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HIGHLIGHTS

We study a shell model driven by a fractional Brownian motion.
We prove the existence and uniqueness of a global mild solution.
The existence method is based on a compactness argument.
Fractional calculus is used throughout the paper.
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1. Introduction

In this paper we consider some shell-models under the influence of a noise. Shell-models of turbulence describe the evolution of
complex Fourier-like components of a scalar velocity field u,(t) € C and the associated wavenumbers k,, where the discrete index n is
referred as the shell-index. The evolution of the infinite sequence (uy)ney is given by

Un (1) + vkt (6) + by (u(t), u(t)) = go(t, u(t)a(t), neN (1.1)

with the constraints u_;(t) = ug(t) = 0 and u,(t) € C for n € N. @ denotes a noise path that will be described below. Here v > 0 and,
in analogy with Navier-Stokes-equations, v represents a kinematic viscosity; k, = koA" (ko > 0 and A > 1) and g, is a forcing term. The
exact form of b, (u, v) € C varies from one model to another. However in all various models, it is assumed that b, (u, v) is chosen in such
a way that

00

R Y bau, V)i =0, (1.2)
n=1
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where N denotes the real part and x the complex conjugate of x. Eq. (1.2) implies a formal law of conservation of energy in the inviscid
(v = 0) and unforced form of (1.1). In particular, we define the bilinear terms b,, as

bn(u, v) = i(akn1lny1Vns2 + bkyitn—10p11 — Aky_1lin_10n—2 — bkn_1Un_20n_1)
in the GOY-model (see [1,2]) and by

bn (Ll, U) = _i(al<n+1ﬂn+l Un4-2 + bknﬂn—lvn+] + akn—1un—1vn—2 + bkn—lun—Z Un—l)
in the SABRA-model (see [3]). The two parameters a, b are real numbers and u = (u;)nen, V = (Vn)nen. There are several shell-models in
literature, the GOY- and SABRA-models defined above have been introduced in [ 1-3]. The viscous version of the GOY- and SABRA-models,
well posedness, global regularity of solutions and smooth dependence on the initial data can be found in [4].

In recent years, shell-models of turbulence have attracted a lot of interest for their ability to capture some of the statistical properties
of the three-dimensional turbulence while presenting a structure much simpler than the Navier-Stokes-equations. The stochastic version
of the GOY-model under the influence of an additive white noise has been studied in [5] where some statistical properties in terms of the
invariant measure have been shown. For the same model in [6,7] a Gaussian invariant measure is associated and a flow constructed.

The introduction of randomness in the Shell model arises from a need to understand the velocity fluctuations observed under identical
experimental conditions. Random body forces also arise as control terms, or from random disturbances such as structural vibrations that
act on the fluid. In the case of the Navier-Stokes equations, Kolmogorov was the first to introduce white noise in the Navier-Stokes
equations in order to obtain an invariant measure for the system. In this article we consider a long term multiplicative noise allowing us
to model some memory effects. Such a noise is given by a trace-class fractional Brownian-motion in our state space with Hurst-parameter
H € (1/2, 1). Our motivation in studying this problem comes from the fact that the Hurst parameter might be used in studying or modeling
the exponent of the associated structure functions. A first attempt can be found in [5] on a dyadic model by using a white noise. In addition
to noise memory length, fractional Brownian-motion is self-similar with parameter H, and when combining this with possible scaling in
the space parameter, other regularity properties can be realized, see [8] for details. We hope to perform in the near future some numerical
simulations on this model around this question. On the mathematical side, in contrast to white noise, a fractional-Brownian motion is
not a martingale, and therefore the multiplicative noise term cannot be presented by an It6-integral. However, to deal with stochastic
integration where the integrator is only Hoélder-continuous with an exponent larger than 1/2, one can use the Young-integration, see
Young [9] or the adaptation to a stochastic set up by Zdhle [10]. Since the definition of these integrals is based on fractional derivatives
(see Samko et al. [11] for a general presentation), this theory is often called fractional calculus. An advantage of this theory is, and in
contrast to the Ito-integral which is given in general by a limit in probability of Darboux-sums derived from an adapted integrand, that
we can define our integral pathwise which means that for any sufficiently regular integrand and integrator the integral is well defined.
Or in other words, the exceptional sets of measure zero which appear in the classical It6-integration does not depend on the integrand.
Moreover, integrals can be defined for non-adapted integrands.

The main issue of our work is to prove existence and uniqueness of a pathwise solution of the stochastic shell-model driven by a
fractional multiplicative noise. Applying an infinite dimensional version of the fractional integration theory we are able to present (1.1) in
amild sense where the last term of this equation defines a fractional integral. In particular, the properties of the nonlinear term B generated
by the sequence (b;(u, v));cy allow to present such a solution in a mild form. Nevertheless, in a first step we replace the fractional noise path
by a piecewise linear continuous approximation. Considering (1.1) with such a noise path, we are able to construct global and unique mild
solutions. It is important to emphasize that the classical contraction method cannot be used alone since the bilinear term (b;(u, v))ien
causes to have estimates that do not close with the right norms. This is why we have first to construct weak solutions and get some a
priori estimates. These weak solutions have to be constructed with a smoother path noise in order to define the corresponding stochastic
integral. The a priori estimates combined with the estimates obtained from the mild form are then used to pass to the limit by means of a
compactness argument, and the limit will turn out to be a mild solution of the original problem. The uniqueness of solutions is proved by
an argument that uses the balance of suitable norms. As we mentioned before, just using the mild form in its usual norm does not allow
to close the estimates. For that reason we combine the a priori estimates and the norms obtained from the mild form to solve an algebraic
system of two inequalities where the unknown is given in terms of the difference of two mild solutions starting from the same initial
condition but in two different norms. The solution of this system is zero and this is what allows us to conclude the uniqueness of solutions.
We believe that our result on existence of solutions can be generalized to the Navier-Stokes equations although careful calculations have
to be performed on the nonlinear term which is the main difference with the current result. We might have to work in slightly different
spaces, and this will be done in the forthcoming paper [12].

Articles dealing with pathwise solutions for quite general stochastic ordinary differential equations driven by a multiplicative fractional-
Brownian motion are, e.g., [13] and [14]. In the infinite dimensional context, there are also articles studying the existence of pathwise
solutions, like [15] (dealing with variational solutions) and [16-18] and [19], for the mild solution. In these papers the Hurst-parameter
H € (1/2, 1), the diffusion and the drift are assumed to be Lipschitz-continuous and the existence of solutions is proved using pathwise
arguments through the fractional integrals. On the other hand, there is an extensive literature for fluid flows driven by a Brownian-motion
but only a few papers where the noise is a fractional Brownian-motion. For instance, in [20] the considered fractional Brownian-motion
has Hurst-parameter bigger than 1/2, and the authors find a local solution of the 3D Navier-Stokes-equation by using the Young-integral.
In [8] the 2D Navier-Stokes-equation driven by a fractional Brownian-motion with no restriction on the values of the Hurst-parameter is
studied, but the considered noise is additive.

An interesting advantage of considering the existence of pathwise solutions for the stochastic shell-model is that they will generate a
random dynamical system, which gives us the possibility to an intensive asymptotic analysis of (1.1). In particular, this is the foundation to
show the existence of random attractors and the analysis of their structure. In the forthcoming paper [12] the dynamics of the stochastic
shell-model is investigated by using the random dynamical system theory. The generation of a random dynamical system as well as the
study of the corresponding random attractor for another kind of stochastic evolution equations with multiplicative fractional noise have
been very recently investigated in the papers [19,21], and [14].

We also would like to point out that, despite the fact that there are similarities between the 2D Navier-Stokes-equation and the shell-
model, more effort and more involved techniques will be necessary to obtain similar results for the stochastic 2D Navier-Stokes-equation
than the ones proved in this paper.
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The paper is organized as follows: in Section 2 we introduce the functional analytical framework. In Section 3, we define the fractional
derivatives and the stochastic integral using some type of generalized Young-integrals. In Section 4, we introduce the different assumptions
on the diffusion and give the definitions of the different solutions. In Section 5, we prove that the system driven by a smoother path has a
unique weak solution, that it is also a mild solution. Furthermore, we obtain some fundamental uniform estimates for the solution of the
system driven by such a kind of smooth path. In Section 6, thanks to these uniform estimates and a compactness reasoning we construct a
unique pathwise mild solution to the shell-model having a fractional Brownian-motion as driving path. Section 7 is devoted to an example
of a particular diffusion fitting the assumptions required for developing the abstract framework. Finally, Appendix contains the proofs of
some results that have been used in different sections of the paper.

As usual we denote by c a positive constant that can change their value from line to line.

2. Preliminaries
2.1. Spaces and operators

For any o € R, let us introduce the following spaces, see Constantin et al. [4] for the details,

o0
v, = {u = (Ug,Uy,...) €C™: 2:kﬁ,‘°‘|un|2 < oo} 1
n=1
where we remind that (k;),cy are the associated wavenumbers to (u)nen. The space V,, is a separable Hilbert-space with scalar product

(u, v)y, = Z;’il k;“"u,,f)n. Denote by || - ||y, its norm. We have the compact embedding

Vo C Vo, ifag > ap.

Let us denote by V := V, and its norm simply by || - || and its scalar product by (-, -)y.
LetA : D(A) = V; — V be the linear unbounded operator defined as

A:(u,up,...) — (—vk%ul, —vk%uz, ).

For simplicity let us set v = 1.1t is known that A generates an analytic semigroup S(-) which follows from the Lax-Milgram lemma, see Sell
and You [23, Theorem 36.6], and this semigroup is exponentially stable. Furthermore, V, = D(A%) and (u, v)y, = (A“u, A*v)y,u, v € V.

Let L(Vs, V, ) denote the space of linear continuous operators from Vj into V,,. As usual, L(V) denotes L(V, V). The following properties
are well known for analytic semigroups and their generators: for ¢ > « there exists a constant ¢ > 0 such that

c
IS |ve.ve) = ASO) vy < prami Moo=, (2.1)

1S(t) — idlLvy 4 vpey) <t foro €[0,1+06], v ER, (2.2)
where A in (2.1) is a positive constant, see for instance Pazy [24, Theorem 2.6.13]. From these inequalities, for v, n € [0, 1], ¢, § € R such
that § < ¢ + v, thereexistsac > Osuchthatfor0 <g<r <s<t,

ISt —1) = S(t — Dlrwsvy < clr—g)"(t — r) e,

St —1) —=S(s—1) =St — @) + 56 — Pluw) < ct =)’ —q)"(s — )",

Define the bilinear operator B : C* x C*® — C* as

B(u7 U) = _(bl(ua U), bz(u5 U), .. )

where the components b, satisfy (1.2).
B is well defined when its domain is V4, x V or V x Vy; (see [4]), thatis,B : Vi, x V — Vand B : V x V;,, — V are bounded
operators. The operator B enjoys the following properties

RBu, v), w)yy = —RBW, w), v)y, UEVip, v,weV,
RBW, v), wy = —NRBU, w), v)y, uUeEV, v,w € Vyp.

(2.3)

As a consequence, we also have that

ER(B(u, v), U)V =0, ueV,ve V1/2. (2.4)

Moreover, we extend the result of Constantin et al. [4] to more general spaces:
Lemma 2.1. Forany oy, a2, a3 € R
1

B:Vy X Vo — Vo, withoy +ay +o3 > 3
and there exists a constant ¢ depending on the ;s such that

1B, v)llv_y, < clltllvg, [Vllvy,, U € Viys v € Vi

a3 —

The proof of this result follows by Proposition 1 of Constantin et al. [22], and Bessaih and Ferrario [6] and hence we omit it here.

1 Here there is an important difference w.r.t. the notation of spaces in [4] and [22].
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Let C([s, t]; V,,) be the space of continuous functions on [s, t] with values in V,, and with the usual norm || - [|c,,, (or || - l|c s,r,,, When we
want to stress the interval). In the particular case that u© = 0, we simply write || - ||c (or || - [|c.s.c respectively). For 8 € (0, 1] we denote
by CA([s, t]; V,.) the space of Hélder-continuous functions on [s, t] and with values in V,,, equipped with the norm

lu(q) —u)lly
lullg,. = lullc,e + Mullgu,  NMullg,n = sgililggt W
In particular, for the case 8 = 1 this is the space of Lipschitz-continuous functions.
The spaces [P (s, t; V,,), p € [1, co] have the standard meaning with the usual norms.
As we have mentioned above, sometimes it is important to consider the above norms on different time intervals [s, t], thus in those
cases the time interval will be indicated in the index of the norm.
For the previous spaces the following compactness theorem holds true:

Theorem 2.2. (i) For @ > 0and § € R, [%(s, t; V) N CP([s, t]; V_s) is compactly embedded into L*(s, t; V) N C([s, t]; V_s).
(i) For 0 < 81 < 8, and 0 < B < By < 1the space CP2([s, t]; V_s,) is compactly embedded into chrs, t]; V_s,).
For the first part see Vishik and Fursikov [25, Chapter IV Theorem 4.1]. For the second part we refer to Maslowski and Nualart

[16, Lemma 4.5]. Indeed, we have the compact embedding V_s, C V_s,.
Fort € [0, T], we now rewrite Eq. (1.1) in an abstract form,

du(t) = (Au(t) + B(u(t), u(t))) dt + G(u(t))dw(t), u(0) = ug, (2.5)

where G is a nontrivial diffusion term representing the external force, that satisfies certain assumptions which are given in Section 4. Here

w represents a path in Cﬂl([O, T]; V), with 8/ > 1/2, or in particular, a fractional Brownian-motion with Hurst-parameter H € (1/2, 1),
see the definition in Section 3. The corresponding stochastic evolution equation has therefore a multiplicative noise. In what follows we
will describe the type of stochastic integral we are going to consider, which will allow us to give an appropriate meaning to (2.5).

3. Integrals in Hilbert-spaces for Holder-continuous integrators with Holder exponents greater than 1/2

In this section we are concerned with the definition of the following infinite dimensional integral

T
/ Zdw,
T

where w is a Holder-continuous function with Hélder exponent 8’ > 1/2 and Z is an appropriate integrand. We follow the recent definition
given by Chen et al. [19], and for the sake of completeness, next we shall borrow the main steps of their construction.

We start by considering an abstract separable Hilbert-space V,thenfor0 < o < 1and general measurable functions Z : [Ty, To] — 1%
and w : [Ty, T,] — V, we define the following fractional derivatives

o _ 1 Z(r) "Z(r)—Z(q) ~
D521 = ((r T +°‘/T1 o dq) e,
—_l- — (T, — T2 _
D};f‘wrz—[r] = (F()(x) (w((rT)z _‘:)(1_2(1 ) + (1 —ot)/r %dq) ev,

where wr,_(r) = o(r) — w(T,—), being w(T,—) the left-sided limit of w at T,. Here I"(-) denotes the Gamma function.
Let us start with the case when the integrand z and the integrator ¢ are one-dimensional. Suppose that z(T;+), ¢ (T1+), ¢ (T,—) exist,
being respectively the right-sided limit of z at T, and the right- and left-sided limits of ¢ at Ty, T, and thatz € 1$1+(LP (Ty, T,; R)), &r,— €

1;2:“ (Lp’ (Ty, T»; R)) with 1/p + 1/p’ < 1and ap < 1 (the definition of these spaces can be found, for instance, in Samko et al. [11]). Then
following Zdhle [10] we define

T, T
/ zd; = (—1)* Df ,z[rIDy, *¢r,[r]dr. (3.1)
T T1

1

Suppose now that ¢ is Lipschitz-continuous. Then ¢ generates a signed measure d¢ and ¢ € 10‘27 (Lp/ (T4, To; R)). Therefore, in this situation
the integral

T
/ zd¢
T

can be expressed by (3.1).

LetV bea separable Hilbert-space endowed with the norm ||-||; and consider the separable Hilbert-space L, (V, \7) of Hilbert-Schmidt-
operators from V into V with the norm I - ||L2(V,‘7) and inner product (-, ~)L2(V’V). Let (e;)ieny and (f;)icn be a complete orthonormal basis of
VandV, resp. Abasein L,(V, \7) is given by

[0 j#k
Effek—{fi: =k
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Let us consider now mappings Z : [Ty, Tr] — Ly(V, \7) and w : [T1, T,] — V. Suppose that z; = (Z, EJ')L2<V 0 € IT1+(L”(T1, T,; R)) and

Zji(T;+) exists and ap < 1. Moreover, let us also assume that gir,— = (wr,—(t), €)v € 1712__“ (LP (T1, To; R)) such that 1/p + 1/p’ < 1,and
the mapping

[Ty, T2l 5 1+ ID§, ZIr1ll, ., 1D, “r, - [r]]] € L' (Ty, To; R).

We introduce

T, T
/ Zdw = (—1)”/ T1+Z[r]D} Lo, _[r]dr
T

T
= (=1 Z(Z/ D‘}‘ﬁzﬁ[r]D};f‘{,-Tz,[r]dr)fj. (3.2)
T

This last equality is well defined due to the fact that Pettis’ theorem and the separability of V ensure that the integrand is weakly measurable
and hence measurable. Moreover, the norm of the above integral is given by

Ty 00 2 %
/ Zdw| = (Z )
Ty 1% j=1

T
< f 102, 21711, .5, DL “er, [r]]dr.
T

D?1+Zji Tz—é-'TZ [ ]

The next result, which proof can be found in [ 19], considers the definition of the above integral when having suitable Hélder continuous
integrator and integrand functions:

Lemma 3.1. Suppose that 0 < T; < T», Z € CP([Ty, To]; L(V, V)) and € CP' ([Ty, T,]; V) with 1 — B’ < & < . Then

T R
/ Zdw €V
T

is well-defined in the sense of (3.2). Also, there exists a constant ¢ dependingon T, — T;, «, 8 and B’ such that

T

Zde = C”Z”cﬁ([rl TyLiLy (V, v))|||w|||ﬁ’ T1.T2 (T, — Tl)ﬂ

Moreover, the above integral with driving path w is well-defined even though the integrand is locally Hélder-continuous, which will be
the case in the next sections when the semigroup S is part of the integrand, see [ 19] for the proof of this assertion.

In the following we would like to consider the above integrals when the integrator is a noise given by a fractional Brownian-motion
(fBm). An one-dimensional fBm is a centered Gaussian-process given by the auto-covariance

1
R(s,t) = i(tz” + s — |t — s

where H € (0, 1) is the so-called Hurst-parameter. The value H = 1/2 determines a Brownian-motion, which is a martingale and a
Markov-process with independent increments. When H £ 1/2 these properties do not hold.

An fBm can be also defined in a separable Hilbert-space. By the following construction we obtain such an infinite-dimensional noise
with values in V: let (&;);en be a iid-sequence of fBm in R having the same Hurst-parameter H. Then

1
t— o) =) q’ e,
i=1
where (q;)ien € I, defines an fBm with values in V and with auto-covariance

1
5(2'(t.2H +52H _ |t _ S|2H),

where the operator Q of diagonal form is defined by
(ei, Qej))v = J;q;.

For simplicity we restrict ourselves to a real fBm. However, taking two one-dimensional independent real fBm ¢!, 2 then we could
construct a one-dimensional complex fBm: { = 1/\/5(51 + i¢?). Then by the above formula we could construct a complex fBm @ in V.

Remark 3.2. For our further purposes we need the fBm w to be piecewise linearly approximated. As one can check later, we will use the
property that given @ we can find a sequence of piecewise linear continuous functions w, converging to w in a Hélder-continuous space.
However, the space of Holder-continuous functions is not separable, but we can modify it in such a way that the modified space is: for
y € (0, 1), the space

S — S
CO7 ([0, T]; V) == {a) € C7([0,T]: V) : lim sup oty = o)l _ o},
80 |5, —5y|<5,[0,T]5s15, (51 — S2)
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is a separable space since V is itself separable (see [26,27] and [28]). On the other hand, thanks to Kolmogorov’s theorem (see Theorem
1.4.1 in Kunita [29]), it is known that if w represents an fBm with Hurst parameter H, then there exists a version, that we also call w,
such that w € Cﬁ/([O, T]; V) forany B/ < H.Letus take y < B’ < H, then it is easy to see that Cﬁ/([O, TI; V) c ¢%r ([0, T]; V), and
therefore this latter space is the one that we should take when the aim is to approximate the fBm. However, for the easy of presentation,

in what follows we will assume that w can be piecewise linearly approximated by a sequence (wy)nen CONverging in Cﬂ/([O, T]; V), but
this statement must be understood according to the sense given above.

4. Definition of a solution of the stochastic shell-model

In this section we would like to formulate conditions ensuring that (2.5) has a unique global solution.

We emphasize that we have to give a definition of solution which is appropriate in our context: on the one hand, the driving function
belongs to Cﬂ/([O, T]; V) fora 8 € (1/2, 1), which means that we cannot define integrals by using the standard integration theory of
bounded-variation integrators. In particular our situation here covers the case when the driving function is given by an fBm in V with
Hurst-parameter H > 1/2. On the other hand, the bilinear operator B is unbounded and not Lipschitz-continuous in this model.

We now give the assumptions for the diffusion operator G of (2.5). In what follows, we choose a constant § > 0 which will be determined
later, and by L, (V) we denote the space L, (V, V).

Assumption (G). Assume that the mapping G : V_s — L,(V) is bounded and twice continuously Fréchet-differentiable with bounded first
and second derivatives DG(u) and D*G(u), for u € V_s. Let us denote, respectively, by ¢, cpc and cpz the bounds for G, DG and D*G. Then,
forue V_;

IGW L, wvy < C6-
Furthermore, for uq, u, € V_g,

IG(ur) — G(u) vy < cpgllur — uzllv_g,
and for uy, uy, vy, Vo € V_g,

1G(u1) — G(v1) — (G(u2) — G(v2)) vy
< cpgliug —v1 — (U2 — v2)llv_; + cpzgliun — wallv_s (lur — villv_; + lluz — vallv_y). (4.1)
Notice that DG : V_s — L,(V_s, L,(V)) = L,(V_s x V, V) is a bilinear mapping whereas DG a trilinear mapping.

In this paper we shall look at the existence and uniqueness of a solution of (2.5) according to the next definition:

Definition4.1. Let 1/2 < 8 < B < landletw € Cﬁ/([O, T]; V),up € Vand§ € (B, 1). A function u is said to be a mild solution to (2.5)
over the interval [0, T] associated to the initial condition ug if

u e C([0,T]; V) NI*(0, T; Vi) N CP([0, TT; Vo)

and such that

t t
u(t) =S(t)ug + / S(t — r)B(u(r), u(r))dr + / St —r)G(u(r))dw(r) (4.2)
0 0
forevery t € [0, T].

Remark 4.2. Note that the first integral in (4.2) is well defined in V because of the fact thatu e C([0, T]; V)NL?(0, T; Vi/2) and Lemma 2.1.
The stochastic integral in (4.2) must be understood in V according to the definition given in Section 3.

We stress that we are interested in finding a mild solution for (2.5). Following [15] we could also consider weak solutions for our
problem. Nevertheless for u € (0, T; V) N %(0, T; V1/2) we have that B(u, u) is sufficiently regular so that we can work with mild
solutions.

When w is regular, we can also interpret the solution in the following weak sense:

Definition 4.3. Assume that w is piecewise linear continuous in [0, T] with values in V. We say that u is a weak solution to (2.5) over the
interval [0, T] associated to the initial condition uy € V if

u e C([0, T]; V) NL*(0, T; Vy2)

and such that

t t t
(), p)v + f (A"?u(s), A p)yds — / (B(u(s), u(s)), p)vds = (uo, @)y + f (Gu(s)'(5), )vds (4.3)
0 0 0

holds for every ¢ € V5 and t € [0, T].
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5. Solutions of the stochastic shell-model for piecewise linear continuous path noise

In this section we assume that w is a piecewise linear continuous function. This case is the foundation for studying the more general
case which will be treated in the next section. Indeed, in further sections given w € C# ([0, T]; V) we shall consider a sequence (wp)nen Of

piecewise linear continuous paths converging to w € Cﬂ/([O, T]; V), see Remark 3.2. As we cannot assume that the sequence (w;,)nen in
uniformly bounded in L*°(0, T; V'), we will have to construct uniform a priori estimates for the solutions to equations driven by w,, which

will be based on uniform estimates of (wjy).en With respect to the C# -norm.
We start by studying the existence of solutions for the stochastic Shell-model having this kind of regular driving function:

Proposition 5.1. Let ug € V, w be a piecewise linear continuous function and assume that G satisfies the assumption (G). Then, there is a unique
global weak solution u for Eq. (2.5) in the sense of Definition 4.3.

Proof. The proof is very classical but, for the sake of completeness, we will sketch it here. Let us denote by P, the projection operator
in V onto the space spanned by ey, e,, ..., e,. Then, the Galerkin-approximations (u,),cn to problem (2.5) are solutions of the finite-
dimensional systems

dun(t) = (Aty(t) + PaB(un(t), un(t)))dt + PyG(un(t))e’' (t)dt. (5.1

On the other hand, if G* denotes the adjoint operator of G, taking the scalar product of (5.1) by u,, using the property (2.4) and the
assumption (G), we get that

d
5 7 1w O + IO, , = | PG ©)e O, un (O | = |(@'(©), G Wn(®))un ()]

=< IIw/(t)IIIIG*(un(t))un(t)ll =< celle’ (O un (Ol
2

< > lle (O + ||un(t)||2-

A

| /\

Hence, using Gronwall’s lemma yields that
sup ||un(t)||2 < c(lun(0)]], ”a)/”foo(o,r;v), T)
t€[0,T]
for an appropriate positive constant ¢, and consequently we also have
T
2
/ lun®)12, ,de < c,
0
uniformly in n.

Also, by classical arguments, we get that (i), is bounded in CB([O, T]; V_s) for§ > 1/2 and B < 1.In fact, since u, € L*°(0, T; V),
it follows by Lemma 2.1

J AT B (r), un(r)[|dr - i IA=2 B(un(r), un (r)) 1 dr

1- 2
< T Plunlif o 1v) < 00,
0<s<r<T (t — S)ﬁ 0<s<r<T (t — S)ﬁ

and by (G) we arrive at

ATSG(un(r r)|dr G(uy(r )|\ dr "
“wu f I (Up (M)’ (M) || - f G ) o)l ()l < cceT 6 o0y < 0.

0<s<t<T (t — s)/3 0<s<t<T (t — S)‘S

Moreover, applying the interpolation inequality (see [23], Theorem 37.6), we know that there exists a constant ¢ = c(6) > 1 such that
AT 3w < c||A 1P IAY2)2% forallv eV,
and therefore, for/§ € (1/2,1) andé € (,3, 1),

Ji 1A=* Aug (r) | dr “c s Ji NP~ A 2un () |22 dr

sup
0<s<t<T (t —s)P O<s<t<T (t —s)P

_ ([ dr)’ (f] 1A 2uy(r) || 2dr) =
S C”un”iéo(gj;v) SUp > > .

5—p 261 2-268
<cT p ”un”Lw(o,T;v) ”un“,_z(o T Vl/z)

0<s<t<T (t — S)B

Hence, by the compactness Theorem 2.2(i) we get a subsequence, still denoted by (u,)ney, that converges strongly in [?(0, T; V) N
C([0, T]; V_s) to some limit u. Since (uy)nen is bounded in L%°(0, T; V) N L2(0, T; Vi,2) this sequence is relatively weak-star compact
in L*°(0, T; V) and relatively weak compact in L?(0, T; Vi/2). As a consequence, the limitu € L*°(0, T; V) N 1?(0, T; V1/2). Now, it remains
to prove that the limit u is a solution to the system (2.5) according to Definition 4.3. Indeed, assuming that u,, is solution in the sense of
Definition 4.3, we can pass to the limit on each term. Furthermore, the regularity of u implies that the right hand side of (4.3) as well as
the last two terms of the left hand side of (4.3) are in C([0, T]; V), henceu € C([0, T]; V). O
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Moreover, we have the following result about mild solutions:

Proposition 5.2. Assume the same hypotheses than in Proposition 5.1 and that B € (1/2,1),6 € (B, 1). Then every weak solution u to (2.5) is
a mild solution, that is, u € C([0, T]; V) N L?(0, T; Vi) N CA([0, T1; V_s) and satisfies for every t € [0, T] the following integral formulation
inV:

t

t
u(t) =S(t)ug + / S(t — r)B(u(r), u(r))dr + / S(t — r)Gu(r))o' (rdr. (5.2)
0 0

Proof. Suppose that u fulfills (4.3). Then
t — B(u(t), u(t)) + G(u(t))e'(t) € L*(0, T; V)
such that

t t
t— / S(t — r)B(u(r), u(r))dr + / S(t — r)Gu(r))e' (r)dr € C([0, T]; V),
0 0

see Pazy [24], proof of Theorem 4.3.1. In addition, every Galerkin-approximation solution of (5.1) satisfies
t t
(W (t), @Iv = (S(O)Prun(0), )v +/ (St = r)PaB(un(r), un(r)), )vdr +/ (S(t = 1)PuG(un(r)a' (), @)vdr (5.3)
0 0

for every ¢ € V and every t € [0, T]. From the convergence of (u,),ey in L?(0, T; V) and the boundedness in L?(0, T; Vi) it follows that
the right hand side of (5.3) converges to

t t
(S(f)uoﬂ/))v-i'/ (S(t—r)B(u(r),u(r)),w)vdr+/ (St — NG ' (r), p)vdr
0 0

for every t € [0, T]. On the other hand, from the proof of Proposition 5.1 we know that (u,),en converges to u in C([0, T]; V_s) and hence
u,(t) converges to u(t) in V_s for every t € [0, T]. Since the right hand side is in V for every t € [0, T], u(t) is too. Also, following the same

reasoning than in Proposition 5.1, one can prove that (u)qen is bounded in C¥ ([0, T]; V_3) for y = B +eand § = § — ¢ for small enough
¢ > Osuch that§ > y. Then it suffices to apply Theorem 2.2(ii) to conclude the proof. O

From now on, we often use the following property, which is a consequence of the definition of Beta function: forevery0 <s <t < T,
a, b > —1,

/ (r — )%t — r)Pdr = c(t — 5)¢0*! (5.4)

where c only depends on a and b.

Next we develop a priori estimates that later we need to derive the existence of a solution for a general w € C p ([0, T]; V). We cannot
use the estimate from Proposition 5.1 because the sequence (w;,)nen approximating w in C p ([0, T]; V) is not in general uniformly bounded
in L*°(0, T; V). That is why in the following estimates the norm ||| s appears.

Lemma 5.3. Assume that 1/2 < B <B 1-f <a< [3 S (f}, 1), up € V, wis a piecewise linear continuous function and G satisfies (G).
Then, if u is a weak solution to (2.5) in the sense of Definition 4.3, there is a constant ¢ > 0 such that for t € [0, T]

t P ’
lu@®1? + 2/ a1y, ,dr < lluoll® + cllollpt” [ullc.oc + cllollpt? 1+ ullcoolully ;.- (5.5)
0

Proof. Applying the formula of the square norm, see Teman [30] Lemma III.1.2, using the skew-symmetric property (2.4), and finally
integrating over (0, t), this gives us for every t € [0, T] the following energy inequality

t t
lu@®1* 42 / ||u<r)||5mdrs||uo||2+2‘ f (G*w(M)u(r), o' (n)vdr|.
0 0

The integral on the right hand side of the previous expression can be interpreted in the sense of Section 3 using fractional derivatives.
Since for any r we have ||Dg G*(u(r))u(r)|| < oo the expression Dg, G*(u(r))u(r) is an element in the space of Hilbert-Schmidt-operators
L,(V,R) >~ V. Moreover, from the definition of the fractional derivative it is easy to derive that

1D w_[r1ll < cllellg (¢ —)*TF, (56)

and therefore we get

t
‘ / (G Wru(r), o ())ydr
0

t % r * _x
< C|||Cl)|||ﬁ’/ (t — r)ot+5/,1 (”G (u(rz)u(r)” +/ IG*u(r)u(r) — G (u(q))u(Q)qu) dr.
0 0

r (r—q'te
Trivially the boundedness of G implies that ||G*(u)u|| < cg||u|| for u € V and therefore

IG* (@) u)|] - cliullc,o,c
r - r

, relo,t].
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The boundedness and the Lipschitz-continuity of G imply
/’ [IG* (u(r)u(r) — G*(U(q))u(q)ll
0

(r—gq'
T u@) —w@ v, "TIGH () — G @) lv_s.v)
= /0 W‘jq + ||u||C,0,t/0 r—q dq

r A
= (cc + cpcllullcollully s 0. f r—q~'"*"dgq
0

= c(cc + coclltllc.o.0lully g0,

Hence, for an appropriate ¢ > 0

t 2 /
'/ (G wr)u(r), ' (N)vdr| < cllwllgt? llullcor + cllwlly " (1 + lullcollulls s, O
0

Lemma 5.4. Under the same conditions of Lemma 5.3, if u is a solution to (2.5) there exist constants ¢, ¢ > 0 such that for t € [0, T]

lulls 5.0, < € Plluoll + et + 2Py u2 o + cllollgt? P (1 + Pllully _s0,)- (5.7)

Proof. Consider (5.2) written as

t t
u(t) = S(t)ug + A? / S(t — NATY2B(u(r), u(r))dr + / S(t — r)Gu(r)w (r)dr.
0 0

Then the following splitting is considered:

A% (u(g) — u(p)) = A°(S(q) — S(p)up + A~ +1/2 / ’ S(q — A 2B(u(r), u(r))dr
p

LA /p(S(q —71) = S(p — A" V2B(u(r), u(r)dr
0

q p
+A°? / S(q — r)Gu(r)o' (rydr + A8 / S(@—r1)—=S{p—nr)Gu(m)o' (rdr
P 0
= 11 +12 +13+I4+15. (58)

For the term related to the initial condition, due to the fact that § (3, 1) and (2.1), (2.2) we have
Al IA~°(S(q — p) — Id)S(P)uo|| - (@ —p)°lluoll -

— 5_3
sup < sup - <cC sup < ct’ Plugll. (5.9)
0<p<q=t (q — p)# ~ 0<p<g=t (@—-p?* osp<g=t (g —p)’
Moreover, due to Lemma 2.1 and taking into account that V C V_s 1,2,
I
M ey / IA~1725 (g — DA™ B(u(r), u(r) ldr
osp<q=t (q —p)P ~ o=p<a=t (q — P)ﬂ
< sup / IA=Y2B(u(r), u(r))|dr (5.10)
0=p<q=t (q — p)ﬂ

C
< sup ——@—-plulg,y, <ct' ﬁ||u||c0t
0=p<q=t (q — p)*

For I3, thanks to Lemma 2.1 and (2.3),

18] _
< sup ——— ||A M12(5(q — p) — Id)S(p — NA™?B(u(r), u(r)) |ldr
osp<qst (@ — p)P ~ osp<qst (@ — p)’S
<cllullg, sup / (p—n)* > Fdr (5.11)
0<p=<t Jo

§+1/2—p 2
<V

Similar estimates to those of I4, Is can be found in [19]. However, and for the completeness of the presentation, we also show these
technical estimates in this paper, but we have shifted these calculations into Appendix Section, see Lemma A.1(i) and Corollary A.2(i),
where it is proven that

[l Lall 4 [l1s]]

< " Pholly (1+Plully o) - (5.12)
o=p<¢=t (q—p)P

Hence, collecting all the estimates for the expressions I; the inequality (5.7) is obtained. O
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Lemma 5.5. Under the assumptions of Lemma 5.3, if uy, is a solution of (4.3) on [0, T] with initial condition U eV and driven by a piecewise
linear continuous path w, where (wy)qen is bounded in Cﬂ/([O, T1; V), then (un)ney is uniformly bounded in C# ([0, T]; V_s) N C([0, T]; V).

The proof of the previous result rests upon the technical Lemmas A.3-A.5 whose proofs are presented into Appendix section.

Remark 5.6. We emphasize that we consider Holder-continuity with respect to the space V_g, although all the estimates of the Holder-
norms also make sense for smaller §. However, the initial condition uq is the responsible of having to consider § € (8, 1), since in (5.7)
the exponent in the term t*~# multiplying ||uo || must be positive.

6. Construction of solutions

We are now able to construct solutions for the stochastic equation (2.5) and give the main result of this paper. We consider a sequence
of solutions (uy)ney to (2.5) driven by (wy,)nen, @ Sequence of piecewise linear continuous approximations of w converging to w where w
satisfies Remark 3.2.

First we formulate a general uniqueness theorem.

Theorem 6.1. Suppose that there are two mild solutions uy, u, of (4.2) with u1(0) = u,(0) = uy € V and driven by the same path w. Then,
under the given assumptions on A, B and G we have u(t) = u,(t) for t € [0, T].

Proof. Assume that there exists a maximal interval [0, to] contained in [0, T] such that Au := u; — uj; is zero on this interval being ty < T.
Then there exists a0 < u < 1 such that Au # 0 on (tg, to + u].
We divide the proof in several steps:

(i) First we want to estimate

il Aull sup | Au(t) — Au(s)|lv_g
—3.to, = .
probtototu to<s<t=<to+u (t —s)p

Regarding the non-stochastic integral, we have to estimate

1 t
(t—s)ﬂ”/ S(t = NAT (B(ur (r), us (1)) — Buy(r), up(r)))dr

‘ / (S(t —1) = S(s = PNA B(ur(r), us () — B(uz(r), ua(r)))dr

1
T =
=+
Since V_y/, C V_s, from Lemma 2.1 we obtain
IA=° (B(ur (r), ur () — B(ua(r), ua (M) || < clBAu(r), ur () llv_,,, + cllBuz(r), Au@)llv_,,
< cllau@) [ Hua N + Nluz () 1D

Therefore

c
1= Y]
Notice also that using the properties of the semigroup S
(St — 1) = S(s — MA™° (B(ur (1), u1 (1)) — Buz(r), uz(r))|

= IS5t —s) —id)S(s — r)(B(u1(r), u1(r)) — B(ua(r), u2(r)llv_,

< c(t — )’ | (B (r), u (1)) — B(uz(r), uz(r))|

< c(t =)’ 1 Aaum [ (ur ) llv,,, + a2 llv,,)
and thus

t
/ lAum Il I+ () Ddr < e P Aullc .t Uttt ot + N2llctg.cot)-
S

1
L=

STy / (t =)’ I Aum I Aur (v, + N2y, )dr

1 + Uz |fp2 ),T;V
S— A 1112 T
< /12+ ﬂ” u”(q[(.t(‘fﬂ(”u ||L o, §V1/2) ” ||L 0.T; 1/2))

To analyze the terms corresponding to the stochastic integral, that is,

’ St = 1)(Gui(r) — Gua(r))dew — Jo St =1) = S(s = M) (G (1) — Guz(r)dw

V_s

sup
to<s<t<to+p (t—9)F

we can consider the estimates of I, I5 given in the Appendix, replacing ||A~% (G(u(r))) I, vy by

1A= (G (1) = G(uz (M) lliyvy < cogll Au®)llv._, (6.1)
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and A~ (G(u(r)) — G(u(@)) l,v) by
A (G(u1 (1)) — G(ua(r) — (G(u1(q)) — Gua(@)) ll,v)
=< cpcllAu(r) — Au(@llv_g + ezl Au() llv_; lua (r) — u(@llv_; + llua(r) — w2(@llv_y), (6.2)
where these two above estimates follow by (G). Then following the steps of Lemma A.1 and taking into account
lAu()lly_y = | Au(r) — Au(to)llv_; < | Aullp,—s.c0.00-1 (T — t0)”,
which is true due to the fact that Au(ty) = 0, we obtain the following term as an upper bound of the stochastic part:

cllwllp P I Aullp,—s 0.0+ + Cllllp i urllp.—s.0.r + Nuzll p.—s.0.0) I Attll g0+
Collecting everything we get

1 2
NAullg, 5,00+ < €, M1 AUN g —5,¢0,00+1 T+ €3Il AU C b6, 04125 (6.3)
with
1 _ B
¢! = cufflwlly,
15— /
= c(u2t ﬂ(”ulan(O,T;V]/z) + ||u2||L2(0,T;V1/2))+Mﬂ llewll g (Muall g, —s.0.7 + Mu2lll g, —s5.0.7) (6.4)

+ 1 P lwnlle g ot + 2llc. g co400))-

(ii) In this second step we are interested in estimating || Aul|c ¢y, ¢,+,.- The non-stochastic part gives us

t
sup / St = r)(B(uy(r), ui(r)) — B(ux(r), ux(r)))dr
to<t<tp+npn to
t
<c sup [Au@) I Nur () llv, , + luz(@)llv, ,)dr

to<t<to+un Jty

1
<cpz(fluy ||L2(O,T;V1/2) + ”uZ||L2(O,T;V1/2))”Au”C,to,thrM'

To study the norm of the stochastic integral, for t € [ty, to + 1] we split it as follows

Nl o /[(t —pyetp (||5(t — 1) (Gui(r) — Gz (NN, w)
to

(r —to)*
n /r (St —1)—S(t— f))(Gful(f)) = Guz(MN Iy v &
to (r - r)a+]
n /r IS(t — F)((G(uq(r)) — G(Uz(r)))A— (Gu1(F) — G I Iy wv) d?) dr
t (r =7yt
=: J3(t) +Ja(t) +J5(8).

Following the steps of Lemma A.1, thanks to (G) we obtain

!
sup  J5(t) < cllollpn” | Aullc .o+
fo<t<top+nun

!/
sup  Ja(D) < cllwllg i Il Aullc o.c0+s0-
to<t<to+n

Finally, using again (G), since || Au(r)|lv_, < c|lAu()]|,

t
sup  Js(0) < cllolly / (£ — ryet?
to<t<to+u to

(T' — f)a+1

= cllwllp Ml Aullp, —s.00.00+1 + 1 AUllc 0.0+ N1l g =5, 10,0041 U2l g, ~5.00.00+1))

t r
X sup (t —r)etF -1 (/ (r— F)’S‘“‘ldf>dr
to fo

fo<t=to+u

</r Au(r) — Au(@)llv_s + [ Au()[[([[ur (1) — ug(F)llv_y + llu2(r) — u2(F)llv_y) A>
X dr )dr

< cllwllg P (Il Aull g =s.0.t04 + I Attllc.to.tgn Nutllp.—s.0.1 + N2l g.—s.0.7))-
Hence,

3 4
lAullc,eg, e+ < cpllAtllc eg,to+u + €Ml AUN B, -5, 0,00+ (6.5)
with

3 1 4 /
¢ = c(2ltllprv, ) + lU2l2orv, ) + 12 llollg 4+ 1 Pllolly (lulls,-s.0.r + lulls.—s.0.1)),
4

— "+
ch = cuf Plolly.
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Therefore, solving the system given by (6.3) and (6.5) means that we have to solve a system of inequalities, namely
1 2 3 4
X < CMX + CHY, Y < CMY + CMX
with CL given by (6.4) and (6.6). It is now straightforward to check that for a small enough 1 € (0, 1) we obtain that || Aul|c ¢y p+n = O,
which contradicts the fact that the maximal interval of uniqueness is [0, to]. Hence the solution of (2.5) is unique. O

Finally, we can prove the main theorem of the paper:

Theorem 6.2. Under the assumptions of Lemma 5.3 there exists a mild solution to the stochastic shell-model (2.5) with driving function
w e P (0,T]; V).
Proof. We divide the proof in several steps:

(i) Let (wn)nen be a sequence of piecewise linear continuous functions converging to w in Cﬂ/([O, T]; V), see Remark 3.2, and let (u,)nen
be the sequence of unique solutions driven by (wp)neny With initial condition ug € V. From Lemma 5.5 we know that (i), is uniformly

bounded in CB([O, T]; V_5)NC([0, T]; V).Then (5.5) implies that (||u, ”LZ(O,T;VUZ))HEN is also bounded and hence (u,)ncy is relatively weak
compact in [2(0, T; V1,2). Furthermore, this sequence is relatively compact in [2(0, T; V) N C([0, T]; V_s) by Theorem 2.2(i).
Moreover, thanks to Corollary A.2(ii), for § = § — & with & > 0 arbitrarily small, we have

Nually 500 < c® Pllun@ + 67 + 2 P) a2 o + cllonllpt? P72+ P llunlly 50,0 (6.7)

Following a similar reasoning to the one of Lemma A.5, we can make small the coefficient in front of ||u,, |||B,7S,o,r on the left hand side of
(6.7) such that we can solve such an inequality. Moreover, since (w,)en CONverges to w, we obtain that (u,),ey is uniformly bounded in
CB([O, TT; V_3). Hence, by Theorem 2.2(ii), this sequence in relatively compact in CA([0, T]; V_s) with B < B

(ii) Let (uy)wen be a subsequence converging to some limit point u € L?(0, T; Vip) N CA([0, T]; V_s). Let us denote this subsequence
simply by (u;)qen. Then, since B : V% xV_s — V_sandalsoB:V_s x V% — V_s and u,(0) — u(0) = 0, applying Lemma 2.1 we have

H / S(t = 1) (Bun(r), un(r)) — BQu(r), u(r))dr
0

V_s

t
< / (IB(un(r), up(r)) — B(u(), uy (M) llv_s + IBu(), us(r)) — Bu(r), u(r))llv_,)dr
0
t
< C/ lun () llvy , + @)l ) lulr) — un () llv_gdr
0

t
< cllu — unll.—s.01 f (v, + 10 v, ,)dr
0

1
< I 2u - un|||ﬁ,—5,0,T(||un||L2(0,T;v1/2) + ||”||L2(0,T;v1/2))

which shows the convergence in V_s of the left hand side to zero.
For the stochastic integral we consider the splitting

|

Similar to (5.12), an upper bound for the first integral on the right hand side is given by
T lwn — wllp (1 + TP lunllp,—s.0.7)

and since the set {||ux|lg,—s.0,7}nen is bounded, we obtain the convergence in V_s of the first integral on the right hand side. Now using
(6.1)-(6.2), setting u; = uy, u; = u we arrive at

t

/ St — r)G(u,(r)dw,(r) — / St —r)G(u(r))dw(r)
0 0

V_s

=

/ S(t = 1)G(up(r)d(wn(r) — (1))
0

+ H / S(t = 1)(G(un(r)) — G(u(r)))dwn(r)
V_s 0

V_s

< cllwallp TP Mg — ullp,—5.0r (14 TP (1 + llunllp.—s.0.7 + llullg.—5.07))
V_s

t
‘ / S(t =) (G(un(r)) — G(u(r)))dwa (1)
0

which shows the convergence in V_; of the second integral.
Also, since (u,)nen converges to u in C([0, T]; V_s), for every t € [0, T] we have that u,, (t) — u(t) in V_s.

(iii) Since u € L2(0, T; Vi2) NL*°(0, T; V) we have that t — B(u(t), u(t)) € 12(0, T; V) and hence the continuity in V of the first integral
of (4.2) with respect to t follows. Moreover, since u € C#([0, T]; V_s) by (G) we obtain that

t
t— / St —r)G(u(r))dw € C([0, T]; V).
0

(iv) Collecting the above properties, on the one hand (i)-(ii) mean that u € C#([0, T]; V_s) N L*(0, T; Vi,2) and u satisfies (4.2) in V_s. On
the other hand, (iii) means that the right hand side of (4.2) belongs to C([0, T]; V), and hence also the left hand side. In conclusion, we
have proven the existence of a mild solution u to the stochastic shell-model in the sense of Definition 4.1. O
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7. An example of diffusion term

We define the operator G by a sequence of functions g (u) € C with u € V_g, such that forv € V:

o0
GV = Y gnUm. (7.1)
n,m=1
We now define properties for this sequence such that G satisfies the hypotheses (G). For every n, m = 1, ..., assume that
o0
sup Z lgh (u)|* =: & < 0. (7.2)

UEV—s nm=1

In addition, let us assume that the functions g, are twice differentiable having the following properties: For u, h € V_s and (fi)ken an
orthonormal base in V_gs we have that

o0 o0
2 2
> (gn+h) —gn) — Dgph)” = > (op™(lIhllv_)" = ou(llhllv_;)?,
n,m=1 n,m=1 (7 3)
o .
sup Y Dgnfil’ =: ¢ < oe.
ueV_s n,m,k=1

The o)™, o, have the usual properties: limy,_,o |o;™ (||h|lv_;)|/lIhllv_s = 0 and similar for o,.In addition we assume that for u, hy, hy € V_;

o0 o0
n n n 2 n,m 2
> (Dgi(u+ h)hy — Dghhy — Dgh@hihy)” = 3 (047 (lhallv.)) = (0w, (Ihalv_,))”
n,m=1 n,m=1 (7'4)

o0
sup Y ID%gn ) (i fDI® = Ly < 00,

uev_s n,m,k,I=1

where the 021,'1"1 , Oy,n, have the same property as above.
Now we can verify the properties of the operator G formulated in hypothesis (G). It follows from (7.2) that

o0 o0
sup |GW)IIE, ) = sup Y _ IGwWen|”> = sup Y |[(Gw)en)a|®

ueV_s uevV_s m— ueV_s n,m=1

[ee)
sup Y [gn) =cZ.

UEV_s i m=1

Simple calculations show that (7.3), (7.4) imply that the operators DG and D?G exist and are bounded. In fact, if u, h € V_g, then we
have that

IG( + h) — Gu) — DGWhIZ, ) = (o(lkllv.,)*
and
o0 o0
sup IDGW)7,xy vy = sup Y [IDGw)(em. fi)l> = sup > |Dgn)fil* = cc.
ueV_g ueV_g mk=1 ueV_g n,m k=1
Now, using the boundedness of DG we can prove the Lipschitz condition. Similarly, (7.4) implies that the operator D?G exists and is

bounded. Using the boundedness of the second derivative of G standard calculations give (4.1).
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Appendix
We start this section by completing the proof of Lemma 5.4, although in the next result (item (i)) we prove a bit more.
Lemma A.1. (i) Let I4, Is be defined in (5.8). Then for any sufficient small ¢ > 0 such that g’ — B > ¢ we have

1A% La]l + [|A%Is |

osp<q=t  (q—p)*
(i) Let I, I5 be defined in (5.8) andlet 0 < e <8 — 1/2, B/ — B > ¢. Then
AL || + [|A®]5 |

osp<g=t (¢ —p)f

< ct? Pl (1 +t’ |||U|||,§,75.0,r) :

<c@ P4V u|E .
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Proof. Throughout the proof we will use frequently the properties (2.1), (2.2) and (5.4). We choose an « in the same conditions than in
Lemma 5.3, thatis, 1 — 8’ < o < B. We also use the property L, (V) C L(V, V_s).
First, using the definition of the stochastic integral and the estimate (5.6),

3 _ epA—6

sup AT 14”A < sup |I|w|||ﬁ// (q—r)tF! <||S(q DAA G(aU(r))”LZ(V)
O=<p<q=t (q p)ﬁ 0<p<q<t (q — )/3 (r— p)

" /r 1(S(q—T1) — S(q —1))AA~ 5G(U(r))||L2(V)d _’_/r IS(qg — HAA] (G(u(r)) — G(u(r)))||L2(V)d )d

p (r — f)ett p (r — Fatt
The first term is estimated by
IS(q — NATATG(u(M)) Iy v) - (oo
(r—p* T (-pr@@-r)7

and since o + B’ — ¢ > 0, we get
cco _
sup ——— Jlwlly / @@= — p)dr < cllollpt? b
o<p<q<t (q — p)#
Concerning the second term, taking an appropriate o’ > « such that@ + 8’ > o’ + ¢, we have

/TII(S(q—r)—S(q—r))ASA SG(r)) Iy vy i cce N f<CCG("—P)O/_a
(r — )t = q_nee b, (r—Petl T (gt

3

and hence

€ Cg T(r—p* " _p
sup —— ol / TP (g dr < cllollyt? .
0<p<q<t (q — p)P q-—r)

Finally, sinceB > o

/r IS(q — F)A*AT® (G(u(r)) — G(u(r)))IIsz)d /’ A8 (G(u(r)) — G(u(r)))”Lz(V)d
P P

(T _ r)a+1 (1’ _ r)oz-H (q _ r)s

T AR —
-0 r—pi
dr < cepellulll 2 -

5 | et = cenclully o

< CCDG|||U|||,§,75,0,t q—

and since 8’ + « — ¢ > 0 we have

cepcllullz, 5.0, d e - -
7"*p|||w|||ﬂ// (@—nFP N —p)P~dr < cllollgllully 5o t7

osp<g<t (¢ —p)f P
Hence, we get that
AL |

“E2L < P ol (14 P ully ) -
0<p<q=t (q — p)/3 B B.—8.0.t

Thanks to the definition of the stochastic integral and the estimate (5.6) for Is we get
A°Is || 1 P wrp—1 (15(@—=1) = S(p — T)AA°G(u(n) ||
1 < su el | o= s - 20
o<p<qst (q —p)P  o<p<q=t (q — r
n /’ I(S(q—7) —Sp — r))AEA S(G(u(r)) — Gl &
0

(T _ r)ot+1
/r I(S(q—1) —S(q—7) —S(p —1) + S — )AAGu®)) 1, v) )
+ dr |dr
0 (r — )+t

1
— sup —nmmﬁff(p D (I + Iy + I dr.
osp<qst (q — p)P

We start with

_ 1654 =p) = 1S = DAA G 0y _ cce(@ —p)P
re T (-t

and because ¢ < Tanda + B/ — B — ¢ > 0, the term involving Is ; is estimated by

sup 7|||w|||,s/(q p)"/ (p— N1 P e dr < o] gt P
o=p<q=t (q — p)”
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On the other hand,
I /r [(S(q — p) —1d)S(p — P)AA~* (G(u(r)) — G(U(r)))IIsz)d
52 = r

(T _ r)a—H
B T =D = ) ey,
= CCpc (r — Fyett
. T
< cepgllully 50,0 -1 (g P)ﬁf — - df
B,—8,0.t o (r — p)ati-p
=copgllull 5.0, (P — NP (q—pPfrie,
and thus
sup |||w|||/3’ / (p — )P 15 pdr
0<p<q=<t (q —_
< capgllollpllully s, sup / (p — r)etF e phagy
<p<q<[

< cepgllollplully s o7
Finally, taking o’ close enough to & such thato’ > e and @ + 8 > o’ + B + & (for a small enough ¢), applying the second part of (2.3)

/f @—pPa =1 m -1 P ADCu) v i

Is3 <c
s (r _ r)ot—H

<cclg—pPp - F / (r — ¥ —*"df
0

<cee(q—p)p—r)y @ Pere e,

and hence
sup ol / (b — 1)+ Ly e
0<p<g=<t (q —_
<c CG|||CU|||,‘5’ sup / (p _ r)Dt‘HS’,lfa/,ﬂfé‘rg/iotdr
0<p<q<tJo

< ccgllollpt? P,
Taking into account the previous estimates we finally get

A%

< Pl (14 P lully )
o<p<qst (q — p)ﬂ B B.—8.0.t

(ii) The proof of this part follows similarly to the estimates (5.10) and (5.11). In particular, for the estimate of ||A®l,|| we need to use the
continuous embedding V C V_s1 11,2, which holds true for small enough ¢ > Osince§ € (8, 1). O

Corollary A.2. (i) We derive (5.12) simply taking ¢ = 0 in Lemma A.1(i).
(ii) As a consequence of Lemma A.1 we can prove the inequality (6.7):
Nually 50,0 < ct® Pllun(@) + €' + 7Y g2 o + cllonllprt? 75+ P llunlly 50,0

Note that, since § = 8 — &, now we have the splitting

~ N q
A7 (Un(q) — ta(p)) = A7 (S(q) — S(p)1a(0) + A°A*1/2 / S(q — r)A"2B(un(r), un(r))dr
p

+ AaA—S—H/Z /p(s(q _ T) _ s(p _ r))A—l/zB(un(r), Un(r))dr
0

q p
+ AAT / S(q — NGy (M), (Ndr +AA™ f (5@ = 1) =S = 1)GUs (1) (r)dr
p 0
= ALy + Al + A°L3 + ALy + AIs,
where for j = 2, 3, 4, 5 the I; agree with the integrals previously defined in (5.8). Firstly, similar to (5.9), we obtain that

lAtnl
sup < et P, 0],

0sp<q=t (q — p)P
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and by Lemma A.1(ii)
&€ &
AL || + III‘} Ll <¢
osp<gst (@ —p)Ff
Secondly, on account of the fact that L,(V) C Ly(V, V_s) and that V_; C V_;, from assumption (G) for instance we derive that

P+ TPy g2 o -

A7 (G(u1) — G vy < NG(u1) — Gu) Iy < epcllur — uallv_y < cllug — Uzllv_;»
and therefore, following the same steps than in the proof of Lemma A.1(i) we can deduce

ALl + [|A®Is5 || " h 5
SN <o ol (14 P lually so)
osp<q=t (@ —p)f
and this concludes the proof of (6.7).

The rest of the Appendix section is devoted to the proof of Lemma 5.5, which relies upon several results that are proven below.

LemmaA.3. Let 1/2 < ,3 < B < & and suppose that u € CB([O, T]; V_s). Then the mapping
[5.T15 t > Jlull; s,
is continuous and

lim [Jul| 4 =0.
Jim full

Proof. We only consider here the case s = 0. Let us define the following transformation of u given by
A _Jum):or
w(r) = {u(f) cor

Thenfor0 <t <t <T

Nullp 500 = Mullp 500 = Nullz 5.0, = Wigp 50, < Nullz 55, < ct =D Pllullz 507

from which the desired continuity follows immediately. The convergence to O follows in the same way. O

Lemma A.4. For positive continuous functions a(t), b(t) consider
Y = b(t) + a(t)Y?

and assume 4a(t)b(t) < 1forevery t € [0, t;], where t; > 0 is some positive number. Then there exist two real solutions Y (t) < Y,(t) € RT
given by

1 1
Yi(t) = —— (1 — /1 —4a(t)b(t)), Yo(t) = ——(1 1 —4a(t)b(t
1(6) 2a(t)( v a(t)b(t)) 2(t) 2a(t)( +v a(t)b(t))
where Y1(t) < 2b(t). Suppose in addition that y(t) > 0 is continuous on [0, t1] such that

YO =b@® +a®y®?’  lim y(© =0,

and that lim;_, ¢+ a(t) = 0. Then we have y(t) < Y;(t) on [0, t{].

Proof. It follows by Sohr [31, Page 317] that under the conditions of the lemma there exist real solutions Y;, Y, satisfying the above
conditions.

On the other hand, y satisfies the above inequality if and only if y(t) < Y{(t) ory(t) > Y,(t).If y(t) > Y,(t) forsomet € (0, t;] then by
the continuity of y, Y, and by the fact that Y,(t) > Y;(t) on (0, t], it follows that y(t) > Y>(t) on [0, t;]. However, under the assumptions
we have lim,_, o+ Y5(t) = +o0 and this is a contradiction with respect to the behavior ofy. O

To simplify the presentation of the following technical result we assume that T = 1. Moreover, in what follows, see Lemma A.5, we
shall consider inequalities of the type

y() < d(t, x)y() +f(t, %) +h@Oy(©)?, tel0,t] (A1)
where the increasing functions d(-, x), f(-, x), h(-) are defined by

d(t,x) = ctf’ + 43" 4 2c2xt

Ft, %) = ext®P 4 ox?t1B 4 2xt TP 31428 B 4 BB (A2)

h(t) = 43240

Note that d(t, x) and f (¢, x) depend on a positive parameter x. Furthermore, the constants ¢, c, ¢, ¢ are coming from the estimates of

Lemmas 5.3 and 5.4, as we will show in Lemma A.5. In particular, these constants are constricted such that they are including the value
llwllg = llwllpo,1- In the following proof we need these constants with norms only for subintervals of [0, 1]. However, using ||wll 0,1
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these constants can be chosen independently of the subinterval. In that result, depending on the value of x we shall choose t; > 0 such
that d(t;, x) < 1/2.Then, defining a(t) := 2h(t) and b(t, x) := 2f(t, x) we can rewrite (A.1) as

y(t) < b(t, %) +at)y)®, tel0,t]

which looks like the inequality of Lemma A.4. Let us emphasize that with the above choice lim;_, g+ a(t) = lim;_, o+ 2h(t) = 0. In the next
result we will also choose suitable values of x such that the rest of assumptions of Lemma A.4 also holds.

Lemma A.5. Let (w,)nen be a sequence of piecewise linear continuous paths converging to w in the sense of Remark 3.2, and let (uy)qey be a

sequence of solutions for (2.5) on [0, 1] driven by (wy)nen With initial condition uy € V. Then, there exist constants K > K>1 (uniforminn)
defining finitely many intervals (I;)i=1,._ i by

1 v A N N 1 v oA
L = |:0, Aj| =[t;,t4],.... i = |:fi1, tiq+ :| = [t;, t;]
K Ki

in such a way that on I; we have uniformly foranyn € N

Nuallp sy, < GOP, Mually s, < (Ki)P
e < 4ck1-# s < 4c (ki)'
u _, u < —
nllC,ly = 1_/3, nllC,l; 1—/3’
fori=2,...,i* This constant c in particular depends on |||l g’ o,1.

We point out that in the previous result i* is given by the condition fx < 1=T < i, and in this case we set {x = 1.

Proof. Let us denote by xp := max{1, |[ug|l}, x1(t) := max{1, |[unllco} and y;(t) = |||un|||3‘75,0,t, fort € I; = [0, t;], where f; will be
determined later. The inequality (5.5) implies

lua (O < uoll* + et lunlic.o.c + ct? ™ (1 + lttnllc.o.) Nitall 5 s 0.0
< x5+t fugllcor + ct” (1 + Nunllcoo) lunllp s 0. -

Moreover, since X, > 1 we also have

1<%+ ct? lunlic.oe + ' (1 + unllc.o0) lunll; s 0.-
Then

max{[[unl|Z o 1} < X3+ ct? unllc.o. + ct? (1 + Nunllcoo)lunlls 0.

< X3+ ct? max{1, lunllc.o.c} + ct” 7 (1 + max{1, [lunlic.o.cHlltnll .0,

and therefore

K0 <X+ cxi(OF + 200 () 1 (O (A3)
Note that in (A.3) we have used that x;(t) > 1 and therefore the corresponding last term on the left hand side of (5.5) can be estimated as

™ (14 OWi () < 2000y (O,
Furthermore, since t € [0, 1]and § + 1/2 > 1, we have that £3+1/2=B < 1= and thus (5.7) implies

y1(6) < Exot® P + 2Ot P + ctF B 4 ey (tF (A4)

Now combining (A.3) with (A.4) we get
yi(t) < Xt + (o + cx1 (O + 20x, () y1 (PP et P 4 ey (e)eF (A5)

In addition, from (A.3) the following estimate holds

X (t) < < ct? + 20y, (P +x, (A6)

ct? + 2y, () tP+F N \/(ctf" + 20y1 () tPHF)2 + 42
2 4

and plugging this into (A.5) we finally arrive at
ya(t) < d(t, x0)y1(t) +f(t, X0) + h(O)y1(t)*, t €L = [0, {],

where the functions have been defined in (A.2). Then, taking a(t) = 2h(t) and b(t, xo) = 2f(t, Xo) there exists a K; > 1 such that for any
K > Ky and £; = K~ we have

1 1 -1 @ S NS |
d(K ,Xo)fz, b(K™", x9) < > 4a(K~)b(K™ ", x9) < 1.
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Hence, we have the conditions Lemma A.4 and as a consequence we claim that y;(f;) < (12 )B = ff P Let us fix such a K such that in
addition xy < cK 1-4' /(1 — B’). Then, from (A.6), simply using the general notation for constants c, we get
aaEy <36 4x < 2K g
1\t1) = 1 0= 1_’3,—-1-
Now we can repeat the same arguments than above in each interval I;, i = 2, 3, ..., by doing the corresponding suitable changes. In
order to do that we need to rewrite the estimates (5.5) and (5.7) in those intervals. In particular, in I; we have to take as initial condition
Un(ti_1) and t can be estimated by the length of the interval I; which is nothing but (Ki)~'. Taking x;(t) = max{1, luallcs_, ¢} with

x;(ti_1) > 1and y;(t) == |lun |||§,_5’Ei71,[, fort € I;, for induction we assume

i—1 . 1_ﬂ/
Y 4c(K(i—1)) N
Xi—1(ti-1) < 3c E K™ +x%< ——T"— =

i—1
j=1 1=/

and choose K > K such that for i = 2,3,...

d((Ki) ™", Rimq) = c(Ki) P + 43 (Ki) "2 4 2c%k_q (Ki) P!

—p 3p—1-26' 8C3 1= p—p'—1 e 1
k' + 4c’K + — K"“Fk <o(K™F) < =

1- B 2

FOKD ™, &) = SRy (K)P8 + c&2 (K)P + 2Ri_q (Ki) P 4 S3(Ki) 24+ (ki) F+P
(Ki)?

4

for a constant C and a sufficiently small ¢ > 0 independent of K and i. For example, for the critical term in the expression of f given for
the quadratic term, we have that

IA

Co(K~*)(Ki)? <

IA

N 3 . . 3
C)’Eiz71(l<i)ﬁ71 < 16¢ I<272ﬁ/71+ﬁi272ﬂ/7]+ﬁ < 16¢
1—-p)? 1-p)2
where this last inequality is true since 8’ € (1/2, 1).
Again, for a(t) = 2h(t), b(t, Xi_1) = 2f(t, X;_1), choosing K sufficiently large such that

K128 (Ki)P < Co(K—*)(Ki)?

4a((KD)"Hb((Ki) ™, Ri_1) < 64c3(Ki)~

1_ap_p (KD? 1
4

we obtain by Lemmas A.3 and A.4 that y;(§) < (Ki)B .If we denote f; — §; =t At; = (Ki)~' the previous inequality can be rewritten as
yi(t) < (At)~*, and similar to (A.6)
(M) < cat! + 20y @) AL 4 xi(Ein) < 3cAtf + xia (i)
' 3K ack'

i i
< X0+ 3c Z(Kj)_ﬂ/ < x4 3ck~* / rPdr < xo+ T S = i
j=1 0 - /3 - :3

and therefore we obtain that x;(f;) < %. O

Finally we present the proof of Lemma 5.5:

Proof. Following the steps of Proposition 5.2 we prove that each u, € P ([0, T]; V_s) with 1/2 < B < 3 Then we apply Lemmas A.3-A.5
obtaining that this sequence is uniformly bounded in C# ([0, T]; V_s) N C([0, T]; V). O
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