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ABSTRACT

Nonlinear dimensionality reduction is an active area of research. In this paper, we present a thematically
different approach to detect a low-dimensional manifold that lies within a set of bounds derived from
a given point cloud. A matrix representing distances on a low-dimensional manifold is low-rank, and
our method is based on current low-rank Matrix Completion (MC) techniques for recovering a partially
observed matrix from fully observed entries. MC methods are currently used to solve challenging real-
world problems such as image inpainting and recommender systems. Our MC scheme utilizes efficient
optimization techniques that employ a nuclear norm convex relaxation as a surrogate for non-convex and
discontinuous rank minimization. The method theoretically guarantees on detection of low-dimensional
embeddings and is robust to non-uniformity in the sampling of the manifold. We validate the perfor-
mance of this approach using both a theoretical analysis as well as synthetic and real-world benchmark
datasets.
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1. Introduction

Modern data collection techniques impel researchers to work
with nonlinear, high-dimensional, and big data, such as social and
sensor networks [1], collective motion [2], and finance [3]. Analyz-
ing such datasets is challenging or sometimes implausible without
the presence of Nonlinear Dimensionality Reduction (NDR) tech-
niques. NDR is defined as the process of transforming nonlinear
high-dimensional data into a low-dimensional manifold represen-
tation [4]. Here, we propose an NDR method that utilizes concepts
of low-rank Matrix Completion (MC) to guarantee better perfor-
mance when the dataset consists of missing data entrees and is
contaminated with noise and outliers.

Low-rank MC, a technique for estimating unobserved or par-
tially observed (i.e., bounded) entries of a matrix that satisfies a
low-rank assumption has been prominent in many real-world ap-
plications such as image inpainting [5] and recommender systems
[6]. Since the data sampled from these applications are naturally
high-dimensional and large volume, working with all the avail-
able data or acquiring all the information for each matrix entry
is often not feasible. Thus, MC provides efficient tools to deal with
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partially observed or unobserved entries of a matrix and recover
a low-rank estimate of the fully observed matrix. The proposed
low-rank MC algorithm for NDR consists of an additional constraint
that assures the recovered matrix represents distances on a man-
ifold. This novel method is theoretically justified based upon re-
cent work in truncated nuclear norm as a relaxation to the original
rank [7] and provides superior empirical performance in challeng-
ing test problems. There are several MC schemes that use alter-
native optimization procedures to aforesaid standard nuclear norm
relaxation. As examples, MC scheme in Ref. [8] directly minimize
the original formulations of trace norm and rank norm, the MC
scheme in Ref. [9] uses joint Schatten p-norm and l,-norm to ap-
proximate the rank minimization problem, and the work proposed
in Ref. [10] utilizes joint capped trace norm and capped [;-norm to
tightly approximate the rank minimization.

To set the stage for the description of our approach, we ob-
serve that classic techniques, such as Principal Component Analysis
(PCA) [11] and Multi-Dimensional Scaling (MDS) [11], assume that
the data lay close to a low-dimensional linear manifold (or sub-
space). Advanced techniques, such as Isometric Mapping (ISOMAP)
[12], assume that each point in a dataset lay on or near a nonlin-
ear manifold where the distances on the manifold provide faith-
ful geodesic representations of the distances between the points in
the ambient high-dimensional Euclidean space in which the points
are embedded. Such methods rely on tight theoretical connections
between the inner product matrix of the input data, often called
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Fig. 1. Recovery of a non-uniformly sampled nonlinear manifold using BMC. (a) A dataset of 500 points sampled non-uniformly from a semi-cylinder having a hollow region
and four isolated clusters. Here, the color spectrum shows the variation of manifold lengths along the y®) axis. (b) 2-D embedding of the dataset performed using BMC where
the color variation is associated with that of (a). Note, the correct 2-D embedding is accurately recovered even though the nonlinear manifold is sampled non-uniformly.
(c) Semilogarithmic plot of the first 10 SVs (o{'s) of the recovered squared distance matrix. For this data set, the theoretically optimal embedding, by construction, has 4
non-zero singular values. Note that the fifth singular value is smaller than the fourth singular value by more than 10 orders of magnitude and is merely an artifact of machine

precision.

the Gramian matrix, and the matrix of squared Euclidean Distances
(EDs) between the points in the data-set [11]. One recent method
that is somewhat different than the above, but superficially similar
in flavor to our proposed technique is Maximum Variance Unfold-
ing (MVU) [13], which attempts to maximize the variance of the
data in the presence of distance constraints between some pairs of
points. However, as we will explain in detail in the sequel, our pro-
posed method arises from a quite different theoretical perspective
than MVU and extends the capabilities of current methods in sev-
eral important directions. Local Spline Embedding (LSE) [14] mini-
mizes the reconstruction error of an objective function and embeds
the data using smoothing splines that map local coordinates of
the underlying manifold to global coordinates. Specifically, LSE as-
sumes the existence of a smooth low-dimensional underlying man-
ifold that is quite similar to our proposed method that assumes ex-
istence of a low-dimensional manifold. However, LSE assumes that
the data is noise free and unaffected by anomalies whereas our
method is made to work on noisy data with anomalies.

With the above ideas in mind, the high-level idea of our pro-
posed algorithm is actually quite simple. Given a collection of
points in high-dimensional space, a classic MDS algorithm assumes
that the EDs between all the points are a faithful representation
of “meaningful” distances between the points (an idea that will
be made precise in the sequel). ISOMAP relaxes that assumption
by only using EDs between neighboring points and using a short-
est path graph distance as a proxy for a “meaningful” distance be-
tween far away points. Our method relaxes this assumption even
further. Like ISOMAP, we assume that the EDs between neighbor-
ing points are “meaningful”, but differing from ISOMAP, we do not
assume we have any approximation for far away distances. We only
assume that there exist rough upper and lower bounds for the dis-
tances between far away points (perhaps provided by a maximum
curvature type argument). In fact, there can be pairs of points (per-
haps even many of them) for which nothing is known about their
distances on the low-dimensional manifold. Such upper and lower
bounds, combined with a constraint that the recovered matrix is
Positive Semi-Definite (PSD), allow us to apply a MC scheme for
the recovery of the unobserved distances and thereby the param-
eterization of the underlying low-dimensional manifold. Therefore,
we name our method Bounded Manifold Completion (BMC).

Recovery of an arbitrary matrix using a low-rank principle is
an ill-posed problem since such an optimization problem is non-
convex and discontinuous [7]. Recent research in MC [15,16], sug-

gests that the nuclear norm convex relaxation is an efficient al-
ternative to rank. However, the major limitation of an optimiza-
tion involving a nuclear norm is that it minimizes the sum of
all the Singular Values (SVs), and therefore might not correctly ap-
proximate the distances on the manifold. Thus, similar to [7], here
we employ a truncated nuclear norm (equivalently, the sum of the
smallest SVs) to achieve an accurate approximation for the par-
tially observed distance matrix. We formulate BMC as an opti-
mization scheme with multiple constraints where we use an Al-
ternating Direction Method of Multipliers (ADMM) [17], to refor-
mulate the original problem as a general separable collection of
convex problems [7] with an additional constraint to enforce that
the returned matrix is a distance matrix. Existing schemes utiliz-
ing nuclear norm heuristics such as SV thresholding [18], nuclear
norm regularized least squares [19], and Robust Principal Compo-
nent Analysis (RPCA) [15] have shown noteworthy performance.
However, as we show in Fig. 1, using a truncated nuclear norm for
nonlinear dimensionality reduction allows the detection of a low-
dimensional embedding with an error that is 0, to within machine-
precision.

One of the key elements of our proposed MC scheme is the MC
algorithm from [16] which is capable of recovering a matrix also
having partially observed data. Specifically, the input distance ma-
trix here is given in terms of two matrices, an upper bound ma-
trix and a lower bound matrix. In particular, the two correspond-
ing values in the bound matrices are the same when the value at
that location is fully observed and the two values in the bound
matrices are not equal when the value of that location is partially
observed. In particular, unobserved data can also be handled in
this way by setting the lower and upper bounds to be arbitrar-
ily small and large, respectively. This partially observed data tech-
nique is implemented in BMC which allows our method to leverage
distances that are fully observed (the Manifold Distances (MDs)
between two points are known), partially observed (the MDs be-
tween two points can only be bounded), and unobserved (the MDs
between the points are not known).

Referring back to Fig. 1, we provide a simple example to il-
lustrate the performance of BMC. We sample a dataset of 500
points Y = {y,....¥500} Wwith y; = (yfl),yi(z),y,.@)) eR3 from a
semi-cylinder such that the sample has some hollow parts of un-
known size and four isolated clusters in the corners of the data
[Fig. 1(a)]. We construct a squared ED matrix D¢ e R39°*%00 (real

numbers greater than or equal to 0) such that ij = ||ly; —yj||§. We
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set the lower bound matrix (D') and the upper bound matrix (DY)
of the recovered squared distance matrix to be ij =0.1ij and
D};. = 10ij. Note, no actual MDs are required. A semi-cylinder rep-
resents a 2-D manifold; thus, the rank of the squared distance ma-
trix of this dataset, when properly embedded, is four (we present
this as a Theorem in Section 2.1). Then, BMC truncates the first
four SVs, generates the recovered distance matrix L, and performs
a 2-D embedding of the dataset in Fig. 1(b). We observe in the
embedding that BMC is capable of projecting the data onto a 2-D
plane such that the topology of the data is preserved even though
the data is non-uniformly sampled. We compute the natural loga-
rithm of the first 10 SVs of BMC’s recovered squared distance ma-
trix in Fig. 1(d). We observe that the first four SVs of L are non-
zero while the rest of the SVs are (to within machine precision)
zero and, therefore, BMC is capable of recovering the correct low-
rank representation of the data.

This paper is structured as follows: In Section 2, we will de-
tail our proposed method in three subsections; first, we present
the derivation of our BMC method along with some classic MC
methods that inspired BMC; then, the numerical implementation
of BMC is presented; finally, we present the ADMM solver of BMC.
We validate the performance of BMC in Section 3 using one syn-
thetic dataset, a cylinder having a hollow region, and two real-life
datasets, face images and handwritten digits. Here, we also present
five classic DR methods that we will contrast/compare with BMC.
Finally, we present discussions and conclusions in Section 4.

1.1. Contributions

Our proposed BMC approach makes the following contributions
to the literature:

e BMC is a novel nonlinear dimension reduction algorithm which
leverages upper and lower bounds on MDs rather than parame-
ters such as the presumed number of neighbors of a data point.
Even more, BMC is capable of operating when no information
is available for many of the MDs.

BMC provides theoretical guarantees as to the performance of
the algorithm, leveraging ideas from [7].

BMC provides unique capabilities for detecting low-dimensional
manifolds even when the manifold is non-uniformly sampled.
BMC is implemented using a fast ADMM solver allowing large
problems to be treated with many data points.

The idea of using bounded low-rank matrix completion has ap-
plications outside of low-dimensional manifold detection where
the input data is noisy or otherwise only roughly known.

2. Methods

In this section, first, we present the details of the extent MC
algorithms that inspired the BMC scheme. Then, we present the
numerical implementation of this MC algorithm followed by deriv-
ing an iterative ADMM solver for the BMC algorithm. Finally, we
explain the production of the low-dimensional embedding of the
data using the recovered distance matrix.

2.1. Matrix completion

In general, low-rank MC schemes take a feature matrix with
unobserved entries and recovers the unobserved entries of that
matrix by utilizing optimization techniques. Using such MC tech-
niques, we are interested in a low-rank recovery of distances on a
manifold.

We start the derivation of BMC by assuming that we are given
an arbitrary squared distance matrix of size n x n, L e RI§". For
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such a matrix L we denote by
1
Gram(L);; = _i[Lij — piLip) = pj(Lij) + pij(Lij) |, (1)

the Gramian of L, where pu;(L;), u;(L;), and p;(L;) are the means
of the i-th row, the j-th column, and the full matrix L, respectively,
[11]. Ref. [11] states that L is a squared distance matrix if Gram(L)
is PSD, as in Definition 2.2, leading to our use of the Gramian. We
will impose this essential condition of Gram(L) is PSD, denoted by
Gram(L)>0, as a constraint to BMC in addition to one general con-
straint in it, that we will discuss in the sequel.

Definition 2.1. Consider that Diag(A(D, ... A(™) represents a diag-
onal matrix formed with the vector (A(D,...A(M) as its diago-
nal. Let L e R™" be a diagonalizable matrix (e.g. a distance ma-
trix) then the Eigenvalue Decomposition (EVD) of L is L=UAU,
where A =Diag(A(D,...AM). Here, for j=1,...,n, A represents
the j-th eigenvalue of L.

Definition 2.2. Let AU is the j-th Eigenvalue (EV) of Gram(L), then
the matrix Gram(L) € R™" is PSD if AU) > 0 for all j=1,...,n. We
denote PSD Gram(L) by Gram(L)>O0.

As seen in Fig. 1, in contrast to many other DR methods, both,
1) BMC is capable of recovering a single manifold even when the
sampling of the manifold is non-uniform, 2) BMC allows many of
these distances to be only partially observed. BMC accomplishes
this task by using Euclidean distances between the given points
as similar to many other DR methods. Consider that the MD be-
tween two points y; and y; is denoted by M;;. We then define the

squared lower bound matrix, denoted by D! = [Di.j]nxn e R"s" and

the squared upper bound matrix, denoted by D% = [D;’j]nxn e RIFY,
as B

Dl — 12] if the MD between points y; and y; are observed,
U7 el —wjll2,  otherwise,
(2)

and

MZ
- |

i if the MD between points y; and y;are observed,
ofi|ly; -yl

otherwise,
3)
respectively. We say that M;; is fully observed if M?j =ij =
D;JJ Otherwise, we set suitable values for o = [Olfj]nxn and o =
[Oé,-”j]nxn, where oel?j gai”j for all ij, which are user defined non-
negative scaling matrices of the squared lower bound matrix and
the squared upper bound matrix, respectively. These parameters al-
low some MDs to only be bounded rather than known precisely.
How might the values for o and «! be set? Formally speaking, the
BMC algorithm admits any choice the user might make. However,
in practice, and as we will demonstrate in the sequel, choosing o¥
and «! based upon a bound on the curvature of the desired mani-
fold leads to advantageous properties.

In particular, the scaling matrices ! and «¥ can be used to de-
fine all the three scenarios of MDs of interest to the BMC algo-
rithm, namely observed, partially observed, and unobserved. Lever-
aging an observed distance is straight forward according to (2) and
(3). If the MD between the points y; and y; is partially observed,
we approximate finite values for ail, and al.”j in (2) and (3) such
that those values closely bound the squared MD between the
points y; and y;. If the MD between the points y; and y; is un-
observed, approximating the values for the parameters afj and al.”j
are uncertain. Thus, we set oz,?j =0and a}ij = oo (or some arbitrarily
large number).

BMC'’s objective function minimizes the truncated rank of the
recovered matrix L, denoted by Rank,(L), defined as the number of
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nonzero values of the (r+ 1)-th tail of SVs {c+1 ... ¢} of L
where r > 0 as in Definition 2.3. Le., Rank,(L) counts the number
of non-zero SVs not counting the r largest SVs. We are interested in
minimizing the truncated rank, as suggested in Hu et al. [7], rather
than the rank since it allows the user to omit large SVs from the
minimization process. Note, setting r =0 is the same as consid-
ering the rank of L without a truncation. Thus, the optimization
scheme of BMC that we use to recover a matrix L by completing
the incomplete matrix M2 is

Rank. (L),

D' <L <D (4)
Gram(L) > 0.

minimize
L

o (min(m.m)) represents
- (min(n,m)))

Definition 2.3. Consider that Diag(c (™, ...
a diagonal matrix formed with the vector (o, ...,
as its diagonal. Let L € R™™ is a matrix, and Uy x m and Vy « g
are unitary matrices such that UTU =1 and VTV =1, respectively.
Then, Singular Value Decomposition (SVD) of L is L = UXVT, where
Smxn =Diag(oc D), .. g min(m)y Here for j=1,...,n, oY repre-
sents the j-th singular value of L and @ > g UtD); Vj.

The optimization scheme in (4) is inspired by classic theorems
relating the rank of distance matrices to dimensions of manifolds.
In particular, for an e-D manifold, Theorem 2.1 states that the rank
of the squared distance matrix L is e+ 1 or e+ 2 depending on
whether the dataset represents a hyper-sphere or a non-hyper-
sphere, respectively. Thus, we set r=e+2 in (4) for a dataset
representing non-hyper-spherical e-D manifold which is the most
common case of the datasets.

Theorem 2.1. Gower [20], Let the dimensionality of a given manifold
is e. Then,

(i) the rank of the squared distance matrix computed on the man-
ifold is e + 1 iff the manifold is a hyper-sphere, or

(ii) the rank of the squared distance matrix computed on the man-
ifold is e + 2 iff the manifold is not a hyper-sphere.

Proof. See Theorem 6 and the associated derivation in [20]. O

Computing Rank,(L) in (4) is non-convex and NP-hard.! How-
ever, as stated in Hu et al. [7], the truncated nuclear norm, see
Definition 2.4, provides a proxy for Rank;(L) that can be optimized
efficiently. Thus, inspired by the approach in Hu et al. [7], we ap-
proximate Rank;(L) in (4) by the r-th truncated nuclear norm of L,
denoted by ||L||«,. With the aforementioned modification, the op-
timization scheme of BMC is written as

miniLmize [IL]] 4.5

D' <L <D, (5)
Gram(L) > 0.
Definition 2.4. For a given matrix L € R™" and r € Z.¢, the r-th

truncated nuclear norm of L, denoted by IIL]| r, is defined as Orq +
..+ oy where o) denotes the j-th SV of L.

2.2. Implementation

Computation of ||L||«, in (5) is numerically implemented by
subtracting the sum of r-largest SVs from the sum of all the SVs
(JIL]|+ is the sum of all the SVs) as stated by Theorem 2.2. Thus,
with the aid of Theorem 2.2, the modified optimization scheme is

LI, — tr (UL,

D' <L <DV, (6)
Gram(L) > 0.

minimize
L

1 A problem is NP-hard if an algorithm for solving it can be translated into an
algorithm for solving any non-deterministic polynomial time problem.
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Theorem 2.2. Hu et al. [7]. For a given matrix L € R™"; let, L =
UXVT provides SVD of L. Let, U, denote the transpose of the first r
columns of the matrix U and V, denote the transpose of the first r
columns of V. Moreover, tr(UrLVrT) denotes the trace of UrLVrT, that is,
sum of all the diagonal entries of U;LV;T. Then,

ILIl«r = LIl — tr(ULV]). (7)

Here, ||L||« is the nuclear norm of L that is defined as the summation
of all the SVs of L.

Proof. See Theorem 3.1 and the following derivation in [7]. O

To optimize (6) we utilize an ADMM [17]. In particular, as in-
spired by [7] we split the original decision variable L in the objec-
tive function of (6) into two decision variables, say L and K, such
that L = K. Without loss of generality, we replace L by K in the
second term of the objective function and rewrite the optimization
scheme in (6) as

L]l — tr(UKV])

L=K, (8)
D! <K < DY,

Gram(L) > 0.

minimize
LK

This transformation allows a closed form solution in the case
where we fix L and optimize (8) with respect to K, or in the case
where we fix K and optimize (8) with respect to L, and leads to an
efficient ADMM solver.

BMC's technique of leveraging the inequality constraint
D' < K < DY in (8) is influenced by [16], where a new function
is introduced to imply this inequality. In BMC, we denote this new
function as E = [Eij]nxn e R™M" and model it such that if a recov-
ered entry Kj; satisfies the inequality constraint, then E;; = 0, oth-
erwise E;; quantifies the violation of the inequality constraint. Thus,

Kij =Dl if D}, > Ky,
E;j(D};, DY, Kij) = { Kij — D, 1fD L < K, 9)
0, otherw1se

which is shown in Fig. 2 and is often known as a shrinkage opera-
tor in the literature. Note that, for given Dﬁj and D}‘] Ej is a func-
tion of Kj;. Finally, to satisfy the inequality constraint in (8), we
add the constraint E = [0],x, into the optimization scheme. With

Zj’ 1]

AE, = E(D};, DY, Ky;)

ij

_D!

ij

Fig. 2. Function Ej versus Kj for arbitrary upper bound, Df.j, and lower bound, DI”]
Ej is zero if Kj; is between the bounds, but it increases with the same rate as Kj; if
it is outside of the bounds.
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the aforesaid modifications, our optimization scheme is
minLiIIPize IL||+ — tr(U;KVT)

L=K, (10)
Gram(L) =0,
E= [O]HXTM

where E is defined in (9). In Section 2.3, we solve the optimization
scheme in (10) using an ADMM.

2.3. ADMM solver

An ADMM classically uses Augmented Lagrangian Function
(ALF) to transform a constrained optimization problem into a re-
lated unconstrained optimization problem. Thus, inspired by Boyd
et al. [17], first we formulate the ALF of the optimization scheme
in (10) and then we follow an ADMM scheme to minimize the ALF.
Let the Frobenius norm of a matrix A = [a;j[nxn € R™" be defined
as

n
IAllF= | > lagl?, (11)
Viim

and the Frobenius inner product of two matrices A = [gjjlnxn €
R™™ and B = [b;j]nxn € R™", denoted by (A, B), be defined as

(A,B): Z a,~jb,-]-. (12)

1<i,j<n

Let the matrices { € R™" and 1 € R™" denote Lagrangian multi-
pliers, then ALF of the optimization scheme in (10) is formed by
combining all the constraints into the Lagrangian £ as

L(LK, ¢, n, p¢, p"|Gram(L) > 0)
= ||IL|l. — tr(UKV]") + (¢, L= K)

¢ n
+ oL - KIZ + (0.E) + - ER, (13)

where the scalars p¢ > 0 and p7 > 0 are penalty parameters, and
E is defined according to (9). Note that, since D' and D" in (9) are
fixed matrices for a given problem, K is the only independent vari-
able of E that varies over each iteration. Thus, E is not listed as an
independent variable of £ in (13). The minimization of £ is equiv-
alent to the optimization of (10).

Small values for the penalty parameters in minimization of £
emphasize the minimization of the objective function while large
values for the parameters emphasize the feasibility (satisfying con-
straints). Our ADMM allows a closed-form approximation to min-
imization of £ by first minimizing £ with respect to one decision
variable or one Lagrangian multiplier while keeping all the other
variables and multipliers fixed. Then, ADMM uses the current so-
lution to partially update the other variables and multipliers be-
fore their minimization and ADMM generates an iterative set of
solutions for updating both the decision variables of the optimum
objective function and the Lagrangian multipliers that enforce con-
straints.

We will minimize £ in (13) with respect to the variables
L K ¢, and n in Sections 2.3.1-2.3.4. We will provide addi-
tional information on numerical implementation of the method in
Sections 2.3.5 and 2.5.

2.3.1. Minimization of ALF with respect to L

Let T denotes the total number of iterations. We formulate
the minimization of the Lagrangian £ for a general iteration, say
m, where 1 < m < T. The solution to the minimization of £ in
(13) with respect to L at the m-th iteration is considered to be
Lmyq. That is,

Ly = arg min £(L. K. Sn. 7 P PylGram(L) = 0)

Pattern Recognition 111 (2021) 107661

¢

= argmin (||L||* + (G, LK) + ”2'"||L—1<m||%), (14)
L|Gram(L)>0

where 1 < m < T. Note that, we ignored the terms independent of

L in (14). We use both, 1) the relationship ||A||§ = (A, A), where A

is an arbitrary matrix, between the Frobenius norm and the inner

product, and 2) some identities of the inner product, to simplify

(14) as
1 2
L— (Km - §§m> ) (15)
Pm F

Now, we provide the Definition 2.5 [7,18] of a shrinkage oper-
ator that shrinks SVs of a matrix G by the value of v > 0 as we
are going to use this operator in Theorem 2.3. In general, v is a
small value comparative to the largest SVs. Such a shrinkage oper-
ator eliminates small SVs representing non-prominent features of
the dataset such as noise and it retains only the prominent fea-
tures.

. 0%
Lni = argmin | |[L]], + =2
L|Gram(L)>0 2

Definition 2.5. Hu et al. [7], Cai et al. [18], Let G e R™"
and SVD of G is G=UXVT where X =Diag({oV};.jp) =
Diag(c ™, ..., o M), see Definition 2.3 for SVD. For v > 0, we de-
fine SV shrinkage operator D, of the matrix G as

D, (G) = UF(Z)VT, where

F(%) = Diag({max(c ¥ — v,0)}1j<n). (16)
Theorem 2.3. Hu et al. [7], Cai et al. [18], For any v > 0 and G €
Rnxn’
. 1
D,(G) = argmin [v][L]l. + 5 IL - GI (17)
L

Proof. See the proof of Theorem 2.1 in Cai et al. [18]. O

We use Theorem 2.3 [7,18] to get a closed-form solution for
(15). Note that, G and v in this theorem are equivalent to Ky —
(1/,0,51)4“m and 1/p§, in (15), respectively. This theorem provides an
alternative implementation using shrinkage of SVs for a vital min-
imization problem. When £ in (13) convergences to the true solu-
tion, the conditions L = K and ¢ = 0 are satisfied. Thus, instead of
imposing Gram(L)>0 in (15), we will impose Gram(G)>0 in (17) as
an approximation since G and L are equivalent when (13) conver-
gences to the true solution. Theorem 2.3 along with this approxi-
mation provides the solution for (15) as

Lny1 = {Dv(Gm)|Gram(Gp) > 0};
Gm=Kn— +¢mandv="L. (18)
P P

Now, we use a modified version of the shrinkage oper-
ator in Definition 2.5 to compute D,(Gp) in (18) by im-
posing Gram(Gp)=0. Note that the shrinkage operator in
Definition 2.5 shrinks SVs of a matrix G by the value of v > 0 [see
F(X)] and also note that G in (16) is similar to G, in (18). Thus,
similar to the computation of D, (G) in Definition 2.5, the shrunk
SVs of G, along with its unitary matrices, say Uy and Vp,, are used
to compute D, (Gy) in (18). According to Definition 2.2, all the
eigenvalues of a PSD matrix are non-negative. Thus, to incorporate
the condition Gram(Gy;)>0 of (18), we perform a modification to
this shrinkage definition under two steps: 1) we compute the EVD
of Gram(Gp,) instead of the SVD of G, and 2) we assign zeros for
the EVs that are either negative or less than some value v > 0.

Step 1: We transform G, in (18) to its Gramian using the ma-
trix version of (1) given in (19). Let, diag(Gn) denotes a vector
formed by the diagonal of G, and e=[1,...,1]" is a column vec-
tor of ones. Note that, G, = G, — Diag(diag(Gy,)) represents a ma-
trix formed by replacing the diagonal of G, with zeros. As stated
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in Ref. [20], the matrix version of (18) is

1 1 N\~ 1 4
Gram(Gp) = -3 (I— nee )Gm<l— nee ) (19)
We compute EVD of Gram(Gp,;) using Definition 2.1 such that
Gram(Gm) = UnAnUs': Ap = Diag({,\ﬁ,P}lsjsn), (20)

where )\,(1{) represents the j-th eigenvalue of Gram(Gp,) at the m-th
iteration.

Step 2: Here, first, we modify the shrinkage operator in
Definition 2.5 and then we use it to impose Gram(Gp) is PSD.
Second, we transform back PSD Gram(Gp) to Gy to use in (18).
This modified shrinkage operator guarantees that the shrunk EVs
of Gram(Gp,) are non-negative which will assure that Gram(G,)
is PSD. We are also interested in eliminating EVs that are both
positive and small since they represent non-prominent features
of the dataset such as noise and outliers. To incorporate both
of these characteristics, we modify the shrinkage function F in
Definition 2.5 and impose that shrunk EVs are not less than
1/,0,?1 > 0. Thus, the new shrinkage function that is denoted by F*
is

F*(Am) = Diag({ki}f“}lsisn); where

20 _ {Aﬁ,{) —vt, if A — v s 0,
() _

0, otherwise, (21)

where v* = (1/p%) —min(A{, ..., A" 0). When all the EVs are
non negative, this shrinkage function is the same as that in
Definition 2.5 except of the usage of EVs here instead of SVs. But,
when at least one EV is negative, this shrinks all the EVs by v* > 0.
Thus, this shrinkage function eliminates the non-prominent fea-
tures as well as features related to negative EVs to ensure the re-
covered matrix is both low-rank and PSD. Similar to Definition 2.5,
we use these shrunk EVs of Gram(Gp) to formulate the shrunk
Gramian, denoted by Dj(Gram(Gp)), which is PSD. For that, we
use the matrix Uy, in (20) as

D} (Gram(Gp)) = UnF* (Am)Uy,". (22)

Since (18) requires the shrunk version of G, related to the shrunk
Gram(Gp,), we transform D}, (Gram(Gy,)) back to its corresponding
Gm, denoted by G}, using the reverse formula of (19) as

G;, = Diag(D;(Gram(Gp)))e + e[Diag(D};(Gram(Gmn)))]"
—2D%(Gram(Gp)), (23)

as in Gower [20].

Since distance matrices are PSD, the above two steps force the
recovered matrix to both be a distance matrix and retain the EVs
representing prominent features of the dataset. We treat Gj, in
(23) as the required D, (Gp) in (18) as G}, is the EVs shrunk ver-
sion related to PSD shrinkage of Gram(Gp,). Thus, the solution for
L in (18) is given as
Loyt = Gy (24)
2.3.2. Minimization of ALF with respect to K

Here, we minimize £ in (13) with respect to K at a general time
step, say m, and obtain a new solution for K, denoted by K.
Since we have already minimized this Lagrangian with respect to

L in Section 2.3.1, we use the current solution of L, i.e. Ly, ¢, and
partially update the Lagrangian. Thus,

Kins1 = arg min £(Lns1. K. Gn. 7. P PhlGram(L) = 0)

= arg min[—tr(U:KV]") + (&, Lyt — K)
K

/0{ 2 i 2
+ 7m||Lm+l — K + (Mm, Em) + 7,11 ||Em||l-‘:|' (25)
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Again, we ignored the terms independent of K in (25). Using the
relationship ||A[|2 = (A, A), where A is an arbitrary matrix, and us-
ing some identities of the inner product, (25) is simplified as

2

m

¢ 1
Kiny1 = arg min|:p2m H (Liny1 — K) + —;(UrTVr +&m)
K P F

n 2
+ g, 4 dml | (26)
2 Pm ||

We differentiate the function inside arg min in (26) with re-
spect to K and solve it for K as

1
K = [Pt + (UTVe+ &) = (PlEm + nu)Ep | (27)

m

Note that, only K;, of the function Ep :Em(D’,D“,Km) varies
through iterations (e.g., as in Fig. 2 and (9)) whereas D' and DY
are fixed through iterations and only vary from problem to prob-
lem. Thus, the derivative of the function (Ep); in (9), denoted by

S e ) .
(Ep)ij. is one if DI, > (Km); > DY, or zero otherwise.

2.3.3. Minimization of ALF with respect to ¢

Now, we partially update £ in (13) with the current solutions
Lmy1 and Kpyq. and minimize £ with respect to ¢ to obtain its
new solution &y, as

{my1 = arg min E(KmH,LmHv ¢ M. Pr- 1y | Gram(L) > 0),
¢

arg {min[ (¢, Lint1 — Kiny1) |- (28)

Consider that we use the symbol | for “such that” in (28) and
thereafter. Differentiation of (28) with respect to ¢ gives

Emi1 = &m+ P (Linsr = Kini1)- (29)
2.3.4. Minimization of ALF with respect to n

After partially updating £ in (13) with the current solutions
Lmy1, Kmy1, and &pyq, we obtain

gt = arg min £(Kny1. Lt Sme. 7. o6, o}y | Gram(L) = 0).
n
arg min[(n, E)]. (30)
n

Differentiation of (30) with respect to n gives

N4t = NMm + PrEm1. (31)

2.3.5. Multiplier p of the parameters ,o,% and p;.

We observed in the testing process that BMC converges fast
and is numerically stable when the ADMM solver emphasizes the
minimization of the objective function in the early iterations and
then it emphasizes on satisfying the constraints in the later iter-
ations. Note that, according to (13), we can control the trade-off
between satisfying the objective function and satisfying the con-
straints by changing the values of the parameters ,o,% and p;. Thus,
to achieve those computational advantages, we set variable values
for the parameters ,o,% and p,l. For that, we introduce a new pa-
rameter p > 1 that we use to increase the value of the parameters
,oﬁl and p;, through iterations such that

P =P Prand pl = p ph. (32)
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2.4. Low-dimensional embedding.

We perform the low-embedding of the data using the recovered
distance matrix L. For that, we compute the Gramian of L = [L,-j]nxn
using (1) and then perform SVD of Gram(L) using

Gram(L) =UZVT, (33)

where U and V denote unitary matrices, and ¥ denotes a diagonal
matrix of SVs. p-D latent variables (collectively called an embed-
ding) of a high-dimensional dataset is given by

X =L 22T, (34)

where I, « n is a matrix representing the first p-rows of the iden-
tity matrix I « o [11].

2.5. The time complexity of BMC algorithm.

The details of the BMC implementation can be found in
Algorithm 1. The ADMM scheme of BMC requires user input initial
guesses Ly e R™M™ K3 e R £ e R™M) € R™T, pf eR, and
,0]" € R. We will explain setting these initial guesses in Section 3.

As stated in early sections, BMC can be considered to be an ex-
tension of RPCA that is produced by integrating two new features:
1) the Gramian of the recovered matrix, L, is PSD and, 2) the data is
input as upper and lower bounds of the distance matrix. While the
first feature is significant when computing the time-complexity,
the second feature does not impact the time-complexity of the al-
gorithm. Ref. [21] states that the time-complexity of the RPCA al-
gorithm is dominated by SVD used in the step of computing its
low-rank component L of the input matrix. Note that, BMC utilizes
EVD (step 1 of Algorithm 1) instead SVD for that step and then de-
fines a new shrinkage function to filter-out negative and small EVs
to impose that Gramian L is PSD. The time-complexity associated
with EV shrinkage is strictly less than that with the EVD. Thus, the
time-complexity of BMC is also dominated by the step that utilizes
EVD to compute L as the time-complexities of both SVD and EVD
of a square matrix are the same. EVD of a square matrix with n
rows has a time-complexity of n3 [22]; thus, the time-complexity
of BMC algorithm is n3.

Algorithm 1 Bounded manifold completion (BMC). Inputs: lower
bound matrix (D') and upper bound matrix (D*) of the squared MD
matrix representing the data, truncation parameter (r), multiplier
of Lagrangian multipliers (o), number of dimensions required in
the embedding (p), and maximum number of iteration (T). Out-
puts: p-D embedding of the data (X).

Initialize the variables Ly, Ky, &1, 11, pf, and ,01".
While (T is not met)
1: Solve L =argmin L(L,K,¢,n, p%, p"| Gram(L) = 0) as ex-
L

plained in Sec. 2.3.1.

2: Update L, then solve K=argmin L(L K, Z,1n, p¢, p"|

K
Gram(L) > 0) as explained in Sec. 2.3.2.

3: Update L and K, then solve ¢ = argmin L(K,L,Z,n, p¢, p"|
¢

Gram(L) > 0) as explained in Sec. 2.3.3.
4 Update L, K, and ¢, then solve 1n=argmin
7

LK. L &,n, p%, p" Gram(L) = 0) as explained in Sec. 2.3.4.
5: Produce the p-D embedding, X, of the data using the recovered

matrix LAas explained by (33) and (34).
6: Return X.
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3. Performance analysis

Here, we validate BMC using three representative examples
based on three datasets: one synthetic dataset that we sam-
pled from a semi-cylinder and two real-life datasets, face images
[23] and handwritten digits [24]. We compare the results of BMC
with that of five DR methods from the literature, namely ISOMAP,
DM, LE, LLE, and HLLE. We provide a brief description of each
method below:

o Isometric Feature Mapping (ISOMAP) [12], has one parameter to
specify the neighborhood size, say §. ISOMAP turns an input
dataset of points into a graph structure, first, by treating points
as nodes, and then, by creating edges between each point and
that point’s § nearest points. The weight of an edge is consid-
ered to be the ED between the adjacent two points. [ISOMAP
approximates the MD between any two points in the dataset
as the length of the shortest path between them. Finally, this
method transforms the MD matrix into an inner product ma-
trix, as in (1), and the SVs of the inner product matrix are used
to produce the latent variables.

e The DR method Diffusion Maps (DM) [25,26], creates a graph
that is similar to that of ISOMAP which has weights of the
edges computed using the Gaussian kernel function with a user
input variance y. DM defines Markov random walks on this
graph for a t (an input parameter) number of time-steps to
compute a proximity measure of the data points. These mea-
sures are transformed into diffusion distances and the latent
variables are computed using the spectral decomposition on the
diffusion distance matrix.

Laplacian Eigenmaps (LE) [27], computes a low-dimensional rep-

resentation of the data in which the distances between a dat-

apoint and its § nearest neighbors are minimized. This is done
in a weighted manner using a Gaussian kernel function with

a user input variance y such that the closer the neighbor, the

more weight that contributes to the cost function.

e Local Linear Embedding (LLE) [28], constructs the local proper-
ties of the manifold underlying the data by formulating the
high-dimensional datapoints as a linear combination of their §
(an input parameter) nearest neighbors with some weights. LLE
attempts to retain the weights of the linear combinations in the
low-dimensional reconstruction as close as possible to that of
high-dimensional representation.

e Hessian Local Linear Embedding (HLLE) [26], is a variant of LLE
that minimizes the curvature of the high-dimensional manifold
under the constraint that the low-dimensional data representa-
tion is locally isometric. This is done by an eigenanalysis of a
matrix that describes the curviness, measured by means of the
local Hessian, of the manifold around § (an input parameter)
nearest neighbors at each data point.

3.1. A semi-cylinder having a hollow region

We analyze the performance of BMC by embedding a dataset
sampled from a semi-cylinder, a 2-D manifold, having a hollow re-
gion. First, we visually compare the embedding performed by BMC
with the embedding performed by five DR methods, and then we
analyze the SV spectrums of the distance matrices of the manifolds
recovered by BMC and the other five DR methods.

We sample 500 points from a hollowed semi-cylinder using

y1=4cos(0), y,=4sin(0), y3=z, (35)

where 0 € U[[0, r/3]U[27/3,]] and z € U[[0,3]U[7,10]] as in
Fig. 3(a). Here, Ula, b] denotes an uniform probability distribution
from a to b.

Since BMC inputs a lower bound (D') and a upper bound (DY)
of the squared MD matrix, we compute them using (2) and (3).
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Fig. 3. 2-D embeddings of a cylindrical dataset having a hollow region. (a) A dataset of 500 points is embedded in 2-D using (b) BMC with r =4, p = 1.01, ,of = ,of =0.05,
and otfj =0.1 and Ol..“j =10 for all ij; (c) ISOMAP with § = 12; (d) DM with y =1 and t = 10; (e) LE with § = 12 and y = 1; (f) LLE with § = 12; and (g) HLLE with § = 12.

Even though the squared MDs of points in the same cluster of
this dataset could easily be computed, we treat these MDs as un-
knowns to make this problem little harder. This is numerically im-
plemented by setting unequal values for af]. and ai“j for each ij as
explained in Section 2.1. Moreover, for all ij, we set ai’j to a small
value, say 0.1, and set oc,.“j to a large value, say 10, in (2) and (3). We
set wide gaps between upper and lower bounds to make sure that
their true MDs lie between them. Narrow gaps between lower and
upper bounds expedite the convergence of BMC; however, the con-
struction of valid narrow gaps is to be done in a separate research
that we will summarize in Section 4.

We set the initial guesses arbitrarily as Ly = Kj = ¢ = 11 =
0.8D! + 0.2D". Consider that any matrix between D' and D" would
work as an initial guess. We also set pf = p]" =0.05 and p = 1.01.

As we explained in Section 2.3, setting ,of and p{’ to a value
smaller than one and setting p to a value slightly greater than
one (this increases the parameters p,% and p;} in (13) through iter-
ations) assures numerical stability and fast convergence of BMC.
We run BMC with r=4 and p=2 for 500 iterations and ob-
tain 2-D embedding of the dataset. Here, we set r =4, since
Theorem 2.1 states that the squared distance matrix of a 2-D man-
ifold has four non-zero SVs. As explained in Section 2.4, we set
p =2 in BMC to get 2-D embedding of this dataset that we show
in Fig. 3(b).

We also run the DR methods ISOMAP with § = 12 as in Fig. 3(c),
DM with ¥y =1 and t =10 as in Fig. 3(d), LE with § =12 and
y =1 as in Fig. 3(e), LLE with § = 12 as in Fig. 3(f), and HLLE with
6 =12 as in Fig. 3(g), over this dataset and compute 2-D embed-
dings. Consider that the used parameter values above are the de-
fault values as proposed by those methods since finding the best
set of parameter values of a method to run on a given dataset
is challenging and significantly time consuming. We observe that
only BMC and DM preserve the geometry of the data. However,
we will demonstrate on the real-world datasets that BMC provides
substantial benefits over DM in more challenging problems.

Now, we analyze the SV spectrum of BMC and that of the other
five DR methods. First, we compute the 10 largest SVs of the re-

10 —w¥— Manifold
~ —A—BMC

= ISOMAP
3 —@—HLLE
LLE
-20 —%—DM
12 3 45 6 7 8 9 10
J

Fig. 4. Semi-log plots of percentage of normalized SVs of the squared MD matrix
and that of the squared distance matrices of the embeddings of BMC and the other
DR methods.

covered matrix L. Computations of the SV spectrums of the other
embeddings are performed under two steps. First, we embed the
dataset in 10-D space using ISOMAP, DM, LE, LLE, and HLLE. Then,
we compute the ED matrix of the embedding of each of the five
methods and then compute the SV spectrum for each of the dis-
tance matrices. As the ground-truth, we compute the 10 largest
SVs of the squared MD matrix of the data (MD takes curvature
into consideration that can easily be computed since this data is
sampled from a cylinder). For the SVs {c@|j=1,...,10} of the
squared distance matrix of an embedding, we define the percent-
age of normalized SVs as

o

21:1 oW

(36)

Fig. 4 shows In(6); j=1,...,10 of all the DR methods. We ob-
serve in this figure that the first four 6 U)’s of BMC are nonzero
and the rest of them are approximately zero which is similar to
that of the manifold (ground-truth). However, none of the DR
methods, except BMC, have zeros after 6*). Thus, all the meth-
ods, except for BMC, do not recover the solution guaranteed by
Theorem 2.1 and that might lead to an embedding which is not
representative to the dataset.
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Fig. 5. 2-D embeddings and clustering errors of a image-set of 120 handwritten digits. (a) A sample of 60 images of the image-set. This image-set is embedded in 2-D using
(b) BMC with r =4, p =1.02, pf =p/ =0.1, and Ol:j =0.1 and a;‘j =10 for all ij; (c) ISOMAP with § = 12; (d) DM with y =1 and t = 10; (e) LE with § =12 and y =1; (f)
LLE with § = 12; and (g) HLLE with § = 12. The title at each embedding also display its clustering error &..

3.2. Handwritten digits

Now, we embed a sample of handwritten digits obtained
from the Modified National Institute of Standards and Technol-
ogy (MNIST) database [24]. It is well known [24] that the low-
dimensional representations of the MNIST handwritten digits dis-
play rich clustering which we will analyze using BMC and the
other DR methods in this section. The MNIST database has 70,000
images of handwritten digits 0, 1, ..., 9 from which we sample
(uniform random sampling) 30 images of arbitrary digits of each
0, 1, 3, and 4, (the image-set size is 120 images of digits) as in
Fig. 5(a).

Each image in the MNIST database is 28 x 28 dimensions. Since
each pixel represents one dimension, each image is a point in a
784-D observable space [4]. We reshape each such image into a
row vector and concatenate these 120 row vectors (note that, this
image-set has 120 images) vertically to produce the dataset. We
are not aware of information about the data such as hollow regions
or clusters like those in the semi-cylinder dataset in Section 3.1.
Thus, we treat each point of this dataset as a separate cluster, and
compute the lower bound (D') and the upper bound (D) of the
MDs using (2) and (3) with a,?j =0.1 and ¢} =10 for all ij. Con-
sider that computing the bounds D' and DY, and setting the pa-
rameters o:l!j and a}lj are done in a similar manner as those in the
semi-cylinder example. Here, we set the initial guesses as the same
as those in the semi-cylinder example. Since we are not aware of
the dimensionality of the manifold underlying the image-set, we
are unable to set r based on Theorem 2.1. However, we set r =4
and p =2 for BMC to generate a 2-D embedding which we can

easily visualize.2 We run BMC with p = 1.02 (setting o is based
on the same argument as that in the semi-cylinder example) for
800 iterations and produce a 2-D embedding of the dataset that
we show in Fig. 5(b).

We run DR methods ISOMAP with § =12 as in Fig. 5(c), DM
with ¥ =1 and t = 10 as in Fig. 5(d), LE with § =12 and y =1 as
in Fig. 5(e), LLE with § = 12 as in Fig. 5(f), and HLLE with § = 12 as
in Fig. 5(g), over this dataset and compute 2-D embeddings. Sim-
ilarly in Section 3.1, the parameter values used above are the de-
fault values as proposed by those methods since finding the best
set of parameter values of a method to run on a given dataset is
challenging and significantly time consuming. We see in Fig. 5 that
while BMC, ISOMAP, and LE assure some level of clustering of dig-
its, DM, LLE, and HLLE fail to preserve the clustering. In order to
learn the clustering ability in a qualitative manner, we numerically
analyze the misclustering of digits using k-Means Clustering (KMC)
method available in Lloyd [29]. KMC is a data-partitioning algo-
rithm that assigns given observations, say n, to exactly one of the
given clusters, say k in total, defined by centroids where k is cho-
sen before the algorithm starts. We set k = 4 in KMC as the dataset
consists of four digits and find the clustering for each digit. If a
digit is misclustered, then we add one penalty towards the error.
The clustering error, denoted by &, is defined as the percentage of
misclustering in the dataset. We compute the clustering error for
each embedding and display them at the titles of Fig. 5(b-g). The
clustering errors justify that BMC performs well in terms of pre-
serving the clustering in contrast to that of the other DR methods.

2 Other choices of r are, of course, possible.
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Fig. 6. 2-D embeddings of a image-set of 300 faces. (a) A sample of 60 face images of the image-set whereas columns from left to right indicate left-right light change,
left-right pose change, up-down pose change, and a noisy version of images, respectively. This image-set is embedded in 2-D using (b) BMC with r =5, p =1.04, pf =
p{ =0.1, and ozfj =0.1 and af =10 for all ij; (c) ISOMAP with § = 12; (d) DM with ¥ =1 and t = 10; (e) LE with § = 12 and y = 1; (f) LLE with § = 12; and (g) HLLE with

& = 12. The snapshots show the appearance of some faces on this manifold.

3.3. Face images

In this section, we embed a noisy sample of face images ob-
tained from [23] and learn BMC's ability to preserve the underlying
topology. This face image database consists of 600 face images of
64 x 64 dimensions having three variations: left-right orientation
of light change; left-right pose change; and up-down pose change.
Note that, each image of this database is a point in a 4096-D space.

We sample (uniform random sampling) 300 images from this
database and contaminate them with a Gaussian noise of variance
one as in Fig. 6(a). Similar to the handwritten digit example, we
reshape each of these image into a row vector and concatenate
all such 300 rows vertically to form the dataset. Here, we are not
aware of geographical information about this dataset such as hol-
low regions or clusters like those in the semi-cylinder dataset in
Section 3.1. Thus, we treat each point as a separate cluster, and
compute D' and D' of the MDs using (2) and (3) with otfj =1
and ozl.“j =10 for all ij in a similar manner as those in the semi-
cylinder example. We also set the initial guesses to the same val-
ues as those in the semi-cylinder example. Since each image has
three variables (2-D pose and 1-D orientation of light), the under-
lying manifold is 3-D which is incorporated by setting r =5 ac-
cording to Theorem 2.1. We run BMC with p = 1.04 (setting p is
based on the same argument as that in the semi-cylinder exam-
ple) and p = 2 for 800 iterations to produce a 2-D embedding (see
Fig. 6(b)) of the dataset.

We run the DR methods ISOMAP as in Fig. 6(c), DM as
in Fig. 6(d), LE as in Fig. 6(e), LLE as in Fig. 6(f), and HLLE
as in Fig. 6(g), over this dataset with the same parameter
values as those in the handwritten example and compute 2-

D embeddings. We see in Fig. 6 that while HLLE performs
a weak embedding (most of the images are projected onto a
small area), the other methods demonstrate some level of good
embedding.

In order to quantitatively analyze the embedding performance,
we compute neighborhood preserving error [30], denoted by Es.
For that, first, we make an adjacency distance matrix A4 = [Afj]nxn

of the dataset such that Afj =1, if the j-th point is one of §’ neigh-
bors (an input parameter) of the i-th point; or A% = 0 otherwise.
Note that, the parameter 8’ is similar to § of ISOMAP in Section 3.
Similarly, we make an adjacency distance matrix A® = [Afj]nxn of
an embedding of interest. The neighborhood preserving error is
defined as the percentage of normalized cumulative absolute dif-

100
——BMC
ISOMAP
§ 80 —e—HLLE
5%} LLE
60 ——DM

5 10 15 20
5/
Fig. 7. Neighborhood preserving ability of BMC and the other DR methods versus
different neighborhood sizes.
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ference between the adjacency distance matrices A4 and A¢,
100 (g s
& =5m-1 > |AG A5l
i,j=1

where 4§’ is the size of the neighborhood of interest [30].
Fig. 7 shows & versus §' =1,..., 20 for both BMC and the other
DR methods. We observe in this figure that BMC preserves the
neighborhood than that of the other DR methods for all the neigh-
borhood sizes 1-20. Moreover, the neighborhood preserving ability
of BMC is better than that of the other methods when the neigh-
borhood size is small.

(37)

4. Conclusion

In this paper, we presented an NDR method using an MC
scheme that 1) reveals a distance matrix for a partially observed
matrix; 2) employs truncated rank; and 3) inputs the bounds for
each entry of the partially observed matrix so that the recovered
matrix should satisfy those bounds. This MC scheme inherits trun-
cated nuclear norm regularization for truncated rank from [7] and
inherits recovery of the full matrix using bounds from [16]. In or-
der to assure that the recovered matrix is a distance matrix, we
imposed that the recovered matrix is PSD using a novel approach
as stated in Section 2.3. Fig. 4 justifies that BMC is robust of re-
vealing an accurate low-rank approximation of a partially observed
distance matrix that has the same rank as that of the manifold.

We observed in Section 3.2 that BMC attains the least cluster-
ing error among all the DR methods of interest. Thus, it justifies
that BMC provides superior clustering when it embeds a cluster
rich dataset like MNIST. However, the clustering error of BMC was
as high as 16.33% since we performed a 2-D embedding without
knowing the true dimensionality of the dataset. Thus, before per-
forming this analysis, the true dimensionality of the manifold un-
derlying the data should be revealed. In the future, we will run

BMC with r=3, ..., m for some m and then analyze the SV spec-
trums of the recovered matrices to learn the true manifold dimen-
sionality.

The face image example in Section 3.3 demonstrated BMC'’s ca-
pability of embedding a real-life dataset that is contaminated with
a high level of noise. We observed that BMC preserves neighbor-
hoods when it maps data onto an embedding better than the maps
of the other DR methods of interest. Topological DR is a process of
transforming high-dimensional data onto a low-dimensional em-
bedding such that the data is homeomorphic® to the embedding.
Since a homeomorphism can be explained as a continuous map of
neighborhoods between data and embedding, neighboring points
in the dataset should also be neighboring points in the embed-
ding. Thus, the stronger the homeomorphism the lesser the neigh-
borhood preserving error that we have seen from BMC in Fig. 7.

In the examples of this paper, we set wide gaps between lower
and upper bounds. Given these bounds, BMC revealed a low-rank
recovery distance matrix which showed superior embedding than
that of the other DR methods of interest. However, due to wide
bounds, BMC might reveal a low-rank distance matrix that is not
close enough to the real distance matrix and encounter a con-
siderable error. This is clearly observed by both the clustering
error (&) in Fig. 5 and the neighborhood preserving error (&s)
in Fig. 7. Although BMC is made to recover a low-rank recovery
within bounds, we will be able to recover the distance matrix of
interest by setting these bounds sufficiently narrow. For that, we

3 A homeomorphism is defined as an equivalence relation and a one-to-one cor-
respondence between points in two topological spaces 71 and 7, that is continuous
in both directions 7; — 7, and 7, — 1.
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plan to use narrow bounds by taking the curvature of the manifold
into consideration. Specifically, Menger curvature [31], is used to
estimate the point-wise curvatures of the observed points on the
manifold, then these curvatures are interpolated over the missing
portion (like holes), if any, to estimate the rest of the point-wise
curvatures. Based on the curvature, we will compute close lower
and upper bounds for the missing part of the distance matrix and
then recover it using BMC.

BMC consists of some parameters and requires initial guesses
for some variables. Setting the multiplier p and the initial guesses
Ly, Kq, 1, 11, ,of, and p] of the variables is determined upon ef-
ficient convergence of the BMC method. However, setting of the
parameters r and p depends on the embedding that the user is in-
terested. We are planning to perform a sensitivity analysis using
Bayesian approach in the future to understand both the high influ-
ence parameters and better parameter values.

BMC reveals a PSD low-rank representation of a partially ob-
served distance matrix whereas the recovered matrix satisfies user
input bounds of the distances. However, it would be interesting
to test if we could have recovered a low-rank representation L
of the squared distance matrix D? along with a sparse represen-
tation S such that D* = L +S. This modification enables us to ex-
tract not only the low-rank potion of the distance matrix but also
the sparse portion that will help us to study anomalies in the
dataset. Detecting anomalies is helpful in learning bank frauds,
structural defects, medical problems, cyber attacks, etc. In this new
MC scheme, we could utilize the same truncated nuclear norm
along with the PSD constraint, as in the BMC scheme, to ensure
the low-rankness of L, and we could employ Iy norm of S to ex-
tract a sparse matrix S from D? as presented in Wright et al. [15].
However, Iy norm of S is non-convex and discontinuous that we
could replace by the convex relaxation Iy norm of S, [15]. This
novel MC scheme is extended from BMC under two new modifica-
tions to the MC routing given in (8) as, 1) the objective function is
mirL]ilgr;ize LIl = tr(U:KV,T) + B|IS|l1, and 2) the second constraint

is D! <K +S < D!, where the parameter 8, 0 < 8 < 1, controls the
trade-off between L and S.

We believe that this is the first time a PSD low-rank truncated
MC technique that inputs the partially observed matrix as bounds
has been developed. Thus, we will be able to implement this tech-
nique for many applications in networking, financial market anal-
ysis, and collective motion. Specifically, we will utilize BMC tech-
nique to capture and characterize network topology of social net-
works such as Facebook, Arxiv, and Enron e-mail. We will also uti-
lize BMC scheme to map network topology of 2-D and 3-D sensor
networks from partial virtual coordinates to graph geodesics [1].
In addition, we are interested in DR of collective motion such as
schools of fish and flocks of birds. Our recent work, [32,33], con-
cludes that the transitions in collective motion can be represented
as switchings of the underlying manifolds which we will study fur-
ther in an efficient manner by utilizing BMC technique.
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