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The dependence of heavy-ion charge-exchange straggling on the beam energy has been studied theoret-
ically for several ion-target combinations. Our previous work addressed ions up to krypton, while the
present study focuses on heavier ions, especially uranium. Particular attention has been paid to a
multiple-peak structure which has been predicted theoretically in our previous work.
For high-Z1 and high-Z2 systems, exemplified by U in Au, we identify three maxima in the energy

dependence of charge-exchange straggling, while the overall magnitude is comparable with that of
collisional straggling. Conversely, for U in C, charge-exchange straggling dominates, but only two peaks
lie in the energy range where we presently are able to produce credible predictions. For U–Al we find
good agreement with experiment in the energy range around the high-energy maximum.
The position of the high-energy peak – which is related to processes in the projectile K shell – is found

to scale as Z2
1, in contrast to the semi-empirical Z3=2

1 dependence proposed by Yang et al.
Measurements for heavy ions in heavy targets are suggested in order to reconcile a major discrepancy

between the present calculations and the frequently-used formula by Yang et al.
� 2016 Elsevier B.V. All rights reserved.
1. Introduction

The phenomenon of charge-exchange straggling was predicted
by Flamm and Schumann precisely 100 years ago [1]. In brief, a
charged particle penetrating through matter may undergo a
sequence of electron capture and loss processes while slowing
down. Since the energy loss depends on the ion charge, capture
and loss processes give rise to a fluctuation (straggling), in the
energy loss. This ‘charge-exchange straggling’ adds to ‘collisional
straggling’ [2], which also acts in the absence of charge exchange.

On the basis of a theoretical model involving two charge states
[3] and a systematic study of hydrogen and helium ions in gas
targets [4], the generally accepted view has become that
charge-exchange straggling gives rise to a distinct maximum in
the dependence of energy-loss straggling on the ion energy for ions
with atomic number Z1 P 2. This view has been strengthened by
an analysis of experimental straggling data available in 1991 [5].
That analysis resulted in a frequently-used empirical formula that

indicates a straggling peak at an energy / Z3=2
1 with a peak height

/ Z4=3
1 =Z1=3

2 relative to the Bohr formula for collisional straggling.
Peak heights up to two orders of magnitude above Bohr straggling
were predicted for very heavy ions. Experimental support for such
pronounced effects came with measurements involving Pb and U
ions [6] in the MeV/u energy range. For a recent summary the
reader is referred to Ref. [7].

In a joint experimental and theoretical effort [8,9] on krypton
and silicon ions in gas targets we confirmed the existence of pro-
nounced maxima, up to two orders of magnitude above the Bohr
value. In several cases we found reasonable agreement between
experimental data and theoretical predictions, although pro-
nounced discrepancies were found in others. In a parallel theoret-
ical study [10] we predicted that at least two peaks must be found
in the energy dependence of charge-exchange straggling. We also
found that the leading (high-energy) peak is related to the charge
equilibrium between the bare ion and a hydrogen-like ion.

The fact that the leading peak in charge-exchange straggling is
related to processes in the K shell of the projectile has a number of
implications. Firstly, its position in energy space must be expected

to scale as / Z2
1 rather than Z3=2

1 as proposed in Ref. [5] or, as one

might have expected from the Thomas–Fermi model, / Z4=3
1 . Sec-

ondly, secondary maxima as well as minima in straggling must
be expected likewise to be related to the filling of projectile shells.
We wish to address these questions in the present study and to
identify ion-target combinations and energy regimes where these
effects should be pronounced or, at least, visible in measurements.

The theoretical basis for our work in this area has been a general
formalism [11], which expresses charge-exchange straggling by
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transition probabilities or cross sections for all relevant electronic
transitions in the projectile. The formalism was first applied in a
systematic study of the evolution of energy-loss spectra with the
travelled pathlength ([12] and earlier work cited there). Subse-
quent work focused on straggling in charge equilibrium [13]. Mak-
ing use of the smooth dependence of the mean energy loss on the
ion charge we were able to express charge-exchange straggling by
a simple relation involving the evolution of charge fractions with
traveled pathlength and the variation of the stopping cross section
with the ion charge.

Charge fractions as a function of travelled pathlength are the
output of the ETACHA code [14] which, in principle, invokes all
those cross sections that are needed in the computation of
charge-exchange straggling. Extensive comparisons with experi-
mental data have been performed by Imai et al. ([15] and earlier
work cited there), showing qualitative agreement in the general
trends.

We use ETACHA output as input into our calculation of charge-
exchange straggling. In our previous work with this code [13,10]
we had to cope with three limitations: Only ions up to Kr were
allowed. The allowed energy range had a lower limit of 1 MeV/u,
but the practical lower limit could actually be significantly higher.
Moreover, numerical instabilities were frequently found. Specifi-
cally, the predicted equilibrium charge state was not always inde-
pendent of the initial charge state. Since our routine involves small
differences between large numbers, it is not easy to identify arti-
facts introduced by the numerical input.

A revised and expanded edition of the ETACHA code has
appeared recently [16]. With an extension of allowed projectiles
up to uranium we have now an opportunity to establish scal-
ing relations in Z1 and Z2 for both peak position, height and
width. At the same time, the relevant energy range expands,
since the interesting upper energy limit increases / Z2

1, while
the lower limit does not. This is relevant for identifying more
than one peak in the energy dependence of charge-exchange
straggling.

When comparing with experimental straggling data we need to
keep in mind that peaks are also present in the energy dependence
of collisional straggling [17,18]. Such peaks appear near the stop-
ping maximum and may increase straggling by up to a factor of
three above the Bohr value [18]. They are caused by bunching of
target electrons and increase in importance with increasing Z2

where, conversely, charge-exchange straggling decreases in
importance.
2. Recapitulation

We report computations on charge-exchange straggling by a
procedure developed in Ref. [13] and applied to Kr and Si in gas tar-
gets in Refs. [8,10]. Here we briefly summarize the procedure.

The straggling parameter W is defined by

WðE; xÞ ¼ d
Ndx

DE� hDEið Þ2
D E

; ð1Þ

where E denotes the beam energy, DE the energy loss of an ion after
having traveled a pathlength x;N the number of target atoms per
volume and h. . .i an average over many trajectories.

Just as in the case of the mean energy loss, interest is primarily
directed towards straggling in a charge-equilibrated beam. Accord-
ing to Refs. [11,13], straggling in charge equilibrium can be written
in the form

WðE;1Þ � WðEÞ ¼
X
J

FJðEÞWJðEÞ þWchexðEÞ; ð2Þ

where
Wchex ¼ 2N
X
JKL

FJSJKSL

Z 1

0
dx FKLðxÞ � FL½ �; ð3Þ

and variables E have been suppressed for clarity. The quantity

SIJ ¼
Z

T drIJðTÞ ð4Þ

denotes the stopping cross section for a collision with initial and
final states I and J, respectively, and drIJðTÞ the corresponding dif-
ferential cross section. Moreover,

WJ �
X
L

WJL; ð5Þ

where

WJL ¼
X
L

Z
T2 drJLðTÞ ð6Þ

is the corresponding straggling parameter. If the charge state is I at
x ¼ 0; FIJðxÞ denotes the charge fraction of ions in state J after a path
length x. The quantity FJ � FJð1Þ represents the equilibrium charge
fraction.

The first term on the right-hand side of Eq. (2) represents colli-
sional straggling. Eqs. (4) and (5) indicate that energy loss in charge
exchange, represented by terms for I – J, contributes to both colli-
sional and charge-exchange straggling. In the following we con-
sider only the charge-exchange term Wchex.

A major simplification was found [13] by making use of the fact
that the dependence of the stopping cross section SI ¼

P
JSIJ on the

ion charge number qJ can be well approximated by a parabola over
a generous interval. For diagonal elements, I ¼ J, this assumption
was based on calculations by our PASS code [19]. For off-diagonal
terms an equivalent behavior was postulated, justified by the fact
that energy loss by charge exchange is small compared to colli-
sional energy loss for ions heavier than hydrogen. This point is dis-
cussed in appendix A.

For not too light ions, say, Z1 J10, we found that between three
neighboring charge states the above parabola can be well approx-
imated by a straight line, so that

Wchex ’ 2N
dS
dq

� �
q¼qðEÞ

dScoll
dq

� �
q¼qðEÞ

G0ðEÞ; ð7Þ

where S � SðqÞ and Scoll � ScollðqÞ represent the total frozen-charge
stopping cross section and the collisional frozen-charge stopping
cross section, respectively, qðEÞ is the mean equilibrium charge at
energy E,

G0ðEÞ ¼
X
J

FJðqJ � qÞbJ ; ð8Þ

and

bJ ¼
X
L

qL

Z 1

0
dx FJL � FL

� �
: ð9Þ

Inspection of Eq. (7) reveals that the effect of charge exchange
on Wchex is contained in the factor G0ðEÞ, while the factors in front
of G0ðEÞ represent the variation of the stopping cross section with
the ion charge. With this, the computational routine involves ETA-
CHA for G0ðEÞ and PASS for dS=dq.

Although the PASS code distinguishes between S and Scoll, this
distinction is hardly relevant within the overall accuracy of the
theory which, as we shall see, is determined primarily by the ETA-
CHA code. Therefore, following our previous procedure [13,10] we
replace Eq. (7) by

Wchex ’ 2N
dS
dq

� �2

q¼qðEÞ
G0ðEÞ; ð10Þ

in the following.
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3. ETACHA calculations

3.1. The code

The revised ETACHA code comes in four versions, 23, 3, 34 and
4, which differ in the number of electrons and electron states
involved. Versions 23 and 3 allow for three shells in the projectile
ion, while versions 34 and 4 allow for four shells. This implies that
at high beam energies, where only few projectile electrons are
involved, we may expect Version 23 or 3 to be adequate, while
decreasing beam energy requires to apply versions 34 or 4. In the
examples presented in this work we apply versions 3 and 4 at high
and low beam energies, respectively. Version 34 enters a single test
run, while Version 23 – which is similar to the 1996 code [14] – has
not been used here.

ETACHA output enters the computation of the quantity bj in Eq.
(9). As mentioned above, the computational routine built into ETA-
CHA leads to occasional instabilities which may have a critical
influence on our results. It is, therefore, essential to define a proce-
dure on how to cope with such problems.

Fig. 1 shows two representative examples. The upper graph,
15 MeV/u iodine in carbon, shows the typical high-energy behavior
with a reasonably well defined equilibrium charge state. Since a
small difference remains at large depth, the integration has been
limited by visual inspection to a depth at which equilibrium is
apparently achieved. This truncation, indicated by a vertical line,
is important to avoid a significant (depth-dependent) contribution
from larger depths. Occasionally, discrepancies are found to
increase with increasing depth. If a crossing point of all curves
can be identified, the truncation line has been defined at that point.
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Fig. 1. Average charge state according to ETACHA3 for iodine in carbon versus
travelled pathlength. Numbers indicate the initial charge state. Upper graph:
E ¼ 15 MeV/u; lower graph: E ¼ 5 MeV/u.
The lower graph, 5 MeV iodine in carbon, shows a case where
such a crossing point cannot be defined and where asymptotic
equilibrium charges show a rather large spread. We have omitted
such data in cases where neighboring energy values do not lead
to such a behavior. In other cases this behavior indicates the lower
energy limit for obtaining credible results.

The behavior of the two graphs in Fig. 1 is, qualitatively, typical
for all ion-target combinations, although the observed artifacts
may be both more or less pronounced. Moreover, the limiting
energy between acceptable and unacceptable behavior varies
between different ion-target combinations. A lower energy limit
is found for all versions of ETACHA. This limit is lowest for ETA-
CHA4, which allows for the largest number of electrons and states.
The validity of all versions of ETACHA is currently limited to the
nonrelativistic energy regime [16]. However, we also encountered
another upper energy limit, above which ETACHA4 delivers
unphysical results.

3.2. Straggling: influence of charge exchange

Fig. 2 shows G0ðEÞ for U–Au and U–C over an energy range of up
to three orders of magnitude. Here we focus on the qualitative
information contained in these graphs, since quantitative predic-
tions based on different versions of the ETACHA code show signif-
icant differences.

For U–Au there is a clear multiple-peak structure, although only
ETACHA4 actually shows data points covering the third peak. For
U–C, the lower energy limit where ETACHA3 delivers acceptable
data, lies above the expected minimum. Here we rely on data from
ETACHA4 which are more appropriate in the lower energy range.
µ
µ

Fig. 2. The function G0ðEÞ describing the effect of charge exchange on straggling in
the U–Au (upper graph) and U–C (lower graph) system according to Eq. (7),
evaluated from Eq. (8) with input from ETACHA3, 34 and 4.
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In both cases the leading peak lies at E ’ 1000 MeV/u. On the
other hand, the distance between the first and the second peak is
significantly wider in energy space for U–C than for U–Au. This
confirms our previous experience [10,8] of a strong sensitivity of
charge exchange on target properties that is absent in classical
models [20,21].

However, significant differences are seen between the three
versions in the position and magnitude of all but the leading max-
imum. This difference mainly reflects the number of electron states
considered in the three versions. The good agreement between
predictions of ETACHA34 and 4 from the first minimum downward
in case of U–Au suggests that those results might be more realistic
than those found from ETACHA3. Conversely, at higher energies,
ETACHA3 and ETACHA4 yield almost identical results. Therefore
there was no need to test ETACHA34 into that range.

3.3. Charge fractions

Fig. 3 shows the distribution of equilibrium charge fractions
underlying the values of G0ðEÞ in Fig. 2. In agreement with our con-
clusion in Ref. [10] we find that the leading maximum reflects the
charge equilibrium between the bare ion and the one-electron ion.

The first minimum is found at an energy where the filled K shell
is the dominating charge state. This reflects the stability of a closed
K shell against electron capture and loss.

For the second maximum, ETACHA3 and ETACHA4 show shifted
but otherwise rather similar distributions in case of U–Au, while
Fig. 3. Distribution of equilibrium charge fractions for U–Au (upper graph) and U–C
(lower graph) at energies corresponding to maxima and minima of G0ðEÞ shown in
Fig. 2. E3 and E4 indicate the underlying ETACHA version. Red markers indicate
boundaries in the projectile shell. Lines to guide the eye. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
there is good agreement for U–C. Both distributions are situated
well inside the L shell.

These tendencies are less pronounced with regard to the second
minimum and the third maximum. However, again the minimum
shows a narrower distribution of charge fractions than the
maximum.

Fig. 4 shows spectra for lighter ions, Kr–C and Ag–C, respec-
tively, with very similar results.
3.4. Peak positions

One central result of Ref. [10] was that the leading peak in
charge-exchange straggling was found close to the cross-over
between the charge fractions of the bare ion and the one-
electron ion. This implies that the leading peak is related to the K
shell and, therefore, must follow a Z2

1 dependence. The Bohr crite-
rion [22] suggests that in charge equilibrium, electrons with orbital
speeds exceeding the projectile speed v are bound to the projectile,
while electrons with orbital speeds less than v are stripped. Thus,
the leading peak in charge-exchange straggling should appear at
a projectile speed where

v ’ vK ¼ v0Z1: ð11Þ
Fig. 5 shows peak positions calculated from Eq. (8) with input

from ETACHA3 for a number of ions in carbon and gold. Our data
for a carbon target show reasonable agreement with the scaling
relation Eq. (11) for ions from helium to iodine, whereas signifi-
cantly higher peak positions are predicted from gadolinium ions
upward. Beam energies are here J0:5 GeV/u, where relativistic
Fig. 4. Same as Fig. 3 for Kr- (top) and Ag–C (bottom). ETACHA3.
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Fig. 6. Charge-exchange straggling of uranium ions in amorphous carbon. Evalu-
ated from Eq. (7) on the basis of PASS and ETACHA3 input. The line G0ðEÞ has been
taken over from Fig. 2. Also included is the prediction of Ref. [5].

Fig. 7. Same as Fig. 6 for uranium ions in gold. Relative charge straggling only;
predictions on the basis of ETACHA3 and ETACHA4 with Yang et al. [5].
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Fig. 5. Position of the leading peak in G0ðEÞ versus the atomic number Z1 of the ion.
Triangles: calculated from ETACHA3 for gold target; circles: calculated from
ETACHA3 for carbon targets. Dot-dashed line: Eq. (11); Dashed line: Peak in
charge-exchange straggling predicted from Ref. [5] for carbon target; dotted line:
from Ref. [5] for gold target.
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effects become significant. The scaling relation Eq. (11) also
appears to be obeyed reasonably well for a gold target, albeit with
a slightly different proportionality factor.

Also included are predictions of Ref. [5]. These are predictions
for the peak in charge-exchange straggling, which lie below the
peak in G0ðEÞ, since dS=dq decreases with increasing energy. As
expected, the dependence on Z1 is underestimated slightly, but
the order of magnitude appears well represented by the Yang for-
mula. A more quantitative comparison will be seen in Fig. 9.

4. PASS calculations

The PASS code represents an implementation [19] of binary
stopping theory [23] which, in turn, represents an extension of
Bohr stopping theory [24]. In brief, the theory incorporates projec-
tile screening by bound electrons and a shell correction to account
for orbital motion of target atoms. It also incorporates nonpertur-
bative effects and, via an inverse-Bloch correction, a smooth tran-
sition from the Bohr to the Bethe regime of stopping. Numerous
comparisons with experimental data have ensured competitive
predictions of stopping cross sections [19,25].

4.1. Procedure

The PASS code in its present from delivers stopping cross sec-
tions as a function of energy and charge state for a given ion-
target combination. The critical quantity entering Eq. (7) is the
derivative of the stopping cross section with respect to the ion
charge. In order to avoid numerical differentiation we substitute

dSðqÞ
dq

� �
q¼q

! Sðq� 1=2Þ � Sðqþ 1=2Þ � �DS: ð12Þ

The equilibrium charge q is taken as the one determined by ETACHA
for every single data point.

Especially for high Z1;DS is a small difference between large
numbers. Within the accuracy of the PASS code this does not
constitute a significant source of error.

4.2. Carbon target

Fig. 6 shows charge-exchange straggling for U ions in amor-
phous C. It is seen that the double-peak structure found in Fig. 2
is retained. Although peak positions are close to those found for
G0ðEÞ, peak heights differ substantially. Indeed, the second peak
now becomes more pronounced due to multiplication with the

quantity ðdS=dqÞ2, which decreases with increasing energy in the
covered energy interval, as does SðEÞ itself.

It is seen that the ratio Wchex=WBohr between charge-exchange
straggling and Bohr straggling is predicted to vary between � 10
and � 300.

Also included in the graph is the prediction of Ref. [5]. Applica-
tion of that formula in this graph is far away from the range of
experimental data available at the time of its inception. While it
does not predict two peaks, the order of magnitude is compatible
with our result.
4.3. Gold target

Fig. 7 shows equivalent results for U in Au. With regard to the
difference between the results from ETACHA3 and ETACHA4 we
refer to the comments made in relation to Fig. 2. While there
appears strong evidence for the existence of three peaks, the over-
all magnitude of Wchex=WBohr is significantly lower than in case of
U–C. We have experienced this feature in our previous work [8]
when studying straggling of krypton ions in gases from He to Kr.
The origin of this decrease with increasing Z2 is to be sought in
the denominator, since Bohr straggling is proportional to Z2 while
charge-exchange straggling is not. This feature is absent in the for-
mula from Ref. [5] which, consequently, predicts a value an order
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Fig. 9. Calculated Z1 dependence of the height and position of the leading peak in
straggling, compared with the position of the leading peak in G0ðEÞ and dS=dq in
charge equilibrium.
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of magnitude higher. Straggling measurements for heavy ions in
heavy targets are of interest in this context.

4.4. Aluminium target

Fig. 8 shows equivalent results for U in Al, based on ETACHA3.
Also included are experimental results for total straggling as well
as results of a Monte Carlo simulation by Weick et al. [26]. While
we find good agreement between theory and experiment, we
emphasize that our calculation does not incorporate relativistic
effects. The measurements cover the regime around the leading
peak, and in agreement with the present finding the Monte Carlo
simulations indicate a rapid decrease in straggling with decreasing
energy. However, Monte Carlo calculations were not performed at
lower energies and therefore did not catch the predictedminimum.

4.5. The first peak

Fig. 9 shows the variation of the position and height of the first
peak in charge-exchange straggling, i.e. the peak at the highest
energy, as a function of the atomic number of the ion. As expected,
the peak height is an order of magnitude smaller in gold than in
carbon. Compared with the Z1 dependence of the peak position
on energy, the variation of the peak height with energy is
moderate.

Also included are predictions according to the formula of Yang
et al. [5] which already were shown in Fig. 5, but now in the right
context. Comparison with the predictions of the present work con-
firms the conclusions drawn from Fig. 5.

5. Conclusions

Considering the magnitude of differences between predictions
based on different versions of the ETACHA code we focus on qual-
itative rather than quantitative conclusions. Within this margin,
other sources of error such as ignoring the difference between total
and collisional stopping cross sections, lack of relativistic correc-
tions and approximations underlying Eq. (7), are of minor signifi-
cance. Summing up we conclude that

� We have found three maxima in the energy dependence of
charge-exchange straggling for U in Au. This feature is asserted
to be typical for high-Z1-high-Z2 systems.

� The relative magnitude of these peaks compared to collisional
straggling decreases with increasing Z2. This is caused mainly
by the Z2 dependence of Bohr straggling.
µ

Fig. 8. Same as Fig. 6 for uranium ions in aluminium. Also included are
experimental data and Monte-Carlo results from Weick et al. [26].
� The distance between peaks and their widths increases only
slightly with increasing Z2.

� For high-Z1-low-Z2 systems, exemplified by U in C, charge-
exchange straggling dominates, but only two peaks have been
found in the energy range where we were able to extract results
from ETACHA.

� For U–Al our results agree with experimental results of Weick
et al.

� The Z2
1 dependence of the high-energy peak confirms that this

peak reflects the filling of the K shell and differs from the Z3=2
1

dependence suggested by Yang et al.
� Measurements of straggling for high-Z1 ions in intermediate-
and high-Z2 targets are highly desirable.
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Appendix A. Role of energy loss in charge exchange

For a two-state system, statistical theory of charge-exchange
straggling [11] predicts the following straggling formula,
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W ¼ 1
r
r21W1 þ r12W2ð Þ

þ 2
r3 S1 � S2ð Þ r21S11 þ r12S21ð Þr12 � r21S12 þ r12S22ð Þr21½ �;

ð13Þ
where r12 and r21 are the cross sections for charge exchange
between two states 1 and 2, and

r ¼ r12 þ r21 ð14Þ
the cross section for one charge-exchange cycle. Moreover,
SIJ ¼

R
T drIJðTÞ is the stopping cross section for a collision with ini-

tial and final state I and J, and

SJ ¼ SJ1 þ SJ2 ð15Þ
the stopping cross section for an ion in charge state J. Finally
WIJ ¼

R
T2 drIJðTÞ is the straggling parameter and WJ ¼ WJ1 þWJ2.

Eq. (13) represents a convenient separation between collisional
and charge-exchange straggling. Note, however, that this definition
incorporates part of the energy loss in charge exchange in colli-
sional straggling.

With the replacements S11 ¼ S1 � S12 and S22 ¼ S2 � S21 we can
write Eq. (13) in the form

W ¼ 1
r
r21W1 þ r12W2ð Þ þ 2r12r21

r3 S1 � S2ð Þ2

þ 2
r2 S1 � S2ð Þ r12S21 � r21S12ð Þ ð16Þ

Finally, expressing

S12 ¼ T12r12; S21 ¼ T21r21; ð17Þ
where T12 is the average energy transfer in a charge-exchange event
from state 1 to 2, we find

W ¼ 1
r r21W1 þ r12W2ð Þ

þ 2r12r21

r3 S1 � S2ð Þ ðS1 � S2Þ þ r T21 � T12ð Þ½ �: ð18Þ

If the term r T21 � T12ð Þ in the square brackets is neglected, Eq.
(18) reduces to the standard expression [3] with the important
addition that all energy loss incorporates energy loss in charge
exchange. Whether or not this is an adequate approximation
depends on whether

r T21 � T12j j � S1 � S2j j: ð19Þ
As an example, consider 700 MeV/u U in Al, where

r1s ¼0:0368� 10�20 cm2;

DT ’ mv2=2 ¼0:384 MeV;

rDT ’0:141� 10�15 eVcm2;

DS ¼12� 10�15 eVcm2;

so that neglecting the perturbing term causes an error of � 1% in
this case.
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