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Abstract

The XY model (s =3) on the one-dimensional alternating superlattice (closed chain) is solved exactly by using
a generalized Jordan-Wigner transformation and the Green function method. Closed expressions are obtained for the
excitation spectrum, the internal energy, the specific heat, the average magnetization per site, the static susceptibility, 3%,
and the two-spin correlation function in the field direction at arbitrary temperature. At T = 0, it is shown that the system
presents multiple second-order phase transitions induced by the transverse field, which are associated to the zero energy
mode with wave number equal to 0 or . It is also shown that the average magnetization as a function of the field presents,
alternately, regions of plateaux (disordered phases) and regions of variable magnetization (ordered phases). The static
correlation function presents an oscillating behavior in the ordered phase and its period goes to infinity at the critical
point. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The experimental development of magnetic su-
perlattices, by using molecular beam epitaxy tech-
nique [1-3], has increased the interest in the study
of these systems. Although they are three-dimen-
sional systems, there is a predominance of the one-
dimensional behavior in their properties, and this is
the main reason for studying one-dimensional su-
perlattices. Therefore, interest has been consider-
ably increased in the study of spin systems on these
lattices.

* Corresponding author. Fax: + 55-85-281-4570.
E-mail address: lindberg@fisica.ufc.br (L.L. Gongalves)

Among the spin systems the XY model (s = 3),
introduced by Lieb et al. [4], occupies a special
place, since it can be solved exactly for the homo-
geneous lattice. Although almost all static and dy-
namical properties are known for the model on the
homogeneous lattice (see Ref. [5] and references
therein), the known results for non-homogeneous
periodic one-dimensional systems are restricted to
the alternating chain [6-8] and to the excitation
spectrum of the general alternating superlattice [9],
and its critical behavior, which has been obtained
by using the position space renormalization group
approach [10].

In this paper we consider the isotropic XY
model in a transverse field on the one-dimensional
alternating superlattice (closed chain). We solve the
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model by introducing a generalized Jordan-Wigner
transformation [9] and by using the Green func-
tion equation of motion tecnhique.

In Section 2 we determine the relevant Green
functions and present a detailed discussion of the
excitation spectrum. In Section 3 we obtain the
internal energy and the specific heat. The induced
magnetization is studied in Section 4, and in Sec-
tion 5 we calculate the two-spin correlation func-
tion. Finally, in Section 6, we summarize the results
and present the main conclusions.

2. The excitation spectrum

The superlattice that we are going to consider
consists of cells composed of two subcells A and
B with n, and ny sites, respectively. The Ith unit cell
is shown in Fig. 1. The distance s between two
consecutive sites is taken as unity.

If we assume periodic boundary conditions for
a chain with N cells, the Hamiltonian of the XY
model [4] can be written in the form

na—1 ng—1

:__Z {[Z JASlmSlm+1+ Z JBS?’;"S?’;"+1
m=1

l—l

+ J(St Sty + ST nBSl+1 )+ h~C-:|

+ Y St o+ Y 2th:%;} 1)
m=1 m=1

where [ identifies the cell, S* = S¥ +iS*, J is the
exchange parameter between spins at the interfaces,
JA(Jp) the exchange parameter between spins with-
in the subcell A(B), and ha(hg) is the transverse field
within the subcell A(B). The spin operators can be
expressed in terms of fermion operators using the
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Fig. 1. Unit cell of the alternating superlattice.

generalized Jordan-Wigner transformation [9]

I—1 ny -1
S —exp{mz > a,,,a,,,—i-mz al ,a,

n=1r=1 r=1

I1—1 ng
finy S b;,rbn,,}azm, B

n=1r=1

1 na m—1
B+ . .
Py = exp{m oy al,an, +in Y blb,

n=1r=1 r=1

n=1r=1

I1—1 np
finy 3 bz,rbn,,}bzm 3

and, by introducing this transformation, the Hamil-
tonian can be written in the form

1N ny—1 ny—1
__EZ {[Z JAalmalm+1+ Z ']Bblmblm+1

=1

+ J(al b1 + blaaisr 1) + h'C-:|

+ Z 2hA(az,ma1,m - 1)

=1

+ Z 2hB(b;,mbl,m - 1)} + (Da (4)
m=1

where a’s and b’s are fermion operators, and @,
given by

N Na

(bN mdi1 + hc)exp|:m<z Y af,a,

I=1r=1

N ng
+ X blr”lw)] )
1

is a boundary term which will be neglected. As it
has been shown [11], this boundary term, in the
thermodynamic limit, does not affect the excitation
spectrum, the static properties of the system nor the
dynamic correlation function in the field direction.
Introducing the Fourier transforms [9]

Z exp(iQ dl) sin(mky)a; .,  (6)

aop. = |[————
o N(na +1)

box, = Y. exp (iQ dI) sin(mkz)by,,  (7)

N(ng + )i,



J.P. de Lima, L.L. Gongalves | Journal of Magnetism and Magnetic Materials 206 (1999) 135-148 137

where ki =nmw/(ny + 1), ny=1,2, ...,na, kr, =
n,m/ing + 1), n, =1,2,...,n5, Q =2mn/N, n=1,
2, ...,N, d=n4 + ng is the size of the cell, the
Hamiltonian can be written as

h h
H:ZHQ+N<MA——|M>’ (8)
0 2

where H, is given by
Hg =Y Exabiag, + Y Eebbibo,

ky k,

J . .
+ Y {[sin (kyna) sin k,

(nA + 1)(}’1]3 + l)klakz
+ sin(k,ng) sin ky exp(iQd)]Jaby,box, + h.c.}
&)

with E;®) = — J ) €08 ky2) — hag)

As in the study of the excitation spectrum [9]
we will solve the model by using the Green
function method [12]. Adopting the notation
L R(t); R,(0))), for the retarded anticommutator
function, where #, and %, are arbitrary operators,
and introducing the time Fourier transform defined

as

LR(L); 220)) 5,

2n

1 o0
= —j KR R ) exp( — i) do, (10)
we can write the equation of motion for the Green
function {{agy,; ah, > in the form [12]

O 1

.ot _ kiki
a aly. = "t
<< Qky> Qk1>> EkAl

J
(na + )(ng +

1) — Ex)

x Y [sin k, sin(nak;)

k>

+ (1Qd) sin k, sin(ngk,)]

x {{bo,; adri) s (11)

where we have assumed h = 1.

Likewise we can write for {{bg; a},»> the re-
sult

J

bor.; ab = —
<4 Qk,» AQ ). TR

)w — E§)
x Y [sin k, sin(nak})
ki
+ exp( — 1Qd) sin k sin(ngk,)]
x (Lagi,; ah,» - (12)

Egs. (11) and (12) constitute a closed set which can
be easily solved by introducing the operators
Ag ., and By, defined by

2 .
it 1; sin(nk;)aor,, (13)
Z sin(nk,)boy,. (14)
Therefore eliminating the  function

K bors; ay k1>> from Egs. (11) and (12) and intro-
ducing the operator A, , we can find the result

2 [ng+1
CAgw Ay =5 [ rifhdodioo
+ LA A )

+ exp(iQd)f} ,(@)fm1(@)]

X {{Agns Ay

+ [/} 1(@)fm1() + exp( — iQd)
X L O (0] A 15 Ay D,

(15)
where
A J sin(mk) sin(nk,)
mn( ) = T —
(na + V)(ng + 1), o — E
(16)
J Sil’l(mkz) Sin(nkz)

Sl ) =

(nA + 1)(”13 + 1)k2 w — Ell?z
(17)
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From Eq. (15) we can find immediately that
CAgm ATQ’,n>> is given by

2 /B 1
<<AQ,m;AZ2',n>>—j "+ 5QQ{fmn o)

{[f‘fl mony(©

+ eXp(iQd)f?,nu(w) ()]
L)1 (@)f T, 1()

+ f1(@)f () exp( — i0d))

+ fando)1 = f11(0)fY ()

— [ (@)f () exp( — i0d))]

+ [ a(@)fma()

+ exp( —iQd)fY (@) f ()]

X @) n(@)fY 1 (e0)

+ [11(0)f 1, () exp(iQd))

+ fiao)1 = L) 1)

— fia(@)fF (o )exp(iQd))]}}
(18)

The details of the calculation can be found in Ref.
[137].

By a similar procedure we can write the set of
equations

O 1
boks; by, yy = —=2
Kbous bowy> = T pm

J
(na + 1)(np +

(o — EZ)
x Y [sin k; sin(n4k;)
s

+ exp( — 1Qd) sin ky sin(ngk,)]

{Lagr; bor)?s (19)

J
(na + D)(ng +

ks Do) = —
{agr; bow,y? 1)(w_EkA1)

x Y [sin k; sin(nak,)

k>
+ exp(iQd) sin k, sin(ngk,)]
x {<boi; b,y > (20)
which can be solved by eliminating the function
{{agw; b,y in the previous equation and by

introducing the operator By ,. This procedure leads
to the set of equations

na + 1
(B B> =7 /n‘* o0

+ [fl,l w)fr,il,nn(w + eXp(le)f?nA

X (w)fB ]<<BQ nBa BQ n>>
+ [T (@) 1() + exp(—iQd)f} .,

><(CU)fB (@)1 By, 1; BQ Vs
(21)

and, as we can see, it can be obtained from Eq. (15),
provided we make the substitution A - B and
B — A. Therefore <{Byg.,; B} .»>) is obtained from
Eq. (18) by introducing the previous transforma-
tion.

The excitation spectrum is given by the poles of
LA Abydds ot ({Bgm; By >, and corres-
ponds to the solution of the equation Rgy(w) =0,
which is explicitly given by [9]

1= 2f1,,(@)f} (@) cos(Qd) — 211 1(@)fF 1()
+ [(11.1(@)* = (@) I 1(@)? = (1 (@)*]
=0. (22)

As mentioned in our previous paper [9], it
should be noted that the values w = E; and
o = Ep are not poles of ({(Ag. Ab .>>, since
in this limit the function is finite. Therefore, as
expected, the spectrum of each subcell does not
coincide with spectrum of the superlattice, and
contains n, + ng branches [9].

The general solution of this equation is deter-
mined numerically, although analytical solutions
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can be found for some special cases. For instance
for ny = ng =2, ha = hg = h, we can express ex-
plicitly the solution in the form

1
wg= —h+—=c=+.9(Qd), (23)
NG
where
L |
=+ 30Uk + D), (24)

2

1 J

1
VR = IR s)

which for J, = Jg reproduces the known results
[6,7].

In the homogeneous medium limit, the spectrum
obtained from Eq. (22) presents n, + ng branches,
which correspond to a (ny + ng — 1)-folding of the
spectrum. As an example of this limit we present in
Fig. 2 the excitation spectrum for n, = 2, ng = 3,
Ja=Jg=J=1and hy = hy = 2.

For zero field and n, + ng odd, there is a zero-
energy mode with wave number different from zero,
as shown in Fig. 3 for ny=2,ng=3,J5, =2,

T 7 T 7 T 1 T T
-1.0 : : ; : : ; : : : ;
-1.2
-1.4
-1.6
-1.8
-2.0

22/

-2.6

Fig. 2. Excitation spectrum of the homogeneous lattice for
ny=2ng=3,J=Jy=Jg=1,and hy =hg=h=2.

Jg =3 and J = 1. On the other hand, for n, + ng
even this mode is not present, and for each wave
number Q there are symmetrical solutions + wg
and — wyg, as can be seen in Fig. 4 for ny = ny = 4,
Ja=03,Jg=3and J =1.

Qd

Fig. 3. Excitation spectrum for ny =2, ng =3, J =1,J, =2,
Jg=3,and hy = hg =0.

Qd

Fig. 4. Excitation spectrum for ny =ng=4, J =1, J, =0.3,
Jg=3,and hy = hg =0.
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As it has already been shown [14], the effect of
a homogeneous field, hy = hy = h, is to shift the
zero-field spectrum. This can also be shown directly
from Eq. (22) and, consequently, the existence of
a mode of zero energy will depend on the strength
of the field.

As we can also see in Fig. 4, the extreme bands of
the spectrum are very narrow, and this is related to
the difference between the exchange parameters of
subcells A and B. As the difference between the
parameters of the media A and B decreases, the
dispersion increases, and the gaps tend to zero. This
is the expected behavior, since we have a maximum
dispersion in the homogeneous limit, as shown in
Fig. 2. In all cases presented the number of
branches is equal to the number of sites per cell.

Again, we note that the spectrum can also be
calculated exactly by using the position space re-
normalization group approach [10], and approx-
imately by using a transfer matrix method [15].
Although the latter is an approximate method, we
have shown that it reproduces numerically the
exact result [5,8].

3. The internal energy and the specific heat

The operator H, defined in Eq. (9) can be written
in terms of operators Ay, and By, in the form

» Ek1|: Y sin(nkl)ATQ,n]

nA+1

A 2
n(nkq)Ag., E?
[Z & ] g+ 15

x |: i sin(nk,)B} ,,]|: i sin(nkZ)BQ,,,]

=1 =1
Joo . s
— E[AQ,,,ABQJ + exp(iQd)AH,1Bo.n, + h.c.].

(26)

From this equation we can see that the internal
energy, (H) =) o{Hy), can be calculated from
the Green function Ggy(w) given by

Golw) = Gly(w) + G24(w) + G3y(w), 27)

where
2 2
Gly(w) = Y E |: > Z sin(mk,) sin(nk,)
na + lkl m=
X <<AQ,m9 A&,n>>:|a (28)
2 sl o o .
G2p(w) = Y ER| Y, ). sin(mk,) sin(nk,)
ng + lkz m=1n=1

X <<BQ,m; BTQ,n>>:|: (29)

J
G3o(w) = = L{(Bos; Apn) > + exp(iQd)

X {{Bou; ATQ,1>> + {{Agus BTQ,1>>
10d)({Ag1; Bhu>>]: (30)

The Green functions {({Bg1; Ah.,> > {<{Bom; Ab1> >,
({Agny; Bh.1>y and ({Agq; Bh,.,>>, can with the
aid of Egs. (11)—-(14), (19) and (20), be written in
terms of the functions {({Ag.; Ah.»> and
{{Bg.m; Bly..y>, are given by

<<AQJ; BTQ’,nu>>

+ exp( —

o ng + 1 .
- a4+ 171 T (@){<{Bg,1; By ny>>
+ exp(iQd)f 1, 1(0){{Bg.ns By )], (31)

({Agui By 1>)
= — \/nB + 1ns + 1[f11?1(w)<<BQ,1; Ba',1>>

+ exp(iQd) f 1% () {Bg.u; Bl 1)1, (32)
<<BQ,nB; Aa, )

+1
= — Jo X A A1
+ expl — i0d) 13 (@)K CAg.i: Aba ] (33)
{{Bg1; AB,nA>>
1
e LIO) Ag A
+ oxp( — i0d) [ (@)K CAg.is A a )T (34
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Then by using Egs. (18), (31)-(34) in Egs. (28) and
(29) we obtain the Green functions, G1y(w), G24(®)
and G3,y(w), which are given by [13]

EA Je EA
Gly(w) = S :
ol®) kZ (@ — Ef) " Ro(w) kZ (v — Ep)?

X {sin2 k[ f21(0) — f(o)( f21(w)?
— (f 2 (@)?)] + sin ky sin(nsky)
X [f Pa(@) cos(Qd)] + [ (@)[(f1(w)?

— ([0}, (35)
2
G3glw) = m{l — Ro(®) — [(f1.1(@)?
— (@)’ T [(f4(@)? = (f (@)1}
(36)

and G2q(w) can be obtained from G1y(w) by intro-
ducing the transformations k; - k,, A > B and
B — A. From these results we can show that the
expression for Go(w) has the form

Golw) =

[gU?I(CO), f‘/l\,nA(wL ﬁ,l(w)> ﬁnn(w))]

(37)

1
RQ(CO)

Then, the internal energy, (H) = X,{H), can be
obtained from the expression [7]

any =y r Im(Go(0)
Q

e e 41
where, as usual, f = 1/kgT.
By using the Dirac identity

1 1
— = @< > F ind(x — Xo), (39)
X — X F 1 X — Xo

we can show immediately that Im(Gy(w)) can be
written in the form

do, (38)

(D)) = Z FQ,r(S(w - wQ,r)s (40)

where

RQ((UQ,r)GQ(CUQ,r)

F,,.=
e Ro(wq,)

) (41)

where r labels the branches of the spectrum and
Ry(w) is equal to dRy(w)/dw.

The specific heat is obtained from Eq. (38) and
can be written in the form

1D _ ks
N dT NnQ

we*Tm( GQ(a)))
"+

C= dw.

(42)

The behavior of the internal energy as a function
of temperature does not present any remarkable
difference as we change the superlattice parameters.
A typical result is shown in Fig. 5 where the internal
energy is shown as a function of temperature
T*(T* = kgT) for ny =ng =10, Jy =2, Jg =3,
J=1,hy=hg=15.

On the other hand, the behavior of the specific
heat as a function of temperature is very susceptible
to these parameters. It can present a single peak or
a double peak, as it can be seen in Figs. 6 and 7.
This important feature, namely, the appearance of
the double peak, is a consequence of the packing of
the branches of the excitation spectrum, which is
strongly dependent on the interaction parameters.
As we increase the field, we move the spectrum
downwards and this has the effect of suppressing
one peak of the specific heat. This is shown in
Fig. 8, where we have used the same lattice para-
meters of Fig. 7, and a larger field.

—110}
<H/N>
—140 |

-170

-200

-230

0 5 * 10

T

Fig. 5. Internal energy as a function of temperature (T* = kyT)
forngy =ng=10,J =1,J,=2,Jg =3, and hy = hy = 1.5.
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0 2 4 6 8 10

T

Fig. 6. Specific heat as a function of temperature (T* = kgT) for
na=ng=10,J=1,J,=2,Jg=3,and hy = hyg = 1.5.

0 1 1 1
0 1 2 x 3

T

N

Fig. 7. Specific heat as a function of temperature (T* = kgT) for
ny=ng=2,J=1,J,=2,Jg=3,and hy = hg = 1.3.

In Figs. 9 and 10 we present the low-temperature
behavior of the specific heat shown in Figs. 7 and 8§,
respectively. For the results shown in Fig. 9, the
excitation spectrum has a zero-energy mode con-
trary to the case shown in Fig. 10, where it is not

*

T

Fig. 8. Specific heat as a function of temperature (T* = kgT) for
na=ng=2J=1J,=2,Jg=3,and hy = hyg = 1.75.

0.0 0.1 0.2 0.3 0.4

*

T

Fig. 9. low temperature behavior of the specific heat shown in
Fig. 7 (T* = kgT).

present, as can be verified by using the analytical
solution presented in Eq. (23). As expected, the
derivative of the specific heat, dC/dT*,at T = 0, is
equal to zero only when there is a zero-mode en-
ergy in the spectrum.
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Clkg

Fig. 10. The low temperature behavior of the specific heat
shown in Fig. 8 (T* = kyT).

4. The induced magnetization and the susceptibility

zZZ

X

The local induced magnetization which corre-
sponds to the average value of S%,, and S¥,, is given
by

1
<S m> = <a1m . m> <b;m bj,m> - 5

and S, =

(43)

which can be determined from the Green functions
Laj s alnyy and (bjn; bl.>>, respectively. In
terms of the operators Ay, and By ,, these func-
tions can be written in the form

1
Kjms Ay ) = N >, exp[ —i(Q — Q)d]

Q.0
X <<AQ,m; Aa,m>> (44)

and
1
(b B> = N Y, exp[ —i(Q — Q)d]
0.0

X {{Bo.w; Bly.m)>- (43)

Then introducing in Eq. (44) the function
(L Ag.m; Aby my >, which is given in Eq. (18), we can

write {{a; ; al,,»> in the form

ng + 1
ny + 15

2
<<aj,m; a;m>> = m Z {fz m

n @ 10 fi ()2 B o)

x €08(Qd) + 2/ ()( [ (@)
— (fEn(@)?) + (frinl))®
—= (S @)X f11(@) + f14(@))
< ((f{h(@)* = (fL@))]}. (46)

The function <{<bj,;bl,>> is obtained from
{Lajm al > by introducing the transformations
A>3 B f* ny - ng and ny - n,. From this
result we can write

<ajm jm> ——Jw Im(<<alm’ jm>>)

,w ef +1

o, (47)
which, in the thermodynamic limit, allows us to
obtain (S}, from the equation

: 1

Lo [ F(g, 0y, h)
3 f (@ + 1) dRgl@)/do)],

(48)
where
2 fng+ 1
Fl@ 04 ) = 5. [ Pk Frn )21 )
x cos(q) + 2f1 m(@)(f} 1())?
— (@) + (1 ml@))?
ma(@)?) (1 1()
+ [T @)(T 1) — (@) )]},
(49)

and where ¢ = Qd. The local induced magneti-
zation in the subcell B, (S%,>, is determined by
following the same procedure and by using the
function {{b;,; bl D>
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The average induced magnetization in the cell,
(8%, 1s defined as

1
Sy—— L
Sea? = N + o)

N na ; ny i
| 55 st § ot)| oo
I=1 \m=1 m=1

and from this expression, for the case hy = hg = h,
we obtain susceptibility y**, which is given by

zz __ d z
= @<Scel>- (51)

Fig. 11 shows the average magnetization in the
cell and the susceptibility as a function of h at
T=0,for J=1,J,=2,J3=23,hy =hg=h and
na =ng = 2. As can be seen, the magnetization
presents three plateaus which are limited by four
critical fields, h,, which correspond to the singular

(a)
0.50

z
<S>

0.25

0.00
0.0

10.0

(b)

7z

5.0

h1c U hgc hacu h4c
0.0

0.0 0.5 1.0 1.5 20 25

h

Fig. 11. (a) Average magnetization per subcell A and B (dashed
line), and per unit cell (continuous line) as a function of the field,
and (b) the susceptibility in the field direction also as a function
of the field, for ny=ng=2, J=1, Jy=2, Jg=3, and
ha=hg=h, at T=0. The critical fields are h;.=~0.691,
h=1.096, h3,~1.5960 and h,.~1.809.

points of the susceptibility y**(y** - o0 when
h — h,). These four singularities correspond to the
modes of zero energy with wave number equal to
0 or m, which limit each energy band. For this case,
the critical fields can be obtained exactly from Eq.
(23) and are given by

hy = 5%520.691,

J29-1
hZC:—i ~1.096,

J29+1
hsc=—4+ ~1.596,

hye = @; 1.8009. (52)
4

It should be noted that the plateaus, where the
susceptibility goes to zero, correspond to the gaps
in the spectrum.

Fig. 12 shows the average induced magneti-
zation, at T =0, for J=1, Jy=2, Jg=3,
hya = hg = h and ny = 2, ng = 3, as a function of h.
In this case, since the number of sites per cell is odd,
there is a zero-energy mode even for h =0, and
consequently there is no zero magnetization

0.50 -

z
<s cel>

0.25 =

000 1 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5

h

Fig. 12. Average magnetization per unit cell as a function of the
field, forny, =2, ng=3,J=1,J,=2,Jg=3,and hy = hg = h,
at T =0.
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plateau as in the case shown in Fig. 11. The critical
behavior is, naturally, also present when we have
an inhomogeneous field, hy, = 1.25hg = h, and this
is shown in Fig. 13 for a larger unit cell,
na, =2, ng = 3.

In Fig. 14 we present the magnetization for finite
temperature (fJ = 50) for the superlattice con-

0.50

z
<8 cel> L

0.25 4

0.00 L 1 " L " L
0

Fig. 13. Average magnetization per unit cell as a function of the
field, for ny=ng=4, J=1, Jy=2, Jg=3, and
ha =1.25hg = h,at T =0.

Fig. 14. Average magnetization per unit cell as a function of the
field, forny, =ng=4,J=1,J,=2,Jy =3,and hy = hy = h, at
finite temperature (fJ = 50).

sidered in Fig. 13 with h, = hg = h. Although the
central regions of each plateaux remain, as ex-
pected, the thermal fluctuations suppress the quan-
tum transitions.

5. The two-spin correlation function in the field
direction

For sites in the subcell A, for example, the two-
spin static correlation function in the field direction
is defined by

<S;\,;nsj§;r,n> = <a}r,maj,na}+r,maj+r,n>
- %(<a;r,maj,m> + <a;f,naj,n>) + %
(53)

The average value {a} ,a;,a}+,m@j+, .y can be ob-
tained from the expression

i t
<ajsmaj,naj+ rom@j+ r,n>

_ lJ\oo Im(<<aj+r,n; a;,maj,ma;+r,n>>)

on), efo +1

do, (54)

where the Fourier transform of the Green function
L jsrs Af@jm@} 4y, Dy using Wick’s theorem,
can be shown to be written in the form

Lt Ao @] 4 rn) )
= Omn0r, 0 1o Ay
+ ]y <Lt s A 1))
— als i) <Lyt rs A (55)

Then, the correlation function ¢(S%,S%;,,> can be
obtained from the equation

(ShmSTera
_ 5m,nér,OJ‘Oo Im((“g;rm; a;,m>> d(,l)
i —w e’ +1

_ <(fl;"-*-r,naj,m>J~OO Im<<aﬂj+r,n; a;,m>>dw
i —w e’ + 1

+ <a},maj,m><aj+r,n; a;+r,n> - %(<a;majm>

+ <dl,a;0) + 4 (56)

The Green function {{a;,,; al,>> can be ob-
tained by using Eqs. (6), (13) and (18), and is given
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by Ref. [13]
<<aj+r,n; a;,m>>
2 fng+1 1
NJ N + IZ CXp lqr { mn(a)) + RQ((D)

X (L @) = (FE (@)@ mn(@)f 1 1()
(O T O)f 1, (@)

+ fl,m(w)fl,n(w) fl.l(w)

— [1.m(@) fan (@) f1 (@)

+ Ll @) (@) fnn (@ ) exp (iq)

+ fan@) f1 m@)exp (—ig)]

+f]13,1(w) mn,\( )fnnA( )+f1m fln ]}}

(57)

Therefore, introducing the previous result in Eq.
(56) and by using Eq. (47) we can obtain numer-
ically the direct static correlation function
(SHa Sﬁ,,,} — (S (S8%, >, and the results are
shown in Figs. 15 and 16 .

-4
-5x10
0

r

Fig. 15. The direct static correlation function in the field direc-
tion, p(r) = (84352 — (S22 as a function of the distance
between cells, for ny=ng=2, J=1, Jy=2, Jg=3, and
ha =hg=h,at T =0, for h =0.75 (@) and h = 0.693 (b).
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Fig. 16. The direct static correlation function in the field direc-
tion, pA°(r) = (S4,5%.2) — {S23)>2 as a function of the distance
between cells, for ny =ng=2, J=1, J,=2, Jg=3, and
hy =hg=h,at T =0, for h = 1.1 (a) and h = 1.091 (b).

In Fig. 15 we present the direct static correlation
function as a function of r, at T = 0, for two values
of the field of the transverse field, h = 0.693 and
h=0.75 and for J=1, Jy=2, Jg=3,
ha = hg = h and n, = ng = 2, which are the same
set of parameters of Fig. 12. The values of the
critical fields, for this set of parameters, are given in
Eq. (52) and the first two values are h;,~0.691 and
h,.~1.096. As can be verified in Fig. 15, for these
values of the field, the correlation function presents
an oscillatory behavior and its period increases
(period — o0) as the field aproaches a critical value
(h—h).

A direct static correlation function for the same
set of lattice parameters of Fig. 15, for h = 1.091
and 1.1 is also presented in Fig. 16. Although
h =1.091, which lies in the region of increasing
magnetization (see Fig. 11), and is very close to the
critical field h,.~1.096, the oscillatory behavior is
still present in the correlation function. On the
other hand, when h = 1.1, which lies in a plateau of
the magnetization (see also Fig. 11), there is no
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oscillatory behavior. It means that the period of the
oscillation tends to infinity, and this result is still
valid for any value of the field in the plateau. This is
consistent with the scaling form and the analytical
continuation proposed for this correlation function
[15], where the correlation length is associated to
the oscillation period.

Although the direct correlations
<S}3,st?-:%-r,rg> - <S?,:m><s?;r,n> and <Si;ns?;r,n> -
<S‘Jf“;,,><S}3l,r,,,> are not presented, they are easily
obtained from the shown results and exhibit quali-
tatively the same behavior as (S%, S%,.> —
(S a><{S%,.>. This is a consequence of the fact
that the critical fields are not dependent on the
subcell.

6. Conclusions

We have considered the X Y(s = ) model on the
alternating one-dimensional superlattice (closed
chain), and an exact solution was obtained by using
the Green function method. The excitation spec-
trum was determined, and explicit expressions were
obtained at arbitrary temperature for the internal
energy, the specific heat, the magnetization, the
susceptibility, and the two-spin static correlation
function in the field direction.

The specific heat as a function of temperature,
depending on the superlattice parameters, can pres-
ent a single or a double peak, and we have shown
that, at T =0,dC/dT is different from zero pro-
vided there is a zero-energy mode on the spectrum.

In the T =0 limit, the behavior of the system
was studied as a function of the transverse field, and
we have shown that the induced magnetization as
a function of the field presents, alternately, regions
of plateaus and of variable magnetization. Also in
this temperature limit, the susceptibility in the field
direction, y**, presents singularities which are asso-
ciated to phase transitions of second kind induced
by the field. These critical points are consequence of
the presence of zero-energy modes with wave num-
ber 0 or w. In passing, it should be noted that this
critical behavior, as expected, is suppressed at finite
temperatures.

These transitions have been treated within the
real-space renormalization group approach [16],

and its critical exponents determined. The critical
exponents can also be obtained directly from the
exact expression, as shown in Ref. [13].

The two-spin static correlation function in the
field direction, as a function of the separation be-
tween the spins, presents an oscillating behavior in
the regions where the magnetization is not con-
stant, and the period of oscillations increases as the
field approaches the critical value, and diverges at
h = h.. This behavior confirms that the static cor-
relation function satisfies the analytical extension
of the scaling form proposed for the homogeneous
case [15].

Finally, we would like to point out that the
magnetization as a function of the field has quali-
tatively the same behavior as those experimentally
obtained for the NdCu,, in the low-temperature
limit, and these results have been obtained recently
by Ellerby et al. [17] and Loewenhaupt et al. [18].
The agreement is more remarkable in the very
low-temperature limit, since in this limit the struc-
ture is analogous to a superlattice. Although this
material is described by a Heisenberg-type Hamil-
tonian, this result suggests that the lattice structure
is a predominant factor in defining the magnetic
properties of the material.
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