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Abstract

In the present article the available formulas for diffraction radiation (DR) by an electron near a perfectly conducting
half plane are generalized to any direction of the electron velocity, using Lorentz transformation. This allows to take
into account electron beam divergence in an exact way. A new method for determining both horizontal and vertical
beam divergence using one slit DR radiator, but two optical wavelengths, is proposed.
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1. Introduction

The problem of precision diagnostics of low
emittance electron beams is rather pressing as it is
planned in the nearest future to produce electron—
positron linear colliders and X-ray free electron
lasers using electron beams of the record parame-
ters.

Nowadays the beam diagnostics based on op-
tical transition radiation (OTR) has been used
rather widely [1-3]. This is due to the fact that
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lit@kph.uni-mainz.de (N. Potylitsina-Kube).

OTR has such advantages as: (i) a well developed
theory allowing to obtain information on electron
beam parameters using the characteristics of OTR
(i1) comparatively simple equipment and (iii) an
opportunity to carry out measurements in low
background conditions using so called backward
transition radiation emitted at a large angle with
respect to the electron beam. But the use of a solid
target for OTR generation (such as foil) inevitably
results in impairing the beam parameters.

During the last years a new method of nonin-
vasive beam diagnostics has been developed. The
method is based on the diffraction radiation (DR)
of ultrarelativistic electrons, i.e. radiation appear-
ing when a charged particle is moving close to the
edge of a screen. Up to now the theory has been
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developed for the case of a perfectly conducting
target (semi-infinite screen or slit in infinite screen,
see [4-11] for example).

The angular distribution of optical DR has
been calculated by Castellano for an electron beam
passing through a slit in the screen which is ori-
ented perpendicular to the beam axis, assuming a
Gaussian beam profile in the transverse directions
[7]. The point of investigation in this work was the
angular distribution of DR which is emitted close
to the direction of the initial electron beam. The
application of that geometry to beam diagnostic
measurements necessitates either to deflect the
downstream electron beam, resulting in an addi-
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tional background due to the emission of syn-
chrotron radiation, or to deflect the DR light with
a mirror close to the beam, producing additional
DR from the mirror edge.

In the case of OTR beam diagnostics, the sim-
plest way to avoid these additional radiations is to
use the backward radiation geometry, in which the
target (i.e. a foil) is tilted, typically at an angle
@y = 45° from the beam axis, and OTR is detected
at an angle ¢p = 2¢, = 90°. As it is shown in [§]
by a complete analogy with transition radiation,
the DR angular distribution of ultrarelativistic
particles has the form of two cones with a char-
acteristic apex angle ~y~!, y is the Lorentz factor,

K

Fig. 1. Coordinate system for DR produced by a charged partical moving in (a) perpendicular geometry: the polar angle between
electron beam and a target is y, = n/2, (b) parallel geometry: the azimuthal angle is ¢, = 7/2.
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one of them being centered along the direction of
the initial particle velocity (forward DR), and the
other one along the direction of specular reflection
from the target plane (backward DR). It is obvious
from the discussion above that the preferable ge-
ometry for beam diagnostics measurements is that
one investigating the backward DR component.

In [9] the authors investigated the backward DR
angular distribution for a slit under the influence
of the electron beam divergence, assuming the di-
vergence takes place in the plane perpendicular to
the slit orientation. In [10] Fiorito and Rule pro-
posed a method for measuring the electron beam
divergences and sizes in the two transverse direc-
tions, making use of two DR slit radiators and
analyzing the polarization of the radiation. These
authors present a simple approximate method of
calculation of backward DR. In [12] Fiorito also
considered the interference between forward DR
of a first radiator and backward transition radia-
tion of a second radiator as a promising tool for
beam diagnostics.

Exact formulas for the DR spectral-angular
distribution of a particle moving close to a semi-
infinite ideally conducting target were obtained
more than 30 years ago [4,5]. The obtained for-
mulas represent two special cases. The first one
considers a geometry in which the projection of the
electron trajectory onto the target plane is per-
pendicular to the target edge (perpendicular case,
W, =m/2, ¢, arbitrary; Fig. 1(a)). In the second
case the projection is parallel to the target edge
(parallel case, V), arbitrary; ¢, = n/2; Fig. 1(b)). It
is evident that for precision diagnostics purposes it
is necessary to obtain general formulas describing
the DR characteristics for any incoming angles of
electrons. It will allow to analyze the influence of a
real electron beam with finite divergences in the
two perpendicular planes.

Later in [8] it was shown that in the ultrarela-
tivistic approximation (y > 1) the formulas of DR
spectral-angular distribution for both geometries
coincide. The authors of [10] also reproduce this
formula and use it for geometries which differ from
the two above-mentioned special ones for the case
when an electron beam has both horizontal and
vertical divergences. In the present article, using
Lorentz transformation (LT), we will get the gen-

eralization of the exact formula [4] to any geom-
etry, i.e. we will give the DR spectral-angular
distribution when the projection of an electron
trajectory onto the target plane is inclined at any
angle with respect to the target edge. This will al-
low to calculate the effect of the initial electron
beam divergence on the DR radiation character-
istics for any electron energy, and in the case
7 > 1, to justify the use of an universal approxi-
mate formula for DR.

2. DR spectral-angular distribution, general case

Let us consider the perpendicular case (Fig.
1(a)), where ¢, is the azimuthal angle between the
electron beam and the target plane. As it is shown
in [4], in this case the DR spectral-angular distri-
bution is described by the following expression:

d*w a B 4rh > >
d0d0 ~ 4 sing °P (‘ﬁv 1= Fsin *”)

x ((1 — B*sin® ) (1 + B, sinyy)(1 — cos )

+cos? (1 — B, sin)(1 + cos @))

/(1 = Bsin’ ) [(1 — B, siny cos o)’

— B sin® ysin’ ¢]). (1)
The system of units used in Eq. (1) and in the
following is i = c = 1; B = {B,,f,,0} = B{cos ¢,
sin @, 0}, f is the electron velocity, ¢, ¥ are the

azimuthal and polar angles of photon emission as
shown in Fig. 2; w is the DR photon energy; y the

Fig. 2. Coordinate system for DR. General case, the electron
beam has arbitrary angle ¢,, ¥, with respect to the target plane.
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Lorentz factor; o the fine structure constant; / the
shortest distance to the target. The dependence on
the electron angle ¢, with respect to the target plane
is expressed in Eq. (1) by the components f,, f,.

Let us now consider the case when the electron
moves strictly perpendicular to the target plane
B=1{0,B,,0}. Then, in the system of coordinates
of an observer which moves along the Z-axis with
velocity ¥, according to the LT, the electron ve-
locity will have two components (0, ,B; =
B, (1 — B2, B. = ¥ /c). Thus, in a moving sys-
tem, where all variables are indicated by a prime,
we have the parallel case considered in [5]. The
validity of such an approach rely on the homoge-
neity of the screen along the Z-axis and the in-
variance of the boundary conditions for the total
field at the surface of the screen,

E,=E.=B, =0,

under the considered LT (strictly speaking, this
invariance needs a perfectly conducting screen).
Consequently, in any reference frame moving
along that axis the Maxwell equations will describe
the same processes as in the laboratory frame. So,
using the LTs,

, V1= B2 siny/ cosyy’ — Bl
smlﬁ:m’ COSW:W’
(2)

w:w’(l—ﬁ;cosx//) g — B,

and changing the unprimed components in Eq. (1)
with the primed ones according to formulas (2) we
get

de (Lcase) Lt i ﬁ:(l _ ﬁ; cos l,bl)
dQdw |, o 4n? siny/’
drth / N2 2 : 2
I - _
X exp ( )/[3; \/( BLcosy')” — B sin”"

< {([(1 = B.cosy')* — B sin® y/](1 — cos ¢)
+ (cosy' — B1)*(1 4 cos 9))/([(1 — B.cosy')?
— B sin® Y/][(1 — Bl cosy')* — B sin’ ' sin’ ¢])}

(1)2

—_—

(1—p.cosy')” , 1

de (non _Lcase) wz

~ dQdw w? (3)

w'?

(0.5,.82)

The last sign of equality follows from the known
Lorentz invariance of (d*//dQdw) - (1/w?).
Comparing the obtained expression with the re-
sults [5] for the parallel case we see a complete
identity of the formulas for the DR spectral den-
sity. Performing the same consideration for the
perpendicular case, but this time with two nonzero
components of velocity = (f,,f,,0), we obtain
the general case, i.e. the velocity projection has an
arbitrary angle with respect to the target edge (in
other words the electron velocity has three non-
zero projections). The spectral-angular density for
the general case (Fig. 2), i.e. for § = {p,,f,, 0.} =
B{cos @, sin ,, sin ¢, sin i, cos i, } is expressed as

EW a pi(1—p.cosy)

dodQ  4n? sin

exp ( —% (1 — B.cos xp)z — ﬁi sin’ lﬁ)

[(1 = p.cosy)” — B sin” Y]

p.siny
1 —f,cosy

T (cosy — ﬁz)z(l

X

x [ 1+

7/ N N

)1 - coso)

B, siny
)

< (1+cos9) ) /(1= frcos)

— B sin® Y][(1 — B.cosyy — B, siny cos )
— B} sin® ysin” ¢)). (4)

Here 7 = 2 + ,Bi. It is obvious that Eq. (4) in-
cludes both geometries as special cases: the per-
pendicular one for 5, = 0 and the parallel one for
f. = 0. Note that the spectral-angular distribution
is even in ¢, implying the symmetry between for-
ward and backward DR with respect to the screen
plane (for a perfect infinite thin screen).
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3. Ultrarelativistic approximation

The spectral-angular distribution of Eq. (4) at-
tains its maximum value near the place where the
denominator is minimum. As pointed out in [§],
this gives two symmetrical cones of maximal in-
tensity, centered at ¥ = v, @ = £¢,. Accordingly,
for “forward” DR, we write

¢ =9+ Y=o +0,, (5)

4
siny,’
whereas for radiation along the specular direction
(“backward” DR)

Q=—@y+ ‘//:‘po"‘@d/» (6)

¢
siny,’
with 0,, 0, < 1, as shown in Fig. 2. As an example
let us consider ““backward” radiation. In the ul-
trarelativistic approximation y > 1 the variables
0y, 0, are of the order ~y~'. Expansion of nu-
merator and denominator in Eq. (4) up to the
order of y~2 results in the following expression:

2
y 72 420, .
(72 +0,) (7% + 0y + 05)
(7)

Here w. = y/2h is the characteristic energy of the
DR spectrum. It should be noted that in Eq. (7)
the angles 0, 0, are counted from the specular
direction. It is important to notice that in the ul-
trarelativistic approximation the DR spectral in-
tensity from a semi-infinite half plane for the
general case, Eq. (7), is the same than for the
perpendicular and the parallel geometry, cf. [8]. As
a consequence, considering DR from a slit target
for the general case it is sufficient to adopt the
results derived in [9] for the perpendicular case, as
we will point out in Section 4.

4. DR from a slit

Let us now consider the case when the electron
beam passes through a s/it in a tilted target in the

x
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Fig. 3. (a) General view of backward DR emitted by a particle
passing through a slit, (b) top view.

geometry shown in Fig. 3(a). The angles between
one individual electron trajectory and the target
plane are

wo:‘/;0+4‘x//» Qo = @y + 4y,

with the beam divergences 4, 4, < 1 and the
coordinates of the beam axis ¥, @,. As shown in
Section 3 the DR intensity for the semi-infinite half
plane in the ultrarelativistic approximation does
not depend on the geometry. Therefore, in the case
shown in Fig. 3(a) the single electron spectral-an-
gular distribution from the slit is given by the same
expression than for the exact perpendicular geo-
metry, (Y, = n/2), from [10]. The only modifica-
tion is that for the general case the angular
deviations 0y, 0, are defined as follows:

Op =¥ =y, 0, = (@ + @) sin g,

while for the target with a slit considered in [10]
(perpendicular geometry) the introduced angles
are defined as 0, =y — (n/2), 0, = @ + @,.

The DR spectral-angular density from the slit in
the general case is therefore expressed as
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LW o exp(—ﬁ,/l—i—ti)
dodQ|y,  4n? (1+ )1+ +2)

2 w 2
X {2(1 + 2t,) cosh (2]6001/1 + tl//)

2 2 2
_(1+t§+t2)[(1“¢‘%)
! @

w
—ty | = 2,0 /1+ 1
><cos(wC w) » T+
. w
¢

:[(K,l,f¢,t¢). (8)

Here K stands for a set of parameters (w, w,, ),
tyo =70y, and [ is a relative parameter which
characterizes the particle coordinates with respect
to the slit center, = (h/asing,)— (1/2),
(—0.5 <1 <0.5). The characteristic DR energy is
expressed as w. = y/asin ¢, and the slit width as
a = (h; + hy)/sin @,, where h;, is the minimum
distance to the upper (lower) half plane (Fig. 3(a)).
In the limit of an infinitely narrow slit, Eq. (8)
reduces to the formula for transition radiation of
a perfectly conducting mirror,

d*w L 0
dodQ ™ 72 \ -2 4 ¢

with 07 = Gi + 02(0. Formula (8) agrees with results
of [10], which are written for small /. It is valid for
0 < 1, y> 1 and for any orientation of the elec-
tron beam with respect to the slit. In this case one
should use the angles Y, =¥, + 4y, Py = Po+
(4,/siny,) in Figs. 6 and 7. It follows from Eq.
(8) that the characteristics of DR explicitly de-
pends on the distance between the electron tra-
jectory and the center of the slit, described by the
impact parameter sy = /asin ¢, (cf. Fig. 3(b)). In
Section 5, Eq. (8) is used to simulate the DR
characteristics and to study the influence of the
electron beam divergence and size.

2
) (7> 1,0<1),

5. Simulation of the DR characteristics

Let us consider the influence of the initial elec-
tron beam divergence and size. If the electron

beam has zero divergence and is characterized by
the impact parameter distribution G(h) (Fig.
3(b)), then the spectral-angular density of the
emitted DR beam is determined by folding ex-
pression (9) with G(hy),

~

(K, 1y, 1,) = / I(K, ho, 1y, 1,)G(hy) dhy. )

The integration extends over the beam size. We
describe the divergent electron beam using a
Gaussian distribution centered around the aver-
aged direction (Fig. 4),

(B) = (B){sin by cos @y, sin sy sin @y, cos Yy }.

Here @,, ¥, are averages of the angles ¢,, ¥,
shown in Fig. 2,

F(dy.d) = — 4, 4,
( Vo (p)—mexp —% eXp —20_3) .

We assume, for simplicity, that 4, and 4, are
uncorrelated with /. In the figures starting from
Fig. 5, 0, and ¢, will be quoted in units of y~'.
Then the resulting DR distribution, taking into
account both, beam size and divergence, is given
by the convolution of expression (9) with the dis-
tribution F(4,, 4,),

Fig. 4. Definition of the introduced angles.
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ow= 0.15; O"D =0.2; z=0.646; S=0.1-a- sin(¢o)

0.5 T T T

—o— effect of divergence and beam size ||
ideal case
effect of divergence only

Intens (arb.units)

o
o
o

o
e

Intens (arb.units)

o
=1
o

(=]

Fig. 5. Result of simulation of DR spectral-angular distribution for different values z.

A(K,0,,0,) = /?(K, 0y — Ay, 0, + 4,)

x F(4y,4,)d4,d4,. (10)

For the simulation it is convenient to substitute the
angular deviations 4, , in Eq. (10) by the reduced
ones dy , = y4y 4, 1.€. the electron angles measured
in units of 77!, as it was the case for the photon
angles fy,. The numerical integration was per-
formed under the simplified assumption of a tri-
angular beam profile in the vertical direction (Fig.
3(b)). After integration we can obtain the DR
spectral-angular distribution which is possible to
measure in an experiment. In Eq. (10) the inte-
gration over the variables 4,, 4, was extended
over an interval £3¢ in each direction, and the
integration step was chosen in such a way that the
total error of simulation did not exceeded 3%. As
it was shown in [13], in its soft part (i.e. for o < w,)
the DR spectrum is determined mainly by the
beam divergence, and on the contrary for DR
photon energies w > . by the beam size. Fig. 5(a)
and (b) shows simulation results for different
values of the reduced photon energy z (here and
later we use the reduced variable z = w/w, =

2nasin @,/y4). Fig. 5 confirms that for small
photon energies (z < 1) the effect of the beam size is
much smaller than the effect of the divergence.
This result is consistent with the development of
Eq. (8) at small ¢, ¢, and /,

d’w oy’ 2|2 2\, 272
~ e [tw—}—(l—&—i)tw—kzl}

dodQ =2

In the following, we will assume that the beam is
sufficiently narrow and well centered in the slit, so
that zz.(12> <1, y3(4}), 7*(4}) and neglect the
beam size effect.

(11)

6. Simulation results

Fig. 6 shows the DR distributions from a slit in
the direction perpendicular to the slit edge (i.e. for
0y = 0), depending on the variable y0, = ¢,, and
Fig. 7 in the plane 0, = 0 parallel to the edge,
depending on the variable y0, = ¢, for different
values oy, 0,. As it follows from that figures the
distributions in the plane parallel to the edge (i.e.
t, dependence) are more sensitive to a change in
g, or g, than in the perpendicular plane. More
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0y = 0.1 - fixed; z=0.69

1 T T T T T
0.8F ~ | 0W=0.1
z i - c =0.15

c \
B Y N o =0.25
& 34
o -
204 — ideal case
g
£
02r
»
0 1 1 1 -
0 1 2 3 \ 4 6
)
Gw =0.1-fixed; z=0.69
1 T T T T T
08 >~ |7 G¢=0'1
z G - - 0,=0.25
c g [}
S 06+ /2 U c.=0.15
E o
204/ —  jdeal case
[0}
E /
02t
F
0 1 1 1 i
0 1 2 3 4 6

Fig. 6. Angular distribution in the horizontal plane, for different values of the horizontal and vertical divergences.

o, = 0.1 - fixed; z=0.69
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202l 7 - —— ideal case
§2°F
=
0.1}
0 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 35
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0.4 T —~y T T T T T
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- 0\4/:0'1
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c
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8021 .
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o1k 7
0 1 1 1 1 1 1 1
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Fig. 7. Angular distribution in the vertical plane, for different values of the horizontal and vertical divergences.
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Fig. 8. Evolution of DR angular distributions with increasing
of divergence in vertical plane.

precisely, the values at origin are the same in Figs.
6 and 7, since they correspond to t, =¢, =0 in
both cases, but the maxima are lower for the ¢,
distributions (because the exponential factor in
Eq. (8) depends on #;). As oy, is increasing, the
dependence in ¢, is considerably deformed, and it
is possible to find a transition when the minimum
at zero is changed into a maximum (see Fig. 8).
Thus, as a criterion we may take the ratio R =
(Imax _Imin)/(lmax +1min) [7]9 where Imax(min) is the
maximum (minimum) intensity of the DR spectral-

z=0.6942

(maxmin)/(max+min)

R=(

Fig. 9. Tree dimensional plot dependence of the parameter R
on the beam divergence oy, 0,.

angular distribution in the plane parallel to the slit
edge. In the following we will consider only the
parallel distribution and denote R = R|. The value
R depends on both ¢, and ¢, as illustrated in Fig.
9. The level lines R = constant, displayed in Figs.
10 and 11 are well approximated by homothetic
ellipses for not too large values of ¢, and o,,. The
ellipses were obtained by best fit adjustment of a
and b. Their semi-axes ratio k¥ = b/a, more pre-

0.6~

05 -

<bla> =111

¢’ (b)

L L

0.5 0.6 )
o (a
0( )

Fig. 10. Level lines for parameter R(oy,0,) = constant for
z =0.23 — solid line and dotted line for ellipse approximation.

0.6

o', ®)

0.1 0.2 03 0.4 0.5

c’, (@)

Fig. 11. Level lines for parameter R(oy,0,) = constant for
z = 0.35 - solid line and dotted line for ellipse approximation.
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cisely, the mean of £ over 10 level lines of R de-
pends on z as shown in Fig. 12 and is well ap-
proximated by the linear function k& =1+ (z/2)

(this is also the result obtained by calculating 7,
analytically using the approximation Eq. (11) and
neglecting the dependence of I;,,x on ¢y and g,).

25 T T T T T T T T
: : : : : * Simulation value of <b/a>
24 - . - H
— Linear Fit
23} : T
DY O U S SR SO USRS SR <SR _
24p oo i B S
DY O S ST PPN SUPP N
A 1er .
©
o 8E A 4
o)
A2 4 o =
1]
x 16 b cc i i ittt et et sttt s * .................................................... o
D U S BTN <SPS O PR SUR RO ASUUPETPPIUPPPRIR
D g . SO SO OO SO SO OP PR PPR _
1B _
12 ot T s -
b A _
-I 1 1 1 I 1 1 1 I
0 0.25 05 0.75 1 1.25 15 1.75 2 z=0/®
c
Fig. 12. Dependence of the mean ratio b/a on DR wavelength z = w/w..
T
i
—
0.9 1

z=1.85

14
08l Dependence R on b _
: * Gaussian with divergence d, =0217
PO SR DM
o
0.4
0.2
" ; L H j
0 0.1 02 0.3 0.4 05 0.6 0.7 0.8

Fig. 13. Functional dependence of the intensity ratio R on the ellipse axis b for different values of the normalized frequency z (solid
lines). In addition the Gaussian approximation for R with the optimized standard deviation d, is drawn (stars).
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For the case where z = 0 we have transition radi-
ation, characterized by azimuthal symmetry, and
resulting in b/a = 1. When the photon energy in-
creases the ellipses become more and more elon-
gated (k increases), i.e. the influence of the
divergence ¢, on the t,-dependence weakens in
comparison to g,. Fig. 13 shows R as a function of

b=k + 0] " (12)

which is the semi-axis of the ellipse passing
through the point (¢,,0y,). In addition, Gaussian
approximations for the functional dependence
R(b) for different values of z,

b2
R_exp{ 2d,§}’ (13)
are depicted in Fig. 13. The width d, of these
Gaussians is well described by a linear dependence
on z, as illustrated in Fig. 14.

As an application, the procedure is described
how to derive the two unknown beam divergences
from a simple experiment. Assuming a given DR
photon energy, i.c. a fixed value of z, by Fig. 12 it
is possible to obtain the semi-axes ratio k = b/a of
the ellipse characterizing the ¢, , values of the
initial beam, cf. Eq. (12). The remaining ellipse

parameter b is derived by the intensity ratio R as
measured in the experiment, using Eq. (13) and the
value of d,, extracted from Fig. 14 with knowledge
of z. By measuring R for two fixed wavelengths 4,
and /1, (i.e. two fixed relative photon energies
215 = 2masin ¢y /A1 ) it is possible to define two
ellipses of parameters b, and k;, intersecting at
the values of interest, (oy,0,) (see Fig. 13). We
have thus two equations for the determination of
two unknown parameters gy, 0,

kizaé —1—0@ :bf, i=1,2.

7. Summary and conclusions

In the present article formulas describing DR of
a particle passing near the edge of a perfectly
conducting half-plane screen are generalized to
arbitrary angles ¢, , of the particle with respect
to the target. It justifies the use, for any incidence
angle, of previously given ultrarelativistic formu-
las, both with single-edge and slit targets. By
means of these formulas, it is possible to take into
account the beam divergence and to study its in-
fluence on the DR angular distribution from a slit
in an exact way.
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Fig. 14. Dependence of the optimized standard deviation d, in Gaussian approximation for R on the normalized frequency z.
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In a low emittance beam as for example in an
electron storage ring the values for the horizontal
and vertical divergences can have significantly
different values. By the two-ellipse method de-
scribed at the end of Section 5 it is possible to
determine both parameters of the angular beam
divergence, o, and g, at least when the beam size
effect can be neglected.

We have not estimated the precision of our
method. This would require further simulations,
including the beam size effect, the angular and
spectral resolution and the sensitivity of the de-
tector, etc. Here we only present the principle of
the method. Two observed wavelengths should be
as much different as possible to obtain ellipses of
significantly different 5/a ratios, but z cannot be
chosen too large.

Our method can be complementary to the one
proposed in [10]. They use two orientations of
the slit as well as the information contained in the
polarization of the radiation. We instead use the
spectral information. Combining the information
of the two methods should lead to a further im-
provement.
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