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Characterizing large four-dimensional materials datasets is difficult due to the presence of complex mi-
crostructures and time-varying length scales. We showcase the use of two-point statistics as an efficient
and un-biased way of extracting materials parameters from an Al-Cu alloy during solidification. The evo-
lution of dendrite primary arm thickness, average secondary arm spacing, and average tip-to-tip spacing
were tracked using two-point Pearson auto-correlations of scaled mean curvatures. Insights into compet-
itive side-branching are also reported. We show both visually and quantitatively that most length scales
change rapidly during early stages of dendritic growth, but slow as diffusion fields of dendrites overlap.

© 2020 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.

The dendritic microstructures that form during solidification
of metallic alloys are central to setting electronic, magnetic and
mechanical properties [1,2]. In particular, the secondary dendrite
arm spacing (SDAS) has substantial influence on alloy hardness
and tensile strength [3,4]. In addition, the secondary arm tip-to-
tip spacing (TS) can be used to quantify the degree of compet-
itive side-branch behavior in dendritic evolution [5,6]. Many in-
situ solidification experiments and phase field simulations result
in large four-dimensional datasets (three spatial dimensions and
time) that are difficult to analyze. The dendritic morphologies are
often characterized using interfacial shape distributions [7,8] and
interface normal distributions [9,10]. However, these techniques
provide no information regarding length scales in the structure.
Important properties such as the SDAS are often manually iden-
tified from two-dimensional slices of the microstructure [11]. This
procedure is subject to human error, user-to-user variability, and
dependence on section orientation. Two-point statistics techniques
have emerged as an efficient and un-biased way of characterizing
four-dimensional datasets. The methods have been used to identify
microstructural spacings during coarsening of dendrites [12,13] and
bicontinuous structures [14,15]. Applying this method to in-
situ solidification data, we use two-point statistics of interfacial
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curvatures to characterize primary and secondary dendrite arm
evolution during dendritic growth.

Four-dimensional X-ray computed tomography (XCT) was used
to study dendritic growth in an Al-12.6 wt.% Cu alloy. Experiments
were performed at Argonne National Laboratory, Advanced Photon
Source, beamline 2-BM [1]. A 5 mm tall, 1.2 mm diameter cylin-
drical sample was inserted into an X-ray transparent boron-nitride
holder and placed within the incident X-ray beam. The assembly
was then held at a temperature above the liquidus ( ~ 630°C) to
ensure that the alloy was fully melted, and rotated at a slew speed
of 72 degrees/second. The sample was then cooled at 1°C/minute
and the dendritic growth was recorded from ~ 625°C to ~ 540°C.
This process results in a freely growing dendrite that has not
been influenced to grow in a particular orientation, unlike di-
rectional solidification experiments [16]. The start of recording is
considered time zero and all referenced times are post record-
ing. Time-Interlaced Model-Based Iterative Reconstruction (TIM-
BIR) [17] was used to reconstruct the projections into a series of
three-dimensional volumes with 1.95 pm3 voxel size and 10 sec-
ond temporal resolution. Otsu’s method was used to segment the
Al dendrites from the Al-Cu liquid phases [18] and MATLAB was
used for meshing and statistical calculations. While the triangu-
lar mesh patches vary in size along the complex solid-liquid in-
terfaces, the average patch area is 5.62 pm?. This work analyzes
dendritic growth times between 50 and 290 s.
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Fig. 1. Downward growing Al-rich dendrite and upward-growing seaweed structures at (a) 50 s, (b) 90 s, (c) 170 s, and (d) 270 s. A video of the time evolution is available

in the supplemental information.

A video of the observed growth can be found in the supple-
mental information. Fig. 1a-d shows the microstructures at 50 s,
90 s, 170 s, and 270 s. A single-crystal Al-rich dendrite grows from
the top of the sample toward the multiple seaweed-like dendrites
at the bottom. The velocity (v) of the dendrite tip decays from ~ 3
pm/s and reaches an approximately constant value of ~ 0.4 pm/s
at 160 s. At later times, the top dendrite velocity is slowed largely
due to increased interactions with the bottom structures. The con-
centration profile ahead of a solidifying front has an approximate
characteristic length L = D/v [19], where D is the solute diffusiv-
ity in the liquid. Values in the literature for D range from ~ 830
pm2/s to ~ 6000 um?2/s [20-24]. It is assumed that two solidify-
ing fronts interact if their separation is less than 2L. As early as
50 s, and assuming the smallest D (830 pm?2/s [21]), 2L ~ 520
pm and the distance between the dendrite and seaweed is ~ 430
pm. Thus, the dendrite begins in free growth but the two diffusion
fields likely interact at all observed times (50 to 290 s). As seen in
Fig. 1, manually measuring length scales of interest, such as SDAS
and TS, at each time step would be laborious for these complex
microstructures.

Fig. 2a shows an alternate view of the dendrite in Fig. 1c, sliced
by planes along the dendrite axis. A level-set method [25] was
used to calculate the mean curvature (H) at each mesh vertex
along the dendrite surface where H = (k1 +k3)/2; k1 and k, are
the principal curvatures. The mesh is colored according to the
scaled mean curvature (H/Sy), where Sy is the total interfacial area
per dendrite volume. Areas of low and negative mean curvature are
found along the root of the primary arm and in spaces between
secondary arms. High mean curvature regions mostly correspond
to the primary, secondary, and tertiary arm tips.

The Al dendrite in Fig. 2a is sliced by planes along the orthogo-
nal ny, ny, and n3 axes. The vector n3 is the dendrite growth direc-
tion. Fig. 2b shows the cross section along the n; — ny plane and
Fig. 2c shows the cross section along the ny — n3 plane. The slices
are positioned such that the ny —n3 and n, — n3 planes intersect
along the primary arm core, and the ny — ny plane is 281 pm from
the dendrite tip. The slices are colored according to the signed dis-
tance function (SDF), which indicates the distance to the nearest
solid-liquid interface at each point in space [26]. Positive SDF val-
ues indicate solid Al dendrite, negative values represent the Al-Cu
liquid, and the interface is defined at 0. The SDF along the ny; —n,
plane in Fig. 2b shows the primary arm with four secondary arms.
Fig. 2c shows the SDF in the ny — n3 plane, which cuts along the
center of the primary arm.

Two-point statistics were used to extract information about
the spatial distribution of microstructural features. Of particular
interest is the Pearson correlation function [12], which gives the
probability that a local attribute is the same when separated by a
spatial vector. This function ranges from -1 to 1, where -1 is perfect
anti-correlation, 0 is no correlation, and 1 is perfect correlation.
Recent work from Sun et. al. [12] extended two-point statistics
methods to capture correlations of interfacial quantities (mean

curvatures, Gaussian curvatures, velocities). We used a discretized
two-point Pearson correlation [12] to calculate auto-correlations of
the scaled interface mean curvature. The interfacial patches were
first discretized into five equally sized bins each containing 20% of
the curvature values by area. Patches from the bin with the lowest
curvature values were isolated for primary arm analysis (example
in Fig. 3), and patches from the bin with the highest mean curva-
ture were isolated for secondary arm analysis (example in Fig. 4).
The H auto-correlation was calculated in three-dimensions at each
time step using a cutoff distance of 390 um in each direction. Thus
the H auto-correlation is calculated for patches of interface that
are separated by distances less than or equal to 390 pm.

Fig. 3a shows a 20 pm thick portion of the same dendrite as in
Fig. 2a, centered around the n; — ny plane in Fig. 2b. Low curva-
ture regions (from the bin with the lowest 20% of curvature val-
ues) are highlighted in pink, and all other curvatures are colored
tan. The H auto-correlation between the pink and tan regions is
shown in Fig. 3b, along the ny — n, plane. Details of how H auto-
correlation maps are generated and interpreted are found in ref-
erences [12,15]. In summary, the map center is the zero point and
the x- and y-axis range from -244 pm to 244 um for Fig. 3b. Lo-
cal maxima in the map correspond to characteristic microstructural
length scales and directions. Dark red regions indicate high cor-
relations (pink-to-pink and tan-to-tan), white regions indicate no
correlation, and blue regions indicate large anti-correlations (pink-
to-tan). The three colored arrows in Fig. 3a and 3b represents the
size of the primary arm in the ny direction (dark green - 62 + 4
um), the size of the primary arm in the n; direction (teal - 76 & 4
pm), and the width of the primary arm in the —nq, +ny direction
(black - 111 &+ 2 pm). The error is defined as the radius of the lo-
cal region consisting of values that are less than 20% different from
the local maxima in the H auto-correlation.

The H auto-correlation was also used to measure the primary
arm width in the —nq, +ny direction throughout the dendrite evo-
lution. The nq — ny plane was held at a fixed position, 490 nm be-
low the top of the viewing window, and cross sections were cap-
tured at each time step. Fig. 3¢ shows the dendrite interface along
the referenced plane at 50 s (dark blue outline corresponding to
Fig. 1a), 90 s (orange outline corresponding to Fig. 1b), and 270 s
(grey outline corresponding to Fig. 1d). The black arrows indicate
the direction along which the primary arm width was measured.
Fig. 3d shows the arm width as a function of time, obtained com-
putationally by extracting the H auto-correlation local maximum in
the —ny, +ny direction. The dark blue, orange, and grey boxes cor-
respond to the same times as the interface cross sections in Fig. 3c.
The H auto-correlation confirms the small primary arm width at
50 s (53 £ 3 pum), large increase at 90 s (93 + 2 pum), and smaller
increase at 270 s (120 + 3 pum). As the viewing plane is held at
a constant height in the lab frame, these calculations first capture
the size of the dendrite tip. As the dendrite keeps growing, Fig. 1,
the same plane in the lab frame now captures information about
primary dendrite arm width, accounting for the large change in
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Fig. 2. Illustration of the dendrite axis for the Al dendrite at 170 s showing (a) the isosurface colored by the scaled mean curvature, sliced by the ny; — nz, n; —n3, and
n, — n3 planes; (b) the SDF in the n; — n, plane; and (c) the SDF in the n; — n3 plane. Slices are positioned such that the n; — n3 and n, — n3 planes intersect at the core of
the primary arm and the center of the ny — ny plane is 281 pm from the dendrite tip. (For interpretation of the references to color in this figure, the reader is referred to

the web version of this article.)
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Fig. 3. (a) 20 pm thick portion of the Al dendrite centered around the n; — n, plane (Fig. 2b) at 170 s. Pink areas correspond to the bottom 20% mean curvature values and
all other curvatures are colored tan; (b) H auto-correlation of the pink and tan regions in (a). The arrows in (a,b) have length of 62 um (dark green), 76 pm (teal), and 111 pm
(black). (c) Dendrite outline in the ny — n plane located 490 pm from the top of the viewing window at 50 s (dark blue), 90 s (orange), and 270 s (grey). The black dashed
arrows indicate the direction the primary arm width is calculated in; and (d) primary arm width as a function of time. The dark blue, orange, and grey boxes correspond to
the outlines in (c). (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

primary arm width at early times. As the growth velocity slows,
the primary arm width continues to increase slightly in time.
While characterizing the primary dendrite arm width demon-
strated the robustness of using Pearson correlations on four-
dimensional microstructures, the two-point statistics method was
also used to measure global microstructural properties which can-
not be easily measured on the dendrite: the average TS and aver-
age SDAS. Fig. 4a shows the dendrite at 170 s, same as in Figs. 1c
and 2a. The dark green portions of the isosurface represent the
curvature patches from the bin with the highest 20% of curva-
ture values as they are primarily found at secondary arm tips
and emerging tertiary arms. The SDAS is measured parallel to the
primary arm growth direction (n3), and indicated in Fig. 4a using

a teal vertical arrow. The black arrow in Fig. 4a indicates one TS.
The arms at the top of the structure form first and are longer than
those at the bottom, thus the TS vector is at an angle with respect
to the growth direction.

In contrast to the primary arm thickness measurement where
the analysis plane was fixed in the lab frame, the SDAS and TS evo-
lution was measured near the continuously moving dendrite tip.
The curvatures within a 390 pm box above the dendrite tip were
analyzed at each time step. The H auto-correlation in Fig. 4b was
obtained by characterizing the structure at 170 s (Fig. 4a) along
the ny — n3 plane. The distance from the center of the H auto-
correlation to the first local maximum along the vertical direction
(teal arrow) corresponds to the average SDAS (31 + 2 um). The
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Fig. 4. (a) Al dendrite at 170 s. Dark green areas correspond to the top 20% mean curvatures values and the tan corresponds to every other mean curvature. The arrows
illustrate the TS (black, ~ 117 um) and the SDAS in the n3 direction (teal, ~ 31 um); (b) H auto-correlation of the dark green and tan regions in the m; —n3 plane at
170 s. Black and teal arrows indicate the TS and SDAS, respectively; and (c) Temporal evolution of the average TS (black dots) and the average SDAS (teal diamonds). (For
interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

black arrow represents the average TS (117 £+ 2 pm). The angle be-
tween the two arrows ( ~ 48°) is a quantitative measurement of
the average dendrite tip profile.

Fig. 4c shows the evolution of the average TS (black) and SDAS
evolution (teal). The TS is nearly constant (74 pm) up to 120 s, in-
creases at a rate of ~ 1 pm/s up to 160 s, then reaches a nearly
constant value (117 pm). At early times (up to 120 s), new side-
branches are formed near the moving tip while existing branches
continue to grow, with near-constant velocity, yielding a near-
constant average TS [6]. Branches further away from the tip are
longer (as shown in Fig. 1a and b), giving the dendrite a tree-like
morphology. During this stage, the average TS is representative of
the TS between all successive branches.

At intermediate times, external disturbances (such as convec-
tion in the liquid) cause some side-branches to stop growing while
“active branches” accelerate their evolution [6]. As soon as a side-
branch stalls, its growth is hindered due to the solute released by
the surrounding branches. The active branches have more space to
grow and eventually establish a larger TS. This side-branch com-
petition is quantitatively measured in the H auto-correlation as a
transition from the TS between successive branches (74 pm) to the
TS between active branches (117 pm).

At late times (after 160 s), the dendrite tip strongly interacts
with the diffusion field of the seaweed structure at the bottom of
the sample, and the tip velocity is strongly reduced (0.4 pm/s).
No new side-branches form near the tip while the existing ac-
tive branches continue to grow away from the dendrite core. As
side-branch competition is slowed considerably near the tip, the
measured TS remains nearly constant for the remainder of the
experiment.

The true SDAS is an average of the spacing between all succes-
sive branches (active and inactive). The SDAS measured using two-
point statistics is nearly constant up to 120 s ( ~ 23 pm), slightly
increases at a rate of ~ 0.1 pm/s until 160 s, then remains nearly
constant ( ~ 32 pm). However, after 120 s, it is visually clear that
no new side-branches form in the observed near-tip region, thus
the true SDAS should not change. The measured SDAS is overes-
timated due to the effects of side-branch competition. As active
arms grow and establish a larger active-to-active spacing, some of
their curvatures contribute to the data used to measure SDAS. At
the same time, as inactive branches erode away, their curvatures
continuously decrease and thus contribute less to the two-point
statistics. This decrease in curvature could also stem from errors
in reconstruction, segmentation or smoothing. The net effect is an
erroneous growth in the measured SDAS that qualitatively matches
the trend observed in the TS. This is a limitation of using two-point
statistics to measure SDAS.

The angle between the SDAS and TS was measured through-
out growth as a nearly constant value of 49 4 5°, where the error
is the standard deviation in mean angle. This demonstrates that
the average dendrite profile near the tip remains constant through-
out the experiment. However, it is expected that the angle will in-
crease at very late times due to the nearly-halted dendrite tip and
faster-growing side-branches.

In conclusion, we showcase the use of two-point statistics as
an efficient and un-biased tool for characterizing a solidifying Al-
12.6 wt.% Cu alloy. The evolution of dendrite primary arm thick-
ness, average SDAS, and average TS were tracked using two-point
Pearson auto-correlations of scaled mean curvatures. This statis-
tical technique identified side-branch competition phenomena in
a growing dendrite, by showing a regime in which the average
TS sharply increased and a new average TS was established. By
comparing the SDAS and angle between average TS and SDAS, it
is shown that the dendritic profile remains constant, independent
of this competition process. This technique can be readily applied
to a variety of growth experiments such as eutectic growth in
Al-Ge [27] and dendritic growth in Mg-Sn [28]. Two-point statis-
tics can also be used to analyze complex microstructural outputs
generated by computational models such as phase field simula-
tions of dendritic growth [29,30] and coarsening [31]. Thus, these
quantitative measurements of microstructural evolution can enable
the stringent verification of simulation codes needed for materials
design.
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