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Current orthogonal matching pursuit (OMP) algorithms calculate the correlation between two vectors
using the inner product operation and minimize the mean square error, which are both suboptimal when
there are non-Gaussian noises or outliers in the observation data. To overcome these problems, a new
OMP algorithm is developed based on information theoretic learning (ITL), which is built on the following
new techniques: (1) an ITL-based correlation (ITL-Correlation) is developed as a new similarity measure
which can better exploit higher-order statistics of the data, and is robust against many different types of
noise and outliers in a sparse representation framework; (2) a non-second order statistic measurement
and minimization method is developed to improve the robustness of OMP by overcoming the limitation
of Gaussianity inherent in a cost function based on second-order moments. The experimental results
on both simulated and real-world data consistently demonstrate the superiority of the proposed OMP
algorithm in data recovery, image reconstruction, and classification.
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1. Introduction

Sparse representation (SR) aims to find a subset of atoms in an
over-complete dictionary to represent the query sample by giving
larger weights to the selected atoms and smaller (or nearly zero)
weights to the remaining atoms [1-3]. Because of this property, SR
is often used as a useful feature selection tool for object recog-
nition [4-6], signal recovery [7], visual tracking [8], image retrieval
[9], and others. Matching pursuit family is one group of sparse rep-
resentation methods that select a subset of features (atoms) from
the training data (dictionary) for learning in a greedy fashion. One
representative example of this family is the matching pursuit al-
gorithm [10] which provides an efficient solution to solve the SR
problem by iteratively selecting the highest-correlated basis vec-
tors (atoms) in a dictionary. An important advancement on match-
ing pursuit is orthogonal matching pursuit (OMP) [11], in which all
the coefficients are updated after every step of iteration by an or-
thogonal projection to exclude the information of selected atoms,
which produces better results than the standard matching pursuit,
but it is more computationally expensive. To improve the efficiency
and performance of OMP, many variants with different feature se-
lection or residual minimization strategies have been proposed in
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the literature. For example, different from OMP that selects one
atom in each iteration, Wang et al. [12] select multiple atoms to
improve the efficiency of identifying atoms and proposed a gen-
eralized OMP (GOMP) method. Owing to the multiple-atom se-
lection strategy, the GOMP algorithm greatly reduces the number
of iterations required for convergence. Unlike GOMP, the compres-
sive sampling matching pursuit (CoSaMP) [13] reduces the running
time by introducing a pruning step after the estimation step, which
can cut down the number of the selected atoms and speed up
the subsequent least-squares computation, and also maintain the
sparse approximation at the same time.

Tree search and neural network based matching pursuit is an-
other important group which mainly focuses on learning deep fea-
tures from multiple paths [14-16] or from a single hidden neural
network [17]. In [14], the authors proposed a multipath hierarchi-
cal matching pursuit to learn features by capturing multiple as-
pects of discriminative structures of the data in a deep path archi-
tecture. Algorithms in [15] and [16] are tree search based methods
which use different deep tree search strategies during feature se-
lection and estimation procedures to improve the sparse approxi-
mation. In [17], the authors proposed a learned OMP algorithm for
fast sparse approximation by learning a single hidden neural net-
work for subspace clustering.

However, these existing matching pursuit (MP) algorithms esti-
mate the sparse vectors by minimizing a mean square error (MSE)
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based loss function, whose performances can be significantly de-
teriorated when the data are corrupted by outliers, which is in-
evitable in real-world applications. An MSE-based loss function as-
signs same weights to all measures without any discriminative
constraints on either severely or slightly corrupted ones when
minimizing the residual. However, outliers are typically far away
from the centre of the normal data, thus such an equal weight
assignment will result in an incorrect sparse solution due to the
significant influence of those corrupted measures. Moreover, the
MSE-based loss function assumes that noise/outliers follows the
Gaussian distribution, which is not only sensitive to non-Gaussian
noise but also to outliers [18-20]. As a consequence, these exist-
ing methods fails to approximate the sparse coding if the assump-
tion does not hold [21,22]. To solve this problem, some robust
functions have been proposed which include arbitrary-order based
functions and information theoretic learning (ITL)-based methods
[21-26]. In [23], although the author proposed a robust function in
the I,-spaces to improve its robustness against noise and outliers,
their model is time consuming when processing high-dimensional
image data. The correntropy matching pursuit (CMP) algorithm
[24] overcomes the above drawbacks by taking advantage of the
correntropy in reducing the effect from outliers. However, CMP
still suffers from noise and outlier corruption because it minimizes
the reconstruction error by a second-order kernel loss function.
Furthermore, the existing matching pursuit algorithms, including
CMP, calculate the correlation (similarity) between two vectors by
the inner product operation. However, the inner product is not a
noise/outlier resistant function since it is defined in the I,-space,
which implies that using an inner product operation for feature se-
lection in matching pursuit algorithms will be sensitive to outliers
[23].

To solve the problems mentioned above, we proposed a new
matching pursuit method that is robust to many types of non-
Gaussian noise and outlier in the observation data in this paper. An
early conference version of this research is reported in [27]. In this
paper, we present our complete work with new and improved for-
mulations, extended experimental investigation, and analysis. Our
work contributes to robust OMP methods from the following three
aspects:

e We developed a new ITL-Correlation method based on the in-
formation theoretic learning to measure the similarity and dif-
ference between two samples in the presence of noise and/or
outliers. Different from the inner product or cross correlation
used in existing matching pursuit algorithms, which is only cor-
rect under Gaussian conditions, the ITL-based correlation func-
tion is robust against heavy-tailed impulsive noise that is com-
monly associated with large-amplitude outliers.

Traditional MP algorithms measure the representation error by
MSE, which highly relies on that the noise obeys a Gaussian
distribution, and thus these algorithms fail when noise/outliers
follow a non-Gaussian distribution. To overcome this problem,
in this paper, we proposed a non-second order kernel (NOK)
statistic measurement. Different from the second order corren-
tropy used in CMP [24], the proposed NOK-loss gives more flex-
ibility in controlling the reconstruction error and thus obtains
much better results for the challenging occlusion problem in
object reconstruction and recognition.

A new classifier based on the NOK-loss is developed to mini-
mize the effect from outliers and non-Gaussian noise for robust
classification.

The remainder of this paper is organized as follows: The re-
lated works are introduced in Section 2. The proposed algorithm,
including the definition of ITL-Correlation and NOK measurement,
is introduced in Section 3. Section 4 gives experimental results of

our algorithm compared with benchmark methods. Conclusions are
drawn in Section 5.

2. Related works

Sparse representation [2] represents a query sample b € R™ by
a linear combination of a subset of samples chosen from an over-
complete dictionary A € R™ * N, which is typically represented by

rnxin||x||0 subject to b = Ax, (1)
where |.||o denotes the [y-norm, counting the nonzero entries in a
vector, and x € RN is a sparse coefficient having L non-zero entries
(L-sparse). In the following, we will introduce how the OMP algo-
rithm solve the above problem. Besides, a new loss function based
on information theoretic learning is also introduced to improve the
robustness of OMP against noise/outliers.

2.1. Orthogonal matching pursuit

The OMP [11] algorithm sequentially chooses dictionary atoms
that have the highest correlation with the representation residual
in a greedy fashion. The two most important procedures in this al-
gorithm are the correlation calculation between the current resid-
ual and the dictionary atoms, and the least squares problem solv-
ing component (estimation).

Denoted by a; the ith atom in a dictionary A, So = ® the initial
support set, ( -, - ) the inner product operation, and ry_; the ap-
proximate error at the (k — 1)th iteration. The correlation between
the current residual and dictionary atom at the kth iteration can
be calculated by

ip = arg max |r._q, a;|,
a;cA

1§i§N, k=1,2,~-~. (2)

The initial residual is set as b, i.e., ry = b. The solution support
is updated by S, = Sy_; U {ip}. The provisional solution is obtained
by minimizing

x5, = arg min||Asix — b|3, (3)

which is a least-squares (LSs) problem and has a closed-form solu-
tion. The solution X, is given by (As"Asy)~'Astb. The algorithm
then updates the residual by

=T g — As,Xs,. (4)

The algorithm terminates if it reaches the required sparsity
level, or when the norm of the residual is less than a preset thresh-
old.

2.2. Correntropy measurement

Let ¢(v;) be a nonlinear mapping function which trans-
forms v; from the original space to the Hilbert space, satisfying
(p(11), p(12))y = k(v1,v,) [25,26]. The standard correntropy loss
(c-loss) is defined by

JE[ll¢ 1) — p(v2) 1]
=E[1 — ks (v —1)] (5)
=1 —V(U] —Uz),

]c—loss (U] > VZ)

where ks ( - ) and E( - ) are the Gaussian kernel function and math-
ematical expectation operator. Chen et al. proposed a kernel mean
p-power error (KMPE) [25] with the generalized ability to handle
arbitrary order errors for signal processing and image processing,
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and the KMPE is given by
Jaupe(V1,12) = 27 5E[ ¢ (1) — p(v2) 1] ]
= 2-5E[lp(v1) — p ) I12]"
= 27 BE[(2ko (0) — 2V (v1, 1)) ]P?
= E[(1 — ko (11 = 12))""].

where p > 0 controls the representation error and can be ad-
justed to a suitable value to improve the representation ability and
performance. Obviously, the KMPE becomes c-loss function when
pis 2.

(6)

3. Proposed robust matching pursuit algorithm
3.1. Information theoretic learning-based correlation (ITL-Correlation)

In conventional greedy algorithms, the correlation between two
vectors b=[by,--- ,bn]T €R™ and a={a;,---,an]" € R™ are de-
fined as [28,29]

<b, a>=bia; + - +bnan. (7)
The angle between b and a is defined by

b, a>
0 =cos ! ="~ 8
<||b||||a||> (®)

From the Cauchy-Schwarz inequality, we have

2 <b a>?
<b, a>"<<b, b><a,a> —————— <1
<b,b><a, a>
| <b, a>|
= —  <1. 9)
[|bl||lal|

Denoted by C(b, a) = | cos 6| the correlation coefficient between
b and a. From (8) and (9), we have 0 < ((b, @) < 1. b and a are
orthogonal if C is 0, and b and a are collinear if C is 1.

3.1.1. Definition of the proposed ITL-Correlation

Denoted by ¢(b)and ¢(a) the data mapped in the kernel space,
then the angle between ¢(b) and ¢(a) is actually a kernel version
of (8)

1 {(¢b). ¢(a)) 1
6 = cos <||¢(b)||||¢(a)||) cos™'v2mok, (b, a), (10)
where ks ( -, - ) is the Gaussian kernel defined in (12). From (10),
we know that the Gaussian function calculates the cosine of the
angle between two vectors. Since the ITL has a close relationship
with the kernel methods, we will introduce a similarity measure-
ment based on the ITL, i.e. correntropy, in the following.

The correntropy between two arbitrary variables b and a is de-
fined by [30-33]

V (b, a) = E[k(b,a)] = f k(b, a)dFy, (b, a), (11)

where E( - ) and k( -, - ) are the mathematical expectation opera-
tor and shift-invariant Mercer kernel, respectively. F, (b, a) denotes
the joint distribution function of (b, a). In this paper, the Gaussian
function is used as the kernel function unless otherwise stated.

2
k(b,a):k(,(b,a)=\/;7 exp(—(b_a) ) (12)
To

202

From the relationship between (10) and (11), we observed that
the correntropy defined in (11) can be used as a correlation func-
tion to estimate the similarity between two arbitrary vectors b and
a

b_ 2
V(b,a)= \/%U exp( I 20‘2'”2) (13)

However, directly using (13) for computing the correlation be-
tween two vectors sometimes fails to estimate the true correla-
tion between b and a since the term ||b—a||§ in fact estimates
the Euclidean distance between two vectors. In sparse representa-
tion, given an overcomplete dictionary A € R™ * N where m and N
are the dimension and number of the atoms in A, a query sam-
ple b € R™ can be represented by a linear combination of atoms
in A. Assume that there is a set of coefficients {81, B2. ..., Bn}.
the relationship between A and b can be described by b = ;a; +
Bra; + ...+ PByay, where a; is the atom in A. These descriptions
show that B; is not fixed at 1 but can be any scalar. The reason
why the term ||b — a||§ fails to describe a correct relation between
b and atoms in A is because it only considers how far a is from
b (Euclidean distance) instead of how much each atom contributes
to b, and this contribution level is well controlled by ;. Thus, to
correctly characterise this relationship, we propose a new corre-
lation function called ITL-Correlation for correlation measurement
between vectors.

Definition 1. Given vectors b and a, the ITL-Correlation is defined
by

b— 2
V(b,a) = \/%0 exp(— | Zf;a”z), (14)

where § is a scalar variable that controls the contribution of a to
b. The quadratic term ||b— ,8a||% can be viewed as a fitting error
of the linear regression b = fa + v, where b and a are linear vari-
ables, B is the slope of the linear relationship, and v is the offset
(fitting error). Since B controls the relationship between b and a,
and further affects the ITL-Correlation in (14), thus to solve 8 and
maximize the ITL-Correlation between vectors b and a, we mini-
mize the following quadratic error function

f(B) =min [|b— Bal3, (15)
which is a least-squares problem and has a closed-form solu-
tion that is unique. By setting f(8) =0 and solving the least-
squares problem, we obtain the unique contribution coefficient

B* =a"b(aTa)~! which indicates that b can be represented by a,
and the correlation between b and a is maximized.

3.1.2. Properties of the proposed ITL-Correlation

Motivated by the analyses on the relationship between two vec-
tors in information theoretic learning [25,26,32] and in the [p-
space [23,34], we present some properties of ITL-Correlation de-
fined in (14) below:

Property 1. If any of the vectors in b and a is a zero vector, then
V(b, a) — 0, which means: 1) a zero vector always has zero ITL-
Correlation with any other vector; 2) a zero ITL-Correlation also
indicates that there is no relationship between b and a; 3) a zero
ITL-Correlation denotes that the directions of both vectors are dif-
ferent.

Property 2. If b = a, then the contribution coefficient 8 is 1, and
the ITL-Correlation between vectors b and a becomes the correla-
tion of a vector with itself. In this case, we say vector a has the
maximum ITL-Correlation with vector b, the ITL-Correlation then

becomes V(a, a)or V(b, b), and V(a, a) =V (b, b) = éa.

Property 3. Given an arbitrary constant T € R and t # 1, the ITL-
Correlation has the following properties:

(1-17P) 2
{V(tb, a) = (J%a) V(b (16)
V(b,ta) =V (b, a)

which means that the ITL-Correlation is scale invariant if changing
the scale of a by a factor, but is scale variant if changing the scale
of b (see proof in Appendix A).
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Property 4. V(b, a) is non-negative and bounded. ie., 0<
V(b,a) < ﬁ If there is no relationship between b and a, i.e,,

the optimal contribution coefficient 8* is very close to 0, then V(b,
a) reaches its minimum. An increasing S* indicates that b and a
have a closer relationship and V(b, a) reaches its maximum when
b- B*a =0 (b= B*a), which means that b can be represented by
a under a proper $* and this 8* is unique. According to the linear
algebra theory [35], we give the proof in Appendix B.

3.1.3. Normalized ITL-Correlation

Scale invariance is very important in correlation measurement.
If we convert the original variables b and a to the new variables
b (b= th) and d (d = ta) by an arbitrary scale factor 7, then the
distribution of the original variable may not be preserved in the
new variable because the scale change on a variable is likely to
lead to a change in distribution. Normalization is a common tool
for rescaling a vector, avoiding the variance of a vector for a corre-
lation metric or a similarity measure [23]. Since the invariance of
the ITL-Correlation with respect to the variable b directly controls
the invariability of the correlation, here we introduce a normaliza-
tion factor ||b||§ to avoid the variance caused by rescaling b. The
resulted normalized ITL-Correlation will be invariant with respect
to vectors b and a at the same time.

Definition 2. Denoted by Vy(b, a) the normalized ITL-Correlation,
the definition is given by

Ib— pal?
— . 17
207[1b]2 (17)

Vn(b, a) = ex
N T p(

The properties of the normalized ITL-Correlation in (17) is sim-
ilar to that in (14), which are given as follows:

Property 1. If b or a is a zero vector, then Vy(b, a) — 0, which
means that a zero vector always has a zero normalized ITL-
Correlation with any vector.

Property 2. If b= a, vector a has the maximum normalized ITL-
Correlation with vector b, i.e., Vy(b, @) = 5.

Property 3. The normalized ITL-Correlation is scale invariant with
respect to both vectors b and a, i.e., Vy(b, ta) =Vy(b,a), and
Vn(th,a) = Vy(b, a).

Property 4. Vy(b, a) is non-negative and bounded, ie. 0<

1
VN(b, a) < NITh

3.14. ITL-Orthogonality

In orthogonal matching pursuit algorithms, vectors b and a are
orthogonal if they are uncorrelated. Here we evaluate the ITL-
Orthogonality of our proposed method.

Definition 3. If V(b,a) = 0, then any two different arbitrary vec-
tors b and a are orthogonal. Based on above definitions and prop-
erties of ITL-Correlation, we know that a vector is ITL-Orthogonal
to another vector if these two vectors has a zero ITL-Correlation
with each other. Some important properties of ITL-Orthogonality
are given as follows:

Property 1. If 8 =0, then V(b, @) — 0, and b and a are ITL-
Orthogonal.

Property 2. If b and a are nonzero vectors and V (b, a) = 0, then
we have g =0.

3.1.5. Proposed algorithm for computing ITL-Correlation

Given a dictionary A containing N training samples and a test-
ing sample b, every dictionary atom is a vectorized sample of di-
mension m, forming the dictionary A = [ay, a3, --- , ay] € R"™*N, The

testing sample b is also represented as a vectorized sample of di-
mension m. In order to select an atom which makes the largest
contribution in representing the testing sample b, we need to
calculate the ITL-Correlation between each dictionary atom a; =
[ai, az,---,am]T € R™ and b. To calculate the ITL-Correlation de-
fined by (14), we need to solve (15) for the optimal weight coeffi-
cient 8*. Since (15) is a function that can be solved in closed-form,
we can estimate B8* by solving the least squares problem

T

. a'b
B =arg rrlgmllb—ﬂaillé = a}ai- (18)
1

Then the kernel width parameter can be updated by

1 *
Gzzﬁ”b—ﬁ ai“%' (19)

Finally, the ITL-Correlation between each dictionary atom a; and
the testing sample b can be calculated by

* 2
exp( 1= Brail3)
2ro 202
After obtaining all the correlations corresponding to all
the dictionary atoms, the ITL-Correlation coefficients are V =
{V(b,a;),V(b,ay),---,V(b,ay)} e R™N . To find which dictionary
atom most correlates with the testing sample, we select the index
of the largest value in V:

A =arg max {V(b,a;)}. (21)
=12, N

V(b.a) = (20)

The proposed ITL-Correlation algorithm is summarized in
Algorithm 1.

Algorithm 1 Computation of ITL-Correlation.

Input: Sample matrix A = [a;, @y, --- , ay] € R™N with each vector
a;=[a;, a3,---,an]" €R™, and b= [by, by, - ,bn]" € R™.

Output: The index A of the largest correlation coefficient.

:fori=1,2,---,Ndo

: Calculate the optimal weight coefficient 8* using (18).

: Calculate the kernel width parameter o by (19).

: Calculate the ITL-Correlation coefficient V(b, a;) by (20).

: end for

: The index of the dictionary atom that most correlates with

the testing sample can be calculated by (21)

AU WN =

3.2. Non-second order kernel minimization

3.2.1. OMP algorithm based on ITL-Correlation and non-second order
kernel statistic measurement (INOK-OMP)

In this section, we apply the ITL-Correlation and corren-
tropy loss concepts to the orthogonal matching pursuit algorithm
to develop a new robust matching pursuit algorithm. Given a
training dataset A = [AC1 ’ACZ’ s ,Acl., s ’ACK] = [al, a,---, aN] €
R™N and a testing sample b, then the testing image can be repre-
sented by a linear combination of training samples in A. Here Ac,
means the training samples from the Cth class, and K is the num-
ber of the classes. Before implementing the INOK-OMP algorithm,
the supporting set and residual need to be initialized as S = ® and
ro = b, respectively. For a kth iteration, we find an atom that has
the highest ITL-Correlation with the current residual in A, then add
the index of this atom to the support set. Then the new sparse co-
efficient x;, can be updated by minimizing the following NOK-loss
function

s

Inok-toss(®) = & ST, (1= ko (b — X, @)
LS 1k (o)’ @)

=237 o(lleylz).
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Algorithm 2 INOK-OMP algorithm.

Input: Dictionary A = [a;, @y, --- , ay] € R™N with @; = [a1, ay,---,am]" € R™, test sample

b= by, by,---,bn]" € R™, error threshold e.
Output: Sparse vector xy.

Initialization: k = 0, the initial sparse vector xy = 1, the initial residual ry = b, the initial solution support

So = Support{xg} = .
1: while do

2: Sweep: find an atom that has the highest ITL-Correlation with the current residual in A using

Algorithm 1.

Ay = arg max {V(ry., a))}.
i=1,2,-- N

3: Update support: update the support S, = S,_; U {A;}.

4: Update solution: Calculate x, by minimizing ||b — As X_; |13 subject to Support{x,_;} = S;. Update o
using (26), update ykj using (25), update x, using (27). The optimal solution is denoted as (yy, Xx).

5: Update residual: r; = ,/diag(y) (b — As, X;).
6: Until |[rq]2 < €.
7: end while

and  p(llejllz) = (1= ke (b; - LI,
a,-jxi))g. It is easy to check that the function p(]lejll2)
has these properties: i) po(llejllz) = 0; ii) p(0)=0; iii)
p(llejllz) = p(-llejllz); and iv) p(llejll2) > p(llejll2), for
llej1ll2 > llej2ll2. Thus, o(llejllz) belongs to the M-estimation
type of robust cost function, and minimizing the loss in (22) is
an M-estimation problem [30,36]. Based on the theory of M-
estimation, the minimization of (22) can be transformed into
a re-weighted least-squares problem which has already been
successfully applied in the field of computer vision [37-40]. Based
on the theory of M-estimation, we solve the problem in (22) by
minimizing the re-weighted least-squares function as follows.

: N
with e; = b] - Zi:] a;;X;,

m m
min>" o(llejll) = min>" y (lle;l2) le;l13 . (23)
j=1 j=1
where function y(||ej||2) is defined by
p'(llejll
vi(llejll2) = ﬁeJﬁ;) (24)

in which p'(|lejll;) is the derivative of p(|le;||;). Therefore, the
weight in the kth iteration is calculated by

2\ 751
j 14 ”ej”z
v, = 552 I<2|:1—e)(p(—2 k2

where o, is

1
ok =\ 57 b — As, x4 13 (26)

and As, are the selected atoms corresponding to the supporting
set Sy. From (25), we know that a larger representation error pro-
duces smaller weights, which means that the learned features are
mainly dominated by the contribution of inliers not the outliers af-
ter a suitable number of iterations, thus the NOK-loss based func-
tion is robust against outliers. Based on the discriminative weights
Vi = {ykl,m . vy} learned by (25), the sparse coefficient can be
updated by

xc= argmin |[|\/diag(y)(b - Asx")]

XeRN supp(x)CSy

5 (27)

which is a function that can be solved in closed-form by

. (28)

T
T

>
o

Xy =

)
)

Algorithm 3 Robust NOK-classifier.

Input: Sample matrix A = [a;, ay, - -- , ay] € R™N with each vector
a;=[a, a,---,an]|" €R™, a test sample b = [by, by, ---,bn]|" € R™.
Output: Identity(b).

1: Solve the sparse coefficients x of test sample b using Algorithm 2.
2: Calculate the kernel width parameter o by 02 = 5L ||b — Ax||2

3: Calculate the residual of each class using

1o (b) = (1 -k, (b—Acdc,(x))) %, fori=1,2,-- K.

4: Identity(b) = argming, r¢, (b).

where A = v diag(y)As,, and b= /diag(y,) b. The residual can

be updated based on the new weight y, and sparse vector x; by

T = /diag(n) (b — Asxy). (29)

Finally, the proposed minimization of NOK-loss in (22) can be
solved using the alternate procedure from (25)-(29). The INOK-
OMP algorithm is summarized in Algorithm 2.

3.2.2. Learning robust classifier with NOK statistic measurement

In sparse representation-based classification, the validity of
classifying samples largely depends on the reconstruction error
from a specific class. Thus, how to design an effective criterion
to calculate the reconstruction error becomes a key issue. Unlike
other research work that designs the classifier based on the Eu-
clidean distance [1,41] or correntropy [22,24] of the reconstruction
error, we design the classifier based on the proposed NOK statistic
measurement. Let d, (x) be the sparse coefficients corresponding
to the G,i=1,---,K. For each class, we obtain the approximated
representation as IA)q :AciSCi (x). Then based on the NOK-loss, the
query sample b can be classified into a class i which leads the
minimal difference between b and i’c,-- The detailed robust NOK-
classifier is described in Algorithm 3.

3.3. Computational complexity analysis

As with most OMP algorithms, the proposed method consists of
three parts, including identification, estimation, and residual up-
date. The computational complexity of each part of the proposed
algorithm is analyzed as follows.

1) Identification: for the identification part, the complexity comes
from computing the ITL-Correlation, which consists of four
steps of computation for contribution coefficients g+, kernel
width o2, ITL-Correlation coefficients V, and the maximum A.
BT can be obtained by % with a complexity of MN + N3 flops,
where M is 2m — 1, m 1s the dimension of a; and b, N is the
size of A, and N3 is the complexity of the matrix inversion op-
eration (ATA)~1. Here B* is a vector that consists of all the
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Table 1
Computational complexity of different algorithms.
Methods Computational complexity
Identification Estimation Residual update
OoMP MN+N MK + K3 (2K - 1)m
GOMP MN + M=NOT) 42Km + (=212 4+ 50)m + 23K? + (2K - 1)m
(4B +5P)K +3B -2 -1
CoSaMP MN+N K +mK (2K - 1)m
CcMP MN+N (MK + MK + K3 + MK)! (2K - 1)m
LOMP ZN + 73 + NZ3d + NZd
NR-A*OMP The complexity of this algorithm depends on the number of iterations, paths, and the pruning strategies introduced. Its
complexity with different parameters varies between that of an exhaustive search and that of a simple OMP algorithm.
Acc-OMP The complexity of this algorithm depends on a tree search strategy, and is higher than that of OMP. This special tree search
scheme provides a balance between the computational complexity and the performance.
KNS-OMP MN+N (MK + (MK + MK) + (K3 + MK))! (2K - 1)m
Proposed MN + N* + MN + MN + N (MK + (MK + MK) + (K3 + MK))! K -1)m
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Fig. 1. Recovered sparse vector in the presence of white Gaussian noise with SNR=10dB. The blue/red lines and marks denote the true/recovered signals. (a) OMP, (b) GOMP,
(c) CoSaMP, (d) CMP, (e) LOMP, (f) NR-A*OMP, (g) Acc-MMP, (h) KNS-OMP (p=1.7), (i) Proposed (p =1.7).

contribution coefficients corresponding to different atoms in A. complexity of estimation is (MK + (MK + MK) + (K3 + MK)),
Computation of 62 and V needs MN flops each. The identifi- where [ is the number of iterations.
cation part also needs N flops for finding the maximum in V. 3) Residual update: to obtain the residual r, we need (2K —1)m
Thus, the total computational complexity of the identification flops.
part is MN + N3 + MN + MN + N flops.

2) Estimation: this part consists of three steps for computing ker- Table 1 compares the computational complexity of the pro-

nel width o, weight y, and sparse coefficient x,. We need MK ~ posed algorithm and those of benchmarks, including OMP [11],

flops to obtain o, MK + MK flops to obtain y, and K3+ MK  GOMP [12], CoSaMP [13], CMP [24], LOMP [17], NR-A*OMP [15],

flops to obtain x,, where K is the size of the support set. Since ~ Acc-MMP [16], and KNS-OMP [27].

this estimation part executes in an alternating manner, the total For consistency, we use the same method as [12] to compute
the complexity of different algorithms in this table. For example,



M. Zhang, Y. Gao and C. Sun et al./Pattern Recognition 107 (2020) 107415 7

6
3 3 10 3
8
55 g g
S > 5
24 g g
= > = 6
o o o
o (=3 o
L (7] D
xs3 o 4, o 49
2 2 2
02 06 10 14 18 0.2 06 10 14 18 02 0.6 10 14 18
P P p
(@ (b) ©
5 k
3 33
5 5 5
5 5 4 s
af; g 525
2 20 g 3
3 83 3
o x 14
2
e 2
18 02 06 1.0 14 18 02 06 1.0 14 18
P P p
@ (e) ®
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Fig. 3. Sample images from the extended Yale B dataset. (a) Original, (b) randomly
generated block occlusion, (c) real image block occlusion.

al.Tb needs m flops for multiplication and (m — 1) flops for addi-
tion. Thus, the total complexity for obtaining al.Tb is M flops, and
MK flops for ATh, From this table, we can see that the computa-
tional complexity of the proposed algorithm is dominated by the
estimation part which uses an alternating manner for optimization.
For the computational complexity of LOMP [17], Z is the number of
hidden unites.

4. Experimental results

To verify the effectiveness of the proposed INOK-OMP algo-
rithm, we carry out experiments on both synthetic data for dif-
ferent data recovery and real-world image for reconstruction and
classification tasks, comparing its performance across various eval-
uation measures, and comparing it to benchmarks including OMP
[11], GOMP [12], CoSaMP [13], CMP [24], LOMP [17], NR-A*OMP
[15], Acc-MMP [16], and KNS-OMP [27].

4.1. Data recovery on synthetic data

At first, we carry out experiments on synthetic noisy data to
verify the recovery ability of the proposed algorithm. To simulate
the dictionary, we generate a matrix A € R200 x 400 jp which all the

elements are independent Gaussian random variables with zero-
mean and unit-variance. To simulate a sparse coefficient, we first
generate a zero vector ¥ € R0 x 1 and then randomly set ten en-
tries in x to random values in [-2, —1]U[1, 2]. Then the noisy
data b can be represented by a linear combination of atoms in
A with coefficients corresponding to values in x, i.e., b=Ax+n,
where n denotes the noise vector.

In this experiment, we mainly consider two categories of noise,
i.e.,, non-Gaussian noise and Gaussian noise with each category
containing several different types of noise. Non-Gaussian noise is
identified as: (1) the x? distribution with 1 degree of freedom,
(2) the exponential distribution with the mean being 1, and (3) the
t-distribution with 3 degrees of freedom. Gaussian noise is cate-
gorised as: (1) Gaussian noise N(0, 0.5) with zero mean and stan-
dard deviation being 0.5, (2) white Gaussian noise (WGN) with its
peak signal to noise ratio (SNR) being 2. In addition, an experiment
with missing data in b is also considered to verify the robustness
of the proposed algorithm.

The task of data recovery in sparse representation is to approx-
imate the clean data from noisy observations. In this experiment,
we recovery sparse vector ¥ with the given noisy vector b. The re-
covery error is estimated by the Euclidean distance between the
estimated sparse vector and the ground truth. Table 2 illustrates
the recovery errors of the proposed algorithm and all the bench-
marks on the synthetic data with different types of noise. To re-
duce the deviation of the results, the results of all the algorithms
are reported over 20 random trials. We set the percentage of miss-
ing data to 10% for the case with missing data in this experiment.
The results in Table 2 show that the proposed method always ob-
tains the lowest average recovery error under different types of
noise. Moreover, most of the standard deviation values of the re-
covery errors from the proposed algorithm also remain as the low-
est ones in the presence of different types of noise.

To verify the outlier resistance ability of the proposed algo-
rithm, Fig. 1 plots the recovered signals of different algorithms
from the data with corruptions and outliers. All the experiments
are implemented on the data corrupted by WGN with outliers
embedded in the data. In this paper, outliers with magnitude of
+ 300 are added to randomly selected elements in b. In all the
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Average recovery errors of all competing algorithms under various types of noises. Ave. and Std. denote the average result and standard deviation, respectively. Best
results are marked in bold. Exp., t-dis., MD, and WGN are abbreviations of exponential, t-distribution, missing data, and white Gaussian noise respectively.

Different types of noises

MD

Gaussian

WGN Gaussian

14.6016 + 1.3991
14.0891 + 1.2757
15.8897 + 2.2077
10.7400 + 1.0988

Methods

x2(1) EXp. t-dis.
OMP Ave. £ Std.  14.6988 + 1.6159  12.8864 =+ 1.5647
GOMP Ave. + Std. 14.4463 + 1.6277 12.2016 + 1.5447
COSaMP Ave. + Std. 16.4872 + 1.4668 13.5687 + 1.2983
CMP Ave. + Std. 6.2882 + 0.7100 9.2243 + 1.0332
LOMP Ave. + Std. 16.4721 + 2.8379 13.6791 + 1.2327

NR-A*OMP  Ave.
Acc-MMP Ave.
KNS-OMP Ave.
Proposed Ave.

+ Std.
+ Std.
+ Std.
+ Std.

16.7187 + 2.6466
15.9708 + 1.6419
2.3908 + 0.4516
2.2757 + 0.4343

13.8771 £ 1.4505
13.5334 + 1.5366
2.7334 + 0.6175
2.5522 + 0.8478

15.5109 + 2.2094
15.5638 + 2.4312
15.4279 + 2.4638
3.1291 + 0.9448
2.6863 + 0.6372

0.2379 + 0.0944
0.2667 + 0.1333
0.2831 + 0.1194
0.0052 + 0.0016
0.3430 + 0.1078
0.3215 + 0.1025
0.3107 + 0.1322

2.8932e-05 + 1.4039e-05
9.5115e-09 + 4.4421e-09

4.5224 + 0.2359
4.5666 + 0.2529
5.0876 + 0.2760
4.8926 + 0.3977
4.6659 + 0.9334
4.9343 + 0.8778
4.8852 £ 0.9180
2.6675 + 0.5648
2.2797 + 0.4880

3.0855 + 0.3285
3.1036 + 0.3178
3.4002 + 0.3386
3.2916 + 0.3256
3.1250 + 0.6916
3.2436 + 0.7567
3.1751 £ 0.7603
2.1159 + 0.3570
1.9419 + 0.0987

experiments, the number of the non-zero elements in sparse coef-
ficients is set to 10 (L = 10). The results in Fig. 1 show the signal
recovery performance of all the algorithms when the SNR of WGN
is 10dB, and the number of outliers is 6. The results show that the
recovery performances of the ITL-based algorithms are better than
those of non-ITL based ones. Although the CMP algorithm [24] and
the KNS-OMP algorithm [27] can correctly estimate the position
of non-zeros elements of the sparse vector, there still exist recov-
ery errors. The proposed algorithm with p = 1.7 can not only accu-
rately estimate the position of the non-zeros in the sparse vector,
but also minimize the recovery error at the same time.

Since we developed a NOK-loss in Section 3 to take the advan-
tage of the non-second order measurement in minimizing the rep-
resentation errors, we here implement experiments to verify the
effectiveness of the proposed algorithm with this advantage under
different p values. We plot the recovery errors with different types
of noise in Fig. 2 where Fig. (a)-(c) are the results from the data
with non-Gaussian noise, which show that the recovery errors of
the proposed algorithm with p < 2 are lower than that with p = 2.
Although the results from the Gaussian noise cases (e)-(f) are not
as good as the non-Gaussian noise cases, it still verifies that the
results with p < 2 are better than that with p = 2. The result of
the experiment with missing data is shown in Fig. 2(d) with a
magnified part confirming the conclusions of the non-Gaussian and
Gaussian noise cases.

4.2. Image reconstruction

We now verify the image reconstruction ability of the proposed
algorithm on real images with occlusions. All experiments are per-
formed on the extended Yale B face database [42,43] in which
there are 38 subjects with 64 frontal face images being taken un-
der varying illuminations. 32 images per subject are randomly se-
lected to construct the dictionary A. Two different types of occlu-
sions are considered in this experiment: one is the randomly gen-
erated block with elements varying from 0 to 1, and the other is
the sub-block using the real image. To create the corrupted testing
images, randomly generated blocks with size 40 x 60 and real im-
age blocks with size 50 x 50 are considered as occlusions for the
selected 32 images of the subject. Fig. 3 shows an example original
testing image and its corresponding corrupted images.

We quantitatively examine the reconstruction error of the pro-
posed algorithm in comparison with those of the benchmarks. All
the tests of different algorithms are repeated ten times. The av-
erage reconstruction errors of the nine competing algorithms on
images from all 38 classes (i.e., subjects) are reported in Fig. 4. The
results show that the reconstruction error of the proposed algo-
rithm remains the lowest consistently across all classes under both
random and real occlusion cases.

The advantages of the proposed method in tackling the occlu-
sion issue are not only reflected in the competitive image recon-
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Fig. 4. Average reconstruction errors of images from each class using different
matching pursuit algorithms on the extended Yale B face database. (a) Results with
randomly generated block occlusion, (b) Results with real image block occlusion.

struction errors but also in the following two aspects: sparse coef-
ficients and weight images. Here we take the 9th image of the first
class with real image block occlusion as an example. The sparse
coefficients of all the competing methods are shown in Fig. 5 from
which we can see that the sparse coefficient of the proposed algo-
rithm with p = 1.7 is the most sparse one. In this experiment, the
more sparse the vector is, the less the method will be affected by
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Fig. 6. Weight images from different ITL-based algorithms. (a) CMP, (b) KNS-OMP (p=1.7), (c) Proposed (p=1.7).

occlusion, which further verifies that the proposed ITL-Correlation
driven kernel non-second order minimization outperforms all the
benchmarks.

The occlusion resistance ability can also be verified from the
weight images of the ITL-based algorithms in Fig. 6. To com-
pare the weight images from different ITL-based algorithms clearly,
we sorted the weight values of the three methods in ascend-
ing order and selected the first 10% of the smaller weight val-
ues and set them to zeros, and then set the remaining values to
1. To compare the weight learning ability of these algorithms, we
need to find out which algorithm can accurately find the bound-
ary between the main image content and the occlusion area. The
weight image of the proposed method in Fig. 6(c) has a smaller
weight in the outlier area, which means that the proposed method
can correctly detect and separate the outlier region and the nor-
mal image content by allocating small weights to the outlier part
and large weights to the test image content. Although the al-
gorithms in [24] and [27] can detect the occlusion region in
Fig. 6 (a) and (b), there are still incorrectly-weighted pixels in the
occlusion area, which means that the sparse vector learned from

these algorithms will be perturbed by these incorrectly-weighted
values.

4.3. Face classification against contiguous occlusion

In this section, the proposed algorithm is used to verify the im-
age classification ability on the images with contiguous occlusion.
All the experiments are implemented on the extended Yale B face
database with each image being resized to 96 x 84 pixels. Half
of the images from each individual are selected (about 32 images)
to construct dictionary A, and the remaining images are used for
testing. Therefore, the total numbers of images used for construct-
ing the dictionary and for testing are 1210 and 1192, respectively.

The combination of sparse coding algorithms and a sparse rep-
resentation classifier are usually used for classification [1,21,24].
Therefore, we consider the popular sparse representation classifier
using the [; minimization method in [1] as the classifier for OMP,
GOMP, CoSaMP, LOMP, NR-A*OMP, and Acc-MMP algorithms. For
the CMP algorithm, we use the classifier used in [24] for compar-
ison. For the KNS-OMP algorithm and the proposed algorithm, we
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Fig. 7. Face classification rates under different feature dimensions and different p values with 20% occlusion. (a)-(c) Classification rates under different feature dimensions
with L =10, L = 20, and L = 30, respectively. (d)—(f) Classification rates of the proposed method under different p values with L = 10, L = 20, and L = 30.

use the classifier introduced in Algorithm 3 for classification. The
same sparse level L is utilized as the stopping criterion for all the
competing algorithms for fair comparisons. For all the ITL-based
methods, we utilize the same stopping criterion during weight op-
timization: the norm of the current weight and the weight calcu-
lated from the previous iteration is less than 106,

First, we carry out an experiment on the facial image with block
occlusion to verify the classification performance of the proposed
algorithm. To simulate the occlusion, we randomly replace a rect-
angular region in each testing image with an unrelated image. As
used in [24], we use the baboon image for occlusion simulation
in this experiment. Fig. 7(a)-(c) show the classification rates of
the testing images with 20% block occlusion. We carried out ex-
periments on different downsampled images with sizes of {504,
896, 2016, 8064} which correspond to the downsampling ratios
of {1/4, 1/3, 1/2, 1}. Fig. 7(a)-(c) plot the classification rates when
L =10, L =20, and L = 30, respectively. These three figures show
that the proposed method obtains the best classification rate under
any dimension of features, which means that the proposed algo-

rithm is superior to other algorithms in suppressing the influence
of occlusion.

To explore different order p on the effect of classification per-
formance, we plot curves for classification rates with changing fea-
ture sizes and sparse levels under different p values in Fig. 7(d)-
(f), where the classification rates with feature dimension 504 are
the lowest ones, and those with feature dimension 8064 produce
the best results. The results from Fig. 7(d)-(f) also give us impor-
tant information that there exists a p with p < 2 which gives bet-
ter classification rates than that with p =2. From the results in
Fig. 7(d)-(f), we find that the best classification rates can be found
from pwithin[1.5, 1.7].

Fig. 8 plots how the classification rates vary according to the
increase of the percentage of occlusion to evaluate the perfor-
mance of the proposed algorithm. The facial images used for
this experiment are resized to 48 x 42 pixels. The baboon im-
age is resized to ensure that the test image has 10%, 20%, 30%,
and 40% occlusions. Fig. 8(a)-(c) show the classification rates un-
der L =10, L =20, and L = 30, respectively. We can see that the
classification rates for OMP, GOMP, CoSaMP, LOMP, NR-A*OMP,
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Table 3

Classification rates of different algorithms on the extended Yale B database with different numbers
of training samples (Nc). Ave. and Std. denote the average result and standard deviation, respec-
tively. Best results are marked in bold.

Method/Nc. 20 24 28 32

OMP 0.7554 + 0.0091 0.7700 £+ 0.0104  0.7841 + 0.0067  0.7848 + 0.0026
GOMP 0.7798 + 0.0058  0.7999 + 0.0079  0.8218 + 0.0329  0.8137 £ 0.0073
CoSaMP 0.7171 £ 0.0318  0.7075 + 0.0073  0.7056 + 0.0069  0.7103 + 0.0058
CMP 0.9022 + 0.0028  0.9242 + 0.0035 0.9251 + 0.0045  0.9383 + 0.0022
LOMP 0.7557 £ 0.0100  0.7703 + 0.0102 0.7838 + 0.0063  0.7848 + 0.0028
NR-A*OMP 0.7805 + 0.0062  0.7859 + 0.0087  0.7921 + 0.0062  0.7978 + 0.0065
Acc-OMP 0.7684 + 0.0066  0.7813 + 0.0046  0.7865 + 0.0043  0.7917 + 0.0062
KNS-OMP 0.9023 + 0.0024  0.9256 + 0.0056  0.9325 + 0.0019  0.9398 + 0.0031
Proposed 0.9064 + 0.0024  0.9287 + 0.0032  0.9397 + 0.0034  0.9452 + 0.0042

between the benchmarks and the proposed method increases
from 13.25% to 32.19%. Fig. 8(d)-(f) plot the classification rates
of the proposed algorithm with different percentages of occlu-
sion under different p values. The classification rates show that
the proposed algorithm obtains the best results withp within
[16, 1.7].

and Acc-MMP decrease rapidly with the increase of the per-
centage of occlusions, while the rates of ITL-based methods de-
cline gradually. Furthermore, with the increase on the level of
occlusion, the outlier resistance ability of the proposed algo-
rithm becomes increasingly apparent. This can be verified from
Fig. 8(a)-(c) where the largest gap of the classification rate
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Table 3 reports the average classification rates and standard de-
viations of all the algorithms with different numbers of training
samples over ten random trials. Test samples used in this experi-
ment are resized to 48 x 42 with 20% occlusion. The sparse level
in this experiment is set to 20. From the results in Table 3, we
know that the results of the proposed algorithm are the best ones
under different numbers of training samples, and that increasing
the number of training samples of each class will gradually widen
the differences of the classification rates between the proposed al-
gorithm and benchmarks.

5. Conclusions

In this paper, we address the vulnerability problem of the ex-
isting OMP algorithms and investigate the relationship between
the robustness of sparse representation and information theoretic
learning (ITL) in the presence of outliers. With the analysis and dis-
covery, we developed a novel OMP algorithm which incorporates
the informatic-theoretic descriptors of entropy to the framework
of OMP to change the internal feature identification and coefficient
estimation mechanism, bringing robustness to learning coding co-
efficients. Since the proposed algorithm has inherent advantage for
excluding outlier information during optimization, it achieves su-
perior performance in many realistic scenarios where there are
noise and outliers in the data. We carried out experiments on
both simulated data and real-world data with various noise and
occlusion parameter settings. The experimental results consistently
demonstrate that the proposed OMP algorithm is more robust than
the state-of-the-art OMP algorithms in data recovery under noise
of different distributions, and in image reconstruction and classifi-
cation under different types of occlusions. Especially, the average
reconstruction error has been reduced by 37% ~ 84% under dif-
ferent types of noise, and the classification accuracy has been in-
creased by 20% ~ 24% with 20% occlusion in the data. The proposed
algorithm has not taken the deep feature of the training data into
consideration, thus a muti-layer OMP algorithm will be an inter-
esting research in the future.
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B: Proof:

b Ball3 = |(b— B*a) + (B*a - Ba)ll3
=lb- B*a|}+||*a- Bal3+2(b- B a)’ (B*a - Ba).

With some linear algebraic operation and considering S* =
a’b(a"a)~! and a"b— (aTa)B* =0, the third term above can be
written as:

(b—p*a)' (B*a— pa) = (b— p*a)’a(p* - B) =0

Thus, we have

Ib— Bal3 = [lb— B*al5 + || *a — Bal|;
=[lb—Ball5 + [|(B* — B)all5.

Since the term || (8* — ,3)a||§ is non-negative, we have

b~ Ball3 = [Ib— pall3,

which shows that there exists a 8* that minimizes |b— ﬂa||%. If
the equality ||b— Ba||? = ||b— S*a||2 holds, then we have ||(8* —
B)a||2 =0, which means 8* — 8 =0, i.e., B8 = B*, since a is a non-
zero vector. Thus, the only 8 that makes the equality ||b— Ba||? =
|Ib— 5*a||§ hold is B = B*. Then we can conclude that vector b can
be represented by a under a unique coefficient 8.
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