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A semi-empirical approach based on the compositional average electron-to-atom ratio (e=a) and atomic radius
difference (Δr) was proposed to refine the “d-electron method”. The e=a−Δr diagram shows that Twinning/
Stress-Induced Martensite (SIM) activates when Δr N −2.5, and a low e=a or absolute value of Δr favors Twin-
ning/SIM by reducing the resistance of lattice shear. In addition to the phase stability, it suggests that the valence
electron number and atomic radius of alloying element also determine the deformation mechanism in body-
centered cubic Ti alloys. This alloy design method was verified by the tensile results of Ti-4Mo-4Co and Ti-
6Mo-4Zr (at.%) alloys.
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Body-centered cubic (β) Ti alloys have attracted increased attention
due to their good hardenability, low elastic moduli, and shape memory
properties [1,2]. β-Ti alloys are defined as those Ti alloys with enough
concentration of β stabilizing elements to retain 100% of the β phase
at room temperature (RT) upon quenching from temperatures above
β transus [3]. The mechanical properties of β-Ti alloys in a solution-
treated condition have been reported to depend significantly on the de-
formation modes, such as stress-induced martensite (SIM), mechanical
twinning, and dislocation slip [4]. The occurrence of martensitic trans-
formation or mechanical twinning results in low yield strength and
large uniform elongation through significant work hardening, while
the dislocation slip induces high yield strength and poor uniform elon-
gation [5]. The dominant deformationmechanism of β-Ti alloys evolves
from martensitic transformation to mechanical twinning then to dislo-
cation glide as the β phase stability increases [6]. Thus, altering the β
phase stability by adding various β-stabilizing elements is one of the
most common methods to design β-Ti alloys. The β phase stability of
Ti alloys is commonly evaluated by the molybdenum equivalent
(Moeq), an equivalent concentration that combines the effects of the
various β-stabilizing elements [3]. However, the Moeq is empirically
based on binary systems and is problematic in multi-component sys-
tems due to the complex interactions among multiple elements [7].

A “d-electron method” has been proposed to reveal the relationship
between plastic deformation behavior and β phase stability based on
ier Ltd. All rights reserved.
two parameters, Bo and Md [8]. Bo, the bond order, which measures
the covalent bond strength between Ti and a particular alloying ele-
ment, and Md being related to the metal d-orbital energy level, can be
calculated based on the discrete-variational (DV)-Xα cluster method

[9]. The compositional averages of Bo andMd are denoted as Bo andMd,

respectively. According to the “d-electron method”, a Bo−Md diagram
was drawn to distinguish different phase zones [10], as shown in Fig. 1.
In a sequence from the lower right to the upper left, the diagram is di-
vided into α, α + β, and β phase regions corresponding to the increase
of β phase stability. A continuous Twinning/SIM region shows up beside
the boundary of β and α + β phases when the Bo value is higher than
2.77, implying that deformation by Twinning/SIM requires a low β
phase stability. Many β-Ti alloys with compositions located at the Twin-
ning/SIM region were designed by the “d-electron method” and con-
firmed the formation of SIM and/or twins during deformation [11–13].
Nevertheless, therewere also some reportedmismatches between the lo-

cations in the Bo−Md diagram and the discovered deformation mecha-
nisms. For example, the Ti-10V-3Fe-3Al (wt%) alloy lies within the
twinning region, but in reality shows stress-induced α″ martensite in
the microstructure after room temperature deformation [4]. Talling
et al. [14] substituted Nb with V to produce a Ti alloy with the exact

same Bo and Md of the original composition, however, the V-based
alloy showed a contrasting deformation behavior comparing to the base
one. Therefore, problems still exist in the use of the “d-electron method”
and the Bo−Md diagram. Whether all the β-Ti alloys with a low β phase
stability exhibit Twinning/SIM-dominant deformation behavior remains
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Fig. 1. The Bo−Md diagram showing that both Ti-4Mo-4Co and Ti-6Mo-4Zr alloys lie
within the Twinning/SIM region.

Fig. 2. Engineering tensile stress-strain curves of Ti-4Mo-4Co and Ti-6Mo-4Zr alloys.

Fig. 3. XRD diffractograms of Ti-4Mo-4Co alloy (a) before and (b) after tension, and Ti-
6Mo-4Zr alloy (c) before and (d) after tension.
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unclear and needs to be investigated by more experimental and theoret-
ical work.

In the present work, two β-type Ti-Mo-based alloys, Ti-4Mo-4Co and
Ti-6Mo-4Zr (at.%) with compositions located within the Twinning/SIM

region (Bo = 2.79, Md = 2.36 for Ti-4Mo-4Co, and Bo = 2.82, Md =
2.44 for Ti-6Mo-4Zr) were designed in order to achieve significant work
hardening and superior ductility. However, the experimental results indi-
cate the failure of the existing “d-electronmethod”. Thus, a new approach
based on the average electron-to-atom ratio (e=a) and atomic radius dif-
ference (Δr) is proposed in this paper as a supplement to the “d-electron
method”.

Ingots corresponding to the designed compositions were fabricated
from 99.99% pure Ti, Mo, Co and Zr by levitationmelting under an Ar at-
mosphere in a water-cooled Cu crucible. Subsequently, the ingots were
cold-rolled to a thickness reduction of 70%. The cold-rolled sheets were
sealed in quartz capsules evacuated to a pressure of ~1 × 10−3 Pa and
solution treated at 1273 K for 30 min followed by water quenching.
The phase constitutionswere determined by a D/MAX-3C X-ray diffrac-
tometer (XRD) using CuKα1 radiation (λ=1.541 Å). Tensile specimens
with gauge dimensions of 3 × 1 × 14 mm were cut by electrical-
discharge machining. Room temperature tensile tests were per-
formed on a MTS C40 electronic universal testing machine with an
Epsilon 3442 electronic extensometer at a cross-head speed of 2
× 10−3 mm s−1.

The engineering stress-strain curves of the Ti-4Mo-4Co and Ti-6Mo-
4Zr alloys tested at room temperature are shown in Fig. 2. As this figure
shows, the two alloys exhibit distinctly different tensile properties and
deformation behaviors. The Ti-6Mo-4Zr alloy displays a yield strength
of 475 MPa, followed by extensive work hardening, resulting in a large
tensile elongation of 28%. In contrast, the Ti-4Mo-4Co alloy shows a
high yield strength of 980 MPa and a low ductility of 8% elongation,
which are the characteristics of dislocation slip. Fig. 3 displays the XRD
diffractograms of the Ti-4Mo-4Co and Ti-6Mo-4Zr alloys before and
after tensile deformation. Both alloys display single-phase β phase be-
fore tension. From the strongest (110) β peaks, the lattice parameters
of β phases can be calculated to be a = 3.236 Å for the Ti-4Mo-4Co
alloy, and a=3.265Å for the Ti-6Mo-4Zr alloy. No significant difference
is observed in the XRD diffractogram of Ti-4Mo-4Co alloy after tensile
testing. However, the XRD diffractogram of Ti-6Mo-4Zr alloy after ten-
sion shows the appearance of orthorhombic α″ martensite, which
proves the formation of stress-induced α″ martensite during tension.

The tensile and XRD results reveal that the two alloys deform by dif-
ferent mechanisms, although both their compositions lie within the

Twinning/SIM region of the Bo−Md diagram. The Bo−Md diagram
fails to predict the deformation mechanism of Ti-4Mo-4Co alloy,
which actually shows a slip-dominant behavior. The Moeq of Ti-4Mo-
4Co alloy is about 14, which is close to that of Ti-6Mo-4Zr alloy (Moeq
≈ 11) considering the enhanced β-stabilizing effect of Mo by the addi-
tion of Zr [15]. Both alloys belong to the metastable β-Ti alloys (Moeq
≈ 8–24), suggesting that the different deformation behaviors may re-
sult from other influencing factors.

Martensitic transformations are diffusionless phase transformations
characterized by a homogeneous shear of the parent lattice [16]. SIM
transformation could be regarded as a special kind of martensitic reac-
tion in which the driving force is an externally applied stress.
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Deformation twins form by a homogeneous simple shear of the parent
lattice by highly coordinated individual atom displacements [17]. Both
SIM and mechanical twinning need rigid shear of the parent lattice, in
contrast to the chaotic processes of generation and growth of slip
bands during deformation by dislocation glide. The shear modulus (c′)
is a measure of lattice shear stiffness, which represents the ability of
the lattice to resist deformation at constant volume. Ikehata et al. [18]
confirmed by first-principles calculations that the c′ of a single-
crystalline binary Ti alloy decreases with a decrease in the valence elec-
tron concentration. The β phase stability and mechanical properties of
transition-metal binary Ti alloys were also closely related to the valence
electron concentration [19]. The lattice shear stiffness increaseswith the
increase of valence electron concentration in the range of 4–5.9. More-
over, the variation of unit-cell volume during alloying addition arising
from the atomic size misfit between the Ti and alloying elements is an
indicator of lattice strength of β-Ti alloys. The unit-cell volume and
the binding energies between Ti and alloying atoms change with the
relative concentration of the alloying atoms. The lower the binding en-
ergy, the stronger the bonds, and the more difficult the movement of
atoms [20].

The use of semi-empirical parameters, such as valence electron con-
centration and atomic size difference, constitutes a basic contribution in
the design of high entropy alloys (HEAs) and the prediction of interme-
tallic compounds [21,22]. Study of the effect of valence electron concen-
tration on the phase stability in HEAs revealed that face-centered-cubic
phases were stable at higher valence electron concentrations (≥8) and
body-centered-cubic phases were stable at lower valence electron con-
centrations (b6.87) [23]. Wang et al. [24] separated the solid solution,
intermetallics, and metallic glass phases by calculating the atomic size
difference. This paper tries to establish an approach to predict the defor-
mation behaviors of β-Ti alloys by using two semi-empirical parame-
ters. A compositional average of atomic radius difference between the
matrix Ti and the alloying atoms (Δr) is used to estimate the misfit of
atomic size, which can be expressed as:

Δr ¼ ∑n
i ci ri−rTið Þ ð1Þ

where n is the number of alloying elements, ci is the atomic fraction of
the ith atom, ri is the atomic radius of the ith atom, and rTi is the atomic
radius of Ti. Pauling's [25] experimental metallic radii of atoms were
Fig. 4. The e=a−Δr diagram in which the Twinning/SIM and Slip regions are distinguished ac
bullets represents the Slip- and Twinning/SIM-dominated deformation mechanisms, respectiv
used for the calculation of Δr. The valence electron concentration can
be defined as the compositional average of electron-to-atom ratio:

e=a ¼ ∑n
i ciei ð2Þ

where ei is the valence number of the ith atom. The values of e=a andΔr
of Ti-4Mo-4Co alloy are calculated to be 4.28 and −0.76 Å, while those
of Ti-6Mo-4Zr alloy are 4.12 and 0.35 Å, respectively. The numerical dif-
ferences suggest that the contrasting deformation behaviors of Ti-4Mo-
4Co and Ti-6Mo-4Zr alloys may be associated with e=a and Δr.

A diagram is drawn in Fig. 4 to explore the effects ofe=aandΔron the
deformation mechanisms of Ti-4Mo-4Co, Ti-6Mo-4Zr, and other pub-
lished β-Ti alloys. All the β-Ti alloys cited in Fig. 4 were solution treated
before tested at room temperature [4–6,12–14,26–51]. Slip and Twin-
ning/SIM regions were separated by dashed lines according to the com-
positions and deformation behaviors of referred studies. The following
features can be summarized through locating the boundary between
Slip and Twinning/SIM regions:

1. The slip region has a highere=a than that of the Twinning/SIM region,
which mainly occurs when Δr N −2.5 and e=a b 4.2.

2. The critical values for e=a of the Twinning/SIM region have a peak
when Δr is close to 0, and then decline as the Δr increases.

Deformation can only occur by slip to break the lattice completeness
when the lattice is hard to shear. Instead, Twinning/SIM will be more
easily activated. The increase of e=a causes the increase of lattice shear
stiffness, resulting in the deformation mechanism changes from Twin-
ning/SIM to slip. Metallic solids can be regarded as assemblages of pos-
itive ions stabilized in positions surrounded by a sea of conduction
electrons. The e=a value represents the average quantity of electric
charge of each positive ion, which is fixed by both the attracting and re-
pelling Coulomb forces caused by the surrounding conduction electrons
and neighboring positive ions. In an ideal body-centered cubic lattice,
every position is equivalent, and every positive ion could be equivalent
to the same one with an electric charge of e=a . According to the
Coulomb's law, the Coulomb force between two positive ions is directly
proportional to the product of the charges and inversely proportional to
the square of the interionic distance. The interionic distance is
cording to the reviews of published works [4–6,12–14,26–51]. The use of empty and full
ely.
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proportional to the lattice constant, which decreases with the decrease
of average atomic radius (i.e., Δr + rTi). Therefore, the Coulomb forces
among metallic positive ions are proportional to the square of e=a and
increase with the decrease ofΔr. The increase of e=awill cause a higher
Coulomb force, namely, a higher bonding strength among atoms, and
thereby induce a higher resistance against atomic movements and lat-
tice shear. Therefore, the border value of e=a = 4.2 indicates the limit
value of Coulomb forces that allows the atomic movements and lattice
shear for Twinning/SIM occurring in most β-Ti lattices. The Coulomb
forces and metallic bonding strength will get too high for lattice shear
if e=a N 4.2, by which the deformation can only proceed by dislocation
slip.

Besides, theβ phase stability improves as thee=a ratio increases [52],
inducing higher resistance for martensitic transformation. First princi-
ples calculations showed that the stacking fault energy of the β phase
also increases with the increase of e=a, and a low stacking fault energy
is conducive formechanical twinning [53]. Therefore, a low e=a is favor-
able for both mechanical twinning and SIM.

According to Vegard's law [54], unit cell parameters should vary lin-
early with composition for a continuous substitutional solid solution in
which atoms that substitute for each other are randomly distributed.
The decrease of average atomic radius with compositional variation in-
dicates the decrease of lattice constants and the shrinkage of lattice. The
smaller the unit-cell volume, the stronger the binding force among the
alloying atoms and the Ti atoms [20]. Thus, a small average atomic ra-
dius is disadvantageous to lattice shear. Consequently, mechanical
twinning or SIM is suppressed when Δr b −2.5.

In a substitutional solid solution such as β-Ti phase, atoms with dif-
ferent sizes have to occupy equivalent lattice positions, giving rise to in-
trinsic elastic energy due to atomic size misfit [55]. The increase of
average size misfit between the matrix Ti and the alloying atoms (de-
fined as the absolute value of Δr, jΔrj) generates higher elastic energy
and stronger local lattice distortion [22]. As a result, the symmetry and
regularity of the lattice decrease, making it harder for mechanical twin-
ning and SIM to occur. Moreover, the solid solution strengthening is en-
hanced by increased size misfit and supplies a “mechanical”
stabilization for theβ phase. Thus, increasing jΔrj results in an enhanced
resistance against lattice shear and Twinning/SIM.

The combined effects of the aforementioned three factors account
for the result that the region of Twinning/SIM is confined by Δr N

−2.5 and e=a b 4.2. Compared with the Bo−Md diagram, the e=a−Δr
diagram reveals that β-Ti alloys with similar β stability may possess dif-
ferent abilities to deformby twinning or SIM. The valence electronnum-
ber and atomic radius of alloying element should also be considered
when designing β-Ti alloys. The locations of Ti-4Mo-4Co and Ti-6Mo-
4Zr alloys in the e=a−Δr diagram match well with their deformation
behaviors. Furthermore, considering the fact that rNb N rTi N rMo N rV,
the effect of Δr may offer an approach to explain why most β-Ti shape
memory alloys contain Nb.

In conclusion, two β-Ti alloys locating at the Twinning/SIM region of

Bo−Md diagram showed distinctly different tensile properties. A semi-
empirical approach based on the average electron-to-atom ratio (e=a)
and atomic radius difference (Δr) was introduced to understand the de-
formationmechanisms of β-Ti alloys from this paper and formerly pub-
lishedwork. In addition to theβ phase stability,e=aandΔr also affect the
deformation behaviors of β-Ti alloys by controlling the difficulty of lat-
tice shear. β-Ti alloys with e=a lower than 4.2 and Δr larger than −2.5
tend to deform by twinning or SIM rather than by dislocation slip.
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