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A new magneto-viscoelastic model is presented for anisotropic magnetorheological elastomers (MREs),
which combines the dynamic behaviour and magnetic permeability components. Five samples were syn-
thesised with different particle contents. Dynamic properties were measured using a rheometer equipped
with a magnetorheological cell. A four-parameter fractional derivative model was used to describe MRE
viscoelasticity in the absence of a magnetic field. The magnetic permeability of each sample was mea-
sured with a vibrating sample magnetometer. From experimental measurements of longitudinal and
transverse components of the magnetic permeability, the dependency with magnetic field was modelled.
The new magneto-induced modulus model proposed in this work is based on the model developed by
López-López et al. [19] for magnetorheological fluids, and was adapted for anisotropic MREs. The pro-
posed model includes the longitudinal and transverse components of magnetic permeability, and it is
valid for the linear viscoelastic region of anisotropic MREs. The errors between experimental values
and the values predicted by the model do not exceed 10%. Hence, a new linear magneto-viscoelastic
model for anisotropic MREs is developed, which predicts the effect of magnetic field on the dynamic
shear modulus as a function of magnetic field intensity and frequency.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

Magnetorheological elastomers (MRE) consist of ferromagnetic
particles embedded in an elastomeric matrix [1]. When an external
magnetic field is applied to these materials, their mechanical prop-
erties are modified; and they are referred to as smart materials.

The properties of MREs are completely dependent on the parti-
cle distribution, which is therefore considered an important char-
acteristic of MREs. Isotropic MRE samples are prepared by
vulcanisation without an external magnetic field; these samples
have a random particle distribution [2,3]. However, if an external
magnetic field is applied during the vulcanisation process, the par-
ticles are aligned in the direction of the magnetic field, and conse-
quently, particle chains or thicker chain aggregates are obtained;
these samples are called anisotropic MREs [4,5].

Dynamic properties of anisotropic MREs are dependent on the
matrix, particle content, and magnetic field. The predominant
behaviour is the viscoelasticity, owing to the nature of the main
component of these materials: silicone rubber or natural rubber
[6,7]. This behaviour has been modelled for MRE materials by com-
bining different elements such as dashpots and springs in different
configurations [8,9]. To obtain a better fit to experimental data,
more elements have been introduced by increasing the number
of fitting parameters [10].

The fractional derivative model can be used to decrease the
number of material parameters, and these parameters have a phys-
ical significance [11]. By using these advantages, the viscoelastic
behaviour of isotropic [7,12] and anisotropic [13,14] MREs have
recently been modelled using fractional derivative models.
Agirre-Olabide et al. [12] used four material parameters to simu-
late the viscoelastic behaviour of isotropic MREs, and Xu et al. [7]
combined a fractional Kelvin and Maxwell model in the parallel
configuration to develop a higher order model (seven material
parameters). Guo et al. [13] combined an Abel dashpot (fractional
derivative element) and a spring in a series configuration, while
Zhu et al. [14] employed a parallel configuration. Hence, three
material parameters were used to predict the viscoelastic beha-
viour of anisotropic MREs.

The effect of the magnetic field on the properties of anisotropic
MREs has been widely studied. Many models have assumed that
perfectly aligned chains are created during the vulcanisation pro-
cess. Jolly et al. [15,16] analysed the interaction of two particles
by using dipole–dipole moments, while Davis [17] and Shen
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Fig. 1. Sketch of the anisotropic MRE sample vulcanisation device.
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et al. [18] studied the interaction of each particle in the whole
chain of particles. Bica et al. [4] used a dipolar magnetic moment
approach and the ideal elastic body model.

López-López et al. [19] proposed a model for magnetorheologi-
cal fluids by introducing the influence of aggregates having a body
centered tetragonal (bct) internal structure (a more stable and
more realistic structure), and they combined numerical simula-
tions of the composite magnetic permeability with the analytical
model predicting the stress–strain relationship. For MREs, Leng
et al. [20] proposed an effective permeability model to estimate
the shear storage modulus, and Dong et al. [21] developed a theo-
retical model for chains composed of magnetic particles and nor-
mal pressure, based on the effective permeability calculated by
the Maxwell–Garnett mixing rule. Chen et al. [22] proposed a
finite-column model to simulate the field-induced shear modulus.

The magnetic permeability of materials can be measured by
using different techniques. De Vicente et al. [23] used a modified
force balance method to measure the magnetic permeability of car-
bonyl iron powder suspension. Bellucci et al. [24] used vibrating
sample magnetometry on a magnetic nanocomposite based on nat-
ural rubber. Schubert and Harrison [25] identified the permeability
of isotropic and anisotropic MREs using an inverse modelling
approach. Furthermore, they calculated the permeabilities of ani-
sotropic MREs in the particle alignment direction and perpendicu-
lar to the alignment direction. However, de Vicente et al. [23]
measured the permeability of carbonyl iron powder in a suspen-
sion and showed that the permeability decreases with the internal
magnetic field.

A few magneto-viscoelastic models have been developed by
coupling viscoelastic and magnetic interaction models. A classical
four parameter magneto-viscoelastic model has been proposed
by Li et al. [26], and all material parameters were fitted to experi-
mental data for each magnetic field density. The magneto-
viscoelastic behaviour using fractional derivatives has been mod-
elled for isotropic [27] and anisotropic [13,14] MREs. Agirre-
Olabide et al. [27] proposed a three-dimensional magneto-
viscoelastic model within the linear viscoelastic region for isotro-
pic MREs, by coupling a fractional-derivative-based viscoelastic
model with a magnetic-field-dependant model. Conversely, the
magneto-viscoelastic model proposed in [13,14] for anisotropic
MREs is composed of a serial configuration a fractional derivative
Maxwell model and a spring, which is dependent on the magnetic
field and is modelled assuming chain-like structures. The strain
amplitudes applied were 0.1% in [13] and 25% in [14], and the max-
imum magnetic field intensity was 300 mT.

In this work, we developed a new linear magneto-viscoelastic
model for anisotropic MREs based on the longitudinal and trans-
verse components of magnetic permeability. We modified the
model developed by López-López et al. [19] for magnetorheological
fluids, and we adapted it for anisotropic MREs. The new model
assumes bulk column-like aggregates in the MR samples, and cou-
pled it with the viscoelastic model. The viscoelastic model is based
in a four-parameter fractional derivative model. We studied the
influence of the magnetic field on the longitudinal and transverse
components of the magnetic permeability of anisotropic MREs.
We proposed a model to predict the evolution of the permeability
components as a function of the external magnetic field (100–
360 kA/m) and extend it for higher magnetic fields. The proposed
new linear magneto-viscoelastic model was validated with exper-
imental data, and can be extended to larger magnetic field and fre-
quency conditions.

2. Experimental

In this work, anisotropic magnetorheological elastomers were
synthesised using a room-temperature-vulcanising silicone rubber
and soft magnetic particles; five particle contents were analysed.
Two different characterisation techniques were performed; the
dynamic behaviour was measured using a rheometer equipped
with a magnetorheological device, and the magnetic properties
were measured using a vibrating sample magnetometer (VSM).
2.1. Preparation of anisotropic samples

In this study, we used two components based on room-
temperature-vulcanising vulcanised silicone rubber (RTV-SR): the
main matrix WACKER Elastosil� M 4644A and the vulcaniser
WACKER Elastosil� M 4644B mixed in a 10:1 ratio. The embedded
soft magnetic spherical particles were carbonyl iron particles HS
(BASF The Chemical Company, Germany) with a particle size of
1.25 ± 0.55 lm. Samples of five different particle volume fractions
were prepared: 0%, 5%, 10%, 15%, and 20%.

The main matrix (Elastosil� M 4644A) and particles were mixed
at the mentioned contents, and when a homogeneous mixture was
obtained, the vulcaniser (Elastosil� M 4644B) was added. Every
time a component was added, vacuum cycles for 30 min were
applied to remove air bubbles generated during the mixing. Finally,
the homogenous mixture was poured into a 1-mm-thick mould.

During the vulcanisation process, a magnetic field was applied
in the thickness direction to obtain a chain alignment of the parti-
cles in the direction perpendicular to the shear strain applied dur-
ing the rheometric experiments (Fig. 1). A magnetic field of a flux
density of 130 mT was applied using a pair of permanent magnets
placed on the both sides of the mould.

A Nova Nano SEM 450 scanning electron microscope (SEM) was
used to observe the particle alignment and distribution (Fig. 2). The
images were taken in a low vacuum condition with an acceleration
voltage of 18 kV.
2.2. Magnetorheology

The dynamic properties of anisotropic MRE were measured
using an Anton Paar Physica MCR 501 rheometer equipped with
a MRD 70/1T magnetorheological cell, and a parallel plate configu-
ration was used. To avoid slipping between the sample and plates,
one of the plates had a serrated surface (PP20/MRD/TI/P2); a nor-
mal compressive force of 5 N was applied to the sample in order
to increase the contact of the sample to the rheometer plates
[28]. The sample’s diameter and thickness were 20 mm and
1 mm, respectively. To check the reproducibility, three samples
were studied for each particle content.

The samples were subjected to torsional deformation generated
by a periodic oscillatory rotation of the upper rheometer plate. A
strain amplitude of 0.01% was used in the frequency sweep tests
to guarantee that all tests were performed in the linear viscoelastic



Fig. 2. SEM image of (a) 5%, (b) 10%, (c) 15%, and (d) 20% anisotropic RTV-SR MRE samples in low-vacuum conditions and with a voltage acceleration of 18 kV.
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(LVE) region [29,30]. The frequency range of 0.1–40 Hz was anal-
ysed and divided into two steps: the first one from 0.1 to 10 Hz,
and the second one from 10 to 40 Hz. In each step, 30 points were
measured, while the acquisition time was fixed to 5 s per point.
The temperature was controlled at 25 �C using the Julabo F-25
water-based heating/cooling system. Three magnetic field intensi-
ties were used: 0, 150, and 300 kA/m.

2.3. Vibrating sample magnetometer

The magnetostatic properties of the anisotropic MRE samples
were investigated using a vibrating sample magnetometer (VSM,
4500 EG&G Princeton Applied Research). This technique consists
of vibrating a sample at a frequency of 85 Hz in the direction per-
Fig. 3. VSM sketch for particles chains aligned in the (a) parallel a
pendicular to a permanent and nearly homogeneous external mag-
netic field (Fig. 3). When a magnetic sample is introduced, it is
magnetised and it consequently generates its own magnetic field
around the sample. Periodic vibrations of the sample produce peri-
odic variation of the magnetic field induced by the sample in the
laboratory reference frame related to fixed electromagnets.
According to Faraday’s induction law, this change produces an
electromotive force in the pick-up coils, which is measured and
directly related to the sample magnetization.

All measurements were performed at room temperature in the
field range of ± 360 kA/m. The aim of this characterisation was to
measure the magnetic susceptibility of the sample in the direction
parallel and perpendicular to the particle chains. For measure-
ments of the longitudinal magnetic permeability, a sample with
nd (b) perpendicular direction to the external magnetic field.



Table 1
Fitting parameters of a four-parameter fractional derivative model for the anisotropic
MRE samples and the R2 parameter.

G0 (MPa) C (MPa) s (s) [1 0 �7] a R2

0% 0.120 0.157 152.1 0.253 0.997
5% 0.121 0.198 95.23 0.229 0.971
10% 0.131 0.212 51.72 0.224 0.993
15% 0.138 0.379 5.919 0.180 0.965
20% 0.148 0.467 6.863 0.172 0.987
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the chains oriented along the electromagnet axis and having a
diameter of 3 mm and thickness of 1.08 ± 0.12 mm was used
(Fig. 3(a)). For measurements of the transverse magnetic perme-
ability, a sample with the chains oriented perpendicularly to the
electromagnet axis and having a rectangular shape with a length
of 10.48 ± 0.82 mm and thickness of 1 mm was used (Fig. 3(b)).
These samples were held in an Ø3 � 20 mm container. One mea-
surement was performed for each particle content.

From the VSM measurements, the longitudinal and transverse
magnetic permeability of each sample was calculated for external
fields from 100 to 360 kA/m.

3. Anisotropic MRE modelling

A four-parameter fractional derivative model was used, and the
material parameters were identified using the dynamic properties
measured by the rheometer. The influence of the magnetic field
was introduced by using an empirical magneto-viscoelastic model
[27] with the magnetic field contribution to the elastic modulus
calculated using a variation of the model developed by López-
López et al. [19] for magnetorheological fluids.

3.1. Fractional derivative model for MRE in the absence of the
magnetic field

The generalised Zener model in the frequency domain written
with fractional derivatives contains four parameters,

G� ¼ G0 þ ðG0 þ CÞðixsÞa
1þ ðixsÞa ¼ G0 þ CðixsÞa

1þ ðixsÞa ; ð1Þ

where G0 is the static elastic modulus, G1 = G0 + C is the high fre-
quency limit value of the dynamic modulus, s is the relaxation time,
and a is the fractional parameter [11,27], whose value varies
between 0 and 1.

This model is applied to MRE samples in the absence of the field.
In Fig. 4, experimental dynamic properties are shown as a function
of frequency, and the error does not exceed the 5%. All samples
show the same behaviour – both moduli increase with frequency
and particle content.

After fitting Eq. (1) to the experimental data of each sample
(Fig. 4), the four parameters of the fractional derivative model were
obtained (table 1). The fitting was done using the least square
method, and the minimised error was calculated for the shear com-
plex modulus. The R2 parameter is shown in order to evaluate the
accuracy of the fitting.
Fig. 4. Dynamic properties of anisotropic MRE samples as a function of frequency, (a) stor
correspond to the fitting of Eq. (1).
Fig. 4 shows the fitting and the experimental results. The fitting
is accurate for all contents in the studied frequency band. However,
the fitting is better for the storage modulus than for the loss mod-
ulus because the storage modulus is one order of magnitude higher
than the loss modulus, and consequently, its influence on the com-
plex modulus is larger. The larger mean relative error does not
exceed 0.5% for the storage modulus and 6% for the loss modulus.

3.2. Magnetic field effect

The dynamic properties of anisotropic MREs increase with mag-
netic field intensity (Fig. 5), and a larger increase was measured
with a larger magnetic field.

In this study, we assumed that the magnetic field only modifies
G0 and C parameters (Eq. (1)). Consistency of this assumption has
been proved in [27]. These parameters are supposed to depend
on the magnetic field density (H) and the volumetric particle con-
tent (u), as follows:

G0ðu;HÞ ¼ G0 þ DCðu;HÞ and Cðu;BÞ ¼ DCðu;HÞ; ð2Þ

where G0 and C corresponds to the fitting values of each particle
content (Table 1), and DC is the elastic modulus variation due to
the external magnetic field. The magnetic field (DC) and the vis-
coelastic model were coupled as follows:

G� ¼ ðG0 þ DCÞ þ ðC þ DCÞðixsÞa
1þ ðixsÞa : ð3Þ

The López-López et al. model [19] was used for magnetorheo-
logical fluids in order to introduce the influence of aggregates gen-
erated when an external magnetic field was applied. This model
assumes bulk-column-like aggregates in the MR sample extended
along the applied magnetic field – a more stable and more realistic
structure observed in experiments for both MR fluids and MRE.
Moreover, the model was analysed for a magnetic field intensity
age and (b) loss modulus. Experimental data are represented as points, and the lines



Fig. 5. Influence of the magnetic field on the MRE storage modulus for (a) 5% and (b) 15% anisotropic MRE samples as a function of frequency.
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of 18.5 kA/m and a volumetric particle content of 50%. The model is
based on the evaluation of the free energy of the sheared MR sam-
ple, and the shear stress r is related to the applied strain c, as
follows:

r ¼ l0H
2ðlk � l?Þ

c
ð1þ c2Þ

� 1
2
l0H

2 @lk
@c

� 1
1þ c2

þ @l?
@c

� c2

1þ c2

� �
þ 1
2
l0H

2ðlk � l?Þ

� c
1þ c2

ð4Þ

where H is the magnetic field intensity within the samples, and lk
and l\ are the longitudinal and transverse components of the mag-
netic permeability; the second term containing magnetic perme-
ability derivatives appears to be negligible at strong magnetic
fields used in our rheological experiments, so it is neglected. More-
over, MR fluids operate within a post-yield continuous shear or flow
regime, while MREs operate in the pre-yield region [31], which
means that the strain amplitudes applied to MREs are smaller. After
linearization of Eq. (4), the following expression was developed,

DC ¼ 3
2
l0

H0

lk

 !
lk � l?; ð5Þ

where DC is the increment of the zero-frequency storage modulus
due to internal magnetic field, H = H0 /lk, and H0 is the applied
Fig. 6. (a) Longitudinal and (b) transverse components of the magnetic permeability of a
correspond to the fitting.
external magnetic field. From the magnetization measurements
(Section 2.3), the influence of the magnetic field on the permeability
properties was studied. The longitudinal and transverse magnetic
permeability components decrease linearly with the external mag-
netic field (Fig. 6). The permeability is larger for high particle con-
tent and for lower magnetic fields, and the longitudinal one is
larger than the transverse one owing to the lower demagnetizing
effect in the sample with the aggregates oriented along the applied
field. Moreover, the magnetic permeability decrease is larger for the
longitudinal component and particle content. Therefore, we pro-
pose to use a linear equation (Eq. (6)) fitting for each component
and particle content, which are shown in Fig. 6, and the R2 was
higher than 0.963 for all the cases,

lllðH;/Þ ¼ �all;/ ðH � 100Þ þ lll;/

l?ðH;/Þ ¼ �a?;/ ðH � 100Þ þ l?;/

ð6Þ

where ak,u and a\,u are the slope values of permeability components
for each particle content, lk,u and l\,u are the permeability compo-
nents at 100 kA/m for each particle content, and H is in kA/m. As an
example, ak,5% corresponds to the slope of longitudinal component
of the 5% sample and l\,5% to the transverse component of the 5%
sample at 100Fig. 7 kA/m.

From Fig. 6, the longitudinal and transverse components of
magnetic permeability at 150 and 300 kA/m are substituted in
Eqs. (5) and (6), and introduced in (3). As can be seen in Fig. 7, after
including the modelling of magnetic permeability components, the
nisotropic MRE samples. Experimental data are represented as points, and the lines



Fig. 7. Influence of magnetic field for (a) 5% and (b) 15% anisotropic MRE samples as a function of frequency for the coupling of Eqs. (3), (5), and (6). 150 and 300 kA/m curves
are modelled using experimental data, and the 420 and 560 kA/m curves are the extension of the proposed model.

Fig. 8. Extension of the proposed new model in the frequency domain. Storage modulus of (a) 5% and (b) 15% anisotropic MRE samples.
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predicted behaviour is similar — the discrepancy does not exceed
8%.

Magnetic permeability components are modelled as a function
of external magnetic field, and consequently magnetic field higher
than experimental ones can be predicted. In Fig. 7, we extended the
model developed in this work for 420 and 560 kA/m. For low par-
ticle contents, the discrepancy is lower than 7% at high magnetic
fields, while at high magnetic field and particle contents, it does
not exceed 10%. Furthermore, the proposed model can also be
modelled in the frequency domain, as shown in Fig. 8, which does
not affect the error.
4. Conclusions

In this work, a new magneto-viscoelastic model is proposed for
anisotropic MREs within the lineal viscoelastic region, which can
be extended in the frequency and magnetic field domain. The
four-parameter fractional derivative viscoelastic model was suc-
cessfully fitted to experimental data of anisotropic MREs samples
in the absence of the applied field. The mean fitting errors does
not exceed the 1% for the storage modulus and 6% for the loss
modulus.

The viscoelastic model for anisotropic MREs was coupled with
the magneto-induced modulus model (based on the López-López
model). The proposed magnetic model was fed with the longitudi-
nal and transverse components of magnetic permeability of the
samples.

The longitudinal and transverse components of magnetic per-
meability of anisotropic MREs has been measured and modelled
in the magnetic field domain. The VSM measurements were per-
formed, and experimental data were introduced for the coupled
model. The model prediction was compared with rheological mea-
surements, and the discrepancy does not exceed the 7%. Both com-
ponents decrease with magnetic field, and the decreases are larger
with particle content and longitudinal component. Moreover, the
permeability values increase with particle content.

The new model can be extended in the magnetic field domain,
in order to overcome VSM limitations (maximum magnetic field
intensity of 360 kA/m). The model was extended for 420 and
560 kA/m fields, while the discrepancy is smaller than 10%.

Hence, a new magneto-viscoelastic model for anisotropic MREs
is proposed by coupling a four-parameter fractional derivative
model with the magnetic model, including the components of
magnetic permeability. Moreover, the model can be extended in
the frequency and magnetic field domain, which overcomes the
experimental limitations, 40 Hz and 360 kA/m.
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