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A B S T R A C T   

Chirality and current-driven dynamics of topologically nontrivial 360◦ domain walls (360DWs) in magnetic 
heterostructures (MHs) are systematically investigated. For MHs with normal substrates, the static 360DWs are 
Néel-type with no chirality. While for those with heavy-metal substrates, the interfacial Dzyaloshinskii-Moriya 
interaction (iDMI) therein makes 360DWs prefer specific chirality. Under in-plane driving charge currents, as 
the direct result of “full-circle” topology a certain 360DW does not undergo the “Walker breakdown”-type 
process like a well-studied 180◦ domain wall as the current density increases. Alternatively, it keeps a fixed 
propagating mode (either steady-flow or precessional-flow, depending on the effective damping constant of the 
MH) until it collapses or changes to other types of solition when the current density becomes too high. For both 
modes, modifications to the mobility of 360DWs by iDMI and spin–orbit torque are provided.   

1. Introduction 

The invention and great development of non-volatile magnetic 
nanodevices have led to a profound revolution in the information in
dustry [1–3]. In these nanodevices, various magnetic solitons or mag
netic domains they separate play the roles of 0 and 1 in binary world. In 
wide magnetic nanostrips, skyrmions/antiskyrmions [4–8], bimerons 
[9–13] and so on are two-dimensional (2D) isolated topologically 
nontrivial magnetic solitions surrounded by connected domains with 
uniform orientation. Under the standard definition of 2D topological 
charge 

W 2D(m) =
1

4π

∫

R2
m⋅
(

∂m
∂x

×
∂m
∂y

)

d(x, y), (1)  

in which m is a R3 unit magnetization field locating on the (x, y) plane, 
these solitions have an integer W 2D and they themselves are the in
formation carriers. While in narrow enough nanostrips which are quasi- 
one dimensional (Q1D) systems, the most studied magnetic solitons are 
the 1D (Néel or Bloch) 180◦ domain walls (180DWs) bearing ±1/2 1D 
topological charge, which is defined as 

W 1D(m) =
1

2π

∫

R

(

m1
∂m2

∂ρ − m2
∂m1

∂ρ

)

dρ, (2)  

where m1,2 are magnetization components in the wall plane and the Q1D 
systems are supposed to extend in ρ-direction. 180DWs separate two 
opposite oriented domains whose orientations can be defined as 0 and 1, 
meantime the wall motion leads to the transformation of information. 
Since the famous Walker analysis [14], tremendous progress has been 
made on statics and dynamics of 180DWs driven by various external 
stimuli [15–29]. The corresponding results have laid the foundation for 
many mature commercial and developing magnetic nanodevices. 

Interestingly, even in Q1D systems we also have some kinds of iso
lated magnetic solitions which have integer W 1D. Among them, the 
simplest ones are the so-called 360◦ domain walls (360DWs) in which 
the magnetization rotates over one full circle across the intermediate 
region thus bearing W1D =±1. In the beginning of 1960s, 360DWs were 
first found to appear in the magnetization reversal process of thin films 
and their existence seem to be a nuisance since they may complicate the 
reversal process [30–32]. However, studies in the past three decades 
revealed that 360DWs themselves in 2D magnetic films have more 
interesting physics [33–38]. Now we know that 360DWs in lower 
dimensional systems can be qualified candidates to store and process 
information in magnetic nanodevices due to its “full-circle” topology. In 
magnetic nanorings with outer diameter around 1 micron, width of 
several hundred nanometers and thickness of several nanometers, two 
180DWs can be forced toward one another by the applied circular 
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Oersted field to form a 360DW and then annihilated by increasing the 
field strength [39–44]. While in magnetic nanostrips tens to hundreds of 
nanometers wide and a few to tens of nanometers thick, 360DWs emerge 
from the combination of two neighboring 180DWs with the same W 1D 

due to the long-range magnetostatic interaction in relatively wider strips 
[45–47] or appropriate external magnetic fields in narrow ones [48–50]. 
From the viewpoint of application, the energy barrier of nucleating a 
single 360DW (local magnetization kink) from the single-domain 
ground states of nanostrips is much lower than a single 180DW since 
in the latter case one should reverse the magnetic moments in the entire 
half. 

From the beginning of this century, a series of analytical works focus 
on the question whether 360DWs are genuine stable magnetization 
textures or just long-lived metastable states [35,51,52]. For 2D ferro
magnetic (FM) films, the main results are as follows: (i) the magneto
statics is crucial for the existence of 360DWs; (ii) if the long-range 
component of magnetostatics is neglected, an appropriate external field 
must be applied to stabilize a 1D front of 360DW whose energy is in
dependent of wall orientation [35]. As the films fade into narrow enough 
nanostrips, changes in boundary conditions further require that the 
external field should align with the easy axis to guarantee the existence 
of 360DWs. In recent device applications, narrow FM metallic nano
strips often serve as the central components of magnetic hetero
structures (MHs) with heavy-metal (HM) substrates. Then the effects of 
interfacial Dzyaloshinskii-Moriya interaction (iDMI) [53,54] therein to 
the chirality preference of 360DWs need to be clarified. 

Once nucleated, 360DWs in MHs can be driven by certain external 
stimuli. First, external magnetic fields along easy axis can not finish this 
job. This can be understood by our roadmap of field-driven domain wall 
motion since the Zeeman energy densities in the two domains on both 
sides of 360DWs are the same [16]. Then, current-induced motion of 
360DWs becomes the next choice. Indeed, it is the most common way to 
implement and manipulate in real MHs. Numerical investigations on this 
issue have been widely preformed in the past decade [55–61]. Alter
natively, there are few analytical studies due to the complexity from the 
coexistence of iDMI, spin-transfer torque (STT) and spin–orbit torque 
(SOT) therein. In this paper, by adopting the Lagrangian-based collec
tive coordinate model (LB-CCM) and adequate wall ansatz, the current- 
driven dynamics of 360DWs is systematically explored which constitutes 

the second part of this work. 
The paper is organized as follows. First, the magnetic Lagrangian and 

dissipation functional of MHs are introduced in Section 2. Both 
perpendicular magnetic anisotropy (PMA) and in-plane magnetic 
anisotropy (IPMA) for the central FM metallic layers are considered. 
Then in Section 3.1 we define the proper ansatz for 1D topologically 
nontrivial 360DWs and introduce three typical candidates. After inte
grating over the long axis of MHs, a set of unified dynamical equations is 
obtained in Section 3.2 and serves as the startpoint of our work. In 
Section 3.3, chirality preference of 360DWs selected by iDMI is inves
tigated. After that, the propagation modes of 360DWs under in-plane 
currents are systematically explored in Section 3.4. Also, for both 
modes the effects of iDMI and SOT to the dynamics of 360DWs are 
analytically calculated. Finally discussions and concluding remarks are 
provided in Section 4 and 5, respectively. 

2. Formulism 

A MH under consideration is shown in Fig. 1, which is composed of 
three layers: a HM substrate, a central FM metallic layer and a normal 
caplayer. We suppose that the MH is long and narrow enough so that it 
can be viewed as a Q1D system extended in the long axis. For central FM 
layers with PMA (which will be referred to as “PMA sytems”), the easy 
axis lies in z-axis (out-of-plane normal), the long axis of MH is along 
x-axis and ey = ez × ex being the hard axis. While for central FM layers 
with IPMA (named as “IPMA sytems”), the easy axis coincides with long 
axis and is defined as z-axis, the hard axis is along out-of-plane normal 
and denote as y-axis, at last ex = ey × ez. In these two coordinate sys
tems, the crystalline aisotropy energy density for PMA and IPMA sys
tems shares the same form. However, the iDMI should be treated 
carefully since it is determined by the out-of-plane normal component of 
the magnetization vector. By setting “n” as the out-of-plane normal, the 
iDMI energy density can be written as [62] 

E iDMI = Di{[m(r)⋅n ]∇⋅m(r) − [m(r)⋅∇ ][m(r)⋅n ] }, (3)  

where Di is the iDMI strength and m(r) is the unit magnetization vector 
of the central FM layer at position r. Accordingly, the total magnetic 
energy density E 0 includes the exchange, crystalline anisotropy, 
magnetostatic, Zeeman and iDMI contributions. When we focus on 

Fig. 1. Sketch of a MH in which a 360DW is formed in its 
central FM metallic layer with (a) PMA and (b) IPMA. A typical 
MH is composed of a three-layer structure: a HM substrate, a 
central FM metallic layer and a normal caplayer. The corre
sponding coordinate system is depicted at the up-right and 
bottom-left corners in the respective subfigure. In each case, 
the easy (hard) axis lies in the z(y)-direction. An external 
magnetic field Hz = Hzez is applied to guarantee the existence 
of 360DWs. When in-plane charge current Ja = jaeρ is applied, 
magnetization vectors will be driven to tilt from their static 
locations meantime the 360DW will be driven to propagate 
along the long axis. Gray (orange) planes describe the planar 
φ-distribution of static (dynamical) magnetization texture.   
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360DWs around narrow MH centers (far from ends or corners), most of 
the magnetostatic energy can be described by local quadratic terms of 
Mx,y,z by means of three average demagnetization factors Dx,y,z [25], 
meantime the effects of long-range residue will be very weak thus can be 
neglected [16,48,63]. In addition, for Q1D systems ∇ ≡ ∂

∂ρeρ in which 
ρ = x(z) for PMA (IPMA) systems. Thus one has 

E 0[m] = A
(

∂m
∂ρ

)2

+ μ0M2
s

(

−
1
2
kEm2

z +
1
2
kHm2

y

)

− μ0Msm⋅Hz +E iDMI,

(4)  

in which A is the exchange stiffness, μ0 is the permeability of vacuum, Ms 
is the saturation magnetization and Hz = Hzez is the external magnetic 
field along the easy axis with the strength Hz. At last, kE(kH) denotes the 
total anisotropy coefficient along the easy (hard) axis of the central FM 
layer, namely kE = k1 +(Dx − Dz) and kH = k2 +(Dy − Dx) with k1(2) being 
the crystalline anisotropy coefficient in easy (hard) axis. 

The in-plane charge current flows along “eρ” with density ja. As 
passing through the MH, the charge current splits into two parts. Sup
pose jF (jH) to be the component in FM (HM) layer. A simple circuit 
model delivers that jF = ja(tF +tH)σF/(tFσF +tHσH) and jH = ja(tF +

tH)σH/(tFσF + tHσH), where tF (tH) and σF (σH) are the thickness and 
conductivity of the FM (HM) layer, respectively. For the most common 
FM metal (Co, Ni, Fe) and HM (Pt, Ta, Ir) materials, the conductivity 
varies from 10 to 20 (μΩm)

− 1. For simplicity, we set σF ≈ σH thus jF =

jH = ja. The charge current component (jH) in HM substrate will induce 
a spin current into the FM layer which is polarized in the direction of 
“mp ≡ n× eρ”, hence generate the SOT. On the other hand, in the global 
Cartesian coordinate system, the unit vector of magnetization in the FM 
layer can be fully described by its polar angle θ and azimuthal angle ϕ, as 
shown in Fig. 1. The resulting local spherical coordinate system is 
denoted as (em ≡ m, eθ, eϕ). Then mp can be decomposed as 

mp = pmem + pθeθ + pϕeϕ. (5)  

Base on all these preparations, the Lagrangian density L and dissipation 
functional density F of this magnetic system are expressed as 

L

μ0M2
s
= −

cosθ
γMs

∂ϕ
∂t

−
BJϕ
γMs

∂(cosθ)
∂ρ +

HFL

Ms
pm −

E 0

μ0M2
s
, (6)  

and 

F

μ0M2
s
=

α
2γMs

{[
∂
∂t
−

βBJ

α
∂
∂ρ

]

m
}2

−
HADL

Ms

(
m × mp

)
⋅
∂m
∂t

, (7)  

in which γ = μ0γe with γe being the electron gyromagnetic ratio, BJ =

μBPja/(eMs) with e, μB being respectively the absolute value of electron 
charge and Bohr magneton, P is the spin polarization of jF, α is the 
Gilbert damping constant, β is the dimensionless coefficient describing 
the relative strength of the nonadiabatic STT over the adiabatic one, at 
last HFL and HADL denotes the strength of field-like (FL) and anti- 
damping-like (ADL) SOT, respectively. 

The dynamics of magnetization in the central FM layers of MHs is 
then described by the Lagrangian-Rayleigh equation 

d
dt

(
δL

δẊ

)

−
δL

δX
+

δF

δX
= 0, (8)  

in which X is any related local or collective coordinate. In particular, 
when X = θ and ϕ (the most common local coordinates), the resulting 
two equations can be combined to recover the familiar Landau-Lifshitz- 
Gilbert equation 

∂m
∂t

= − γm × Heff + αm ×
∂m
∂t

+TSTT +TSOT, (9)  

where Heff = − (μ0Ms)
− 1δE 0/δm, and 

TSTT = BJ
∂m
∂ρ − βBJm ×

∂m
∂ρ , (10)  

as well as 

TSOT = − γHFLm × mp − γHADLm ×
(
m × mp

)
. (11)  

However, θ(ρ, t) and ϕ(ρ, t) vary from point to point, hence generating a 
huge number of degrees of freedom. To obtain collective behaviors of 
magnetization system, LB-CCMs are adopted which need preset ansatz. 
In the beginning of next section, we will define adequate ansatz for to
pologically nontrivial 360DWs and introduce several typical trial pro
files which contain reasonable collective coordinates. Based on them, a 
set of dynamical equations can be obtained, which lays the foundation of 
our work in this paper. 

3. Results 

3.1. Adequate ansatz for topologically nontrivial 360DWs 

As we mentioned above, earlier studies confirm that in Q1D MHs if 
the long-range component of magnetostatics is neglected, then an 
external field along the easy axis is crucial for forming a 360DW. 
Accordingly, an analytical profile of static 360DWs has been provided 
based on the requirement that at equilibrium the eθ component of Heff 

disappears [35]. In this solution the azimuthal angle takes a fixed value 
while the polar angle changes monotonously from 0 to π as ρ runs from 
one end of MH to the wall center and then decreases back to 0 as ρ goes 
further to the other end. This nonmonotonic behavior comes from the 
consideration that polar angles are defined in spherical coordinate sys
tem thus can not exceed π. However, we would like to point out that: a 
360DW defined like this must be a topologically trivial one. In PMA (IPMA) 
systems, this corresponds to a “↑→↓→↑” (“→↑←↑→”) type wall which 
first rotates half a circle and then returns back, thus leading to W 1D = 0. 

One possible remedy is to add a fixed value π to the azimuthal angle 
when the polar angle crosses the South Pole. In principle this new set of 
polar and azimuthal angles is indeed the real spherical coordinates that 
realizes a topologically nontrivial “↑→↓←↑” (“→↑←↓→”) type wall for 
PMA (IPMA) systems, however it will artificially bring a discontinuity in 
exchange energy. For the convenience of comparisons below, we denote 
them as ϑreal and φreal. To remove the artificial discontinuity, we propose 
a monotonically increasing “0 to 2π” polar angle profile meanwhile keep 
the azimuthal angle a constant value which are defined as ϑansatz and 
φansatz. We focus on the “π to 2π” part since this is the main region where 
differences occur. Obviously, we have 

ϑreal = 2π − ϑansatz, φreal = φansatz + π, (12)  

and they lead to the same magnetization components as follows 

real spherical ansatz
mx : sinϑrealcosφreal ≡ sinϑansatzcosφansatz
my : sinϑrealsinφreal ≡ sinϑansatzsinφansatz
mz : cosϑreal ≡ cosϑansatz.

(13)  

In addition, the polar and azimuthal profiles in our proposal are not 
bothered by discontinuities in continuous Heisenberg exchange inter
action, meanwhile provide W 1D = + 1. Based on these facts, we 
conclude that a wall profile with a monotonically increasing “0 to 2π” 
polar angle and a constant azimuthal angle should be an adequate ansatz 
for 360DWs. 

In this work, we use three trial profiles of 360DWs to explore their 
chirality preference and current-driven dynamics. The first one is 
inspired by the work of Muratov in 2008 [35], but has been generalized 
to [0,2π) as we proposed above. By introducing the “traveling coordi
nate” ξ ≡

ρ− q(t)
Δ(t) where q(t) and Δ(t) are respectively the center position 

and width of the 360DW, it can be written as 
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ϑ = 2cot− 1

[ ̅̅̅̅̅̅̅̅̅̅̅
h

1 + h

√

sinh
(
−

̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
ξ
)
]

, ϕ(r, t) = φ(t), (14)  

in which h ≡ Hz
kEMs 

and the “cot− 1” function takes the range of 0 to π. Note 
that Eq. (14) is accurate in the absence of driving current. When in-plane 
currents are applied, this solution becomes an approximation since it 
may not hold everywhere but it does grasp the main features of 
dynamical 360DWs. In particular, Eq. (14) clearly ascertains the 
conclusion that in the absence of external magnetic fields along the easy 
axis (i.e. h = 0), ϑ keeps a constant value thus 360DWs disappear. Also, 
we have two other options. The second trial profile is directly general
ized from the Walker ansatz, which reads 

ϑ = 4tan− 1eξ, ϕ(r, t) = φ(t), (15)  

and the third one is 

ϑ =
2π

1 + e− ξ, ϕ(r, t) = φ(t). (16)  

Obviously, the latter two do not depend on h, thus can not be rigorous 
even in the absence of driving currents. However, due to their mathe
matical simplicity, they can be used as references. In particular when 
h = 1 (h = π2/16), dϑ/dξ at ξ = 0 in Eq. (14) coincides with that of Eq. 
(15) [Eq. (16)]. The corresponding ϑ profiles are plotted in Fig. 2. Also, 
curves with h = 0.1 and h = 5 have been appended to illustrate the 
dependence of polar angle profile in Eq. (14) on h: as h increases the 
effective width [not the parameter Δ(t)] of 360DW is compressed. In 
addition, for a compact 360DW (under large h), the only inflection point 
locates at the wall center. While for small enough h (for example, “h =

0.1” case) where the 360DW begins to decompose into two 180DWs, the 
number of inflection points increases to three, which are: the first 
180DW center, the boundary point of two 180DWs and the second 
180DW center. This transition tells us that the weaker the external field, 
the more obvious the tendency of a 360DW to split into two 180DWs. 

3.2. Dynamical equations 

In all three trial profiles, the wall center position q(t), tilting angle 
φ(t) and wall width Δ(t) are the three collective coordinates. In Eq. (8), 
by letting X take q(t),φ(t),Δ(t) successively, and integrating over the 
long axis of MHs (i.e. 

∫+∞
− ∞ dρ), a set of dynamical equations can be ob

tained and expressed in a unified form for both PMA and IPMA systems: 

0 = (αq̇ + βBJ) −
2π
I1

γHADLΔ⋅f (φ), (17a)  

0 =
α

γMs
φ̇+ kHsinφcosφ +

I2

I3

1
γMs

Δ̇
Δ

+
2π
I3

Di

μ0M2
s Δ

df (φ)
dφ

, (17b)  

αI4

γMs

Δ̇
Δ

=
I2

γMs
φ̇ −

(
kE + kHsin2φ

)
I5 − kEI2h+ λ

l2
0

Δ2, (17c)  

where an overdot means ∂/∂t and l0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A/(μ0M2
s )

√

. For PMA systems 
f(φ) = cosφ while for IPMA systems f(φ) = − sinφ. The five integrals (I1 
to I5) are defined in a general way without depending on the specific 
form of trial profiles (see the first column of Table 1). Their values and 
the parameter λ under each profile have been listed in the last three 
columns of Table 1. We also plot them in Fig. 3 as functions of h to show 
their evolution as h increases. 

Eqs. ((17a–c)) are the starting point for our investigations on 
chirality and current-driven dynamics of 360DWs in Q1D MHs. Before 
explicitly solving it, we would like to discuss its qualitative properties 
first. In the dynamical equations for 180DWs, the iDMI, FL-SOT and 
ADL-SOT are all present. However in Eq. (17a–c), the FL-SOT disap
pears. This can be understood based on the mathematical form of SOTs 
in Eq. (11). The main difference lies in the fact that the FL-term is linear 
to the magnetization m while the ADL-term is quadratic (thus is 
nonlinear). When integrating over the whole strip, the constant 
“ − γHFLmp” factor can be brought up, leaving “m” to be integrated over a 
full circle thus canceled out. However, this procedure fails for the ADL- 
term since the constant “ − γHADLmp” factor can not be brought up there. 
This explains the presence (absence) of HADL (HFL) in Eq. (17a–c). 
Similar analysis can be made to explain the presence of both HADL and 
HFL in 180DW case. Furthermore, a general rule can be summarized as 
follows: When dealing with current-driven dynamical equations of magnetic 
domain walls, only for “2nπ” walls HFL disappears; otherwise HADL and HFL 

coexist. 

3.3. iDMI-induced chirality for static 360DWs 

By choosing the easy-axis-oriented single-domain state as reference, 
then integrating over the entire Q1D MH, the “renormalized magnetic 
energy” Ere

0 of the central FM layer reads 

Ere
0

μ0M2
s S

=
I1

2
l2
0

Δ
+

[
I3

2
(
kE + kHsin2φ

)
+ kEI2h

]

Δ+
2πDif (φ)

μ0M2
s

, (18)  

where S is the cross section of the central FM layer. Combing with Eq. 
(17a–c) for ja = 0 (thus HADL = 0 and BJ = 0), the chirality preference of 
static 360DWs can be analyzed. 

3.3.1. iDMI is absent 
First we review the simplest case where the iDMI is absent (Di = 0). 

Physically this corresponds to MHs with normal substrates. Then the 
dynamical equations, as well as the renormalized magnetic energy for 
PMA and IPMA systems are the same. Since HADL = 0 and BJ = 0, Eq. 
(17a) provides q̇ = 0 meaning that the 360DW keeps static. A static wall 
also requires that φ̇ = 0 and Δ̇ = 0. Putting them into Eq. (17b), one has 
sin2φ = 0 which means φ = nπ

2 . However, Eq. (18) clearly tells us that 
only φ = nπ (i.e. sinφ = 0) minimizes Ere

0 . Therefore, in the absence of 
iDMI, 360DWs should be Néel type, but have no chirality preference. At 
last, Eq. (17c) provides the static wall width Δ0 as 

Δ0 =
l0
̅̅̅̅̅
kE

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ

I2h + I5

√

. (19)  

Note that Δ0 should not be obtained from the direct minimization of the 
first two terms in Eq. (18) since the result may not satisfy the dynamical 

Fig. 2. Trial polar angle profiles in Eq. (14) - Eq. (16). Four solid curves are 
those from Eq. (14) with different h, while the magenta (blue) dashed curve 
shows Eq. (15) [Eq. (16)]. 
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equations. This argument also holds when iDMI appears. 

3.3.2. PMA systems with iDMI 
For PMA systems, f(φ) = cosφ. The combination of Eq. (17b) and and 

the static requirement (φ̇ = 0 and Δ̇ = 0) leads to 
⎧
⎪⎨

⎪⎩

case(a) : sinφ = 0 or

case(b) : cosφ =
2πDi

kHI3μ0M2
s Δ

(20)  

To determine which solution provides the real tilting angle, we must 
compare the corresponding “renormalized magnetic energy” in Eq. (18). 
For case (a), sinφ = 0 ⇔ φ = nπ. However, the existence of iDMI [the last 
term in Eq. (18)] breaks the twofold degeneracy of Ere

0 upon azimuthal 
angle. To minimize Ere

0 , one must have 

cosφ = − sgn(Di), (21)  

where “sgn” denotes the sign function. Correspondingly in this case the 
renormalized magnetic energy becomes 
(
Ere

0

)

a

μ0M2
s S

=
I1

2
l2
0

Δ
+ kE

(
I3

2
+ I2h

)

Δ −
2π|Di|

μ0M2
s
. (22)  

For case (b), direct calculation yields 
(
Ere

0

)

b

μ0M2
s S

=
I1

2
l2
0

Δ
+ kE

(
I3

2
+ I2h

)

Δ+

[
(2πDi)

2

2kHI3
(
μ0M2

s

)2Δ
+

I3

2
kHΔ

]

. (23)  

Obviously for any positive Δ, we always have 
(
Ere

0
)

a <
(
Ere

0
)

b. Therefore 
for PMA systems, Eq. (21) provides the real azimuthal angle of 360DWs, 
which presents definite chirality uniquely determined by iDMI. This can 
be understood more intuitively from the perspective of effective fields. 
For PMA systems, the iDMI energy density in Eq. (3) leads to the 
following effective field 

HiDMI = −
1
μ0

δE iDMI

δM
= −

2Di

μ0Ms

[(
∂mx

∂x

)

ez −

(
∂mz

∂x

)

ex

]

. (24)  

Clearly the x-component leads to the chirality of 360DWs. 
At last, by putting Eq. (21) into Eq. (17c), the static wall width is 

found to be the same as that in Eq. (19). For the first trial profile [see Eq. 
(14)], I2, I5 and λ are all functions of h. One can easily check that 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ/(I2h + I5)

√
= 1, which means that Δ0 is independent on h. This is 

reasonable since in this profile Δ and h are independent variables. While 
for the other two profiles, I2, I5 and λ are constants. Then the wall width 
will be compressed when an external field in the easy axis appears, 
which is also reasonable since h is absent in these two. 

Table 1 
Summary of parameters in Eq. (17a–c): definitions and values based on the three trial profiles in Eqs. (14)–(16). First to fifth rows: Integrals I1 to I5. Last row: Parameter 
λ.  

Parameter: Definition Value on Eq. (14) Value on Eq. (15) Value on Eq. (16) 

I1:  Δ
∫ 2π

0
∂ϑ
∂ρ dϑ  4

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
+ 2hln

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
+ 1

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
− 1  

8 2
3

π2  

I2:  ∫ 2π
0 sinϑ( − ξ)dϑ  2ln

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
+ 1

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
− 1  

4 2
∫ 2π

0
1 − cost

t
dt ≈ 4.8753  

I3:  1
Δ

∫ 2π

0

sin2ϑ
∂ϑ/∂ρ dϑ  4

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
− 2hln

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
+ 1

̅̅̅̅̅̅̅̅̅̅̅̅
1 + h

√
− 1  

8
3  

∫ 4π
0

1 − cost
t

dt ≈ 3.1144  

I4:  Δ
∫ 2π

0
∂ϑ
∂ρξ2dϑ  8h

(1 + h)3/2

∫ +∞

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + x2

√ (
sinh− 1x

)2

(

1 +
h

1 + h
x2
)2 dx  

2
3

π2  
(2π)2 ∫+∞

0
x(lnx)2

(1 + x)4
dx ≈ 8.4870  

I5:  ∫ 2π
0 sinϑcosϑ( − ξ)dϑ  I3

2  
λ:   I1 − hI2 − I5  I1 − I2  I1

2   

Fig. 3. Evolution of I1,2,3,4 and λ as h increases for Eq. (14) - Eq. (16). Note that 
I5 is omitted since it is always half of I3. 
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3.3.3. IPMA systems with iDMI 
For IPMA systems, parallel discussions can be performed. For brev

ity, we only list the main results here. Since f(φ) = − sinφ, the static 
condition then provides 
⎧
⎪⎨

⎪⎩

case (a′) : cosφ = 0 or

case (b′) : sinφ =
2πDi

kHI3μ0M2
s Δ

(25)  

For case (a’), the iDMi-induced chirality selects sinφ = sgn(Di). However 
after simple calculation, it is easy to find that the renormalized magnetic 
energy in case (b’) is lower than that in case (a’). Therefore the correct 
static azimuthal angle for IPMA systems should be the one in case (b’). 
Also, the wall acquires definite chirality determined by the iDMI. 

Again, putting the result in case (b’) back into Eq. (17c), the static 
wall width for IPMA systems is 

Δ′
0 =

l0
̅̅̅̅̅
kE

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ

I2h + I5

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
kHI5

λ

(
2πDi

kHI3μ0M2
s l0

)2
√

. (26)  

Compared with that in PMA case [see Eq. (19)], a quadratic correction 
term of Di appears. For the second and third trial profiles, it does not 
change the dependence trend of wall width on h. However, for the first 
profile a problem emerges since now Δ depends on h. This means that in 
IPMA systems, Eq. (14) is not as good as it is in PMA systems. The reason 
lies in the fact that in IPMA systems the hard axis is along y-axis (rather 
than x-axis) since it is the thinnest direction of the strip thus has the 
largest demagnetization factor. Despite this, Eq. (14) does grasp the 
main features of 360DWs in IPMA systems and should be a good ansatz 
to explore their statics and dynamics. 

3.4. Current-driven 360DW dynamics 

When in-plane currents are applied, 360DWs will be driven to 
propagate along the long axis of MHs. Generally, in Eq. (17a) the pres
ence of “HADL” term will change the wall’s mobility from the pure STT- 
driven result by means of f(φ). To acquire the time-evolution of φ, Eqs. 
(17ab) and (17c) provide 

d(2φ + κ)
Γ − 4πDi

kH I3μ0M2
s Δ

df (φ)
dφ − sin(2φ + κ)

= χdt, (27)  

with 

κ = arctan
I2I5

αI3I4
,

Γ =
2I2

αkHI3I4

[
I5kH

2
+ kE(I2h + I5) − λ

l2
0

Δ2

]

,

χ = kHγMs

[

α +
(I2)

2

αI3I4

]− 1

> 0.

(28)  

This is the fundamental equation when dealing with current-driven 
360DW dynamics. 

3.4.1. iDMI is absent 
First we consider the simplest case where the iDMI is absent (Di =

0), which corresponds to a 360DW residing in a MH with a normal 
substrate. Note that at this moment the SOT is also absent. Now Eq. (27) 
can be directly integrated out and the result depends on the value of Γ. 

When |Γ| < 1, 

tan
(

φ +
κ
2

)
=

1
Γ
−

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − Γ2

√

Γ
C1e

̅̅̅̅̅̅̅̅
1− Γ2

√
χt + 1

C1e
̅̅̅̅̅̅̅̅
1− Γ2

√
χt − 1

, (29)  

with 

C1 =
Γtan

(
φ0 +

κ
2

)
− 1 −

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − Γ2

√

Γtan
(

φ0 +
κ
2

)
− 1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − Γ2

√ ,

and φ = φ0 at t = 0. Obviously when t→+∞ the azimuthal angle ap
proaches the following value 

φ∞ = arctan

(
1
Γ
−

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − Γ2

√

Γ

)

−
κ
2
. (30)  

This means that in this case the 360DW will eventually fall into the 
“steady-flow” mode. By letting φ̇ = 0 and Δ̇ = 0, we know that the wall 
propagates with a constant velocity − βBJ/α and a fixed width 

Δ(φ∞) =
l0
̅̅̅̅̅
kE

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ

I2h + I5 + (kH/kE)I5sin2φ∞

√

. (31)  

When |Γ| > 1, 

φ = arctan

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅
Γ2 − 1

√

Γ
tan

( ̅̅̅̅̅̅̅̅̅̅̅̅̅
Γ2 − 1

√

2
χt + C2

)

+
1
Γ

]

−
κ
2
, (32)  

with 

C2 = arctan
Γtan

(
φ0 +

κ
2

)
− 1

̅̅̅̅̅̅̅̅̅̅̅̅̅
Γ2 − 1

√ .

Now the azimutial angle rotates periodically with the period 

T0 =
4π

χ
̅̅̅̅̅̅̅̅̅̅̅̅̅
Γ2 − 1

√ , (33)  

which means that the 360DW takes a “precessional-flow” mode with the 
same constant velocity − βBJ/α and a periodically changing width. 

It is worth noting that for a certain 360DW as the current density 
increases the wall always takes a specific mode (either steady-flow or 
precessional-flow) rather than going through a process of mode change, 
which is quite different from the commonly studies 180DWs. This is the 
direct consequence of the “full-circle” topology that 360DWs hold. To 
understand this phenomena, the most intuitive way is to check the in
tegrated torques from external driving currents in eφ-direction, which is 
perpendicular to the φ-plane. For a 180DW, due to the half-circle to
pology of magnetization rotation across the wall, the residual STT and 
SOT are both nonzero. The balance between theses current-induced 
torques with that from internal anisotropy (“kHsin2φ” term) results in 
the “Walker limit”, which separates the steady and precessional flows of 
180DWs. However, for 360DWs the “full-circle” topology leads to the 
complete elimination of integrated STT and SOT (half-circle positive and 
half-circle negative), leaving only those from internal anisotropy and 
iDMI in eφ-direction. Therefore the “Walker breakdown” phenomena is 
absent for 360DWs, and only the internal magnetic parameters deter
mine which mode the 360DW will fall into. This is similar to the elim
ination of skyrmion Hall effect [64,65] from current-induced Magnus 
force in antiferromagnetic (AFM) skyrmions [66,67], which are 
composed of two FM skyrmions and coupled by strong AFM exchange. 
However, for our 360DWs in narrow MHs the inter-180DW coupling is 
much weaker, thus leads to the instability of 360DWs under not- 
too–high current densities. At last, interestingly both modes share the 
same wall mobility which is equal to that in steady-flow mode of 
180DWs. This explains nearly all existing numerical observations before 
360DWs change to other magnetic solitons (for example vortices) under 
relatively high currents [55,60,61]. 

Furthermore, we provide the sufficient but non-necessary condition 
for the steady flow of 360DWs. Under the presupposition |Γ| < 1, by 
putting the wall width [see Eq. (31)] back into the definition of Γ [see 
Eq. (28)], we obtain 

M. Li and J. Lu                                                                                                                                                                                                                                  



Journal of Magnetism and Magnetic Materials 525 (2021) 167684

7

Γ =
I2I5

αI3I4
cos2φ∞. (34)  

Thus the sufficient but non-necessary condition for |Γ| < 1 should be 
I2I5/(αI3I4) < 1, which corresponds to α > αc ≡ I2I5/(I3I4). For the sec
ond and third trial profiles, one has αc = 3/π2 ≈ 0.304 and αc = 0.287, 
respectively. While for the first profile, αc is the function of h. We have 
plotted their dependence on h in Fig. 4. One can clear see that for all 
three cases αc has an upper limit 3/π2 even when h increases to 5 which 
is a quite high value in real experiments. In many MHs, existing mea
surements show that the effective damping in FM strips is enhanced 
from 0.001–0.01 to 0.3–0.9 [68,69]. This guarantees that experimen
tally steady-flows of 360DWs should be quite common. As for preces
sional flow, since the explicit form of wall width is hard to obtain, thus it 
is difficult to obtain the definite range of its existence. However, from 
the above discussion we can reasonably infer that for sufficient small α, 
360DWs precess. This prediction needs to be verified by future experi
ments and numerical simulations. 

At last we would like to qualitatively explain why large enough 
damping leads to steady-flow mode of 360DWs. The DW motion process 
in narrow MHs can be simplified as follows: external stimuli (by means 
of various torques) first rotate the wall’s φ-plane a little bit, then 
damping process reorientates the magnetization distribution within the 
φ-plane (thus dissipates extra magnetic energy, leading to DW motion 
along strip axis) and meantime tends to bring the φ-plane back, and so 
on so forth. Suppose at some moment the wall’s φ-plane is at an 
instantaneous and local energy minima. Although it is pushed away a 
little bit by external torques, large enough damping can quickly pull the 
φ-plane back to the original potential valley thus hold the DW to “swing” 
a little around the equilibrium tilting plane, which is indeed the steady 
flow mode. If the damping is too weak, the φ-plane is not yet able to be 
pulled back to its original potential valley by damping and continues to 
rotate further apart, therefore results in the precessional flow. In fact, 
this rough but vivid argument also applies to 180DWs where “Walker 
breakdown” can happen: for a given damping strength, if the external 
driving fields or currents are low enough, their rotation tendency to the 
φ-plane can be eliminated easily by damping. However, when they are 
stronger than a certain critical value (Walker limit), damping cannot 
match thus precession begins. 

3.4.2. iDMI and ADL-SOT are present 
Next we study the effects of iDMI and ADL-SOT on the current-driven 

dynamics of 360DWs in Q1D MHs with HM substrates. In the presence of 
iDMI, in principle the azimuthal angle φ can not be integrated out 
explicitly from Eq. (27). Recently a phase diagram has been drawn to 
show how the types of solutions are determined by the DMI and the 
anisotropic parameters [70]. However in real MHs, generally the iDMI is 

weaker than other magnetic interactions, thus can be reasonably viewed 
as a small quantity. Depending on the value of Γ, different approximate 
treatments will be used. 

When |Γ| < 1 or under the stronger condition α > αc, at the lowest 
level of approximation the 360DW should eventually propagate like a 
rigid body with the finial azimtuhal angle φ∞, width Δ(φ∞) and velocity 

q̇ = −
β
αBJ +

2π
αI1

γHADLΔ(φ∞)⋅f (φ∞). (35)  

Obviously, the wall mobility is modified by the second term. However 
the effect of iDMI is totally submerged since it has been dropped when 
obtaining φ∞. Note that the form of Δ(φ∞) in Eq. (31) is not affected by 
this dropping. 

When |Γ| > 1, the 360DW precesses. In this case for a physical 
quantity O, its time average 

〈O〉 ≡
1
T

∫ T

0
X(t)dt =

1
T

∫ 2π

0

X
φ̇

dφ (36)  

corresponds to experimental observables, where T is the precession 
period. Under the assumption of small iDMI, we calculate the time- 
averaged wall velocity 〈q̇〉. First the period T is replaced by T0 in Eq. 
(33). Then the approximation (1 − x)− 1

≈ 1+x+x2 for |x| < 1 is used to 
simplify 1/φ̇ in Eq. (27) hence the integral in Eq. (36) can be calculated. 
After standard algebra, we have 

〈q̇〉 = −
β
αBJ − η

̅̅̅̅̅̅̅̅̅̅̅̅̅
Γ2 − 1

√

Γ3 γHADL
Di

μ0M2
s

4π2cosκ
αkHI1I3

, (37)  

where η =+1 ( − 1) for PMA (IPMA) systems. Clearly, Eq. (37) provides 
the effects of both ADL-SOT and iDMI on the wall velocity in preces
sional flows. 

4. Discussions 

First, one should note that the premise of all our analytical results is 
the existence of 360DWs. The constant mobility (whether adjusted by 
iDMI and SOT or not) upon current increase is the direct manifestation 
of the wall’s “full-circle” topology. On the other hand, 360DWs have 
lower stability than 180DWs since they are bonded from two 180DWs by 
relatively weak magnetostatics or Zeeman interaction. Under not- 
too–high currents, the FL-SOT, which lies out of the φ-plane of a 360DW 
and points oppositely on the two constituent 180DWs, should twist the 
wall’s φ-plane and leads to instability of the entire 360DW. In addition, 
the even stronger external stimuli would destroy thoroughly the 360DW 
profiles, thereby greatly change the mobility of domain walls (not 
360DWs any more). This explains the huge reduction of 360DW mobility 
under relatively high currents in existing numerics [55,60,61]. Another 
interesting departure from ideal 360DW profile happens in hetero
structures composed of numerous repeats of “heavy-metal (H)/magnetic 
(M)/symmetry breaking (S)” structure [71]. 360DWs therein would 
show different behaviors with what we have proposed here in a single 
H/M/S repeat (for example, the reappearance of Walker breakdown, 
etc.). The main reason is the “magnetostatically induced chirality twists 
along the structure normal”, as well as the effective field component of 
iDMI along the same direction. 

Second, our analytics presented here is based on “0 to 2π” monotonic 
profiles of polar angle. If ϑ is no longer monotonic but its overall change 
across the wall region keeps 2π (W 1D =+1 still holds), then the results 
will be unchanged. In addition, for a 360DW with W 1D = − 1 mathe
matically its profile can be transfer to that with W 1D = + 1, except for 
an increase by π in the azimuthal angle. The following procedure is 
similar to what we have presented in the main text and will not provide 
new physics, so we won’t repeat it. On the other hand, we should admit 
that our LB-CCM has lost some details about magnetization dynamics, 
especially some internal “soft” modes that the three collective 

Fig. 4. Dependence of αc on h based on Eq. (14) - Eq. (16).  
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coordinates (q,φ,Δ) can not describe. The most common remedy is to 
introduce more collective coordinates. For 360DWs, the relative tilting 
angle of the two constituent 180DWs (δφ = φleft − φright) is an interesting 
extra collective coordinate. It should be of importance since the coupling 
between the two constituent 180DWs is the relatively weak magneto
static interaction thus under not-too–high current densities φleft and φright 

should be driven by FL-SOT to differ a little bit either permanently or 
cyclically. The former should induce a distortion from our simple ansatz 
and the latter would generate low-energy excitation of spin waves. 
However, the direct inclusion of a constant δφ (i.e. step-like φ-distri
bution across 360DWs) would induce a discontinuity at the 360DW 
center. Alternatively, one may propose a continuous twisted φ-distri
bution, but this would greatly complicate the analytics thus beyond the 
scope of this work. 

At last, 1D 360DWs in narrow MHs under investigation here look 
similar to the 1D DW skyrmions which are internal topological structure 
of DWs in wide MHs with PMA [72]. Both magnetic solitons carry 
integer 1D topological charges (W 1D = ±1) and definite chirality 
determined by iDMI, however they are different in the following aspects: 
(i) 1D DW skyrmions evolve from internal DW defects (i.e. vertical Bloch 
lines) in wide MHs with PMA while 360DWs originate from the com
bination of two 180DWs in not-too-wide MHs; (ii) iDMI is crucial for the 
formation and stabilization of 1D DW skyrmions, however stable 1D 
360DWs can exist without iDMI but need an external magnetic field 
along easy axis; (iii) the corresponding analytical profiles of these two 
are then different: the former depends on the iDMI parameter, while the 
latter relies on the magnetic field strength; (iv) 1D DW skyrmions 
(360DWs) move along the transverse (longitudinal) direction of wide 
(narrow) MHs with PMA, thus the current-driven results here may 
provide insights for exploring dynamical behaviors of 1D DW skyrmions 
under external stimuli. On the other hand, 1D 360DWs are also closely 
related to higher dimensional magnetic topological solitons. The ansatz 
for successful investigations on radius distributions for 2D Néel or Bloch 
skyrmions [73] as well as 3D hopfions [74] are all variations of our Eq. 
(14). This provides us further confidence that our ansatz is reasonable, 
meantime the resulting statics and dynamics are solid. 

5. Conclusion 

In this work, the topology, chirality and current-driven dynamics of 
360DWs in Q1D MHs are systematically investigated. On one hand, the 
iDMI uniquely select the chirality of static 360DWs. On the other hand, 
the “full-circle” topology of 360DWs makes them completely different 
from the traditional 180DWs. For 360DWs, effective fields which are 
linear to the magnetization have been fully canceled out and disappear 
in the dynamical equations. In particular, the full cancellation of torques 
from external currents in eφ-direction directly results in the absence of 
“Walker breakdown”-type process under increasing currents. In a 
certain MH, 360DWs will take either steady-flow or precessional-flow 
mode, depending on the strength of effective Gilbert damping con
stant therein. In MHs with normal substrates, the wall mobility of both 
modes are the same as that in the steady-flow mode of STT-driven 
propagation of 180DWs. While in MHs with HM substrates, the 
mobility will be modified by the ADL-SOT and iDMI. These results 
should deepen our understanding of topological solitons in low- 
dimensional magnetic systems, meanwhile provide necessary theoret
ical basis for expanding the application of 360DWs in the field of mag
netic nanodevices. 
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