normal forms for the complex reflection groups G(e, e, n) have been already estab-
lished in our previous work [18]. They are explicitly defined by an algorithm (similar to Algorithm 1). Let
w € G(e,e,n). The output of the algorithm is the word also denoted by RFE(w) and defined as a concate-
nation of the words REs(w), REs(w), - -+, RE,(w) introduced as in Definition 3.11. It describes a minimal
word representative of the element w € G(e, e, n).

As a direct consequence of Algorithm 1 and Proposition 3.15, the next statement characterizes the
elements of G(de, e,n) that are of maximal length over the generating set of Corran-Lee—Lee.

Proposition 3.17. Let d > 1,e > 1 and n > 2. The mazimal length of an element of G(de,e,n) over the
generating set of Corran—Lee—Lee is n(n — 1) +d — 1. It is realized for diagonal matrices w such that for
all 2 < i < n, we have w(i,i] = C¥ with 1 < k; < de —1 and w([1,1] = (%, with x + (ky---k,) = e(d —1). A
minimal word representative of such an element is of the form

Zd_l(tkgto)(53tk3t053) e (Sn e S3tknt0S3 e Sn),
with 1 < kg, ,k, < de— 1. The number of elements that are of mazimal length is then (de — 1)(”*1).

3.8. The case of G(d,1,n)

We establish a similar construction for the case of G(d,1,n) for d > 1 and n > 2. We recall the diagram
of the presentation of G(d, 1,n):

4 S2 S3 Sn—1 Sn

0 S S, S ¢, S ¢
Denote by X the set {z,ss,---,s,} of the generators. The generator z corresponds to the matrix z :=
Diag(¢q,1,---,1) in G(d,1,n) with ¢4 = exp(2im/d) and s; corresponds to the transposition matrix s; :=

(j — 1,7) for 2 < j < n. Denote by X the set {z, s2,83, - ,s,} of these matrices.
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Input : w, a matrix in G(d,1,n), with d > 1 and n > 2.
Output: RE(w), a word over X.

Local variables: w’, RE(w), i, U, c, k.

Initialisation: U := [1,(q,¢3, - - - ,Cg_l} (U[1] = 1), RE(w) := e: the empty word, w’ := w.

for i from n down to 1 do
c:=1; k:=0;

while w’[i,c] = 0 do

| c:=c+1;
end
#Then w'[i, c] is the root of unity on the row i;
while U[k + 1] # w'[i, c] do

| k:=k ;
end
#Then w'[i,c] = ¢k.

’

if k£ # 0 then
w = w'seSe_1--- 83822 #Then w'[i,2] = 1;

RE(w) := z"s2s3 - - s. RE(w);
c:=1;

end
w' = w'seq1 v 8i-18:5 #Then w'[i,i] = 1;
RE(w) := 8;S;—1 - - - Set+1 RE(w);

end
Return RE(w);

Algorithm 2: A word over X corresponding to an element w € G(d, 1,n).

We define Algorithm 2 that produces a word RE(w) for each matrix w of G(d,1,n). This Algorithm
is different than Algorithm 1. Let us explain the steps of the algorithm. Let w,, := w € G(d,1,n). For 4

from n to 1, the i-th step of the algorithm transforms the block diagonal matrix (%'IL into a block

i 0
diagonal matrix wz) ! i ) € G(d,1,n). Let w;[i,c] # 0 be the nonzero coefficient on the row ¢ of
n—i+1
w;. If w;fi,c] = 1, we shift it into the diagonal position [¢,4] by right multiplication by transpositions. If

w;i,c] = ¢¥ with k > 1, we shift it into position [i, 1] by right multiplication by transpositions, followed by
a right multiplication by 2~%, then we shift the 1 obtained in position [i, 1] into the diagonal position [i, ]
by right multiplication by transpositions. Let us illustrate these operations by the following example.

0 G 0
Example 3.18. Let w:= [ 0 0 (3| € G(3,1,3).
G 0 0
0 ¢ 0
Stepl(i:3,k:2,c:1):w'::wz_2:<O 0 Cg),then
1 0 O
G 0 0
w i=w'ses3=| 0 0
0 0 1
0 ¢3 O 0 ¢ O
Step 2 (i = 2,k = 2,¢c = 1): w' := w'sy = (Cg 0 O), then w' = w272 = <1 0 0), then
0 0 1 0 0 1
00
wi=ws=1710 1 0
0 0 1
Step3 (i=1k=1c=1):w =w'z"1 =I.

Hence RE(w) = zS22°8983522°.
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The next lemma follows directly from Algorithm 2.

Lemma 3.19. For 2 < i <n, let w;[i,c] # 0 be the nonzero coefficient on the row i of w;. The block w;_1 is
obtained by removing the row i and the column c from w;. Moreover, wy is equal to the nonzero entry on
the first row of w.

Definition 3.20. Let 1 < ¢ < n. Let w;[i,¢] # 0 for 1 < ¢ <.

o Ifw = C§ for some 0 < k < d — 1 (this is equal to the nonzero entry on the first row of w), we define
RE; (w) to be the word z*.
o If w;i,¢] = 1, we define RE;(w) to be the word
S;Si—1 - -Set1 (decreasing-index expression).
o If wili,c] = & with k # 0, we define RE;(w) to be the word
S; - -s32F ifc=1,
S;---S380ZFsy83 -8, if¢> 2.

As for Algorithm 1, the output of Algorithm 2 is equal to RE;(w)RE2(w) - -+ RE,(w). In Example 3.18,
we have RE(w) = _z  spz’sy s3spz’.
~ e~ ——
RE1(w)  RE;(w) RE3(w)
The proof of the next proposition is similar to the proof of Proposition 3.13 and is left to the reader.

Proposition 3.21. Let w € G(d,1,n). The word RE(w) given by Algorithm 2 is a word representative over
X of w e G(d,1,n).

The following proposition enables us to prove that the output of Algorithm 2 is a reduced expression
over X of a given element w € G(d, 1,n).

Proposition 3.22. Let w be an element of G(d,1,n). For all x € X, we have
L(RE(zw)) < £(RE(w)) + 1.

Proof. Consider z = s; with 2 < ¢ < n. This case is done in the same way as Case 1 in the proof of Propo-
sition 3.14. Consider now x = z. This case is done this time as Case 3 of the proof of Proposition 3.14. O

Applying the arguments used before in the proof of Proposition 3.15, we deduce that RE(w) is a reduced
expression over X of w € G(d,1,n). Hence Algorithm 2 produces geodesic normal forms for G(d, 1,n).

As a direct application, the next statement characterizes the elements of G(d, 1,n) that are of maximal
length. Note that this statement was also observed in [4].

Proposition 3.23. Let d > 1 and n > 2. There exists a unique element of mazimal length of G(d,1,n). Its
minimal word representative is of the form

d_l(SQZd_152>(8352Zd_1SQSg) e (sp e $9z¢ sy - Sn).

z
Its length is then equal to n(n +d — 2).

Remark 3.24. When d = 2, the group G(2,1,n) is the Coxeter group of type B,. By Proposition 3.23, the
longest element is of the form
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7(S27S2)(S35228283) + -+ (S, -+ - S2ZS2 -+ - Sp).

Its length is equal to n? which is already known for Coxeter groups of type B,,, see Example 1.4.6 of [11].
4. The Hecke algebras H (de, e, n)

The Hecke algebras H(de,e,n) attached to the general series of complex reflection groups G(de,e,n)
are defined as quotients of the corresponding complex braid group algebras by some polynomial relations.
Let B(de,e,n) denote the complex braid group attached to G(de,e,n), as defined in [6]. We establish
presentations for the Hecke algebras H(de,e,n) by using the presentations of Corran—Picantin [10] and
Corran—Lee—Lee [9] of the complex braid groups B(e, e,n) and B(de,e,n) for d > 1, respectively.

4.1. The Hecke algebras H(e,e,n)

Corran—Picantin introduced in [10] a presentation for the complex braid groups B(e,e,n). Although
we are not going to use this result, we mention that they also established nice structures (called Garside
structures) for these groups. The presentation of Corran—Picantin is as follows.

Definition 4.1. Let ¢ > 1 and n > 2. The group B(e, e, n) is defined by a presentation with set of generators
{ti|i€Z/eZ} U{s3,84,+ ,Sn} in bijection with {t; | i € Z/eZ} U {s3,84, -+ ,s,} and relations 1 to 5 of
Definition 3.1.

Adding the quadratic relations to all the generators, we get the presentation of Corran—Picantin of
G(e,e,n) given earlier in Definition 3.1.

The next definition establishes a presentation of the Hecke algebra H(e,e,n) attached to the group
G(e,e,n), by using the presentation of Corran—Picantin of the complex braid group B(e,e,n).

Definition 4.2. Let ¢ > 1 and n > 2. We exclude the case (n = 2, e even), see Remark 4.3 below. Let
Ry = Z[a]. The unitary associative Hecke algebra H (e, e,n) is defined as the quotient of the group algebra
Ry(B(e,e,n)) by the following relations:

1.2 —at;—1=0forie€Z/eZ,
2. s?—asj—1=0for3§j§n,

where {t; | i € Z/eZ} U {s; | 3 < j < n} is the set of generators of the presentation of Corran—Picantin of
B(e, e,n). Then, a presentation of H (e, e,n) is obtained by adding these relations to those of the presentation
of Corran—Picantin given in Definition 4.1.

Remark 4.3. For the case (n = 2, e even), there exist two conjugacy classes of the reflections t;, for i € Z /eZ
in the complex reflection group. In this case, we define the Hecke algebra H (e, e,2) in the same way as in
Definition 4.2 over Ry = Z[aq, as] with two types of polynomial relations for each conjugacy class of the
ti’s: t7 — ait; — 1 =0 for the first conjugacy class and t7 — agt; — 1 = 0 for the second.

Note that we use the polynomial ring Ry instead of the usual Laurent polynomial ring R introduced
in Definition 2.2 and we use normalized polynomial relations in the definition of H(e,e,n). Actually, by a
result of Marin (see Proposition 2.3 in [14]) applied to the case of G(e, e, n), the BMR freeness conjecture for
this case is equivalent to the fact that H(e, e, n) is a free Ry-module of rank equal to the order of G(e, e, n).
We will also use a polynomial ring and normalized relations in the definition of the Hecke algebras attached
to all the groups G(de, e,n) in the next subsection.
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4.2. The general case

Corran—Lee—Lee [9] established a presentation for the complex braid group B(de,e,n) that give rise to
nice structures (called quasi-Garside structures) for these groups. The presentation is defined as follows.

Definition 4.4. Let d > 1, e > 1 and n > 2. The group B(de, e,n) is defined by a presentation with set of
generators {z} U{t; | i € Z} U {s3,84, - ,8,} in bijection with {z} U{t; | i € Z/deZ} U {s3,84, - ,Sn}
and relations 1 to 3 of Definition 3.3.

Note that B(de,e,n) is isomorphic to B(2e,e,n) for d > 1. The parameter d makes an appearance
when it comes to the complex reflection group G(de,e,n). Adding the relation z¢ = 1 and the quadratic
relations to all the other generators of the presentation of Corran—Lee—Lee of B(de,e,n), we obtain the
presentation of G(de, e, n) given earlier in Definition 3.3. Actually, with the additional relation z¢ = 1, we
have ;4. = Zdti+de = tizd =t; forallie Z.

Note that for e = 1, it is readily checked that the presentation of Corran—Lee—Lee is equivalent to the
classical presentation of B(d,1,n) that is isomorphic to B(2,1,n) for d > 1. Note that we replace ty by s2
in the set of generators. The (well-known) diagram that describes the classical presentation of B(d, 1,n) is
the following.

O O O-------- O—0

z

We are ready to establish a presentation of the Hecke algebra H (de, e, n) attached to the group G(de, e, n),
by using the presentation of Corran—Lee—Lee of the complex braid group B(de,e,n). Similarly to the case
of H(e,e,n), we also define the Hecke algebra H(de,e,n) over a polynomial ring Ry and use normalized
polynomial relations.

Definition 4.5. Let d > 1, e > 1 and n > 2. We exclude the case (n = 2, e even), see Remark 4.6 below. Let
Ry = Z[a,by,ba, -+ ,bg—1]. The unitary associative Hecke algebra H(de,e,n) is defined as the quotient of
the group algebra Ry(B(de, e, n)) by the following relations:

1. 2% — b2l —bged2 — o —by_12—1=0,

2. t2—at;—1=0forie€Z,

3. s?—asj—1:0for3§j§n,

where {2} U{t; | i € Z} U{s; | 3 < j < n} is the set of generators of the presentation of Corran-Lee-Lee
of B(de,e,n). Then, a presentation of H(de,e,n) is obtained by adding these relations to those given in
Definition 4.4.

Remark 4.6. When (n = 2, e even), the Hecke algebra H(de,e,2) can be defined over Rylay,as,b1,bo, - -,
bg—1] in the same way as in the previous definition, but with two types of polynomial relations for the ¢;’s
(due to the existence of two conjugacy classes of the ¢;’s in G(de, e, 2)), as established before in Remark 4.3.

Remark 4.7. The generators of Corran—Picantin for B(e, e, n) and of Corran-Lee-Lee for B(de, e, n) include
the generators of Broué-Malle-Rouquier tg,t1,83,84, - ,s, for B(e,e,n) and z,tg,t1,83,84, - ,s, for
B(de, e, n) that are distinguished braided reflections (see [6]). By Relation 1 of Definition 3.1 and Relation
3 of Definition 3.3, the generators t; (i # 0, 1) are all conjugate to either to or t1. Hence their corresponding
braided reflections are conjugate in the corresponding complex braid group (see also [6]). The definition of
H(e,e,n) and H(de,e,n) then coincides with Marin’s definition of Hy (see the paragraph after Theorem
2.2 in [14]), as it is defined to be the quotient of the complex braid group algebra over Ry by the same
normalized polynomial relations.
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5. Bases for the Hecke algebras H (e, e, n)

The Hecke algebra H(e,e,n) is described in Definition 4.2 by a presentation with generating set
{to,t1,-** yte—1,83, -+ ,Sn}. It is defined over Ry = Zla]. Note that we will replace ty by sz in some
cases in order to simplify notations. Using the geodesic normal forms of G(e, e, n) introduced in Section 3,
we construct a natural basis for H (e, e, n) that is different from the one introduced by Ariki in [1].

Let us define the following subsets of H(e, e, n):

A2:{1a
tr for0<k<e-—1,
tpto for 1 <k <e—1},

and for 3 <1i < n,

A =11,
Sic Sy for 3 <4 <j,
S; v+ Saty for0<k<e-—1,

Si+-Satpsa sy forl1<k<e—1and?2<i <i}.

Define A = Ay --- A, to be the set of the products as---a,, where as € As,--- ,a, € A,,. Remark that
this set corresponds to all the reduced words RE(w) of the form RE;(w)REs(w)--- RE,(w) introduced in
Section 3 (see Definition 3.11 and Remark 3.16). Recall that Ry = Z[a] (see Definition 4.2). The aim of this
section is to establish the following.

Theorem 5.1. The set A provides an Ry-basis of the Hecke algebra H(e,e,n) fore > 1 and n > 2.

In order to prove this theorem, it is shown in Proposition 2.3(¢) of [14] that it is enough to find a spanning
set of H(e,e,n) over Ry of |G(e,e,n)| elements. This is a general fact about Hecke algebras associated to
complex reflection groups. We have |As| = 2e, |A3| = 3e, -+ -, and |A,,| = ne by the definition of A, - -, and
A,,. Thus, |A| is equal to e®~1n! that is the order of G(e,e,n). If we manage to prove that A is a spanning
set of H(e,e,n) over Ry, then we get Theorem 5.1. Denote by Span(S) the sub-Rp-module of H(e,e,n)
generated by S.

We prove Theorem 5.1 by induction on n > 2. Propositions 5.4 and 5.6 below correspond to the cases n = 2
and n = 3, respectively. Suppose that As--- A, is an Ry-basis of H(e,e,n — 1). As mentioned before, in
order to prove that A = Ay - -+ A, is an Rg-basis of H (e, e, n), it is enough to show that it is an Rg-generating
set of H(e,e,n), that is A stable under left multiplication by tg, -+ ,fe—1,83, -+, Sp. Since Ag---A,_1 is
an Ro-basis of H(e,e,n — 1), the set Ay--- A, is stable under left multiplication by tg, -« ,te—1,83, -,
Sn—1. We prove that it is stable under left multiplication by s, that is s,(as - an) = az -+ an—28p(an_10s)
belongs to Span(A) for as € Ag, -+, a, € A, by checking all the different possibilities for a,—1 € A,,—1 and
an € Ay

Assume n > 3. If a,_1 =1 or a,, = 1, it is readily checked that s, (a,—1a,) belongs to Span(A,_1A,). If
Gp—1 = Sp—1+-+8; for 2 <i<n—1, we distinguish 3 different cases for a,, that belongs to A,,. This is done
in Lemmas 5.8, 5.9 and 5.10 below. If a,,_1 = s,,_1 - - - s3tx for 0 < k < e — 1, we also distinguish 3 different
cases for a,, € A,. This is done in Lemmas 5.11, 5.12 and 5.13. Finally, if a,,_1 = s,_1 - s3tgse---s; for
1<k<e—1land2<i<n-—1, we also have 3 different cases for a,, € A,, (see Lemmas 5.14, 5.15 and 5.16
below).

Let us start by establishing the following two preliminary lemmas.
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Lemma 5.2. Fori,j € Z/eZ, we have tjt; € Span(As).

Proof. If i = j, then we have t? = at;+1 € Span(Asz). Suppose i # j. We have t;t;_1 = t;t;_1. If we multiply
by t; on the left and by ¢;_; on the right, we get tjtitf_l = tjztj,lti,l. Using the quadratic relations, we
have t;t;(at;—1 + 1) = (at; + 1)tj_1t;_1, that is at;t;t,—1 + t;t; = at;tj_1t;—1 +tj_1t;—1. Replacing t;t;_4
by t;t;_1 and t;t;_1 by t;t;—1, we get at?tj,l +tt; = atit%_l +1j_1t;—1. Using the quadratic relations, we
have a(at; + 1)tj_1 +t;t; = at;(at;—1 + 1) +tj_1t;_1, that is a*t1tg + atj_1 + t;t; = a®tito +at; +tj_1ti—1.
Simplifying this relation, we get

tjti = tj—lti—l + a(ti — tj_l).

Now, we apply the same operations to compute ¢;_1¢;—; and so on until we arrive to a term of the form
tito for some k € Z/eZ. Thus, if i # j, then t;t; belongs to Span(Az \ {1}). O

Lemma 5.3. For1 < k < 6—1, we have tkto S Ro(t1t0)+R0(t1to)2+' . ‘+R0(t1t0)k+R0t1+R0t2+‘ . ‘+R0tk,1.

Proof. We prove the property by induction on k. The property is clearly satisfied for £ = 1. Let & > 2.
Suppose ti_1tg € Ro(tito) + Ro(t1t0)2 + -+ Ro(tﬂfo)kil + Rot1 + Roto + -+ + Rotr_o. We have that
tkt1te = teti—1. Multiplying by 541 on the left and by ¢ on the right, we get tiﬂtkto = tgt1tetr—1to. Using
the quadratic relations and replacing tp1 1ty with t1tg, we get (atgps1+ 1)txto = titotr—_1to. After simplifying
this relation, we have tpto = t1to(tp—1to) —a(t1to)to. Using the induction hypothesis, we replace tx_1to by its
value and we get txto € t1to(Ro(t1to)+ Ro(tito)?+- - -+ Ro(tito)* 1+ Rot1+ Rota+- - -+ Roti—2)+ Ro(t1to)to.
This is equal to Ro(t1to)?+Ro(tito)>+ - -+ Ro(t1to)*+Ro(tito)t1+Ro(tito)ta+ - -+ Ro(tito)t—2+Ro(tito)to.
Now (t1to)tm is equal t0 tyi1tmtm € Rotito + Rotmyr for 1 < m < k — 2 and (t1to)to € Ro(t1to) + Rot1.
It follows that titg € Ro(tlto) + Ro(t1t0>2 + -+ Ro(tlto)k + Rot1 + Rota + - - - + Rotp—1. O

As a direct consequence of Lemma 5.2, we have the following.
Proposition 5.4. Let © =t; with | € Z/eZ. For all ay € Ao, we have xas belongs to Span(Asg).

Remark 5.5. Recall that we excluded the case (n = 2, e even) in Definition 4.2 (see Remark 4.3). Consider
the Hecke algebra H (e, e, 2) with e even. Similarly to Proposition 5.4, one shows that A is stable under left
multiplication by all the ¢;’s for i € Z/eZ. Then, applying Proposition (2.3) (i) of [14], we also get that As
is an Ry-basis of H (e, e,2) for the case e even.

Proposition 5.6. For all as € Ay and as € A3, the element s3(azas) belongs to Span(AzAs).

Proof. The case where a; € A1 and as = 1 is obvious. The case where a; = 1 and as € A5 is also obvious.
Case 1. Suppose ay =t for 0 < k <e—1 and a3 = s3.
We have s3tys3 = tgs3t, € Span(AaAs).
Case 2. Suppose ap = t3, for 0 < k <e—1 and a3z = s3t; for 0 <1 < e — 1. We have sgtys3t; = tgsstit;.
After replacing tt; by its decomposition over Ag (see Lemma 5.2), we directly have sstgsst; € Span(AaAs).
Case 3. Suppose as = tg for 0 < k < e —1 and az = s3tjtg or ag = sgt;tgss for 1 <[ < e — 1. We have
satrsstitoss = trsstititoss. By replacing ¢5.t; by its value (see Lemma 5.2), we obviously have sty sstito and
s3trsstitoss belong to Span(AsAsz).
Case 4. Suppose as = tpto for 1 <k < e —1 and az = s3. We have s3(azas) = sstrtoss € Span(AgAsz).
Case 5. Suppose as = trptg with 1 < kK < e —1 and ag3 = s3t; with 0 < | < e — 1. We have
s3(agas) = s3tptosst;. Recall that by Lemma 5.3, we have tytg € Ro(tito) + Ro(tito)? + -+ + Ro(tito)* +
Rot1 + Rots + -+ + Rotx—1. Replacing titg by its value, we have to deal with the following two terms:
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sgtzsst; with 1 < @ < k — 1 and s3(t1tg)*sst; with 1 < z < k. The first term is done in Case 2. For
the second term, we decrease the power of (¢1tg) and use t1tg = €41t to get 53(t1t0)z’1tl+1m. We
apply a braid relation and then get 83(t1t0)m_1tl+133t133. Again, we decrease the power of (t1¢9) and use
tito = tipatiy1. We get s3(tito)” *tipot?,  s3tiss € Ross(tito)™ *tipatiy1s3tiss + Ross(tito)” *ti1osst;ss.
We continue by decreasing the power of (t1¢9) and we get in the next step that ssz(asas) belongs to
Ross(t1to)* 3tir183t183 + Ross(tito)® 3tirasstiss + Ross(tite)* 3tiy183t183 + Rosa(tito)® 3ti13s3t;s3. In-
ductively, we arrive to terms of the form 53t1totx/53tl(53)“3” (0 <z’ <e—1and z” € N). Replace 1t
by tyi1te, we get 53tx/+1(tm/)2$3tl(83)””” which belongs to R053tz/+1tx/83t1(33)3”” +R0$3tm/+183tl(83)$”.
Replacing t,/41t,r by ti41t; and applying a braid relation in the first term, we get R053tl+153tl(33)x”+1

+R053tx/+153tl(53)zu. Since s2 = asz + 1, it remains to deal with these 2 terms:

s3tys3t; and s3t,s3t;ss, for some 0 <z <e— 1.

It is readily checked that these terms belong to Span(AsAs).

Case 6. Suppose as = trto and az = sstitg or ag = sstitoss (1 < k,l <e—1).
By Case 5, we get two terms of the form s3t, sst; and sst,sst;s3. Multiplying them on the right by ¢y then
by s3, we get that s3(agas) obviously belongs to Span(AsA3). O

In the sequel, we will indicate by (1) the operation that shifts the underlined letters to the left, by (2)
the operation that applies braid relations, and by (3) the one that applies quadratic relations. The following
lemma is useful in the proofs of Lemmas 5.13, 5.15 and 5.16 below. Denote by S} _; the set of the words

over {to, - ,te—1,83," " ,Sn_1}-

Lemma 5.7. Let 3 < i < n. We have s, ---545384 -+ 5; belongs to Span(Si_iA,).

n—1
Proof. If i = 3, we have s,---545% € Rosp---5483 + RSy -84 (the last term is equal to 1 if
n = 3). If i = 4, we have s, -+~ 545384 € RoSy, -+ 545384 + RoSn -85 € Ros3sy 83 + Rosp 54 +
Rysy -+ s5. The last term is equal to 1 if n = 4. Let ¢ > 5. We have sn--~54s§34~-~si belongs to

Rosy, 848384+ 8; + Rosp -+ 855385 -+ ;. We apply the quadratic relation s = ass + 1 to the second
term and get RosSy, - S55485 -+ S; + RosSp - -+ sﬁsgsc, -+ 8;. And so on, we apply quadratic relations. We get
terms of the form s, - -+ Sg118KSk+1 -+ s; with k+1 < i and a term of the form s,, - - - 8;415;5%_;8;. We have
Sy e si+1sisfflsi belongs to Rosn -+ Si415:8i—15; + RoSn -+ Si+15i + Rosn -+ Six1 € RoSi—15n - Si—1 +
RoSn -+ 8i+18; + Rosp - - - si+1 (the last term is equal to 1 if i = n). Hence it belongs to Span(S*_;A,,).
The other terms are of the form s, - -+ Skr18kSkp41 -+ 8 (K + 1 <4). We have

—~
n
—~

Sn o Sk+15kSk41 " Si

—~
=
~—

Sp tt Sk4+28kSk4+1SkSk+2 " Sq

—~
n
~

SkSn ** Sk42Sk4+1Sk+25kSk+3 " S

—~
—
—

SkSn " Sky1Sk4+25k+15kSk+3 " Si
SkSk+15n " Sk+2Sk+15kS5k+3 " " * Si—15i-
We apply the same operations to siy3, -+, s;—1 and get

SESk41 " 8i—28n " SkS; =

2
SkSk+1 " Si—28n " 8iS5;—-15iS;—2 " Sk =
1

—~
-

—~
—

SkSk+1 " Si—28n " 8i415i—-15i5;—-15;—2" Sk =
SkSk+1 """ Si—15nSn—1""" Sk,
which belongs to Span(Sk_;A,). O
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Lemma 5.8. If a,,_1 = 5,_18,_2-+8; with3 < i <n—1 and a, = 5,5,_1--5y with 3 < i < n, then
Sn(an—1an) belongs to Span(A,—1Ay).

Proof. Case 1. Suppose i < i'. We have s, (an—1a,) is equal to
(1)

Snén—18n—2""5iSnSn—1""" Sy =

(@)
SnSn—15nSn—2 " 8iSpn—1 """ Sy =
@
D)

(

Sn—15nSn—28n—-18n—2 " 8iSn-2"" Sy =

Sn—1SnSn—1Sn—-2 " 8iSn—1 """ Sy

Sn—15nSn—15n—25n—1"""8;Sp—2 " Sj/

—

Spn—15n—-25nSn—15n—2 """ 5iSp—2 " Sji’.
We apply the same operations to the underlined letters s,,_o - - - s in order to get s,_15,—2 - Si/—15,5n—1
-+ +s; which belongs to Span(A,_1A,).

Case 2. Suppose i > i'. We have s,(an—1a,) is equal to s,5,_1--5;SnSp—1---sy. We apply the
operations (1) and (2) and get S,_18,8n—1""8Sn—1---Si. Then we apply the same operations to
Sn—1 and get $p_18p—28nSn—1""SiSp—2 - Si. Since i > i/, we write $;128;418; In Sp_o---sy and get
Sn—18n—2SnSn—1""*SiSn—2 " 8i+25;+15; - - - 8. Similarly, we apply the same operations to s,_2, -, Sit2

and get

2
Sp—1"""8i415n """ Si+15i5i415; " * Sy =

—~
-

—~
—

2 )
Sp—1"""8i41Sn " 8i425iSi415;Si—1 " Sy =

—~
=

Snt e SiSn e Sip28is1828i 1 - 8 3)
ASp—1°""SiSp * Sit18iSim1 " Si + Sn—1-*SiSp " Sit2Si415—1 """ Sir.

The first term belongs to Span(A,_1A,). For the secondﬂm, the underlined letters commute with
Sp -+ Sit2S8i+1 hence they are shifted to the left. We thus get s, (an—1a,) is equal to as,—1 - 8;Sy -+ sy +
Sp—1°""8i8n -+ Si+1 which belongs to Span(A,—1A,). O

Lemma 5.9. Ifap—1 = Sp—1-+-8; with3 <i<n—1anda, = s, - sst with0 <k <e—1, then s,(an—1a,)
belongs to Span(A,_1A,).

Proof. This corresponds to the case i’ = 3 in the proof of Lemma 5.8 with a right multiplication by t for
0 <k <e—1. Since i > 3, by the case i > ¢’ of Lemma 5.8, we have s, (an_1an) = asp_1 -+ 8;Sp - S3ti +
Sp—1-°"83Sp - Si+1tk. In the second term, ¢ commutes with s, - --s;41 hence it is shifted to the left. We
get Sp(an_1an) = aSp—1--8;8n - S3tk + Sn—1 - S3tkSn - - - Si+1 which belongs to Span(A,_1A,). O

Lemma 5.10. If a1 = Sp_1-+-8; with3 <i<n—1 and a, = Sy, --- Sgtpsasz---sy with1 <k <e—1 and
2 <i' <, then sp(an—1a,) belongs to Span(A,—1A,).

Proof. According to Lemma 5.9, we have $,(an—1an) = aSp—1--8iSn - S3tgS2 - Sir + Sp—1-- - S3tkSn
-+ 8;4+182 - - - 8. The first term is an element of Span(A,,_1A,). We check that the second term also belongs
to Span(A,—1A,). Actually,

Case 1. Suppose i’ < i. The second term is equal t0 S,,—1 - - - S3tkSp - - - Siy152 - - - Si7. The underlined letters

commute with s, - - - 8,41 and are shifted to the left. We get s,,—1 - - $3tgS2 -+ Si8p -+ Si41 € Span(Ap—1Ay).
Case 2. Suppose i’ > i. We write $;_18;8;11 in s2--- sy and get
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Snfl'.'S3tksn."Si+1(82'.'8’i') —
1
Sp—1 - 83tkSp - Sip1(S2- - Si—18iSi41 - Sir) =

—~
—

—
-

Sp—1""S3tkS2 - Si—18n - 5i+1(5isi+1 to Si’) =

—
—

Sp—1--53tkS2 - Si_18n - - 8iSi415:(Siqya - Si) =

—
—

Sp—1 - 83tES2 - 8i—155n - - Siy15i(Siq2 - Sit) =

—~
~

Sp—1--83tES2 - 8i_15:Sn <+ Siy2Si415i425i(Sip3 - 8i) =

—
—

Sp—1-S3tES2 - 8i_185i8n - Sit18i425i415i(Siq3 - S¢) =
Sp—1--83tES2 - 8iSi115n - Sit2Sit15i(Siqs - Sir).
We apply the same operations to the underlined letters s;,3, - - -, 5. We finally get s,,_1 - - - 53t 52 - - si7_18p
--+8; € Span(A,_1A,). O

Lemma 5.11. If a;,—1 = sp—1 -+ sstp with0 <k <e—1 and a, = s, -+ 8; with 3 <i <mn, then sp(an—1ay)
belongs to Span(A,—1A,).

Proof. We have s,(a,—1a,) is equal to

1
snsn_l...53tks_n...si =

—~
—

—~
~

SnSn—18n - 83tkSn—1- - S; =

—~
~—

Sn—18nSn—1"""83tkSn—1-""8; =

—~
~

Sn—18nSn—18n—28n—1"""S3tkSp—2---8; =

—~
~

Sn—15nSn—25n—15n—2 " 83lgSn_2- -8 =
Sn—15n—2SnSn—1" " S3tkSn—2 " S;-
Now we apply the same operations for s,,_o, ---, ;.

Case 1. Suppose i@ = 3. We get s,_1---535,5,—1 - S3trs3. Next, we apply a braid relation to get
Sp—1"+535,5n—1 " trS3ty, then we shift 5 to the left and we finally get s,_1 - - - s3tgsp5,—1 - - - 83t Which
belongs to Span(A,—1A,).

Case 2. Suppose i > 3. We directly get $,_1 - 8;8;_18n - - - 83tx that also belongs to Span(A,_1A,). O

Lemma 5.12. If a,_1 = Sp_1---S3tp with 0 < k < e—1 and ap, = s, ---83t; with 0 <[ < e — 1, then
Sn(an—1an) belongs to Span(A,—1Ay).

Proof. By Lemma 5.11, one can write s, (ap—1an) = Sn—1 - $3tkSnSn—1 - - - S3txt;. By Lemma 5.2 where we
compute txt;, we directly deduce that s, (a,—1a,) belongs to Span(A,—1A,). O

Lemma 5.13. If a1 = Sp—1---s3tp with 0 <k <e—1 and a, = sp---S3t1S2---5; with 2 < i < n and
1<i<e—1, then sp(an—1ay,) belongs to Span(S:_1Ay).

Proof. By the previous lemma, we have s, (an—16,) = Sp—1---S3trsy - - S3txti(s2 -+ s;). By Lemma 5.2,
the case ¢ = 2 is obvious. Suppose ¢ > 3. After replacing tt; by its value given in Lemma 5.2, we have two
different terms in s, (a,—1a,) of the form s,_1---s3tps, - s3tz(s2---s;) with 0 < 2 < e — 1 and of the

form s,_1 - $3tKSpn - S3ty(s3---s;) with 0 <z <e—1.



G. Neaime / Journal of Pure and Applied Algebra 225 (2021) 106500 21

For terms of the form s, 1 -+ S3tkSy -+ S3tz(s3---8;) with 0 <z < e — 1, we have
2
S’nflsdtk‘snSBta:(sjsl) =

—~
-

—
—

sn_l..S3tksn.t_ws3tw(s4.sl> =

—~
N

Sn—l"'53tkt?1:5'n,"'SSth:(S_4"'Si) =

—
-

Sp—1 - S3tElySn - S4S3Saty(s5 -+ 8;) =

—~
—

Sp—1 - 83tktaSy - - S35483tx (85 - 5;) =
Sp—1 - 83titpS38y - - Sstz(sj' . &)
We apply the same operations for the underlined letters to get s,_1---SgtityS3- - S;_18p - - St which
belongs to Span(S;:_;Ay).

Consider the terms of the form s, _1 - - s3tgsy, - S3tz(s2---s;) with0 <z <e—1.
If 2 # 0, they belong to Span(A,_1A,).
If 2 =0, we have s,_1 - S3tgSp - - S3to(S283 -+ 8;) € RoSp—1-+-S3tkSn - S3t0S3 -8 + RoSn—1+ - S3tkSn
-+-848384 - 8;. The first term corresponds to the previous case (with z = 0) and then belongs to
Span(S’_;A,). By Lemma 5.7, the second term also belongs to Span(S}:_;A,). O

Lemma 5.14. If a1 = Sp—1---Sstgsa---8; with2 < i <n—-1,1<k<e—1 and a, = s,y with
3 <i <mn, then sp(an—1ay,) belongs to Span(A,—1A,,).

Proof. Case 1. Suppose i < i'. We have s, (a,—1a,) is equal to
1)

Sn...sgtksz...sisn...si, —

—~ i~
-

SpSn—18n * " S3tkS2 -+ SiSp_1" " Sy =

—
—

Sn—18nSn—1"""83tkS2 -+ SiSp—1" - Sy =

—~
~

Sn—18nSn—18n—28n—1" " S3tkS2 -+ 8;Sp—2- " 8y =

—
—

Sp—18nSn—28n—15n—2 " S3lkS2 -+ SiSp—g - -8y =
Sn—15n—25nSn—18n—2 " - 83tkS2 " 8iSp_2 - Si’+1Si’.

We apply the same operations to the underlined letters and we get s,,—1 - - Si/Sn - - - S3tgpSo -+ $;Sq.
Subcase 1.1. Suppose i’ =i+ 1. We directly have s,(an—1a,) € Span(A,_1A,).

Subcase 1.2. Suppose i’ > i+ 1. Then we write s;/4188—1 in the underlined word of s,,_1 -+ - 878, - - - 83tk 52
-+ 8;8 and get

1
Spo1cSitSn o Siy18iSi_1- - S3tpSy e SiSi =

—~
—

—~
=

Sp—1+""Si'Sn "+ Siy4+18iSiy—18i/ - - - S3tKS2 -+ S5 =

—~
N2

Sme1cSiSn e Syp18i_18ySi_1- - Satpsy 8 =
Sp_1°""8y_18p - 83tksa - -+s; which belongs to Span(A,—1A,).

Case 2. Suppose i > i'. We have s, (a,—1ay) is equal to s, - - - s3tg52 - - - 55y - - - 5i7. We shift s, to the left
and apply a braid relation to get s,—15pSn—1---S3tkS2 - S;Sn—1---Sir. Write s;425;41 in the underlined
word to get s,—15pSn—1 - S3tkS2 - S;Sn—1" " Si+25i+1 - - - Si7. We apply the same operations to the under-
lined letters to get -

2
Sp—1°""Si418n " S3tkS2 * " $iSi418;Si—1 " Si =

—
—

—
—

Sp—1-""8i418n - S3tKS2 - Si415iSi+1Si—1 " Sy =

Sn—1-""8;8n - 83tkS2 - 8;_18;8i+15i—1 - S (The details of the computation are left to the reader). Then
we have
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Sp—1°""S8iSp - S3lpS2 - S$i—15iSi+18i—1 "+ Si/ =
Sp—1°""8iSp - S3lpS2 - Si—18iSi—1Si+1Si—2° - Sir =
Sp—1-""8iSp - S3lpS2 - SiSi—18iSi+18i—2 " Sir
Sp—1-*"Si—18n - S3tkS2 - - $i—28;—15;Si+15i—2 * - - Si+15i/. We apply the same operations to the underlined
letters and we finally get

Sp—1-+"Si/4+15n - - - S3lkS2S3 - - - $;S;+15i. We write s;/_18;75#41 in the underlined word and get s,—1---
Si'418n - - - S3tkS2Sg - Si—1SiSir41 -+ * S;Si+15y . We shift s; to the left. We get s,,—1 -+ - Si7 415, - - - S3tgS2S3 - - -

Sir—1848i'418i" - - - S;Si+1. We apply a braid relation and get s,,—1 - Si7415n - - - S3tkS253 - - - Sy —184/4+1Si7 Si/+1
-+ +8;8;+1. Now we shift s;11 to the left and get

—
V)
-

Sp—1"""8i'+18n " S/ 415/ Sy’ +18i'—1 " S3tgSg - Sit1 -

—
N

Sp—1°""Si418n " SiSir4+1Si¢Siy—1 -+ S3lgSa -+ Sit1 =
Sp—1°"" 8418/ Sn " Sir4+1Si¢Sir—1 -+ S3lpSa -+ Sit1 =
Sp_1°" 88y -+ S3tpSo - 811, which belongs to Span(A,_1A,). O

Lemma 5.15. If a,,_1 = Sp_1---Satpsa---8 with2<i<n—1,1<k<e—1 and a, = SpSp_1 - Sgt; with
0<Il<e—1, then sp(an—1ay,) belongs to Span(S’_,A,).

Proof. By the final result of the computations in Lemma 5.14, we have s,(an,—1a,) is equal to
Sp—1"-535p - S3tp5283 -+ 841t We shift t; to the left and get s,_1---s35,---s3tgs253t -+ 5;41. By
Case 5 of Proposition 5.6, we have to deal with the following two terms:

® Sp_1--535n - S3tyS3tiSe - S;41 and
® Sp_1-°-835p - S3tyS3tiS3Sy - si41 with 1 <zl <e—1.

The first term is of the form

—~
~

Sp—1"838p -~ 83t4838184 -+ - Siy1

—
=
—

Sp—1""*83Sn " SalyS3tatiSa - Sit1 =

—
[
—

Sp—1-°"83tgSn - S3laliSe -+ Sit1

—~
no
~

Sp—1-83tySn - 8483841185 - - - Siy1

—~
—

Sp—1-"83tzSn - 838483t t1S5 - Siy1 =
Sp—1-- 5314538y - - 548351185 - - - S;i425;+1. We apply the same operations to the underlined letters, we get

Sp—1-S3tzS3 -+ Si—15n + - SaS3tyt1Si+1. Finally, we shift s;;1 to the left and get s,—1 - s3tzs3---SiSp -

S483t.t;. Since 2 < ¢ < n — 1 and by the computation of ¢,¢; in Lemma 5.2, the lemma is satisfied for this
case.
The second term is equal to

—
no
~

Sp—1-'"838p -~ 83t,838183584 - - - Siy1

—~
—

Sp—1°'"838p " lyS3lat1S384 -+ Si41 =
Sp—1-"S3tySp -+ S3tyt;S384 -+ S;41. We replace t;t; by its value given in Lemma 5.2, we get terms of the
three following forms:

e Sp_1---8S3tySn - S3timtosssy - Si41 with 1 <m <e—1,
o Sp_1---83tuSn - S3t,S3Sa - Sip1 With 0 <m <e—1,

2
° STL—I"'83t$5n"'848384“'81'—"-1'
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The first term belongs to Span(S¥_;A,,). The third term also belongs to Span(S}_;A,). This is done by

using the computation in the proof of Lemma 5.7. For the second term, we have

2
Sp—1-""S3tySn - S483tmS3S4 - - Sit1 =
1
Sn—l"'53tﬂcsn"'54tm53tm5_4"'8i+1 =
2
Sp—1- " 83tglmSn -+ 545384t S5 -+ - Sip1 =
1
Spn—1-"83tgtmSp - - 838483tm S5 -S4l =

—_~ g~
— I =

—~
~

Sn—1-"53talm535n -+ - S453tm S5 - - - Si425:+1. We apply the same operations to the underlined letters and get
Sp—1-+83tgt;mS3 " Si—1Sn """ s;»,tma Now we shift s;1 to the left and finally get s,,—1 - - - SstytmSs---S;
Sp -+ Sgty, with 2 <4 <n — 1 which belongs to Span(S}_;A,,).

Note that for i = 2, we get terms that are equal to the itemized terms (given at the beginning of this proof)

after replacing s4---s;41 by 1. O

Lemma 5.16. I[fa,, 1 = sp_1---S3tpSo---s; with2<i<n—1,1<k<e—1and ay, = Sy, 836182 8j
with1 <l<e—1and2<i <n, then sy(an_1a,) belongs to Span(S;_1An).

Proof. According to the computation in the proof of Lemma 5.15, we get the following possible terms. They
appear in the proof of Lemma 5.15 in the following order.

Sp e s3tyty with0 <z, 0l <e—1,
Sp - S3tmtoSs - Sip1 with 1 <m <e—1,
Sp o+ 83ty with 0 <m <e—1,

2
Sn"'8483s4"'8i+1

=W N

We show that the product on the right by sq - - - s; of each of the previous terms belongs to Span(S)_;A,,).

Case 1. Consider the first term s, - - S3tzt;(s2---sy) with 0 < 2, < e — 1. We replace t,t; by its
decomposition given in Lemma 5.2, we get these terms

. Sn---53tmt083~'~81‘/Withlgmge—L
° Sn...53t"l53~'~si/WithOSmgefla
D 5n~~s45§,54"'5¢/-

The first term belongs to Span(S;;_;A,). The third one is done in Lemma 5.7. For the second one, we have
Sn"'SSthS"'Si’ (2:)
@
@)

b

tmSn -+ 835483tmSs -+ Sy =

sn...t_m83tm8_4...si,

tmSn -+ 5453S4tm S5+ * + Sy

—~

trm838n +*+ 5453t S5 - - 8i7_18. We apply the same operations to s5, -+-, sy—1 and get t,,53 -5y 25, -+
s3tmsi. We shift s;s to the left and finally get ¢,,s3 - - si/—15, - - - S3t,, which belongs to Span(S}_;A,).

We now consider Case 8 because we use the computation we made in Case 1. In this case, the term is of
the form s, - -+ S5t (s2 -+ sy) with 0 < m < e—1. If m # 0, then it belongs to Span(SZ_;A,). If m =0, we
get two terms s, - - - 83tps3 - -+ 8 and s, - - - 848584 - - - 8. The first term is done in Case 1. The second term
is done in Lemma 5.7.
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Consider Case 4. We replace s, - - 845354 - - - 8;41 by its decomposition given by the computation in the
proof of Lemma 5.7. We multiply each term of the decomposition by ss---s; on the right and we prove
that it belongs to Span(S*_;A,) in the same way as the proof of Lemma 5.10.

Finally, it remains to show that the term corresponding to Case 2 belongs to Span(S)_;A;). It is of the
form

Sp+ v S3tmtoSs - Sip1(s2 - sy) with 1 <m <e—1.

Suppose 1’ < 1. We have

1)
Sn"'SgthQSS"'Si+IS_2"'Si/ =
@
Sp v+ S3tmS2835284 + +* Si4+183 - Sy =
(2
Sp - 83883525354 - - Siq183 - - Sif =
L)
Sp - tmS3tmS28384 -+ - Si4183 - Sy =
)
tmsn"'SStm823334"'Si+ls_3"'si’ =
@)
tmSn + - S3tmS253548385 * * + Si4154 " * Sy =
0
tmSn -+ 836 S2848358485 *** Si+184 "+ Sy =
(2

tmSn -+ * S453540mS2535485 ** * Si4184 " * Sy

—
~—

tmSn -+ 83848311, 825838485 -+ 84184 "+ Sy =

tm838n N '84S3tm82538485 crr 84154 Sir—154 .

We apply the same operations to s4, -+, s;/—1 to get t,,53 -+ 5;/_15, - - 5381, 5283 - - - 5;5i415i7. We shift s;/
to the left and finally get t,,83 -8 8n + -+ 83tmS283 -+ - §;8i41. Since ¢/ < 4 < n — 1, this term satisfies the

property of the lemma.

Suppose i’ > i. As previously, we have

@
Sn"'53tm3233"'3i+1572"'5i’ =

¢9)
UmSn -+ S3tmS283 -+ Siy183 - Sif =
UmS38n « -+ $3tmS283 ++ + Si4154 - - Sir.
Now we write s;8;11 in s4--- sy and get £,538, -+ - 8365253 -+ S;4184 - - 8;8;41 -+ - 8. We apply the same
operations to s4, -+ -, 5; to get t,, 53+ - - 8;Sy - - - 53l 5283 - - - sis%+1si+2 .-+ 8. Applying a quadratic relation,
we finally get at,, S5« S;Sp « - S3timS283 - Sir +TmS3 -+ S;Sp -+ * S3tmS283 + -+ $;S;42 - - - S¢. The first term sat-
isfies the property of the lemma.
For the second term, we write $;428;4+1 i Sy, -+ - S3 Of 1,83+ - SiSn -+ S3tmS2S3 + -+ SiSit2 - - - S and get

—~
—
~—

UmS3 -+ SiSn - - Si+2Si+1 " -~ S3lmS283 -+ - SiSi42 -+ - Si/

—~
no
~

UmS3 -+ SiSn - - Si+2Si+15i42 - - - S3LmS283 - - - SiSix3 -+ - Sir

—~
—
~—

UmS3 -+ SiSn - Si+1Si+2Si+1 - S3LmS283 - - - SiSiy3 -+ - Syt
bmS3 Si418n -~ S3tm 283+ SiSit3 " Sir.

We apply the same operations to s;y3, ---, sy and finally get ¢,,s3--5;_15, - S3tm,s253---5;. Since
i’ —1 < mn —1, this term belongs to Span(S’_;A,). O

Remark 5.17. Our basis never coincides with the Ariki basis (see Proposition 1.6 (2) in [1]) for the Hecke
algebra associated with G(e, e, n). For example, consider the element ¢1to.tg which belongs to Ariki’s basis.
In our basis, it is equal to the linear combination atqtg + t1, where t1tg and t; are two distinct elements of

our basis.
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The general hope would be to construct natural bases for H(de, e, n) that can be defined from geodesic
normal forms in the associated complex reflection groups G(de, e, n), which was established in Theorem 5.1
for the case of H (e, e,n). This arises the question whether the geodesic normal forms established in Section 3
by using the presentation of Corran-Lee-Lee of G(de,e,n) for d > 1 also provide natural bases for the
corresponding Hecke algebras. Unfortunately, some intricate arguments in our proof for the case of H (e, e, n)
do not work in the general case of H(de, e,n). Actually, on the one hand, the Hecke algebra is defined, in the
general case, as a quotient of the complex braid group algebra defined by the presentation of Corran—Lee—Lee,
where the generators t;’s are defined over Z, but on the other hand our geodesic normal forms are attached
to the presentation of Corran—Lee-Lee of the complex reflection group G(de, e, n), where the generators
t;’s are defined this time over Z/deZ. This phenomenon does not occur in the case of the presentations
of Corran—Picantin of G(e,e,n) and B(e,e,n) used to construct a basis for H(e,e,n). Nonetheless, for
e = 1, the Hecke algebra H(d,1,n) is defined by using the classical presentation of the complex braid group
B(d,1,n). Using the geodesic normal forms constructed in Subsection 3.3, we are also able to provide a
natural basis for H(d, 1,n). This will be established in the next section.

6. The case of H(d,1,n)

Let d > 1 and n > 2. Let Ry = Z[a,b1,ba,- - ,bg_1]. Recall that the Hecke algebra H(d,1,n) is defined

as the unitary associative Ryp-algebra generated by the elements z, so, s3, - - - , s, with the following relations:
1. 280289 = 592892,

2. zsj = sz for 2 < j < n,

3. SiSi+1Si = Si+1S5iSi+1 for 2 < ) <n-— 1,

4. s;8; = sjs; for |i —j| > 1,

5. 24 — 128t —hyz® 2 — ... —by_12—1=0and s?—asj—1:0for2§j§n.

Using the geodesic normal forms introduced in subsection 3.3 for all the elements of G(d,1,n), we
construct a basis for H(d, 1,n) that is different from the one defined by Ariki-Koike in [2].

Let us introduce the following subsets of H(d,1,n).
A ={Ffor0<k<d—1},

and for 2 <1i <n,

Ai:{la
Sic v Sy for 2 < ¢ <1,
S+ 892" for1<k<d-—1,

Si--+ 8928898y for1<k<d-1and2<i <i}.

Define A = AjAy--- A, to be the set of the products aias---a,, where a1 € Ay,--+ ,a, € A,. Remark
that this set corresponds to all the reduced words RE(w) of the form RE;(w)REs(w)REs(w) - -+ RE,(w)
introduced in subsection 3.3 (see Definition 3.20). In this section, we establish the following theorem.

Theorem 6.1. The set A provides an Rg-basis of the Hecke algebra H(d,1,n).

We have |A;| = d and |A;| = id for 2 < i < n. Then |A| is equal to d"n! that is the order of G(d, 1,n).
Hence by Proposition 2.3(7) of [14], it is sufficient to show that A is an Rg-generating set of H(d,1,n). This
is proved by induction on n in much the same way as Theorem 5.1. We provide the following preliminary
lemmas that are useful in the proof of the theorem.
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Lemma 6.2. For 1 <k < d— 1, the element (s2252)* belongs to Y. RoMiAa, where Ay = {1, 59, 802, 5922,
AL €AT,
Y

k—1 2 k
892t 80289, 892789, - , 892789 }.

Proof. The property is clear for k = 1. Let k = 2. We have (s2252)? = sp253282. We apply a quadratic
relation and get asg2s2282 + 822282, Applying a braid relation, one gets azsa2s3 + s222s. Using a quadratic
relation, this is equal to a2zsezse + azsaz + s222s9, where each term is of the form A;As with \; € A; and
Ao € {1,892, 822, 82282, 822282 }.

Let & > 3. Suppose the property is satisfied for (spzs9)3, ---, and (s22s2)*~!. We have (spzs9)F =
(s2252)F71(s2252). By the induction hypothesis, the terms that appear in the decomposition of (s3252)*~!
are of the following forms.

e 2z¢with0<e<d-1,
o 2%592° with0<c¢<d—1land0<c <k-—2,
. zCSQZClSQWithogcgd—landlgc’gk—l.

Multiplying these terms by s2zss on the right, we get the following 3 cases.

Case 1: A term of the form z°s9289 with 0 < ¢ < d— 1. It is of the form A Ay with A\; € A; and Ay € A,

Case 2: A term of the form ZCSQZC/SQZSQ with0<e<d—-1and 0<c <k—2. We shift 2¢ to the right
by applying braid relations and get zﬁs%zszzc/. Applying a quadratic relation, this is equal to az°502892° +
2¢t1s52¢" . Now we shift 2¢ to the left by applying braid relations and get az¢t¢ spzsy + 2°T1s,2¢ . Each
term is of the form A Ae with Ay € A; and Ay € AJ.

Case 3: A term of the form 255225'55252 with0 <c<d—-1and 1< <k-—1. By applying a quadratic
relation, we have 208226/83282 = GZCSQZC/SQZSQ + ZCSQZCIJ'_lSQ. The first term is the same as in the previous
case. Then both terms are of the form A\ As with A\; € A; and A2 € AL, O

Lemma 6.3. For 1 < k < d — 1, the element (s2252)Fsy belongs to Ry(s2zs9)F 4+ Roz(sazse)F~1 + - +
Roz*1(s9289) + Rosaz”.

Proof. For k = 1, we have (s2252)82 = 82253 = asa282+522. Then the property is satisfied for k = 1. Let k >
2. Suppose that the property is satisfied for (sozs0)* 1. We have (s2252)%sy = (52252)(52252)F " 1so. By the
induction hypothesis, it belongs to Ro(s2252)(52252)¥ "1+ Ro(52252)2(s2282) 724+ - -+ Ro(s52252) 2% 72 (s9252)
+ Ro(s2282)822" 1. Then it belongs to Ry (s2252)" + Roz(s2250)F 1 4+ -+ Ro2F 72 (s9280)2 + Ro2" 1 (s0282) +
Rosaz". Tt follows that for all 1 < k < d—1, the element (s2252)¥s5 belongs to Ro(s2252)% + Roz(s2252)F 1+
oo+ RozF 1 (s9289) + Rosa2F. O

Lemma 6.4. For1 < k < d—1, the element s32"s5 belongs to Y.  RoM Mg, where Ay = {1, 59, 802, 592%, -+,
AMEA,,
AlzeA}z’

592871 59289, (52282)%, -+, (s2282)%}.

Proof. The lemma is satisfied for £ = 1. For k = 2, we have s922s9 = 52252_132,252. Using that 52_1 =

Sy — a, we get Sp253289 — asyz89252. Now we apply a braid relation then a quadratic relation and get
(82282)% — azs2283 = (s2282)? — a?2s9282 — azsyz which satisfies the property we are proving.
k-1 k-1

35152232 = SQZk_:lSQSQZSQ —
k—1

Suppose the property is satisfied for so2*~1s,. We have sy2¥sy = s92

as22" 159255 by replacing s; ' by s3 — a. For the second term, we shift 2! to the right and get s3zsq2
We apply a quadratic relation to get asozsz®~! 4 25521 then we shift 2*~! to the left and finally get

azF"lsgzs9 + 2892% 71, where each term is of the form A\ Ay with A\; € A; and Ay € AY.



G. Neaime / Journal of Pure and Applied Algebra 225 (2021) 106500 27

k—

For the first term s525!s555259, by the induction hypothesis, the terms that appear in the decomposition

of s92%~1sy are of the following forms.

e z¢and 2659 with 0 <c¢<d—1,
. ZC(SQZSQ)CI with0<c<d-land1<c <k-1,
o 2%892¢ with0<c<d—land1<c <k—2.

Multiplying these terms by s2zss on the right, we get the following 3 cases.

Case 1. We have 2¢sp255 and 295383253 = az¢sa259 + 2°t1sy, where each term in both expressions is of
the form Ay with A; € Ay and \g € AY.

Case 2. The term 20(82282)0/82282 = 26(32252)6/“ is of the form A\ Ay with Ay € A; and Ay € A since
1< <k-1.

Case 3. We have 205220/ S§9289 = 26552322‘3/ = (I,ZCSQZSQZC/+ZC+ISQZC/. The first term is equal to 20“/32252
and the second term is equal to 2¢Tlg,2¢ with 1 < ¢ < k — 2. Both are of the form A\ Ay with A\; € A; and
X €AY, O

The following proposition ensures that the case n = 2 of Theorem 6.1 works properly.
Proposition 6.5. For all a1 € A1 and as € Ag, the elements zajas and seaias belong to Span(AjAsz).

Proof. Tt is readily checked that zajas belongs to Span(A;As). Note that when the power of z exceeds d—1,
we use Relation 1 of Definition 4.5.

Tt is easily checked that if a; € Ay and ay = 1, the element ssajas belongs to Span(A;Asy). Also, when
a1 =1 and ay € Ay, we have that ssajag belongs to Span(AjAs).

Suppose a; = 2F with 1 < k < d—1 and ay = s5. We have sqaqas is equal to $92%s9. Hence it belongs
to Span(AjAs).

Suppose a; = 2P with1 <k<d—1anday = ngk/ with 1 < k' < d—1. We have syaias = 82,2"”'522’“/. We
replace s92%s5 by its decomposition given in Lemma 6.4, then we use the result of Lemma 6.2 to directly
deduce that so2%syzk’ belongs to Span(AjAs).

Finally, suppose a; = 2P withl1<k<d—1anday = SQZk/SQ with 1 < k' < d— 1. We have sya;asy is

k

equal to sgz 592" 55. We replace s32¥sy by its decomposition given in Lemma 6.4. Then by the results of

Lemmas 6.3 and 6.2, we deduce that spz¥s22% s5 belongs to Span(A1Aq). O

As in the previous section, in order to prove Theorem 6.1, we have to proceed as in Lemmas 5.7 to 5.16.
This is established in Lemmas 4.3.6 to 4.3.15 in [17]. Along with Proposition 6.5, this provides an inductive
proof of Theorem 6.1 that is similar to the proof of Theorem 5.1. We conclude this section by the following
remark.

Remark 6.6. For every d and n at least equal to 2, our basis never coincides with the Ariki-Koike basis (see
Theorem 3.10 in [2]) as illustrated by the following example. Consider the element spzs3 = s2252.52 which
belongs to the Ariki—Koike basis. In our basis, it is equal to the linear combination asszsy 4+ soz, where
$2289 and sqz are two distinct elements of our basis.
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