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Abstract

We introduce and discuss new accelerated algorithms for linear discriminant analysis (LDA) in unimodal multiclass Gaussian
data. These algorithms use a variable step size, optimally computed in each iteration using (i) the steepest descent, (ii) conjugate
direction, and (iii) Newton—Raphson methods in order to accelerate the convergence of the algorithm. Current adaptive methods
based on the gradient descent optimization technique use a fixed or a monotonically decreasing step size in each iteration,
which results in a slow convergence rate. Furthermore, the convergence of these algorithms depends on appropriate choices
of the step sizes. The new algorithms have the advantage of automatic optimal selection of the step size using the current
data samples. Based on the new adaptive algorithms, we present self-organizing neural networks for adaptive computation of
12 and use them in cascaded form with a PCA network for LDA. Experimental results demonstrate fast convergence and
robustness of the new algorithms and justify their advantages for on-line pattern recognition applications with stationary and
non-stationary multidimensional input data.
© 2004 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction applications articularly for feature space dimensionality re-

duction[5]. Unlike the PCA, which encodes the information
PCA and LDA have been widely used in signal and image in an orthogonal linear space, the LDA encodes the discrim-

processing especially in pattern recognition applications, inatory information in a (unnecessarily orthogonal) linear

such as feature extraction, face and gesture recogni- separable space. For example, the LDA has been widely used

tion, and hyperspectral image analygis-4]. Adaptive for dimensionality reduction in speech recognit[6h Miao

PCA and LDA algorithms have been used in on-line and Hua[7] used an objective function and presented gra-
dient descent and recursive least squares (RLS) algorithms
[8] for adaptive principal subspace analysis (PSA).[8L
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from Gaussian data using the gradient descent optimization matrices (in upper case letters). We also have the following
technique. They described algorithms and networks for (i) notations:
feature extraction from unimodal and multicluster Gaussian T

. . » L . . transpose;
data in the multiclass case and (ii) multivariate linear dis- . expectation:
criminant analysis in the multiclass case. In a later work, they ir()  trace:

also developed accelerated algorithms for PCA using the |-
steepest descent, conjugate direction and Newton—Raphsonp
methodg[11]. Recently, Abrishami Moghaddam and Amiri A . g
Zadeh[12] derived an accelerated convergence adaptive al-
gorithm for LDA, based on the steepest descent optimization
method.

Most adaptive PCA and LDA implementations are based 2. Linear discriminant analysis
on minimizing an objective function using the gradient de-
scent technique. Itis well knowjti1,13—15}that such a tech- Different objective functions have been used as LDA cri-
nique has a slow convergence rate. Furthermore, both ana-teria mainly based on a family of functions of scatter ma-
lytical and experimental studies show that the convergence trices. For example, the maximization of the following ob-
of these algorithms depends on an appropriate selection of jective functions have been previously propof&si:
the gain sequence. For on-line applications, determining an

determinant;

vectorized form of the matriA;

A -B inner product of matriced andB in vector form;
A ® B Kronecker product of matrices andB.

_ -1
appropriate gain value is a difficult task. Hence, for wider J1=tr(Xy, L), @
applicability of these algorithms, it is important tq speed up s, —in |E;12b‘ —In|Z| — In [Ty, @)
the convergence rate and automatically determine the gain
sequence based on current data samples. In this article, weJz =tr(Xp) — ultr(Xy) — cl, ?3)
present new accelerated adaptive algorithms for the compu- ()

tation of the square root of the inverse covariance matrix Jg = ,
(=~1/2). For this purpose, we use: (i) the steepest descent, tr ()
(i) conjugate direction, and (iii) Newton—Raphson methods where ¥, X;, are within-class and between-class scatter
to determine the step size of the adaptive algorithm in each matrices, respectively. The following remarks pertain to
iteration. Adaptive computation of the step size has two ma- these criteria:

jor advantages. Firstly, it accelerates considerably the con-

vergence o122 computation. Secondly, dynamic values 1. The optimization of/; is equivalent to the optimization
for the step size can overcome the instability problems en-  of [r(ATEbA) with respect toA under the constraint
countered when using the fixed step size with non-stationary ~ ATX,,A =1, whereA is ann x m transformation matrix.
input data. Based on the new adaptive algorithm, we present  The same is true fov,.

a modified version of a self-organizing neural network for 2. The optimization of/; and J» results in the same linear

(4)

£~1Y2 computation[2]. For LDA we use the nevt—1/2 features.
computation network and cascade it with a PCA network 3. Many references US|93;121;| instead of the logarithm
[13] trained by Sanger’s algorithrfi6]. Experimental re- of the determinant for/>. By using the logarithm,/»

sults with Gaussian data demonstrate high performance of in an» dimensional space can be computed by adding

the presented algorithm particularly for on-line applications the J values of individual features, if the features are

with non-stationary processes. independent. This property is called the additive property
The next section describes the fundamentals of LDA. In of independent features.

Section 3, the adaptive computation of the square root of 4. When J3 is used,tr(X;) is optimized, subject to the

the inverse covariance matr& /2 based on the gradient constraintr (X,)=c. That is,u is a Lagrange multiplier
descent method is presented and its convergence is proved andc is a constant.

using the stochastic approximation thefity]. Section 4 is 5. J1 and Jo are invariant under any nonsingular linear
devoted to our new accelerated adaptiel/2 algorithms transformation, while/3 and J4 are dependent on the

based on (i) the steepest descent, (ii) conjugate direction, coordinate system.

and (iii) Newton—Raphson methods. A new recursive equa-

tion for on-line estimation of the covariance matrix is also In LDA, the optimum linear transform is composed of

presented in this section. Self-organizing networks for LDA p(<n) eigenvectors on;le corresponding to itsp

using our acceleratel—1/2 algorithms are introduced in  largest eigenvalues. Alternativel)):ujl):‘.m can be used

Section 5. Finally, simulation and experimental results in for LDA, where X,, represents the mixture scatter matrix

the last section demonstrate the superior performance of the (X,, =X, + X,,). A simple analysis shows that boﬂgl):b

proposed methods. and ):1;12"1 have the same eigenvector matdx[18]. In
Notations used in this paper are fairly standard. Boldface general,X; is not full rank and therefore not a covariance

symbols are used for vectors (in lower case letters) and matrix, hence we shall usg,, in place ofX,.
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The computation of the eigenvector matrik from
Z;lzm is equivalent to the solution of the generalized
eigenvalue proble@,,,®=X,,®A, whereA is the general-
ized eigenvalue matrix. Under the assumption of a positive

definite matrixz,,, there is a symmetric matrﬁagl/2 such

that the problem can be reduced to a symmetric eigenvalue

problem:

212y, 5012y — wa, (5)

where‘l’:):b/zd) is real andx,, Zmz;l/z is symmetric
and real. If¥ is orthonormal, thettT¥ = ®'L, ® =1,
therefore® is real and orthonormal with respectXg,. Fur-
thermore® X, ® = A which is diagonal, real and positive
definite[18].

There are two major training algorithms used in the
class-separability feature extraction networks. There are:
(i) the algorithms for the computation &~1/2 where
X is the positive definite covariance matrix of a random
multidimensional sequencg; € R"} and (ii) an algo-
rithm for the computation of the eigenvectors Bf Note
that there is no unique solution f& /2. Let ® and
A =diag(l1, ..., n) be the eigenvector and eigenvalue
matrices, respectively, &. Then a solution fo==1/2 is
®D, whereD = diag(+i; /%, ..., +in ?). However, in
general this is not a symmetric solution. It can be shown
that £=1/2 is symmetric if and only if it is of the form
®D®', and there are™symmetric solutions fo~1/2.
When D is positive definite, we obtain the unique sym-
metric positive definite solution faE~1/2 as®A~1/2@T,
whereA~Y/2 = diag(AIl/z, vy

Chatterjee and Roychowdhufg] introduced two differ-
ent networks to solve the generalized symmetric eigenvalue
problem (Eq. (5)). In the first network, they developed an
adaptive algorithm for the computation f 1/2 matrix and
used it to producé‘.;l/z. In the second network, they used
a PCA network and a learning algorithm such as Sanger’s
rule [16] to generateél = 25/2(1). When two networks op-
erate simultaneously, the eigenvector matbixs extracted
by multiplying two weight matrices aE@l/ZEi/Z(I) = 0.
Abrishami Moghaddam and Amiri Zadeh presented an ac-
celerated adaptive algorithm far—1/2 computation based
on the steepest descent mettjté]. They also introduced
modified networks for fast LDA and class separability fea-
ture extractior[12].

1/2

3. Adaptive £=1/2 computation algorithm

The following algorithm has been proposed for the adap-
tive computation o£—1/2 [2]:
Wi1 = Wi + Gy, (6)

@)

Gr=I1-— WkaX]IWk,
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whereWg € R"*" is symmetric and non-negative definite,
and{n;} is a scalar gain sequence. According to the general
form of adaptive algorithm§gL7] we have:
Wit1 =W + i G(W, Xp), (8)
where the update functio® (Wy, x;) is the gradient of an
objective functionJ(Wy). Using the stochastic approxi-

mation theory and convergence analysis by Lj{@@], we
may write:

dJ (W)
oW

GW) = = E[G(Wg, xp)]=1—WIW. 9)

The gain sequencedn,} has an important role in
the convergence of the algorithm and can be a con-
stant or a decreasing sequence, satisfying the following
conditions:

(@) Y po ok = o0,
(b) Z,?ionz < oo (r>1),
(©) limg—oconx — 0.

For example, we can generajge as follows[11]:

e =0/k* 6>0, 1/2<a<1, (10)
where «, 6 are selected, such thaj satisfies the above
stated conditions. The convergence of the algorithm has been
proved[2] using the stochastic approximation thed2p].

That means:

Iim W, = 12 with probability one

11
k—o00 ( )
whereX is the correlation or covariance matrix of the ran-
dom sequencéxy}.

4. New adaptivez~1/2 algorithms

The adaptive computation &&~1/2 using Eq. (6), suf-
fers from a very slow convergence rate. Increasjpgan
accelerate the convergence of the algorithm, but large gain
sequences may cause it to diverge or converge to a false
solution. Choosingy; as a monotonically decreasing func-
tion of the iteration numbek may improve the conver-
gence rate. However, this cannot be considered as an opti-
mal solution to the convergence problem. Noting that Eq.
(6) is based on the gradient descent method, we devel-
oped three new algorithms based on different optimiza-
tion techniques including (i) the steepest desd&ai (ii)
conjugate direction and (iii) Newton—Raphson methods, in
order to optimally determine the gain sequence in each
iteration.
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4.1. Steepest descent /2 algorithm on-line estimation of the covariance matiy is obtained
using the following recursive equatigh?2]:
The steepest descent method uses the following updating

equations: Tiy1=1A—-0k/k+ 1)Xk+1X/I+1 +0k/k+ DX, (21)

Wiy1 =Wyg + Gy, (12) wheref €]0, 1] is a forgetting scalar factor. fx;} comes
from a stationary proces8,=1 is used. On the other hand,

Gr =1 — Wi X Wy, (13) if {x;} comes from a non-stationary processs 0<1 is

selected. This equation is applied to obtain an effective win-
dow of size ¥(1 — ). This effective window ensures that
the past data samples are down-weighted with an exponen-
tially fading window. The exact value @f depends on the
specific application. In general for slow time varyifx, },

wherexkxz in Eqg. (7) has been replaced By which will

be introduced later in this section. In the steepest descent
method, instead of using a fixed gain sequengés calcu-
lated by the derivative of the cost functiohwith respect

to 12]: . . . .
i 112] 0 is chosen close to one to obtain a large effective window,
0J (Wg1) 14 whereas for fast time varying;}, 6 is chosen near zero for
o 0, 14) small effective window[17].
using the chain rule: 4.2. Conjugate directioit~1/2 algorithm

0J(Wiy1)  OJ(Wpry1) OWpyg
= . , 15 . . . . .
o Wi 1 ong (19) The adaptive conjugate direction algorithm for LDA can

be obtained as follows:

0J (Wit
MWri1 ' Wiert2eWiera, (16) Wie1 = Wi + 1 Dy, (22)
ow —
67"“ =1 — WS Wy, (17) D+1= G + Bi D, (23)
Nk

where Gy is obtained using Eq. (13). The step sizgis
therefore, chosen as; that minimizesJ (W1 + #Djy1). Similar

to the steepest descent case, we obtain the same quadratic
| — Wy X W (I = WX Wp) =0. 1
( k1 Wit d) - ( kZeWi) =0 (18) equation as in Eq. (19) where:

ReplacingW;_1 with Eq. (12) and doing some mathemat-
ical operations we obtain the following quadratic equation % = (DxZiDy) - Dy,

Appendix A):
(App ) b = (Dp X Wy + WX Dy) - Dy,
2
apny + b, + ¢ =0, 19
kMg + bk + ck (19) ¢ = —Gy Dy
where

andr, is obtained using the same equation as Eq. (20). For
ap = (G Xk Gy) - Gy, the choice off,, we can use a number of methd@4] as
described below:

bk = (GrZu Wi + Wik Gy) - G, Hestenes—Stiefel:

c,=—G-G
kTR Br = Gra1 - (Crt1 — Gr)/Di - (Ggy1 — Gy). (24)
andyy, is obtained as: PolakRibi
olak—Ribiere:
—by +/b? — 4a
i m @0)  Pr=Cks1- 1~ Gi)/Gk - Gy (5)

Nk = 20y,

" S T Fletcher—Reeves:
In Eqg. (20), we use the positive sign in order to minimize

the objecti\{e functian(Wk+1) (see Appendix A). As will B =Gi41- Gi41/Gx - G (26)
be shown in experimental results, the computatior;of e

according to Eq. (20) accelerates the convergence of the powell:

adaptive algorithm. Furthermore, in the adaptive computa-

tion of £~1/2 a fixed gain sequence may cause divergence P =maxo0, Ggy1 - (CGgy1 — Gr)/Gy - Gl. (27)
problems in the case of non-stationary input data. Dynamic T
determination ofy, can overcome the problem while the For the simulation results presented in this paper, we used
convergence is guaranteed under different conditions. The the Polak—Ribiere method.
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— —1/2 i
4.3. Newton—Raphsan algorithm — | X, - m, '—>| s |

) . . vector ﬂ

The adaptive NR algorithm for LDA is _,| X, ~m '_,I 3o |4,| PCA_ ‘
Wi i1 =Wy + Dy, (28)
Fig. 2. Network for the fast LDA.
Dy = (#x) Gy, (29)
where#’; is the online Hessian matrix defined as (Appendix ¢|ass meam; for the classy; is obtained by the following
B) adaptive equation:
0G

Ay = gy = ~20 8 ZWp). (30)  Gkd =k + Ok X1 — Q). (31)

whereg; converges tam;. In the above equatiody, is se-
lected as a constant. The same equation may be used for
on-line estimation of the mixture mean.

The step size parametgy can be selected by minimizing
J (W + 1, Dy) with respect ton,. This will result in the
same quadratic equation as Eq. (19), where:

ap = (DX Dy) - Dy, . .
- 6. Results and discussion
by = (Dg X Wy + WX Dy) - Dy,

In this section, we use the networks and the learning rules

cx = —Gg - Di. presented in the last two sections for linear discriminant
) ) analysis in pattern recognition applications, and compare the
In the above relations5; andDy, are calculated using EQs.  yegyits with ones obtained by the gradient descent method. In
(13) and (29), respectively. the following experiments, we use samples generated from
unimodal Gaussian distributions, since they are common in

. ) many pattern recognition problerfis8].
5. Neural network implementation

Based on they;, computation algorithm, we introduce a 6.1. x4/ algorithms
self-organizing neural network for the fast adaptive compu-
tation of£~1/2 as depicted irFig. 1 The major difference
between this new scheme and the network presentdgd]by

Two sets of experiments were carried out to test the per-
formance of the new adapti& /2 algorithms. The first
is in the n, computation block. Here, instead of using a Seﬁ of exp_erlments was me;dedon stat:orlaryt/heaussmn data
fixed step size, we use Eq. (19) in order to optimally deter- Whose main purpose was to demonstrate the convergence
speed of the new algorithm. The second experiment was

mine the step size according to one of the steepest descent, d ati G ian data in order to show th
conjugate direction and Newton—Raphson methods. made on non-stationary aussian data in order to show the

For LDA, we need to produce the eigenvector matrix trﬁcklng lelliyt_m;_ thf r;]ew etda.p:!ve e;lgirc:nthmstté) IOHOW
® of ):;121,. Here, two networks for the computation of changes In statistical charactenstics of the input data.

the eigenvector matrix using our newt~1/2 algorithm ] ] ]
are presented. The first network is trained by samples with 6-1.1. Experiment with stationary dé:jtgro .
known classes and computﬂgl/z. The second network Choosing the incoming sequence and the covari-

uses a PCA algorithm to generate the eigenvector matrix ance matrix for the training network shown T"b"? 1 we
of =12 ~1/2 generated 500 samples of a zero-mean Gaussian data and
w

t ol Zn X" [7]. I\t/\'/f] tralr;]ed by Sa'T‘p'ZS wrespictlve ‘ calculated=—1/2 matrix. The actual value &~1/2 was ob-
of class assignments. When the two trained networks Work 4ine from the sample correlation matrix using a standard

tobge,theé ina callscLagz form, Lhe e:genvegtor malrl?sh eigenvector computation method. The-norm of the error
obtained Eig. 2). In network, on-line estimation ofthe "y \yeen the estimated and the actal/2 matrices was

computed by

-1 —1/2
z ex = Wy — 72 |I5. (32)
W
4 The convergence of the new1/2 algorithms is illus-
Randon]_,, GlxieWi) > —» trated inFig. 3. For the gradient descent algorithm, we used
vector 1 = 1/(400+ k) which demonstrated a better convergence

speed compared to a fixeg,. We also used) = 1.0 in
Fig. 1. 12 computation algorithm. Eq. (21), because of the stationarity of the input data. A
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Table 1

The covariance matrix of the training input data
0.182 0.076 —0.106 —0.010 0.020 —0.272 0.310 0.060 0.004 0.064
0.076 0.746 0.036 —0.056 —0.022 —0.734 0.308 —0.114 —0.062 —0.130

—0.106 0.036 2.860 0.034 0.110 —0.900 —0.076 —0.596 —0.082 —0.060

—0.010 —0.056 0.034 0.168 —0.010 0.032 0.084 —0.044 0.002 0.010
0.020 —0.022 0.110 —0.010 0.142 0.176 0.116 —0.138 —0.016 0.006

—0.272 —-0.734 —0.900 0.032 0.176 11.44 —1.088 —0.496 0.010 0.190
0.310 0.308 —0.076 0.084 0.116 —1.088 5.500 —0.686 —0.022 —0.240
0.060 -0.114 —0.596 —0.044 —0.138 —0.496 —0.686 2.900 0.156 0.056
0.004 —0.062 —0.082 0.002 —0.016 0.010 —0.022 0.156 0.134 0.030
0.064 —0.130 —0.060 0.010 0.006 0.190 —0.240 0.056 0.030 0.682

== steepestdescent || E\ s conjugate gradient
8 ;8 ,
5 ]
[ ®
£ i s 4
ks k]
£ £
5 + & 1
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‘ v-“"-""_"“v. - 4
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U 1 1 I L 1 L 1 1 0 Il i i L 1 1 1 I
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Fig. 3. Convergence behavior of the n&w /2 algorithms compared to the gradient descent method using stationary input data, (a) steepest
descent, (b) conjugate direction, (c) Newton—Raphson, (d) superposition of four curves.

comparison of the gradient desca&itl/2 computation dia- rate. Moreover, the new algorithm does not requijgeto
gram with the new adaptive steepest descEt. (3a), con- be specified explicitly as was made for the gradient descent
jugate direction Fig. 3b) and Newton—RaphsorFig. 3c) method. Instead, the gain sequence is automatically com-

methods shows a significant increase in the convergence puted from the input data sequence.
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6.1.2. Experiment with non-stationary data 2 classes were:

In order to demonstrate the tracking ability of the 2 3 2
algorithms with non-stationary data, we generated 250 sam- M1 = [2 ] . Xi= [ } ,
ples of zero-mean Gaussian dataRiO0 with the covariance
matrix stated as before. We then drastically changed the m, = [22], o= [g’ g]
data sequence by generating 250 samples of zero-mean o
ten-dimensional Gaussian data with the covariance matrix _ .

Here, X, = [g g] X, = [_44 44], and the eigenvector

matrix ® of ):.;12‘.;, is 907%77711 8:%%8% , corresponding to

shown inTable 2 [22]
eigenvalues 8 and 0. Note that the above results are the exact

We generatedX;} from {x;} by using Eq. (17) with) =
0.99. The tracking ability of the new algorithms compared

values. After training the LDA network, the first eigenvec-
tor of £.,1%;, was estimated ag; = [0.7018 — 0.6934".

to the gradient descent method is illustratedrig. 4(a—c).
Defining the normalized erraEy asEp = (¢ — ¢/l ol

We initiated all algorithms witiWg = 0.1« ONE, where
ONE is an x n matrix whose all elements are one. Once

again, it is clear fronFig. 4that the steepest descefid. where is computed from the sample scatter matrices and
4a), conjugate directionF{g. 4b) and Newton-Raphson 4 is estimated from the LDA network, the final result is
(Fig. 4c) algorithms, converge faster and tracks the gnhown inFig. 5 As can be seen, the estimation error van-
changes in data much better than the gradient descentishes much more rapidly using the steepest desEénta),
algorithm. conjugatedirectionHig. 50) and Newton—-Raphsofig. 5c)

Further consideration should be given to the compu- | pA algorithms, compared to the gradient descent method.
tational complexity of the algorithms. The gradient de-

scent method is of order? complexity (per sample),

the steepest descent and conjugate gradient methods are&Summary

of order n3 complexity and finally the Newton—Raphson

method has computational complexity of(:3). If we New adaptive algorithms and self-organizing neural net-
use an effective window of size(<n) for the computa- works for linear discriminant analysis have been presented.
tion of X, the computational complexity of the steepest These algorithms use (i) the steepest descent, (ii) conjugate
descent and conjugate gradient methods will be reduced direction and (iii) Newton—Raphson adaptive techniques for
to O(pnz). However, it should be noted that the conver- optimal computation of the step size in each iteration. Cur-
gence of the gradient descent is slower than the steepestrent adaptive methods based on the gradient descent opti-
descent, conjugate gradient and Newton—Raphson meth-mization use a fixed or a monotonically decreasing step size.
ods as shown irFigs. 3and 4. Comparison between the  The main advantage of the new algorithms is their fast con-
three new algorithms shows small differences between vergence rate, which distinguishes them from the existing
them in convergence speed. Among the three faster con- on-line methods. It is experimentally shown that an optimal
verging algorithms, since the steepest descent algorithm variable step size significantly improves the convergence
(Egs. (12) and (13)) requires the smallest amount compu- rate of the algorithm. Furthermore, if the fixed step size ex-
tation per iteration, it is most suitable for optimum speed ceeds an upper bound, the adaptive algorithms may diverge
and computation. Furthermore, the Hessian matrix inver- or converge to a false solution. Dynamic determination of
sion in the Newton—Raphson method may cause some the step size based on the current data samples can prevent

N
w

instability problems. A solution to this problem may be
obtained using an algorithm for adaptive estimation of
the approximate inverse of the Hessian maftit]. The
adaptive estimation of the inverse of the Hessian ma-
trix is also computationally more efficient than the direct

the divergence and improve the robustness of the adaptive
algorithm against hazardous inputs. The convergence speed
and robustness of the new adaptive algorithms, make them
appropriate for on-line applications where we deal with non-
stationary input data.

method. It has been shown that the first step for adaptive linear
discriminant analysis is the computation of the square root
of the inverse covariance matri&1/2. Three new algo-
rithms have been introduced for fast adaptive computation
of £=1Y/2, This matrix is then used for linear discriminant

Finally, we tested the LDA network. For this purpose, we analysis of multiclass multidimensional Gaussian input data.
(i) generated 1000 samples of 2-D Gaussian data, each fromWe also introduce modified self-organizing neural networks,
two classes with the different mean vectors and the same in order to efficiently implement the developed algorithms
covariance matrices; (i) used the LDA network to extract and accelerate their convergence. A new recursive method
the relevant features for classification, and show the classi- for on-line estimation ok has also been used in these net-
fication results for two algorithms; (i) compared these fea- works. The new recursive estimation algorithm has shown
tures with their actual values computed from sample scatter a good performance in both stationary and non-stationary
matrices. The covariance matrices and mean vectors for the input sequences.

6.2. LDA algorithm
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Table 2
The second covariance matrix for non-stationary experimental input data
0.360 0.004 —0.032 —0.764 —0.028 0.164 —0.120 —0.232 0.088 0.128
0.004 0.368 —0.044 0.032 —0.056 —0.008 0.048 —0.040 —0.084 —0.008
—0.032 —0.044 0.328 0.328 0.056 —0.080 —0.232 0.420 0.016 0.092
—0.764 0.032 0.328 22.72 —0.384 —0.060 2.584 0.876 —0.952 0.872
—0.028 —0.056 0.056 —0.384 0.304 —0.140 —0.160 —0.092 0.108 —0.056
0.164 —0.008 —0.080 —0.060 —0.140 1.832 0.552 —1.004 0.0480 0.156
—0.120 0.048 —0.232 2.584 —0.160 0.552 7.280 -0.732 —0.008 0.468
—0.230 —0.040 0.420 0.876 —0.092 —1.004 —0.732 16.28 —1.856 0.588
0.088 —0.084 0.016 —0.952 0.108 0.048 —0.008 —1.856 1.052 0.216
0.128 —0.008 0.092 0.872 —0.056 0.156 0.468 0.588 0.216 1.548
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Fig. 4. Tracking ability of the nevg—1/2 algorithms compared to the gradient descent method using non-stationary input data, (a) steepest
descent, (b) conjugate direction, (c) Newton—Raphson, (d) superposition of four curves.

The developed networks have been tested under differ- sults show significant improvement in convergence speed
ent conditions using multidimensional input data. First, the and tracking ability of the new (i) steepest descent, (ii) con-
new x—1/2 computation algorithms have been tested with jugate direction and (iii) Newton—Raphson adaptive meth-
stationary and non-stationary processes. Experimental re-ods. Finally, for linear discriminant analysis, we combined
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Fig. 5. Convergence of the new LDA networks compared to the gradient descent based LDA with stationary input data, (a) steepest descent,
(b) conjugate direction, (c) Newton—Raphson, (d) superposition of four curves.

the adaptivec—1/2 computation algorithm with a PCA net-

work. Experimental results with multidimensional input data
demonstrate better performance of the new algorithms for

on-line linear discriminant analysis.

Appendix A. Computation of i for steepest descent

We computey, that minimizes/(Wy1), where
Wit1 = Wi + 1, Gg. (A1)
G =1 — Wi T Wy. (A.2)

By differentiating J (W1) with respect ton, and using

the chain rule, we will have:

dJ (Wp41) _ dJ (Wp41) ' dWp 1
di dWiy1

A.
dny (A-3)

dJ (Wgt1)

S = = W B W, (A.4)
dWp1

dw

KL ) W E Wy (A.5)
dy

Therefore

(= Wi 1B Wig1) - (| = Wi X Wy) = 0. (A.6)

ReplacingWy 4.1 with Wy + 1, Gy, we obtain

[ — Wi+ mG)E Wy + i Gp)l
(= WX Wy) =0. (A.7)

Simplifying Eq. (A.7), we obtain the following quadratic
equation:

akn,% + byng +cx =0, (A.8)
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where
ap = (G XxGy) - G,

by = (G Ex Wi + Wi 23 Gyp) - Gy,

cx = —Gj - Cg.
The roots of the above equation can be computed as

—by £ \/b? — dagcy

2ay

To selecty,, we note thaty, should be selected such that
the second derivative of the objective function be positive.
That means

d27 (W
# = 2apny + by >0. (A.10)
dng;
Hence we choosg; as
—bg + /b? — daycy
e = k : (A.11)

2ay,

Appendix B. Computation of the Hessian matrix

The Hessian matrix is the second derivative of the ob-
jective function with respect t@V;. It can be computed as
the first derivative of5; as follows

Hp=——. B.1
k= aw, (B.1)
Since
Gr =1 — WX Wy, (B.2)
we may write[23]:
d( —
oy = (I = Wi Wp)
dw,
AW W)
- dW,,
_ dW X Wy + W dWy
B dWy,
WO @ 1AW + 1T @ (5Wp)ldWy
= W, .
(B.3)

Therefore, the Hessian matrix may be computed using the

following equation:

Hp =—2[1 @ (W) (B.4)
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