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Basic properties of radiation of the atomic chains excited by a channeled particle are considered. Using a
very simple two-dimensional model of a crystal lattice we have shown that the main part of this radiation
is generated on the frequency of oscillations of a channeled particle between the crystal planes, shifted by
the Doppler effect. Spectral and angular distribution and spectral distribution of the radiation of the
atomic chain excited by channeled particle were calculated. Emission spectrum of the atomic chain
excited by channeled particle was plotted.
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1. Introduction

The motion of charged particles in the crystal along the chan-
nels formed by parallel atomic rows or planes was predicted by
American scientists Robinson and Oen in 1961 [1] and was discov-
ered by several groups of scientists in 1963–1965. Channeling has
served as the base for development of new experimental methods
of research on the crystal properties and structure and some nucle-
ar phenomena. New sources of X-ray and gamma rays which con-
sist of electrons or positrons accelerators and precisely oriented
crystals of germanium, silicon and other elements are based on
the principles of channeling.

Channeling of ions is used recently for direct detections of
weakly interacting massive particles [2,3]. Considerably attention
has been attracted currently to study the carbon nanotubes prop-
erties by use of channeling.

At interaction between the channeled particle and a crystal the
electromagnetic radiation is generated. In the framework of classi-
cal electrodynamics one can consider this radiation as radiation
from different sources, such as radiation of the channeled particle,
which is investigated in details in many papers and books [4,5],
radiation of the electronic gas (wake trace) [6] and the less studied
radiation of excited atoms in the crystal lattice.

When channeling, the charged particle transmits part of its
transverse momentum to the surrounding atoms. This excites
vibration of atomic chains. Oscillations of a nucleus with interior
electrons cause time-dependent polarization of atom and hence
electromagnetic radiation. This phenomenon is similar to the
vibrational excitation of molecules and causes respective radiation.
The phases of oscillations of atoms correlate between themselves
as oscillations are excited by the same channeled particle. There-
fore radiation should be considered as coherent.

Assumption of such radiation was expressed recently in [7]. It
was shown that the basic part of radiation is generated into a cone
around the direction of velocity of a relativistic channeling particle.
Correlation between the fields of atomic radiation and radiation of
the channeled particle was discussed in [8].

In this paper, we study the field of oscillating atoms in detail
and calculate the emission spectrum of the atomic chains, excited
by a channeled particle. In Section 2 we discuss some of the
features of the radiation field of the atomic chains, which were
not taken into account in [7]. The next section presents the calcu-
lation of the spectral and angular distribution of the radiation of
the atomic chain. The last Section 4 is devoted to the calculation
and construction of the emission spectrum of atomic chain.
2. Field of atomic chains excited by a channeled particle

Here we consider the electric field of the radiation of the oscil-
lating atoms in a crystal. Following [7], we consider the simplest
model of the crystal lattice, consisting of two atomic rows with a
channeled particle moving between the rows. Of course, such a
model is a rather crude approximation of the real crystal, but it
allows to identify the characteristics of the phenomenon. We are
encouraged by the fact that in due time the normal modes of vibra-
tions in the crystal were investigated by use of one-dimensional
crystal lattice. Two-dimensional model of the crystal lattice is
shown in Fig. 1. The electric field E(t) of the radiation of oscillating
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Fig. 1. Schematic representation of the crystal lattice.
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atoms of lattice is described by Eq. (33) in [7]. Let us rewrite this
equation in the complex form

EðtÞ ¼ A0m2 eimt � e�iX0t

mþX0
þ eimt � eiX0t

m�X0

( )
; ð1Þ

for t 6 Lk and

EðtÞ ¼ A0m2eimt 1� e�ikLðmþX0Þ

mþX0
þ 1� e�ikLðm�X0Þ

m�X0

( )
; ð2Þ

for t > Lk. Here

A0 ¼
eq2K sin h

kmVD2xbRc2 ; X0 ¼ X
ð1� b sin h sin uÞ ; ð3Þ

k ¼ 1
V
ð1� b sin h sinuÞ; m ¼ xþ ia: ð4Þ

V is the velocity of channeled particle, b ¼ V=c; c is the speed of
light, e is the charge of the channeled particle, m is the mass of the
atom, 2D is the width of the channel, b is the distance between
atoms in the rows, q is an effective charge of a nucleus of atom, L
is the length of the crystal along the particle trajectory. R is the dis-
tance to the observer. Angles h and u of the spherical coordinate
system are shown in Fig. 2. K and X are the amplitude and fre-
quency of channeling particle oscillations in plane XOY. The aver-
age velocity of a particle is directed along the axis X. The particle
enters the crystal at x ¼ 0 and leave it at x ¼ L. The excited atoms
of the crystal lattice are oscillating along axis Y with frequency x.
The amplitude of vibrations decreases with time as expð�atÞ,
where a is the attenuation coefficient. In the spherical coordinates
vector of the radiation field EðtÞ has only one component: Eh ¼ EðtÞ.
We see from (1) and (2) that radiation is generated on two frequen-
Fig. 2. The spherical coordinate system.
cies, namely on frequency x of atoms oscillations and on the fre-
quency X0 which is frequency of oscillations of the channeling
particle shifted by the Doppler effect. The part of the field oscillat-
ing with frequency x vanishes exponentially in time as e�at , while
the field of frequency X0 is constant in amplitude. In case of long
enough crystal, when the length of a crystal is much greater then
the ‘‘wake tail’’ of atoms exited by the channeling particle
(L� Va�1), the part of radiation with frequency X0 makes much
greater contribution to the total energy of radiation.

Further we consider only this part of radiation. Taking the real
part of Eq. (1) we obtain

EðtÞ ¼ � A0x

2 ða2 þx2 �X02Þ
2
þ 4a2X02

h i
� 2aX03 sin X0t þ cos X0t a2 þx2� �2 þX02ð3a2 �x2Þ

h in o
:

ð5Þ

This field has some features typical for the field of relativistic
charged particle though the radiation is caused by non-relativistic
vibrating atoms. First, the multiple 1� b sin h sin u in denominator
of A0 shows that the main part of radiation is concentrated around
the direction of the particle velocity b. Second, the frequency of
radiation X0 is just the same as the frequency of the relativistic
channeling particle. Coherence of radiation is expressed by the fac-
tor b in denominator of A0. It shows that intensity of radiation is
proportional to the square of linear charge density q=b. Denomina-
tor of (5) is of typical resonant character. Indeed, if attenuation of
atomic vibrations vanishes (a! 0) and X0 ¼ x, the electric field
defined by the above equation tends to infinity.

3. Spectral and angular distribution of the radiation of atomic
chain

Let us calculate spectral and angular distribution of the radia-
tion field (1) and (2) of the atoms. We find the Fourier integral

Eðx1Þ ¼
Z 1

�1
eix1tErðtÞdt; ð6Þ

where x1 is the frequency of radiation, ErðtÞ ¼ 1
2 ½EðtÞ þ E�ðtÞ� is the

real part of the field (1) and (2). In order to simplify the result of
integration, we assume that the channeled particle makes an inte-
ger number of oscillations N in crystal. Then L ¼ 2pNV=X, and some
exponents can be simplified: expð�iLkX0Þ ¼ 1. The result of integra-
tion looks like follows:

Eðx1Þ ¼
2A0ixx1ð1� eix1LkÞða2 þx2 � 2iax1Þ
ðx2

1 �X02Þðx2
1 �x2 � a2 þ 2iax1Þ

: ð7Þ

Spectral and angular distribution of energy dE emitted into so-
lid angle do and frequency interval dx1 is defined by the formula
[9]:

dE
dodx1

¼ cR2

4p2 Eðx1Þj j2: ð8Þ

Taking the square of module Eðx1Þ and substituting it in the last
equation we obtain:

dE
dodx1

¼ E0I1ð ex; h;uÞI2ð exÞ; ð9Þ

where E0 is a constant, and ‘‘tilde’’ denotes the reduced variables:

E0 ¼
16e2q4K2c2

p2m2c3D4b2x2
; ex ¼ x1

x
; ea ¼ a

x
; fX0 ¼ X0

x
:

Function I1ð ex; h;uÞ depends on the angles and parameters of
the channeled particle
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I1ð ex; h;uÞ ¼
ex2 sin2 h sin2ðpN ex=eX0Þ

4c4ð1� b sin h sin uÞ2ð ex2 � eX02Þ2 : ð10Þ

In case of large N this function demonstrates the resonant
amplification of coherent atomic vibrations at the reduced fre-
quency ex ¼ eX0.

Function I2ð exÞ depends only on the reduced frequency. It has
sharp maximum at ex ¼ 1 if a is small enough

I2ð exÞ ¼ ð1þ ea2Þ2 þ 4ea2 ex2

½ð ex2 � ea2 � 1Þ2 þ 4ea2 ex2�
: ð11Þ

The multiplier ð1� b sin h sin uÞ in denominator of (10) shows
that in case of ultrarelativistic channeled particle, the function I1

is relative great at small angles around the direction of the velocity.
In ultrarelativistic case c� 1 it is more convenient to describe the
angular distribution in terms of angles # and / (see Fig. 2) which
depend on h and u as follows:

sin h sinu ¼ cos#; sin2 h ¼ cos2 /þ cos2 # sin2 /: ð12Þ

We expand I1 with respect to small # and c and denote w ¼ c#.
Then we have instead of (10)

I1ðw; exÞ ¼ ex2 sin2ðpN ex=eX0Þ
ð1þ w2Þ2ð ex2 � eX02Þ2 ; ð13Þ

with

eX 0 ¼ 2c2 eX
1þ w2 ;

eX ¼ X
x
:

Fig. 3 shows behavior of function I1ðw; exÞ at the following
parameters: N ¼ 20; eX ¼ 1:5� 10�4; c ¼ 100.

The plot constitutes a ridge laying above the lineex ¼ 2c2 eX=ð1þ w2Þ in the plane ( ex;w). The width of the ridge is in-
versely related to the number of oscillations N and the maximum
of I1 is in direct proportion to N.

Fig. 4 represents the function I2ð exÞ for ea ¼ 10�2 in the some
coordinates. It follows from (11) that in case of small a the maxi-
Fig. 3. Functio
mum of the function is inversely proportional to a2 and the width
of the peak is proportional to a.

Fig. 5 depicts the product Iðw; exÞ ¼ I1I2 which (according to (9))
is up to a scaling factor the energy radiated per unit frequency per
unit solid angle. The narrow strong pick lies at intersection of linesex ¼ 1 and ex ¼ 2c2 eX=ð1þ w2Þ in the plane ( ex;w). Such intersec-
tion is possible only if 2c2 eX > 1.

In case 2c2 eX < 1 the function Iðw; exÞ has complicated structure
as shown in Fig. 6. The maximum value in this case is about one
order of magnitude less than in Fig. 5.

Let us calculate the angular distribution. Integration of (9) over
frequency x1 can be simplified in case of large N. It is easy to check
that the function f ðxÞ

f ðxÞ ¼ lim
N!1

sin2 pNx

Nð1� x2Þ2
;

possess next properties

f ðxÞ ¼
1; x ¼ �1;
0; x – � 1

�
;

Z 1

�1
f ðxÞdx ¼ 1

2
p2:

Hence, it can be replaced by sum of the delta functions

f ðxÞ ¼ p2

2
½dðx� 1Þ þ dðxþ 1Þ�: ð14Þ

Integrating (9) under assumption that N is great, we obtain the
angular distribution of energy, emitted by the atomic chain

dE
do
¼ e2q4K2N sin2 h

m2c3D4b2X0ð1� b sin h sin uÞ2

� ðx2 þ a2Þ2 þ 4a2X02

½ðX02 � a2 �x2Þ2 þ 4a2X02�
: ð15Þ

Expression (15) coincides with (35) in [7] for the radiation
intensity, because the intensity and energy of radiation are bound
by equation dI ¼ X0dE=2pN [10].
n I1ð ex;wÞ.



Fig. 4. Function I2ð exÞ.

Fig. 5. Function Iðw; exÞ; 2c2 eX ¼ 3.

90 V. Epp, M.A. Sosedova / Nuclear Instruments and Methods in Physics Research B 310 (2013) 87–92
4. Emission spectrum of the atomic chain

In order to calculate the emission spectrum we integrate (9)
over the solid angle do. Integration is better done in the spherical
coordinates system ð#;/) (see (12) and Fig. 2).

We denote the ratio x1=X
0 � n. Integral over the solid angle

do ¼ sin#d#d/ can be expressed as integral over / and n. The lim-
its of integration over n are equal to:

n1 �
x1

X
ð1� bÞ; n2 �

x1

X
ð1þ bÞ: ð16Þ
Again, we use the approximation of great N and replace
sin2½pNn�=ðn2 � 1Þ2 by the sum of d functions according to (14).
The expression dEðx1Þ=dx1 – 0, if a d function is inside the limits
of integration (16). It means that the radiation lies in the frequency
range

X
1þ b

< x1 <
X

1� b
:

Integrating (9), we obtain the final version for the emission
spectrum of the atomic chain:



Fig. 6. Function Iðw; exÞ; 2c2 eX ¼ 0:8.

Fig. 7. Emission spectrum of atomic chain excited by the channeled particle.
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dE
d ex ¼ 2e2q4K2pN

m2c3D4b2Xx

ex2ð1þ b2Þ þ eX2
h i

ex3b3 I2ð exÞ: ð17Þ

The last formula shows that the shape of the emission spectrum
does not depend on x1 but only on the ratio of frequencies x1=x.

As an example, we plot the spectrum for the following parame-
ters: ea ¼ 10�2; eX ¼ 1:5� 10�4; c ¼ 100. The emission spectrum lies
in the range

exmin ¼
eX

1þ b
’ 1

2
eX ¼ 0:75� 10�4;

exmax ¼
eX

1� b
’ 2eXc2 ¼ 3:

Emission spectrum of atomic chain excited by the channeled
particle for these parameters is shown in Fig. 7. Coherent radiation
of atoms, which is discussed in this article expresses a sharp peak
at ex ¼ 1. The width of this peak depends on the ratio of a=x: the
smaller ea the sharper peak in the spectrum. The rise at low fre-
quencies due to the factor ex3 in denominator of the formula
(17). Note that ex can not be zero, because it is limited to a mini-
mum value exmin ¼ eX=2.
5. Conclusion

At first glance, radiation of atoms exited by a channeled particle
and vibrating in the points of crystal lattice is negligible small be-
cause of small amplitude and small frequency of vibrations, that is
a consequence of relatively great mass of atoms. But if we take into
account the great number of atoms which are involved in coherent
oscillations excited by the channeled particle, we get sufficient
amplification of the intensity of radiation. The expressions for the
spectral and angular distribution (9) which is obtained in this work
shows the specific properties of considered radiation: concentra-
tion of the emitted energy within an narrow cone around the for-
ward direction if the channeled particle is relativistic; there is a
resonance peaking angular distribution at frequency x1 ¼ X0 –
the frequency of the radiation of channeled particle; there is also
a resonance peak on frequency x1 ¼ x – the frequency of vibra-
tions of atoms of the crystal lattice.

Emission spectrum which is integrated over the angles has the
following features: the boundaries of the spectrum are determined
by the frequency of the channeled particles oscillation X – spec-
trum lies in the interval X=ð1þ bÞ < x1 < X=ð1� bÞ; spectrum
has the form of a sharp peak at a frequency x1 ¼ x for small en-
ough values of the attenuation factor a. The occurrence of such res-
onance is possible if X=ð1þ bÞ < x < X=ð1� bÞ. Or in case of an
ultrarelativistic particle x < 2c2X. The lower boundary of the
spectrum is much smaller in this case and can be neglected.

A rather simple model of the crystal lattice has been used just to
demonstrate the essence of this phenomenon. Many details have
not yet been taken into account.

For example, this paper does not consider the thermal vibra-
tions of the atoms. Thermal vibrations can substantially influence
the dynamics of the channeled particle, especially at axial channel-
ing when the negatively charged particle moves close to the atomic
chain. Radiation caused by the thermal vibrations is incoherent
and has isotropic angular distribution while the considered radia-
tion of vibrating atoms is coherent and strongly collimated around
the radiation cone of the channeled particle. Hence, it can be re-
solved from the thermal radiation.

Another factor that has an impact on the coherence of radiation
is the number N of oscillations of the channeled particle. In case of
thin crystal it depends on the crystal thickness. Otherwise it de-
pends on the length of the particle channeling and is restricted
by de-channeling process owing to multiple scattering by electrons
and thermal vibrations of crystalline lattice atoms. Anyway, if we
are speaking about the channeling of a particle, we mean that
N � 1.
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