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a b s t r a c t

We use dynamic susceptometry measurements to extract semiempirical temperature-dependent,

255–400 K, magnetic parameters that determine the behavior of single-core nanoparticles useful for

SQUID relaxometry in biomedical applications. Volume susceptibility measurements were made in 5 K

degree steps at nine frequencies in the 0.1–1000 Hz range, with a 0.2 mT amplitude probe field. The

saturation magnetization (Ms) and anisotropy energy density (K) derived from the fitting of theoretical

susceptibility to the measurements both increase with decreasing temperature; good agreement between

the parameter values derived separately from the real and imaginary components is obtained.

Characterization of the Néel relaxation time indicates that the conventional prefactor, 0.1 ns, is an

upper limit, strongly correlated with the anisotropy energy density. This prefactor decreases substantially

for lower temperatures as K increases. We find, using the values of the parameters determined from the

real part of the susceptibility measurements at 300 K, that SQUID relaxometry measurements of

relaxation and excitation curves on the same sample are well described.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Magnetic nanoparticles show much promise in labeling cancer
cells or other pathological structures, which may then be detected
by SQUID (Superconducting Quantum Interference Device) relaxo-
metry. The critical magnetic properties for this application are
relaxation times and spontaneous magnetization.

In order to label biological structures magnetically for detection
by SQUID relaxometry, the nanoparticles with their coatings of
specific antibodies must be undetectable when not firmly attached
to the target object; i.e., when the particles of interest are free to
reorient in their suspending fluid, they should have relaxation
times much shorter than the observation time; however, if rotation
of the nanocrystal is hindered by its attachment through antibody–
antigen interactions with the target structure, the relaxation time
can be comparable to the SQUID observation time, typically of the
order of a second [1]. In the former case, the relaxation time for
rotation in a fluid is very short for hydrodynamic radii typical of the
particles considered, rendering them invisible to the SQUID system.
ll rights reserved.
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.

In the latter case, when rotation of the crystal lattice of the particle
is hindered, the magnetic moment of the single domain nanocrys-
tal, typically a few hundred thousand Bohr magnetons in magne-
tite, reorients with characteristic relaxation times first discussed by
Néel [2]. The Néel time is of critical importance because its
exponential dependence on particle volume severely limits the
sizes of the particles that are suitable for SQUID relaxometry. As we
shall see below, the ‘‘SQUID window’’, the material-dependent size
range for which SQUIDs can sense decaying magnetism from
relaxing nanoparticles, is about only 2 nm wide centered on a
diameter of 26 nm at room temperature, for the magnetite particles
discussed here.

In our analysis we do not consider interactions among nano-
particles [3] although we modify the Langevin function to reflect
the disorienting effects of anisotropy with a random easy axis
distribution of an ensemble of fixed particles.

After briefly discussing the theoretical models, we compare the
fitting of our predictions to results of a susceptibility study of the
nanoparticle properties from 255 to 400 K. We then report
observations of these same particles under SQUID relaxometry,
at room temperature and three different magnetic field pulse
durations, comparing with predictions from the parameters deter-
mined from the dynamic susceptibility analysis. We shall use SI
units throughout.
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2. Material and methods

2.1. Nanoparticles

The nanoparticles discussed in this paper were supplied by
Ocean NanoTech (Springdale AR, USA), designated as Ocean SHP 30
lot DE4G. These magnetite particles were suspended in water with
an iron content measured by the phenanthroline assay to be
28.8 mg [Fe]/ml. 10 ml of suspension was pipetted onto a cotton
swab ‘‘Q Tip’’ (Unilever, Trumbull, CT, USA), and allowed to dry in
zero applied field. We assume the particles are firmly attached to
the cotton fibers so that the crystal lattices themselves cannot
rotate in response to an applied field. This cotton swab was our
primary sample for the measurements reported in this paper. Since
Fe3O4 is 0.7235 Fe by weight, we find the mass of magnetite
nanoparticles in the sample to be 398 mg. From TEM images (Tecnai
G2 F30 at 300 kV, FEI Corporation, Hillsboro, OR, USA), a distribu-
tion of Feret1 diameters of the particles was determined using the
program ImageJ (produced through an NIH grant and available on
the internet). The distribution peaked at 25 nm with a full width at
half maximum (FWHM) of 4 nm.

2.2. Susceptometry

We determined the induced magnetic moment of the Q Tip
sample at 9 frequencies and 30 temperatures, using an MPMS-7
SQUID magnetometer (Quantum Design, San Diego, CA, USA), with
a palladium reference sample for calibration. The software asso-
ciated with the apparatus presents the magnetic moment results in
emu (erg/G). These numbers are converted to volume susceptibility
in the emu system by dividing the magnetic moment by the
amplitude of the driving field (2 Oe) and by the total volume of the
magnetite, 7.56�10�5 cm3 (398 mg at a density of 5.24 g/cm3) in
the sample. We converted the resulting (dimensionless emu)
volume susceptibilities into (dimensionless rationalized MKS)
volume susceptibilities by multiplying the former by 4p.

2.3. SQUID relaxometry

The SQUID relaxometry measurement technique and the appa-
ratus used for the measurements reported here have been
described in detail elsewhere [4,5]. Briefly, the nanoparticle sample
is magnetized using an applied DC magnetic field pulse ranging
from 0 to 4 mT in amplitude and from 0.3 to 1.5 s in duration.
Beginning at 50 ms after the end of the field pulse, the decaying
sample magnetization is measured for 2 s using a 7-channel
SQUID array.
3. Theoretical model

3.1. Néel relaxation, anisotropy and field effects

Néel relaxation is principally governed by the coupling energy
of the collective electron spin with special directions in the crystal
lattice. This anisotropy energy can also have contributions from the
morphology of the nanoparticle such as shape and surface aniso-
tropy [6]. Configurational anisotropy has been studied in single and
pseudo-single domain grains of magnetite and the effects are
comparable to magnetocrystalline anisotropy [7]. In the treatment
below, we shall include, as is commonly done in this field, the
1 The Feret diameter is the largest caliper measurement that can be made on the

TEM image of the particle. A caliper measurement is the distance between two

parallel planes each just touching the surface of the object.
anisotropy energy density in a single parameter K (J/m3), and treat
magnetite as a uniaxial crystal, ignoring the fact that its magne-
tocrystalline anisotropy is triaxial (cubic) [8]. This approach to
understanding the particle is therefore semiempirical in an attempt
to restrict parameters to as few as possible for a reasonable
description of the magnetic behavior for biomedical applications.

The Néel relaxation time is affected by strength of the applied
magnetic field. We shall represent the relaxation time [5,9] in the
presence of an applied field by

tN ¼ t0 expðKvb=kTÞ, ð1Þ

where n is the particle volume, b¼(1�B/BK)a and BK¼2 K/Ms the
switching field. For the relaxometry data we use a¼3/2, consistent
with the theoretical work of Victora [10]. Ms, B, k and T are the
spontaneous magnetization (J/Tm2), applied field (Tesla), Boltz-
mann’s constant (1.38�10�23 J/K) and absolute temperature (K),
respectively. For susceptibility measurements (Section 4) the field-
reduction in time constant is negligible, but it must be taken into
account for relaxometry measurements (Section 5), which require
much higher fields (4 mT).

In our modeling, we leave t0, treated solely as a function of
temperature, to be fit with the susceptibility data (Section 4).

3.2. The modified Langevin function

The equilibrium polar angle y of alignment of a dipole with an
applied field is determined by the balance between the torque
exerted on the dipole by the field and the disorienting effect of
thermal fluctuations. When these two effects are the only agents
present, the average value of cosy is the Langevin function L [10].

However, when the dipole is a single domain nanoparticle, fixed
so the crystal cannot rotate, anisotropy can hinder alignment with
the external field. In this case the particle energy used in deriving
the Langevin function may be replaced by

U ¼�MsvBêb̂�Kvðên̂Þ2, ð2Þ

to form a distribution function including anisotropy [11,12], where
the unit vectors, ê, b̂ and n̂, denote the directions of the magnetic
moment, the applied field and the anisotropy axis, respectively,

WðêÞ ¼ expð�U=kTÞ=Z, ð3Þ

where Zðs,xÞ ¼
R

expð�U=kTÞdê, with s¼Kv/kT and x¼MsvB/kT.
The expectation value of orientation of the magnetic moment

with the applied field B is then given by

o êb̂4 ¼
Z

êb̂Wðs,xÞdê: ð4Þ

We shall refer to this expression as the ‘‘modified Langevin
function’’ for which, the Langevin function L is the limiting case
when s¼0.

The distribution function plays different roles in the suscept-
ibility and relaxometry measurements. The modified Langevin
function may be numerically computed using a formula derived
by Yasumori et al. [13] for an isotropic distribution of fixed
anisotropy axes. The ratio of the modified L to L, displayed in
Fig. 1 in a form useful in modeling our data, is consistent
numerically with Fig. 1 of Bentivegna et al. [14].

3.3. Dynamic susceptibility model

Raikher and Stepanov [12] have treated the theory of dynamic
susceptibility of nanoparticles; we refer the reader to their
discussion and insights, starting with the distribution function
WðêÞ defined above. In the susceptibility case, the alignment of the
particle’s magnetic moment with applied B can be treated as a
perturbation to its energy U (Eq. (2)). Their Eq. (40) gives the real
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and imaginary, linear, dynamic susceptibilities for hindered nano-
particles (assumed uniformly spherical of diameter D and volume n,
with randomly frozen anisotropy axes), leading in our case to

w0 ¼ m0

9kT
NM2

s

Z 1
0

3þ2ð1�S2Þðot10Þ
2

h i v2wðDÞdD

1þðot10Þ
2

ð5Þ

and

w00 ¼ m0

9kT
NM2

s

Z 1
0
ð1þ2S2Þ

ot10v2wðDÞdD

1þðot10Þ
2

ð6Þ

where

S2 ¼
1

2

Z 1

�1
ð3y2�1Þexpðsy2Þdy=

Z 1

�1
expðsy2Þdy ð7Þ

For large s, S2ffi1�3/2s, [12] although we used the numerical
integration (Eq.(7)) to allow for any unexpected small values of s.

The relaxation time, based on the work of Bessais et al. [15] as
suggested by Raikher and Stepanov [12] is

t10 ¼ t0sð1þs=4Þ�5=2 expðsbÞ, ð8Þ

is a modification of Eq. (1). N is the number of nanoparticles per unit
volume, given by the reciprocal of mean volume, discussed below,
derived from the measured distribution of particle diameters, w(D).

3.4. Moment observed by relaxometry

In relaxometry, a relatively strong DC magnetic pulse is applied
to the nanoparticle sample, and the subsequent collective magnetic
moment is measured as a function of time after the pulse is
switched off. Here we describe the response using a modification of
the Moment Superposition Model (MSM) [16–18]. The observed
induced magnetic moment and its subsequent decay arise from the
mechanisms presented below. A square pulse of strength B is
applied for a time tp, and the magnetic moment M(t) of the sample
is given at time t after the pulse is turned off:

MðtÞ ¼ n

Z 1
0

mLðs,xÞwðDÞgðtpÞexpð�t=tÞdD, ð9Þ

where n is the number of particles in the sample, m¼vMs the
magnetic moment of a particle of diameter D and L(s, x) the
modified Langevin function discussed above (Section 3.2).
The ‘‘Néel factor’’ is given by gðtpÞ ¼ 1�expð�tp=tNÞ, and t is just
tN with the applied field ofb¼1. We replacet0 with t0s(1+s/4)�5/2,
consistent with Eq. (8)
4. Susceptibility measurements

4.1. Size distribution

Fig. 2 displays the distribution of Feret diameters of the sample
measured by TEM, about 2600 particles. A sub-sample of these
particles was analyzed by the program ImageJ. There is evidence
that the particles tend to be less round as the Feret diameter
increases between 20 and 30 nm. Although we assume spherical
particles in our models, the circularity (4p area/perimerter2), for
example, for a Feret diameter of 25 nm in our sample is around 0.77.
For a circle it is 1.

4.2. Number density

Using the measured probability distribution w(D) of Feret
diameters (Fig. 2) and ignoring any departure from sphericity,
we find the average particle volume in our sample:

v¼

Z 1
0

wðDÞvdD¼ 8:1x10�24m3: ð10Þ

From the total volume of magnetite in the sample (Section 2.2),
we estimate the number of nanoparticles on the cotton swab sample
as n¼9.4�1012. We take the volume V of the sample to be just the
total volume of the particles themselves, so that V ¼ nv. Conse-
quently, the number density N in Eqs.(5) and (6) reduces to 1=v, and n

does not enter into our model even though it determines the strength
of the total dipole moment measured by the magnetometer.

4.3. Comparison with model

The model for susceptibility was fitted to the measurements,
Fig. 3a and b, by adjusting the values of the three temperature-
dependent parameters (K, MS, t0) to minimize the rms differences
between the modeled and measured quantities, for each of the 30
temperatures for which the real and imaginary susceptibilities
were measured. In our fitting we ignored the possibility that these
three parameters could depend on particle size. The real and
imaginary parts were treated separately and the outcomes can
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be compared for consistency. Each 3-paramenter curve fit con-
tained 9 data points corresponding to the 9 frequencies. The
numerical work was done using Matlab, and representative
samples are shown in Fig. 4a and b.
4.4. Anatomy of susceptibility

Representative kernels contributing to the model computation
are examined to see where each value arises in the nanoparticle
distribution. By ‘‘kernel’’ we refer to the frequency-dependent
integrand at a given temperature of Eq. (5) or (6) for the real or
imaginary part, respectively. To compute these functions of D we
use the parameters obtained by making a best fit to the data at each
temperature.

As T decreases, the cluster of kernels for each T moves
progressively toward the small diameter side of the distribution.
For the real parts each kernel extends down to the smallest
diameters, whereas for the imaginary parts each kernel is confined
to a rather narrow range of sizes. Thus, for the real part, the
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T¼400 K measurement is sensitive to the entire distribution, and
the T¼255 K cluster is influenced only by the small diameter
particles. We would therefore expect results in the low tempera-
ture regions for the real part to be less robust than for the high
temperature regions since the modeling is patterned by only the
lower wing of the distribution, where the statistics are relatively
poor. The kernels constituting the imaginary fits will also reflect
poor statistics on the small side of the size distribution. In fact, our
fits for both real and imaginary parts do show increasing fluctua-
tions below 300 K (Fig. 5).

4.5. Fitted parameters

The susceptibility model (Eqs. (5) and (6)) is compared with the
measured values at the nine frequencies for each temperature and
the parameters Ms, K and t0 are adjusted to give the best fit to these
data points. As the three parameters are assumed to be temperature
dependent, the fit at each temperature is made independent of any
other. Any size dependence of these parameters has been ignored.

Fig. 6 presents the resulting estimates for the three parameters
used in our model. In all three cases the parameters determined from
the real and imaginary susceptibilities are much more consistent
with each other for temperatures above 300 K than for those below.

4.6. Correlation between K and log t0

Although the variabilities of the fitted parameters K and log t0

shown in Fig. 6b and c are large, the correlation between the
variations is strong. Fig. 7a shows that there is an abrupt threshold
just above 10 for � log t0. For T greater than about 300 K the ratio of
these two parameters agrees well for the real and imaginary
contributions.

In SQUID relaxometry applications (Section 5) the size range of
nanoparticles should correspond to a relaxation time of about 1 s. In
this case log tE0, allowing us via Eq. (1) to find the effective particle
diameter (see discussion following Eq. (1) in Chantrell et al. [3]),

Deff � ð�6kT logt0 ln10=pKÞ1=3: ð11Þ

Consequently, it is the ratio that determines the required
diameter for SQUID relaxometry, the SQUID window, an example
of which we discuss in Section 5 (see Fig. 7b).
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4.7. Closer look at the fits at 300 K

We examine more closely the fits to the susceptibility data at
300 K, the temperature region of interest in biomedical applica-
tions. At this temperature our best fits correspond to a K of
2.67�104 and 2.21�104 J/m3 for real and imaginary, respectively,
which are about twice that of the bulk value of magnetite,
1.35�104 J/m3. The accompanying fit for the log of t0, usually
taken as �10, yields �22.9 and �20.0, giving a ratio �K=logt0 of
1.17�103 and 1.11�104 J/m3, respectively, that, when multiplied
by 10, would be well within the usually accepted range for K. In
spite of the strong correlation between logt0 and K, we cannot
simply ‘renormalize’ log t0 back to �10, however, since in this case
the fit to the data is much worse. The rms difference between the
model and the measurements (dimensionless) at 300 K is 0.057,
and the average over all T is 0.062 with a standard deviation of
0.024. In Section 5 we use these parameters to successfully fit
relaxometry data taken on the same sample.

If we use tn instead of t10, set S2¼1, and rerun the real part fit at
300 K, we get somewhat different values for the parameters
(�logt0 increases by about 7%), but the goodness of fit is essentially
unchanged.
5. SQUID relaxometry measurements

5.1. Experimental method

Here we apply the model discussed above (Section 3.4), as well
as the susceptibility results (Sections 4.5 and 4.7), to the under-
standing of measurements done on the same Ocean 30 DE4G
nanoparticles in SQUID relaxometry. The sample was the same
cotton swab as used in the susceptibility measurements. For these
observations the sample is subjected to pulsed magnetic fields
ranging in strength up to 4 mT. The pulsed fields rise abruptly to a
constant amplitude and are terminated abruptly after a fixed
duration, with a quench time of a few ms. Data collection begins
when the lingering effects of the applied pulsed field and associated
transients are essentially undetectable, 50 ms past the switch-off,
by a SQUID array above the sample. The sample and the SQUID
array lie along the axis of a Helmholtz pair, with the sample
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centered between the two coils. The apparatus is described in more
detail elsewhere [4,5].

We compare the relaxation of the induced moment of the
sample after field switch-off with the model predictions for three
applied pulse durations, 0.3, 0.75 and 1.5 s. We also examine the
excitation curves for the three cases, namely, the induced moment
(50 ms after the pulse is switched off) as a function of pulsed field
strength.

The two sets of data, consisting of three curves each, can be
modeled with Eq. (9). In the decay case we have the magnetic field
produced by the decaying magnetic moment from the particles as
measured by the SQUID array, Bs(t), vs. time, ranging up to 2 s after
the pulse is switched off, and, in the excitation case, we have the
magnetic moment of the sample M(t) at t¼50 ms (after the field is
switched off) vs. the strength of the pulsed field.
5.2. The model

To model these data we use the cubic spline fit to the size
distribution w(D) for the Ocean SHP 30 DE4G sample (Fig. 2)
discussed above. We define the ‘‘SQUID window’’ as the size range
of a particular lot of nanoparticles for which the time constants will
allow the SQUIDs to pick up a measurable signal from the
relaxation of the particles after the alignment pulse is switched
off (Fig.7b). The amplitude for the maximum signal we can expect
with the above-described apparatus is proportional to

f ðDÞ ¼ vwgðtpÞLðs,xÞexpð�50ms=tÞ: ð12Þ

The initial induced moment from a sample of n particles is

Mðt¼ 50msÞ ¼ nMs

Z 1
0

f ðDÞdD: ð13Þ
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Table 1
Fraction of sample moment observed by relaxometry.

Pulse duration seconds (tp) Fraction SQUID-visible

0.3 0.020

0.75 0.025

1.5 0.028
The total magnetic moment of the sample is

Msample ¼ nMs

Z 1
0

vwdD: ð14Þ

The fraction of magnetic moment that will be SQUID-visible is
then just the ratio of these two quantities for the largest pulsed field
amplitude used in the excitation measurements (see Table 1).

5.3. Results

Fig. 8 presents the SQUID measurements of (a) relaxation and
(b) excitation of the sample of magnetite nanoparticles for three
different pulse durations compared with the model results, using
parameters determined for 300 K. The model data shown are
plotted for a¼3/2. This value appears optimal for Fig. 8b, but for
Fig. 8a the optimal value is near a¼2. The model predictions were
normalized by one fitted constant for Fig. 8a and one for Fig. 8b. As
mentioned in Section 4.7, the introduction of Eq. (8) does not affect
the overall goodness of fit. It does, however, increase the most
favorable diameter from around 25 to 26.5 nm.

5.4. Determination of the number of particles

The model moment prediction for the single nanoparticle,
y¼Ms

R1
0 f ðDÞdD, produces a model data set, yi, for a set of pulsed

fields and pulse durations. The measured data set corresponding to
the model set is di. The predicted value for di is nyi, where n is the
number of particles. A least squares fit yields

n¼
X

i
y2

i =
X

i
diyi: ð15Þ

For the data and the models to which they are compared in
Fig. 8b, we find n¼1.9�1013. Earlier to this sample, a cotton tip, on
which fluid containing the suspended particles had been allowed to
evaporate, was estimated (Section 4.2) to contain 9.4�1012

particles.
6. Conclusion

We have been able to model the response of a sample of
nanoparticles to an AC susceptometry measurement and, fitting the
model to the observation, extract values as a function of tempera-
ture of three parameters important to understanding the magnetic
behavior, MS, K and logt0. In the same spirit, with the values of the
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parameters extracted from the susceptibility measurements, we fit
results of a SQUID relaxometry study of the same sample of
particles at 300 K for three pulse durations. We have introduced
a modified Langevin function to include the influence of K on the
equilibrium alignment of the moment of a constrained particle
with the applied field. Although the use of this semiempirical
approach produces reasonable fits to the data, understanding the
interplay between rather large values of K and the extremely low,
seemingly unphysical, values of t0 requires further study.
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