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HIGHLIGHTS

Three fidelity periods were found.

The intermediate period appears only in the presence of interactions.
All these oscillations are of classical origin.

The effects of interactions on quantum fidelity were studied for kicked particles.

The shortest and longest periods appear both with and without interactions.
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The quantum fidelity was introduced by Peres to study some fingerprints of classically chaotic behavior
in the quantum dynamics of the corresponding systems. In the present paper the signatures of classical
dynamics near elliptic points and of interactions between particles are characterized for kicked systems.
In particular, the period of the fidelity resulting of the interactions is found using analytical and numerical
calculations. A mechanism leading to the oscillations with the intermediate period is proposed. It is of a
classical origin and results of the interplay between the oscillations of the width of the wave packets and
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1. Introduction

Effects of inter-particle interactions on the dynamics of driven
systems were the subject of several recent works [1-4]. In the
present paper these studies will be extended to the exploration of
the effects of interactions on the quantum fidelity.

The concept of quantum fidelity was introduced by Peres [5] as
a fingerprint of classical chaos in quantum dynamics. It has sub-
sequently been extensively utilized in theoretical [6-9] and ex-
perimental studies [9-12] (for a review see [13]). In absence of
interactions the quantum fidelity, in a mixed system (in some parts
of phase space the dynamics is chaotic and in other parts it is regu-
lar), was studied [ 14]. In particular, it was found that the fidelity ex-
hibits oscillations in time, and their periods are found to be related
to the periods of the motion in regular parts of phase space [14].

In the present work we will study the effects of the inter-
particle interactions on the periods of the fidelity. The fidelity is
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defined by

F(t) = (g lv2) P (1)
where

Y (6) = €T o) @)
and

W2 () = € (o) (3)

are propagated by the Hamiltonians H; and H,, that are of the same
form but with different values of the parameters and |¢g) is the
initial state.

We note that the fidelity F (t) is related to the integral over
Wigner functions,

F() = / / dxdpW, (x, p) W (x. p) )

where W; and W, are the Wigner functions of |¢{) and [v¢),
respectively.


http://dx.doi.org/10.1016/j.physd.2015.02.006
http://www.elsevier.com/locate/physd
http://www.elsevier.com/locate/physd
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physd.2015.02.006&domain=pdf
mailto:sashabak@tx.technion.ac.il
http://dx.doi.org/10.1016/j.physd.2015.02.006

42 A. Bakman, S. Fishman / Physica D 300 (2015) 41-50

2t

3 . N N \ L
-3 -2 -1 0 1 2 3
X

Fig. 1. The phase portrait for K = 1. Colors distinguish different orbits. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
The general form of the Wigner function is
L . 2ipe
Wk p=—— s -y (x+ 5y (x—§e . (5)
w-hJ_s

Without interactions, the specific system we will study is defined
by the Hamiltonian [14]
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P ke _
H=" —Ke ";ooa (t —n) (6)
where
p = —itdy (7)
and
. hT (8)
mA?2

is the rescaled f, satisfying

[x, p] = it. 9)
The Hamiltonian is in dimensionless units. The strength of the kick-
ing potential is K, also called the stochasticity parameter, a term
that will be used in the present paper. In physical units T is the time
between the kicks, A is the width of the pulses of the kicking poten-
tial, while m is the mass of the particles. The scaling transformation
between the physical and dimensionless units used here is % —

2 . .
x, L >, 2L 5 p KO _5 K The one step evolution operator is

T ' mA ma2
p? K _
U=e"'7exp (ire2> ) (10)
The corresponding classical map is
X2
Pn+1 = Pn — Kxne_%1 (11)
Xn+1 = Xp + Pn+1- (12)

Its phase portrait is shown in Fig. 1.
In previous explorations [15] the interaction term was intro-

duced only between the kicks and the % term was replaced by
p’ )
H1=5+ﬁ|1//(><)| (13)

where f is the strength of the interactions. Therefore, between
the kicks the dynamics are modeled by the nonlinear Schrédinger

equation (NLSE), known also as the Gross Pitaevskii equation (GPE),

9
ira—l/t/ = Hpyr. (14)

2

In the expression for the evolution operator U of (10), e 5
should be replaced by another evolution operator. In the calcula-
tion of the fidelity [15], the frequencies that were found in the ab-
sence of interactions were observed. In addition, a different new
frequency was found. Unlike the other frequencies, this frequency
is not related in any simple way to the frequencies of the underly-
ing classical system. It was found to depend on the strength of the
inter-particle interactions and can be considered as a signature of
the interactions in the fidelity.

The main problem with introducing the interaction term
between kicks [ 15] is that it requires the numerical solution of the
NLSE in each interval between kicks. This process is highly time
consuming since it requires the solution of a differential equation
between the kicks, and it is impossible to propagate the system for
very long times.

For this reason, in the current work we study a model that is
defined by the evolution operator

U= e exp (% (Ke*f LBy (x)|2>) (15)

where the interactions are introduced at the kicks. The Hamilto-
nian of this model is

2 20 -
H=" —ke ™ Y se-m+ply 0P Y. s—m.(16)

n=—00 n=—0oo

This model is related to one studied by Shepelyansky [16].

To the best of our knowledge, this model is difficult to realize
in present experiments. Consequently, the purpose of this study is
purely theoretical, with the aim to shed light on the fingerprints of
interparticle interactions in the fidelity. We will focus our studies
on the fidelity oscillations for wavepackets started near the central
elliptic fixed point. It will turn out that periods of some of the
oscillations are very long. Therefore, in order to extract them from
the wavepacket evolution, it has to be followed for times that are
much longer than the periods. This approach is impractical if one
has to follow the evolution of (13) between the kicks. On the other
hand it can be more easily done for the model defined in (15) and
studied in the present work.

In Section 2 we will introduce a harmonic oscillator model de-
scribing the motion near the fixed point and discuss the modifi-
cations required. In Section 3 we will introduce an approximate
theory for the fidelity oscillations and in Sections 4 and 5 we will
confront it with numerical results. The results are summarized and
discussed in Section 6.

2. A model for the motion near the central elliptic point

Near the fixed point (x, p) = (0, 0), the dynamics are approxi-
mately determined by the tangent map of the fixed point. For this
purpose we linearize the classical map (11)-(12) around the fixed
point x = p = 0. This gives the equation for the deviations from
this point

8Xn 1-K) 1 80Xy
(rSpnﬂ) = ( —K 1) <8pn>' a7

The eigenvalues of this map are

v = (2;10 :l:«/K(A;—K) _ o as)
with
® = arctan (%) , (19)
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which is the angular velocity of the points around the origin.
In the vicinity of the fixed point, the system behaves like a
harmonic oscillator with a frequency w. Classically, the motion
of the trajectories, starting near the elliptic fixed point, x =
p = 0, stays there because the region is bounded by curves that
surround this point. The existence of such curves is a corollary of
the KAM (Kolmogorov-Arnold-Moser) theorem. We consider here
two Hamiltonians H; and H, that differ only by the values of the
stochasticity parameter K, taking the values K; = 1and K, = 1.01.
For K = K; = 1, one finds

wy = 1.047 (20)
and for K = K, = 1.01,
w, = 1.053. (21)

The parameters were chosen so that the map has a pronounced
central island as shown in Fig. 1. The qualitative behavior should be
similar forall0 < K < 4 (see [14]) and K = 1 is a representative
value at this interval. For 8 = 0 and K = 0 the system is inte-
grable and momentum is conserved while for § = 0 and K > 4
the elliptic point at the origin is replaced by a hyperbolic one.

The periods of the regular trajectories deviate from the ones
found at the elliptic point by (19). The deviation increases with
the deviation from the elliptic point. This is similar to the situation
when a small anharmonicity is added to the harmonic potential.
Therefore, for wave packets initiated not exactly at the elliptic
point, one has to add an anharmonic term to model the dynamics.
The result is that the different parts of the packet are exposed
to different frequencies. Therefore, an initially prepared Gaussian
wave packet spreads in phase space. This was indeed verified for
Gaussian wave packets in a harmonic well with a small anharmonic
correction [17]. As the wave packet propagates, revivals are found
for a very long time. Fortunately, in presence of interactions,
localization of Gaussian wave packets is possible, as was found for
an anharmonic well with inter-particle interactions modeled by
the Gross Pitaevskii equation (GPE) [4] (see also [3]). Interactions
and nonlinearity may balance each other to preserve the Gaussian
wave packet [4].

In the following section, the dynamics of particles in a harmonic
well with a small anharmonic perturbation will be studied analyti-
cally, for weak inter-particle interactions. Following the discussion
in the present section, it will be assumed that in the vicinity of
this elliptic point the motion can be described by a Gaussian wave
packet.

3. Fidelity for weak interactions

In this section an estimate for the oscillations of the fidelity for a
wavepacket that is initially a coherent state of a harmonic oscillator
defined by the Hamiltonian

2
p 1 5,

H=— + —mw’x 22
2m+2 (22)

is discussed.
3.1. The Wigner function of a coherent state

A coherent state for the harmonic oscillator defined by the
Hamiltonian (22) is [18]

[ mo i i " _ me 2
Yo (x) = —n) &P Epo( ) T (x — Xo (1))
x TR0 P0giY (23)

where xp (t) and pg (t) denote the classical trajectory in phase
space. The state (23) is an eigenstate of the annihilation operator

and satisfies the time dependent Schrodinger equation

- 0o 9%y
ih— = ——
ot 2m 0x?
The Wigner function of this coherent state is found from the
definition (5):
1 _ (-p)?

Wo (x, p) = ——e 1 #70 e~ i (25)
7-h

1 52
+ omo’x Y. (24)

3.2. The fidelity for coherent states in absence of interactions

Let w; and w, be the frequencies of two harmonic oscillators,
whose potentials differ slightly. The Wigner functions for these
wavefunctions are (i = 1, 2)

Wi, p) = ———
27T 0y, 0p;
1 —x; (D)2 —pi(0)?
Xexp(_(m NOF L %<>>)> 26)
2 Ox; %pi
where
h
2 — 27
Ux,- Zma),- ( )
and
ol = M (28)
Di 2 :

The fidelity in absence of interactions is calculated using (4) and is
given by

F = Ce—3(sxtsp) (29)
where the parameters are given by
w0\ (o +08) (oF, +03,)
X1 (t) — x5 (1))?
o OO 1)
GX] + GXZ
t) — ps (£))?
= 21O =P O (32)
Upl + UPZ
The classical trajectories are given by
(x1, p1) = p[cos (wit) , —mwy sin (w1t)] (33)
and
(%2, p2) = p[cos (wat) , —Mw; sin (wyt)] (34)
where
p =x1(0) =x,(0). (35)
Therefore, (31) can be written in the form
0° 1
= S5 T3 (1 + — (cos (2w1t) 4 cos (2w;t))
oy —+ O 2
— cos (6w - t) — cos (wst)> (36)
where
ws = w1 + W (37)
and

Sw = w) — W1. (38)
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Similarly,
p?m?
Sp = ——>
Ty + 05,
“’% + “)5 1.5 2
x| =53 (w7 cos 2uwqt) + w5 cos (2wat))
p?m?
+ S 3 (Cl)lwz Ccos (86!) . t) — w1iw; COS (a)st)) . (39)
Jpl + 0172

For the model (6) we study here, for K; = 1and K; = 1.01, we find
from (20) and (21) that

Sw = 0.0057747. (40)

3.3. The fidelity for coherent states with weak interactions

We assume that the main effect of interactions is on the width
of the wave packets.
The width of the wave packet is defined as

(Ax)? = ((x = (x))?), (41)

where (0) = [ dxy* 0.

Since we assume that the interactions are weak, the resulting
correction is expected to be small. We assume that the variation is
periodic, with a period £2; close to 2w;, an assumption that will be
verified numerically. A motivation for such an assumption is that
the expression for the width (41) involves only the combinations
of frequencies w1 & w,, 2w and 2w;. Following this assumption,
we replace (27) and (28) by

6o =07 + 1 C0S (21t + ) (42)
Ge = 07 + V4 C0S (25t + ) (43)
and
~2 2
67 = 0p +ypcos (21t + ¢p) (44)
oy =07 +ypcos (2t + ¢p) , (45)
resulting in
2

Sy = —— (oS (w1t) — cos (wot))?

202

y -1
X (1 + 2;2 (cos (§21t + ¢x) + cos (£22 + ¢X))> . (46)
X

Similarly for s,

p2m? . . ,
Sp = (w1 sin (w1t) + ws sin (wyt))

207

-1
x (1+£’2(C05 (21t + ¢p) + cos (92t+¢v))) - @47
p

We assume that the corrections resulting of the interactions are
small, therefore even with the replacement 0 — & the states ¥;
are within a good approximation similar to coherent states. We
assume also

Ox, N Oy, R 0y (48)
and
Opy ~ Op, ~ Op. (49)

This assumption is consistent with (51) and this is the condition
when fidelity is studied. y, and y, are the width oscillation ampli-
tudes in position and momentum respectively. Since 8 < 1, we

<« 1and

assume ’V—Xz

20y

2)’—"2 one can simplify the expression as it is done in Appendix A.
{op
p

Yo i in
207 « 1. In the leading order in 207 and

Our crucial assumption is that the Wigner function is well ap-
proximated by a Gaussian wave packet. In the presence of interac-
tions it is possible that such a wave packet is stable in spite of the
effective anharmonicity generated for kicked systems, defined by
(6) as well as by (15)-(16) (see [4]). In our case, where the interac-
tions are weak, the frequency of the width oscillation satisfies

QN2 =9, (50)
M Rw=w (51)
and
217wy > do. (52)
We denote
ws = w1 + wy X 2. (53)
Using the approximation in (53), we denote
Aw=w; — 2 ~ 2w — 2. (54)
we find (see Appendix A)
8
Sxt+sp = ZAi (55)
i=1
where
2 2,2 2
0 p’miw
A= — R 56
! 202 202 (56)
2 2m2 2
Ay =L 1P ) s St (57)
20} 20112
2m2 2
A== cos (g 1) (58)
OP
2 2., 2, 2
P Yx P ypym-w
Ay = cos(£2 -t — ————cos (£ -t , (59
4 20_;1 ( + ¢x) 20_p4 ( + ¢p) ( )
2
As = P2 cos (@ + sw) t + )
40,
2.2 2
pPIMTYp
———————cos((2 +dw)t s 60
e (@ +o0)t +p) (60)
0V
Ag = -+ Cos (2 —dw) t + ¢y)
X
2.2, 2
pPIMTYpw
————cos ((2 —Sw) t , 61
4o ((2 = sw)t + ¢p) (61)
241092 2
_ prmye
A7 = T‘; Cos (Aa)t — ¢P) (62)
and
2m2 (1)2
Ag = %cos ((a)s+.(2)t+¢p). (63)
P

The difference w sets the long period of the fidelity, and results
from the difference between the two Hamiltonians. The frequency
2w & w; is twice the frequency of rotation around the fixed point
at the origin. The overall coefficient corresponding to the interme-

2.2 2
diate angular velocity Aw is 2 ";;fw

p

The relations (53)-(54) imply that (55) with (55)-(63) oscillate
with three different frequencies: ws, Aw and §w, which are very
different, and satisfy ws; > Aw > §w. The corresponding periods
will be denoted by

2
T, =L (64)
Ws
2
T, = — 65
2= (65)
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27
T3 = —. (66)

Sw
The frequencies w; and §w (and consequently T, and T3), depend
only on the classical frequencies w; and w,. The frequency Aw de-
pends on £2 that is not related to any of the other classical frequen-
cies.

Note that also harmonics of these three basic frequencies may

be present. Since this is a very heuristic theory, also deviations and
splitting of the frequency peaks are expected.

4. Fidelity oscillations

In this section we present oscillations of the fidelity. In previous
work [14], the fidelity oscillations in absence of interactions were
calculated. In particular, there were identified two frequencies.
These frequencies are of pure classical origin. One of them, denoted
by ws, is related to the classical motion around the elliptic fixed
point. The second frequency is §w. These frequencies were found
for 8 = 0 and reported in [14]. In presence of interactions an
intermediate frequency w; absent in [14] is found. In this section
we report the numerical values of these frequencies for various
values of parameters.

In all calculations presented here we used two Hamiltonians of
the form (16) with the values of the stochasticity parameter K that
takes values that are close, namely, K; = 1and K, = 1.01. We
launched an initial wave packet of the form (23) for various initial
values xo (t = 0) and po (t = 0). Each wave packet was iterated
using the one step propagator (15). The fidelity was calculated from
(1). Plots of the form of Fig. 2(a) with the corresponding Fourier
transform in Fig. 2(b)

(o]
F) = / F(t)e 2™t dt (67)
—00

were generated. The dominant frequencies are marked by arrows
in Fig. 2(b). We repeated the calculation for different initial values
of xg (t = 0), po (t = 0) and .

From Fig. 2 we found numerically that the fidelity exhibits three
frequencies: a large frequency v; &~ 0.33 [kicks’l], corresponding
to period T; & 3 [kicks]; an intermediate frequency, v, ~ 0.025
[kicks™'], corresponding to T, ~ 40[kicks]; and a small fre-
quency v3 ~ 0.001 [kicks™"], corresponding to T3 & 1000 [kicks].
These results were repeated for various initial values of xo (t = 0),
po (t = 0) and B and are presented in Figs. 3-4. In Fig. 3, the peri-
ods Ty, T, and T3 found from plots similar to the ones presented in
Fig. 2, are plotted as a function of 8 for (xo (t = 0),po (t =0)) =
(0.18,0) and T = 0.01. Similar results are found for various ini-
tial conditions such that xq (t = 0) > 0.14, po (t = 0) = 0 and
7 = 0.01. Note that T; is slowly increasing with 8.

From Fig. 4, the periods Ty, T, and T3 as function of xy (t = 0)
are presented for pg (t =0) = 0,8 = 6- 107> and t = 0.01. The
results for xo (t = 0) = 0, pg (t = 0) # 0 are similar.

In all situations we found that the period T varies between 3
and 3.05 kicks. It is very close to the value T; = iTZ ~ w% = 3 Kkicks,

where w; is given by (20). The period is systematically increasing
with xo (t = 0) and po (t = 0) (see Fig. 4(a)). The reason is the
deviation of the frequency from the value found in the vicinity of
the fixed point at the origin. This can be verified by direct iteration
of the map (11)-(12).

For xq (t = 0) that is sufficiently large, the period T; was found
to take the value T3 &~ 1100 kicks. It is close to value predicted from
pure classical dynamics without interactions, T3 = 1091.8 kicks
for K; = 1and K; = 1.01, calculated using (66). For xo (t = 0) =
po (t =0) = 0, we expect that T3 = -, rather than g—g This is

because of the symmetry of the initial condition. Each point of a

a 1
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0.41

0.2r
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10910|F(V)\

-7 ‘
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v
Fig. 2. The fidelity for (xo (t = 0),po (t =0)) = (0.18,0), 8 = 6 - 107> and

T = 0.01 (a) as function of number of kicks; (b) log;, \ﬁ (v) | as a function of the
inverse number of kicks v.

trajectory generated by H; is chasing a point generated by H, which
isits reflection through the origin of the phase space and, therefore,
is found first at an angle of 7 and not 2. Indeed, this was found
for sufficiently small xo (t = 0) (see Fig. 4(c)).

In summary, the periods T, and T3 are of pure classical origin.
These were found in [ 14] in absence of interactions. Here we found
that these are weakly affected by the interactions. The intermedi-
ate period T, is found to be T, ~ 40 kicks (see Figs. 3(b), and 4(b)).
This period was not found in absence of interactions.

We turn now to the exploration of the origin of the intermediate
period T.

5. The origins of the intermediate period

In this section we will demonstrate that the intermediate period
results from the oscillation of the width of the wavefunction.
The Fourier transform of the width (41)

o0
fa (@) = f (Ax (D) e > dt (68)
—00

was computed for ¢y which was derived from an initially coher-
ent state of the form (23) by application of the evolution oper-
ator (15). We found that it exhibits the peaks T; = 3.05 [kicks]
(01 ~ 0 =2.06[1z7]) Twian = 3.24[kicks] and Q2yign = 1.94
[og] for B = 6-107°, 7 = 0.01, (xo (t =0),po (t =0)) =
(0, 0.14) and for (xo (t = 0), po (t = 0)) = (0.18, 0).
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Fig. 3. Various periods of the fidelity as a function of g for (xo (t = 0), po (t = 0))
= (0.18,0) and T = 0.01.(a) Ty; (b) Ty; (c) Ts.

We note that indeed £2y,4, which was found numerically is
close to 2w. Taking 2 = §2,i4th, We use (54) to calculate

Aw = 20 — R2yidth, (69)

and find the predicted intermediate period Tz(” ) = %, where
2yiark 1s found from the numerical calculations of (68). Comparison
between this value and T, calculated from the fidelity Fourier
transform (67) is shown in Fig. 5. The difference is small, as
expected from Section 3.3. The period T; is practically independent
of B.In the limit 8 — 0 the amplitude of the fidelity component
corresponding to this period vanishes.

The generation of the intermediate period is not characteris-
tic of the fidelity but will show up in any correlation function in-

a
ot
3.04} ¢
0
'—
.
¢ s e
.
I
3 ‘ ‘ ‘
0.04 0.09 0.14 0.19 0.24
x,(t=0)
a3}
.
.
.
= ¢ ¢ ¢
a0}
.
a7 ‘ ‘ ‘ ‘
0.14 0.16 0.18 0.2 0.22
Xo(t=0)
Y *
‘e o %
seee v . ‘oo
1000}
o
'—
700}
40
400 ‘ ‘ ‘ ‘
0 0.05 0.1 0.15 0.2
X, (t=0)

Fig. 4. Various periods of the fidelity as a function of xo (t = 0) for pg (t = 0) = 0,
B =6-10"°and t = 0.01.(a) Ty; (b) Tz; () Ts.

volving overlap of Wigner functions. The fidelity is the overlap
of Wigner functions at the same time but different Hamiltonians.
Similar behavior is found for overlap of the Wigner functions for
the same Hamiltonian but at different times n and n — An defined

by

G(m = f/ Wh (X, p) Wn_an (X, p) dxdp (70)

and is calculated in detail in Appendix B.

First, we note that the Wigner function rotates around the
elliptic point as demonstrated in Fig. 6 for 990-995 kicks. In
Fig. 6(a) we see that for 8 = 0 the function shape is more spread
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B x10”°

Fig. 5. The predicted intermediate period of the fidelity Tz(p ) compared to Ty,
found directly from the Fourier transform of the fidelity, as function of g, for
(X (t =0),po(t =0)) = (0.18,0) and t = 0.01. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

over the phase space than in Fig. 6(b). In this case interactions tend
to localize the Wigner function in phase space, similar to the results
of [4]. The Wigner function oscillates with various periods. The
most prominent is

21

TW] - Zv (71)

(see (51) and (53)). Therefore,

2
Tw, = & = 2T,. (72)

1 ws

2

In our case, T; ~ 3 [kicks] kicks, as can be seen from Figs. 3(a)
and 4(a). From (72) we see that Ty, ~ 6 [kicks]. Therefore, in Fig. 6
we present the rotation of the Wigner function in phase space for 6
consecutive steps. To a good approximation it is periodic with the
period of 6 kicks. In Fig. 6(a) and (b) Wigner functions are presented
in absence (8 = 0) and presence (8 # 0) of interactions, respec-
tively. For 8 # 0 the Wigner function exhibits width oscillations
with the period Qf;; —,as expected from (46) and (47). In order to
extract £2yg» from the dynamics of the Wigner function we calcu-
late the Fourier transform of (70). In order to eliminate the effect
of the short period Ty, ~ 6 [kicks], we take An = 6 in (70). For

B = 6-107° we found that 2ign = 1.92 [ 7 |. From (68) we find

kick
a similar value g, = 1.94 ;| for the same value of B. Oscilla-
tions of this frequency are absent for 8 = 0. This result combined
with (69) and Fig. 5 provides evidence that the intermediate period
T, is generated by the width oscillations and these result from the
interactions.

It looks like the width oscillations, at least in the leading order
discussed here, are of classical origin since the term S |y 2 in
(15)-(16) acts as an effective potential. Moreover, the width is a
coarse grained property of the Wigner function and therefore does
not depend on fine details. Hence, it approaches the value found
for the corresponding classical phase space distribution.

6. Summary and discussion

The effects of weak inter-particle interactions on the quantum
fidelity were calculated for kicked particles. The calculation was
performed for a specific model where the interaction was intro-
duced during the kicks. The results were found to be qualitatively
similar to the ones found where the interactions were introduced
between kicks [15]. We found that the fidelity periods that were
obtained in absence of the interactions, namely, T; and Ts, are

found also in the presence of the interactions. In presence of the
interactions, another period, namely, T,, was found. We explored
the mechanism of the generation of this frequency. It results of
the interplay of the oscillations of the width of the wave function
(or Wigner function) in phase space and the rotation of its center
around the elliptic fixed point. It is Aw of (54) that was derived
in the framework of the heuristic model outlined in Section 3 and
tested numerically in Section 5. In Fig. 6 it was verified that the
heuristic picture of Section 3 holds for the model of the kicked
particles (15)-(16) presented in the introduction. The frequencies
w1 X w;, ws and 2yiqen found in this work for the fidelity are found
also for other correlations of Wigner functions.

In this work we focused on dynamics of wave packets in the
vicinity of the elliptic fixed point (x, p) = (0, 0) for the classical
phase portrait shown in Fig. 1.

The existence of the intermediate frequency Aw ((54)) and its
origin is the main result of this paper. It is plausible that the origin
of this frequency is classical. This conclusion is supported also by
the results of [4]. The reason is that the term 8 | (x)|? in (13),
(15) and (16) acts as a potential. The intermediate frequency is
not found numerically if the center of the wave packet is too close
to the elliptic fixed point. A possible explanation is that in such a
situation one does not have the possibility to separate the rotations
of the center of the packet and the oscillation of the width, a
separation assumed in the derivation of (54). As one increases the
distance of the wave packet from the fixed point at the origin
while keeping the nonlinearity fixed, the variation of the rotation
frequency increases due to the nonlinearity and the packet spreads
over aring in phase space, as is the case for 8 = 0 (see Fig. 6(a)). In
such a situation the picture of Section 3 is violated, and indeed the
amplitude of the component related to the intermediate period T,
vanishes in the limit 8 — 0.

In typical realistic models the nonlinearity in the wave function
modeling the interparticle interactions should be present both at
the kicks and between them. For short times it was possible to
evolve wave packets for a model where the nonlinear term was
present only between the kicks [ 15] and the obtained results were
qualitatively similar to the ones we found. For the model discussed
in [15] it was not feasible to compute the wave packet evolution
for times much longer than T. Therefore, in the present work the
calculations were performed for the model (15)-(16). We believe
that similar results hold for a model where a nonlinear term is
found both at the kicks and between them as well as for different
models for the interactions present at the kicks. Exploration of this
more general problem will be subject of further studies that will
require substantial improvement of the numerical methods.
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Appendix A. Fidelity calculation details

Egs. (46) and (47) are simplified by means of a Taylor expansion

1
— 1 0 (x%), Al
T +x+0(x*) (A1)
combined with
1
cosa - cos B = 3 (cos (¢ — B) +cos(x + B)), (A.2)
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|
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0

Fig. 6. The Wigner function for 990-995 kicks for (xo, po) = (0.18,0), 8 =6-10
in this figure legend, the reader is referred to the web version of this article.)

the equations take the form

0? 0? 0%V
Sx = 55 — 55 C0s (3w - 1) + 7 Cos ((£2 +8w) t + ¢y)
ZGX 2 X X
2 2
p%v 0%V
+ 505 ((2 —dw) t + ¢x) — —; Cos (82 - t + ¢x) (A3)
40, 20,
and
2122 2202 2.2 2
sp=p o _prPe cos(2a)~t)+p cos (6w - t)
202 o2
p p p
2,02 2
prmryw
+ —20; cos (2w + 2) t + ¢p)
2.2, 2
pIMTyw
_ T(; cos ((.Q +dw)t +¢p)
2,0,2 2
pimAyw
——jgg—cm«9—8@t+¢ﬁ
20,2 2
pImTyw
+—3gr—mqew+wmt+%)
2,02 2
piMAyw
———————cos ((2 4+ dw)t
e ((2 +8w) t + )
o*myw?

4o cos ((2 — Sw) t + ¢p)

995
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w

o

992 30
-05 kicks
25
a 0
05 20
1 15

995
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-0.5 kicks
25
a 0
i 15

~>and 7 = 0.01.(a) 8 = 0; (b) 8 = 6- 10~°. (For interpretation of the references to color

2,2 2
pPmlyw
+ T‘; cos (Aw — ¢p)
2m2 wz
- % cos (2 -t +¢p). (A4)
p

From this, one finds (55)-(63).

Appendix B. Correlation of the Wigner function at various
times

In this Appendix we identify the frequencies of G (n) defined by
(70), where An is fixed. The derivation is similar to the derivation
of the fidelity oscillations in Section 3 and Appendix A. First, we
assume that there are no interactions and then we add the effect of
weak interactions. We consider wave packets near the elliptic fixed
point (x, p) = (0, 0) and as in the case of the fidelity we calculate
G (n) in continuous time for a harmonic well.

B.1. Correlation of Wigner functions for different times in absence of
interactions

Let w; be the frequency of a harmonic oscillator. The Wigner
function of a coherent state of the oscillator (23), corresponding to
atimet is (26), namely

_1 <w+ (p—p(t)))
1 2|7 2 )
Wi (x,p) = e x b/, (B.1)

27 0x0p
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The Wigner function corresponding to a time t — At is

_ 1 emx-an)? | pop—an)?
2 2 )
e X b

Wie_ae (X, p) =

B.2
27 050y (B.2)
where oy and o, are given by (27) and (28) and denote the width of
the Wigner function in position and momentum, respectively. The
difference between the times is constant and given by At.
The correlation in absence of interactions is of the form

G=C.e2(5t%) (B.3)
with
c= 1 (B4)
47 0x0p
(X (t) = x(t = AD))?
y = 207 (B.5)
and
2
5 = (0] Z;} At)) . (B.6)
The phase coordinates are
x(t),p(t)) = plcos (wt), —mw sin (wt)] (B.7)
and
x(t — At),p(t — At))
= p[cos (wt + ¢) , —mw sin (wt + ¢)], (B.8)
where
¢ = wAt. (B.9)

B.2. Correlation of Wigner functions for different times with weak
interactions

The width of the Wigner functions in presence of weak interac-
tions is given by

62 =07 + 108 (2t + ¢y) . (B.10)
Gxy = 02 + Y C0S (2t + b — AP), (B.11)
Gpy = 0, + ¥p €O (2t + ¢p) (B.12)
and

&y, =0y +ypcos (2t + ¢y — A), (B.13)
where

Ap =2 - At. (B.14)

Therefore,

-1
c@t) = (27T<7x(t)Up(t)ax(t—At)Up(t—At))

2 2 2 2
OO AT O
9 x(0) x(t—A0 “p(0) “p(t—Ar) (B.15)

2 2 2 2
("x(r) + Gx(t—m)) (”p(t) + "p(t—At))

and
G(t) = C(t) - e~ 2 (xO+5p0) (B.16)

The expressions for s, () and s, (t) become

2
0

t) = —

sx (1) 207
(cos (wt) — cos (wt — ¢))? (BA7)

1+ 27;—22 (cos (2t + ¢x) + cos (2t + ¢y — A¢))

and
24022,.2
prmew
t) =
5 () 20’1_,‘2
(sin (wt) — sin (ot — ¢))?
. - . (B.18)
1+ P (cos (82t + ¢p) + cos (2t + ¢, — Ag))
Using (A.2), we get
8
se() =) A (B.19)
i=1
where
2 2
P P Vx
A = ;;1 — 202 cos (2t + ¢y)
2
— ’;G’ff 05 (2t + by — AP), (B.20)
X
A = 2 cos Qot) + P os Qot — 2¢)
2 40 40
pz
iy cos (¢) cos wt — @), (B.21)
X
0%y
As = =" cos(Qw— 2)t — ¢y
GX
07 ¥x
ey cos (2w — 2)t — ¢y + AP) , (B.22)
X
0%y
Ay = —"—5 05 (Qw — 2)t —2¢ — ¢y + Ap)
80;
PZJ/X
+ o 0 (Qw—2)t —¢ — @), (B.23)
X
0% Vx
As = 104 cos (¢) cos (2w — 2)t — ¢ — Py + AP)
X
2
- ’;GJ;X 05 (2w — )t — 26 — ) , (B.24)
X
0% ¥x
Ag = — 2 cos (Rw + £2) t + ¢)
8o,
szx
iy cos (2w + 2)t + ¢ — AP), (B.25)
X
/OZVX
Ay = =7 0s(Qo+ 2)t —2¢ +¢)
oy
— 86: cos (2w + 2)t — 2¢ + ¢« — AP) (B.26)
X
and
2
P~ Vx
Ag = 1g4 S (@) cos (2w + £2)t — ¢ + ¢»)
X
P’y
+ 4G4X cos (¢p) cos (2w + 2)t — ¢ + ¢ — Ag).  (B.27)
X

The intermediate frequency is present in (B.22)-(B.24) and is
equal to Aw = 2w — £2.
Similarly, for s, (),

8
sp(t) = ZAi:
i=1

(B.28)
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where

A =

As =

Ay =
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2..2,.2 2..2,.2
prmew prmcwy,
207 (1—cos(¢)) — Taor P cos (82t + ¢y)
22,2
pim*w’y,
_ 20; cos (.Qt + ¢p — Aqb) ,
2..2,.2
prmrw’yy
T; cos (¢) cos (2t + ¢y)
2m2 2
4 PO o (¢) cos (2t + ¢y — AD),
204
p
pPmw? pPmPw?
— >— €os (Rwt) — ——— cos QLwt + 2¢)
20} 201,2
o*mPw?
+ ——— cos Qwt + ¢),
Zopz
2..2,.2
pPIM W Yy
le‘ cos (2w — 2)t — ¢y)
2..2,.2
pimiw’y,
+T£lcos((2a)—9)t—¢p+A¢),
2.,2,2
pPIM W Yp
T;cos (Qow—2)t+2¢ — ¢y)
2m2w2
P " cos (20 — 2)t +2¢ — ¢y + A) .
404
p
2..,2,.2
pIM W Yp
— o cos (Qw—2)t+¢ — ¢p)
ZmeZ
YV cos (2w — 2)t+ ¢ — ¢ + AP) .
405l
2..,2,.2
PTM" W™ Yp
pe= cos (2w + 2)t + ¢p)
ZmeZ
+ 29 W o5 (20 + 2)t + ¢y — AP) .
4(71;l
2m2w2
p % cos (20 + 2)t + 20 + )
401;l
pzmzwzyp
+TCOS((2w+Q)t+2¢+¢p—A¢)

p

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

and
2m2w2
Ao = =PI o5 (@0 + 2) 0+ + ¢))
4ap
pzmzwzyp
— i o8 (Qo+2)t+¢+¢p—Ap).  (B37)
p

The intermediate frequency Aw = 2w — £2 can be seen in
(B.32)-(B.34).
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