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1. Introduction

The Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations,
which arise in the study of 2D topological field theory (TFT) at the
beginning of the 1990s, are given by the following system of PDEs
for an analytic function F = F(v', ..., v"):

(i) The variable v is specified so that
_ OF

b = TveguP

(ii) The functions cgy = n*"c,p, With

= constant, det(nap) # 0; (1.1)

3%F

Capy = ————, 4By = (gg) ! 1.2
Br = 3oaauBaur M%) = (Nap) (1.2)
yield the structure constants of an associative algebra for any
fixedv = (v1, ..., v"), ie, they satisfy

cgﬁc'{y = c;ﬂcxa, forany1 <o, B, y,v <n. (1.3)

Here, and in what follows, summation with respect to repeated
upper and lower indices is assumed.

In [1,2] Dubrovin formulated the WDVV equations with an
additional quasi-homogeneity condition on F; we will recall
this condition in Section 4 and call a solution of (1.1)-(1.3)
satisfying the quasi-homogeneous condition a conformal solution
of the WDVV equations. These equations, together with the
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quasi-homogeneity condition, are satisfied by the primary free
energy F of the matter sector of a 2D TFT with n primary
fields as a function of the coupling constants [3-5]. In [1,2]
Dubrovin reformulated these equations in a coordinate-free form
by introducing the notion of Frobenius manifold structure on the
space of the parameters v', ..., v" and revealed significantly rich
geometric structures of the WDVV equations, which have become
important in the study of several different areas of mathematical
research, including the theory of Gromov-Witten invariants,
singularity theory and nonlinear integrable systems, see [2,6-8]
and references therein. In particular, such geometrical structures
enable one to associate a solution of the WDVV equations with a
hierarchy of bi-Hamiltonian integrable systems of hydrodynamic
type, which is called the principal hierarchy in [8]. This hierarchy
of integrable systems plays an important role in the procedure of
reconstructing a 2D TFT from its primary free energy as a solution
of the WDVV equations. In this construction, the tau function that
corresponds to a particular solution of the principal hierarchy
serves as the genus zero partition function, and the full genera
partition function of the 2D TFT is a particular tau function of an
integrable hierarchy of evolutionary PDEs of KdV type which is a
certain deformation of the principal hierarchy; such a deformation
of the principal hierarchy is call the topological deformation [8].

In this paper we are to interpret a certain discrete symmetry of
the WDVV equations in term of the associated principal hierarchy
and its tau function. The discrete symmetry we consider here was
given by Dubrovin in Appendix B of [2] and is called the inversion
symmetry. This symmetry is obtained from a special Schlesinger
transformation of the system of linear ODEs with rational
coefficients associated to the WDVV equations (see Remark 4.2
of [9] for details). It turns out that in terms of the principal
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hierarchy and its tau function the inversion symmetry has a simple
interpretation. On the principal hierarchy it acts as a certain
reciprocal transformation, and on the associated tau function it
acts as a Legendre-type transformation. In Appendix B of [2]
there is given another class of discrete symmetries of the WDVV
equations which are called the Legendre-type transformations or
the type I symmetries, the relation of such symmetries with the
principal hierarchy and its tau function is given in [8]. Besides these
discrete symmetries, the WDVV equations also possess continuous
symmetries whose Lie algebra of infinitesimal generators (without
the quasi-homogeneity condition) was studied in [10-14].

Recall [2] that a symmetry of the WDVV equations is given by a
transformation

vY > 0%, Nap V> Tap, Fi>F (1.4)
that preserves the WDVV equations. The inversion symmetry given

in [2] has the following form:

N 1 vevh R
125’7‘#57”, i=— (=2..n-1,
v v
1
_—
B = (1.5)

N A _ 1 o
Hap = Nap,  F@O) = ") 2 (F(v) - Eﬂaﬁvlv vﬂ)-

Here we assume that 7y; = 0 and the coordinates v', ..., v" are
normalized such that the constants 7,4 take the values

Nap = Satpntl- (1.6)

This can always be achieved by performing an invertible linear
transformation

n
Ve =0l + E biv',
i—2

Ve =) "dv (j=2.....n),
i=2

where b;, a{ € C. We call the solution ﬁ(f)) of the WDVV equations
(1.1)—(1.3) the inversion of the solution F(v).

The content of the paper is arranged as follows. We first
recall in Section 2 the definition of the principal hierarchy
and its tau functions associated to a calibrated solution of the
WDVV equations. We then show in Section 3 that the action
of the inversion symmetry of the WDVV equations on principal
hierarchies is given by a certain reciprocal transformation, and we
give the transformation rule of the associated tau functions, see
Propositions 3.2 and 3.3. In Section 4 we impose the conformal
condition on solutions of the WDVV equations and consider
the transformation rule of the inversion symmetry on principal
hierarchies and their bi-Hamiltonian structures. These results will
be used when we study the topological deformations of principal
hierarchies. In Section 5 we consider the transformation rule of the
Virasoro constraints for tau functions of the principal hierarchies.
In Section 6 we consider the action of the inversion symmetry on
topological deformations of the principal hierarchies and their tau
functions.

The present paper is a rewrite of an early preprint [15]. We
omit the content associated to the type I symmetries of the WDVV
equations, and refine presentations of the results given there. The
main new content is the proof of Conjecture 6.1 of [15].

2. Calibrations, principal hierarchies, and tau functions

The notion of calibrations of a solution of the WDVV equations
(or a Frobenius manifold) corresponds to the choice of a system of
deformed flat coordinates on a Frobenius manifold [2], it was first
introduced in [16] and then modified in [10]. In what follows we
use the modified one.

It is well-known that the system of WDVV equations is
equivalent to the flatness of the deformed flat connection (see [2]
for details):

Vy (@)Y = VY +2X - Y,

where X, Y are vector fields on the Frobenius manifold M, V is
the Levi-Civita connection of the metric (»;), and z is an arbitrary
nonzero complex number.

The flatness of the deformed connection implies the existence
of deformed flat coordinates, so the following equation

Vdi(v,z) =0 (2.1)

has n linearly independent solutions 9! (v, 2), ..., 9" (v, z) which
are analytic at z = 0. We denote them by

7 (v, 2) = 1"0,@) = 1™ ) _ 0,,)2",
p>0

then the Eq. (2.1) implies that

0]
0 0p0,(2) = 2l 30,0,(2), 8y = T Bv=1n (22)

vO[
Solutions to the above equations are not unique, most of the results
given below in this section hold true only for those solutions that
are normalized by certain conditions coming from topological field

theories. These carefully chosen solutions are called calibrations of
the Frobenius manifolds M.

Definition 2.1. Let F(v) be a solution of the WDVV equations, a
family of functions
{bap) |l =1,...,n; p=0,1,2,...}

is called a calibration of F (v) if their generating functions

Ou(@) =Y Oup()2’

p=0

satisfy the Eqgs. (2.2) and the normalization conditions

0,(0) = vy = Tla,svﬂ, (2.3)

0,04 (2) ™" 0,0p(—2) = Nap, (2.4)
oF

bur(0) = —, (25)
v

0100(2) = 264(2) + N1a- (2.6)

The solution F(v) together with a calibration {6, ,(v)} is called a
calibrated solution of the WDVV equations.

Let (F(v), {64,p(v)}) be a calibrated solution of the WDVV
equations, we introduce a hierarchy of evolutionary PDEs of
hydrodynamic type:

d (06,
— v [ Deptl =1 >0 2.7
n 8x( 30P ) o,y ,...,n, p>0. (2.7)

av”

ater

It is easy to see that
avY av”
atto  9x

’
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so in what follows we identify t'° with x. By using the WDVV
equations one can prove the following results:

(i) Each flow 9y, possesses a Hamiltonian formalism with the

Hamlltoman operator Py = (P;xﬂ) = n*# 3, and Hamiltonian

H, p[U {ea,p+1 (v) dx;
(ii) {Ha p>»Hpqt1 = 0, where {, }; is the Poisson bracket defined

AN
{Hl,HZ}l—/sva P; S0F dx;

(iii) Denote dy.p == 72, then g ¢04.p(V) = Bu.pbp.q(V).

(2.8)

The second property (ii) also implies
[8oz,p7 8;3,q] = O, aoz,pHﬁ,q = Oa
which are easy corollaries of the properties of Poisson brackets.

Definition 2.2. The hierarchy (2.7) of integrable evolutionary
PDE:s is called the principal hierarchy associated to the calibration

{0ap ()}

Remark 2.3. The notion of principal hierarchy was introduced
in [8] for Frobenius manifolds associated to conformal solutions
of the WDVV equations, in this case calibrations are given by
the deformed flat coordinates of the Frobenius manifolds [2], see
Section 4 below.

Now we are to define tau functions of the principal hierarchy as
it is done in [2,8]. First we recall the definition [2] of the family of
functions
{2uppq@) e, B=1,....0;p,gq=0,1,2,.. .}
by the following generating functions

0,604 (2) n*V 0,05 (W) — Ny
Z Ropp.q0) 2P W = wba @)1 p(w) =1 £, (2.9)
p.g=0 z+uw
Then one can prove that
Qup:pg = 2p.gap y,s82a,p:p.q = Oa.p$2y 58,05 (2.10)

which imply that if v*(t) is a solution of the principal hierarchy
associated to certain calibration (here we use t to denote all the
time variables t*? of the principal hierarchy), then there exists a
function f (t) such that

Qa,p;ﬁ.q(v(t)) = aa,paﬂ,qf(t)~

In particular, we have 6, , (v(t)) = £21,0.a,p(V(£)) = 01,000 pf (£).
Definition 2.4. Let (F(v), {64,,(v)}) be a calibrated solution of the

WDVV equations, {d,,,} be the associated principal hierarchy. A
function t(t) is called a tau function of the principal hierarchy if

R¢.p:.q0 () = 04,p0p,qlog T(1), (2.11)
where v* (t) = n*#9; 04,0 log T (¢).

Note that if 7 (t) is a tau function of the principal hierarchy, then
vo(t) = n*f 01,008,0 log 7 (t) is a solution of the principal hierarchy.
Indeed, by using the property of the functions £2, ;.4 4 [2]

3'90411 aeﬂ,q co*

0 20 pip.g = 300 9ur € cé’*:n””c;&. (2.12)
we have
av¥(t)
atBa 1% 31.09y.00p.4 108 T(t) = 17 31,02y .0.5.4(V (1))
982, 0 .
= 1 =) = 0 S B o)
= “Va}(%.
avY

On the other hand, the above argument shows that a solution of
the principal hierarchy also defines a tau function.

3. The actions of the inversion symmetry

In this section, we study the actions of the inversion symmetry
on calibrations, principal hierarchies, and tau functions of a
solution of the WDVV equations. We fix a pair of solutions
F (v),ﬁ(f;) of the WDVV equations that are related by the
transformation (1.5).

Proposition 3.1. Let {6, ,(v)} be a calibration of F(v), then the
following functions

. 1 A Onp—1(v)

bro@ =——. B, =-""0 p,

~ 0;

9,-,p(f))=Lf1”) 2<i<n-1,p>0, (3.1)
v

~ 0

en,p@):%(”), p=>0,

give a calibration {éa,p(f))} of E(D).

Proof. According to the definition of calibration, we need to show
that the generating functions 6, (z) satisfy Eq. (2.2), i.e.

20, ., 30,2)
ﬁzzcy ~ s
0 v%9 P “B 5y

and the normalization conditions. Note that both v and éa,p are
defined in three cases, so to prove the above identity one needs to
verify 3 x 2 x 3 = 18 cases. The computation is not hard (in fact, it
requires nothing more than elementary calculus), but very lengthy,
so we omit the details.

The following identity is frequently used in these verifications:

2 OV* R

3 13
n(sn —
Bade T 9peaps

C(aﬂ

+ naﬂvnélu,

it can be proved by definition and case by case verifications

(18 cases again). By using the above identity and the following ones
93F (D)

0290 vY

B 31} Jv* ovY
30% 30P dvY

which was given in [2], one can prove the proposition straightfor-
wardly. O

="

Eaﬂy(f)) = Capv (U)

Proposition 3.2. Let {0, p} be the principal hierarchy associated to
a calibration {6y ,(v)} of F(v). Introduce the following reciprocal
transformation

dx = Xn: D Oup(v)dt*?,

(3.2)
a=1 p>0

A S A

S (3.3)
(P =" (p=0), =" 2<i<n p=0,
and denote éa,p =3 —2_, then we have
9P 0 [ 36upr1(®)
= [T ) a =10, p=0, (34
a/t\ayp n 82 < ai\)y b 5ﬂ b 9 ’ p —_— ’ ( )

i.e. {Jy p) is the principal hierarchy of F () with calibration {6, ,(D)}.
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Proof. From the definition of the reciprocal transformation we

have
a1
9% uhox’
0 ___ 8 @Oy
atLp atn-p—1 ol ox (35)
9 O, 0 . ’
—_— = — = —, 2<i<n p=>0,
atip ati-p v 9x
Aa = o 9”’“@)3, p=>0.
atmp otl.pt1 vt 0x

The proposition can be proved by direct calculation. O

Proposition 3.3. Let 7 (t) be a tau function of the principal hierarchy
associated to a calibration {6 ,(v)} of F(v). Define

log 2(F) = log 7 (t) —x%, (36)

then % (f) is a tau function of the principal hierarchy associated to

(B p (D))

Proof. By definition the functions £2, p:p.q(D) are given by (2.9) in

terms of the functions { .p(0)}. From the relation (1.5) and (3.1) it
follows that

A N a+8}
RopipqV) = (=17 F (9a+(n—1>a(a>,p—6<a>:ﬁ+<n—1)5(ﬁ>,q—5(ﬁ>(U)

1
o -+ (n—1)8(@),p—8 () (V) 9ﬂ+<n—1>a<ﬂ),q—a(ﬁ)(v)), (3.7)

where §(a) = 8; —dy,and we assume that 6, 1 = 1, 24 p:n,—1 =
£25,-1,8,¢ = Owhen («, p), (8, q9) # (1, 0). Then one can verify, by
using (1.5), (2.11) and (3.1), that

fza,p;ﬁ,q(ﬁ(f)) = éa,péﬂ,q log f'(f),
where 0% (f) = 1%#d; 00,0 log (). The proposition is proved. [

Let 7(t) be a tau function of a principal hierarchy, then the
reciprocal transformation (3.2) can be written as

el
dx =d ( log r(t)) .
0x

It follows that up to the addition of a constant we have
N ]
= —log t(t). (3.8)
ax

The constant can be absorbed by a translation of X in the definition
of the reciprocal transformation, so we will assume from now on
the validity of (3.8). Thus in terms of a given tau function, the
reciprocal transformation (3.2) and (3.3) can be represented by
(3.3),(3.6) and (3.8).

We note that the inverse of the transformation (3.3), (3.6) and
(3.8) is given by (3.3) and

.dlogz(f)

0 o
x=——logt(t), log7(t) = log T(f) — xA————. (3.9)
X 0x

They are transformations of Legendre type.

4. Conformal case

In this section we are to include the quasi-homogeneity
condition into the WDVV equations as it is formulated in [2].

Definition 4.1. A solution F(v) of the WDVV equations is called
conformal if there exists a vector field E, called the Euler vector
field, of the form

n

E=D (v

a=1

P+ 1) B, q4. 1 €C,

and some constants d, Ayg, By, C € C such that
1

E(F) =3 —dF + EAa,gv“vﬁ + B, v* +C.

It is often assumed that the matrix Q = (q%) is diagonalizable
and g} = 1. The coordinates v', ..., v" are normalized so that

n

E=) " (dov® +1%) b,

a=1

di =1,

and r¢ = 0ifd, # 0. In this paper, we assume that

r'=...=r"=0.

This assumption ensures that the solution F (0) of the WDVV
equations obtained from F(v) by the action of the inversion
symmetry also has a diagonalizable Euler vector field, while this
is not always true without the above assumption, see [2] and
Lemma 4.2. Then the Euler vector field can be written in the
following form:

u d " d
E=) (1-5—ma)v 8 m=-3,

a=1

where the constants d and {u,} are called the charge and the
spectum of F(v) respectively [2].
Note that the WDVV equations only involve the third-order

derivatives of F(v), so we can add certain quadratic functions of

v!, ..., v" to F(v) such that the constants Aup, By, C satisfy the

following normalizing conditions
Aup #0 onlyif uy + ppg = —1,

d

B, #0 onlyif u, = 3 -2,
C#0 onlyifd = 3.
Furthermore, our assumption on 717 and r* implies that
Ay =0, B; =0.

The following lemma is proved in [2].
Lemma 4.2 ([2]). Let F(v) be a conformal solution of the WDVV
equatzons with charge d and spectrum {ua} and F(v) be its inversion,
then F (v) is also conformal, whose charge d and spectrum {1, } read
d=2-d,  fu=pa—1, fu=m+1,
fi=p 2<i<n-—1). (4.1)

Definition 4.3. Let F(v) be a conformal solution of the WDVV
equations with spectrum {u,}, a calibration {6, ,(v)} is called
conformal if there exist constant matrices Ry, R;, . . . such that

E (a/ﬁea,p(v)) = (P + to + /Jvﬁ) aﬂea.p(v)

p
DI IO RCAIE (42)
k=1
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and
(R)g #0 onlyifuy —pug =k, (4.3)
Nay RO + (=1 ng, (R}, = 0. (44)

The property (4.3) implies that there is only finitely many
nonzero matrices Ry. These matrices, the metric (.4) and the
spectrum {u,} form a representative of the monodromy data of
F(v) atz =0, and

va(@) =Y 0,,(0) (2"2")), a=1,....n
p=0

form a system of flat coordinates for the deformed flat connection
of the Frobenius manifold associated to the conformal solution
F of the WDVV equations. Here R = R; + R, + ---and u =
diag(wq, ..., Un). See [2,9] for details.

Proposition 4.4. Let (F(v), {6,,(v)}) be a calibrated conformal
solution of the WDVV equations, then the calibration {é(,,p(f;)} of E(D)
is also conformal.

Proof. We only need to compute E (5,390,,1,(6)), then the matrices
Ri, Ry, ... for ﬁ(f)) can be obtained

B 89 +s1 a+(n—-1)8()
R)g = (=171 (Rk+6(a)75(ﬁ))ﬂ+(n_1)5(/3) ;

The proposition is proved. [

k=1,2,....

The principal hierarchy associated to a conformal calibtation
has a very important additional structure—the bi-Hamiltonian
structure. We already know from Section 2 that the principal
hierarchy has one Hamiltonian structure P;. When the calibrated
solution (F(v), {64,p(v)}) is conformal, we have the following
results.

Lemma 4.5 ([2]). Define a matrix differential operator P, = (P;’ b ),
where

P;‘ﬁ = g*P(v)d, + ij"g(v) vy, (4.5)
d
g (v) = (1 -5 uy> v csf (v),
(4.6)

1
ref () = (5 - Mﬂ) P (),

then P, is a Hamiltonian operator which is compatible with P;.
Furthermore, for any conformal calibration {6, ,(v)} of F(v), we have

1
{' s Hot,p—l}Z = <p + to + 5) { s Hoz,p}l

p
+ Z ROE{-, Hg p—i}1,
k=0

where {, }, is the Poisson bracket defined by P,, see (2.8).

It has been shown in Proposition 3.2 that the inversion
symmetry preserves the first Hamiltonian structure P;, then it
is natural to ask: does it also preserve the second Hamiltonian
structure P,?

Proposition 4.6. Let F(v), F () be a pair of solutions of the WDVV
equations that are related by the inversion symmetry, and P;, IA’i (i=
1, 2) be the corresponding Hamiltonian structures. Denote by @ the
reciprocal transformation (3.2) and (3.3), then we have

®(P) =P, PP =P,

We note that the action of reciprocal transformations of the
form (3.2) and (3.3) on evolutionary PDEs of hydrodynamic type
and their Hamiltonian structures of the form (4.5) was first
investigated by Ferapontov and Pavlov in [17]. After the action of a
reciprocal transformation a Hamiltonian operator of the form (4.5)
becomes nonlocal in general, the nonlocal Hamiltonian operator is
given by a differential operator of the form (4.5) plus an integral
operator, in this case the metric (g%#) is no longer flat. In [18]
Abenda considered the conditions under which such a reciprocal
transformation preserves the locality of a Hamiltonian structures
of hydrodynamic type. In [19] we studied a general class of
nonlocal Hamiltonian structures in terms of infinite dimensional
Jacobi structures and gave the transformation rule of such
Hamiltonian structures under certain reciprocal transformations,
a criterion on whether a reciprocal transformation preserves the
locality of a Hamiltonian structure was also given in [19].

Theorem 4.7 ([19]). Let P be a quasi-local bivector, p be an invertible
differential polynomial, the reciprocal transformation defined by p is
denoted by ®@. Then & (P) is local if and only if

[P, A]=0, z(P,p) =0,

where A = f pdx, and z(P, p) is the nonlocal charge of the pair
P, p).

In the above theorem the bracket [, ]is the Schouten-Nijenhuis
bracket defined on the space of quasi-local multi-vectors [19], and
the function p in our present case is given by p = v". The definition
of the nonlocal charge z(P, p) will be given below in the proof of
Proposition 4.6.

Proof of Proposition 4.6. According to the general results of [19]
(c.f. [17]), @(P;) (i = 1, 2) are Jacobi structures of hydrodynamic
type. To prove the proposition, one needs to show that they are
both local, and their associated metrics coincide with the ones of
P(i=1,2).

We first give the proof of the locality of @(P,) by using
Theorem 4.7. The proof of locality for @ (P,) is easier and is omitted
here.

In our reciprocal transformation (3.3), p = v",s0 A = f V" dx,
then we need to show that

[P, A] =0, (4.8)

which is equivalent to saying that there exists a constant ¢ such
that

ViVi (V") = ¢ 8,

where V is the Levi-Civita connection of the metric (g,4) =
(g*#)~1 (see (4.6)). By a straightforward calculation one can obtain
that ¢ = 154, thus (4.8) holds true.

We then need to compute the nonlocal charge z(P,, v") defined
in [19] by

1
z(Py, V") = Eg““*’va(v“w,s(v") —co". (4.9)

It is equal to

1, 1-d ,

=g - v =0.
Zg 2

This fact together with (4.8) implies the locality of @ (P,).
Next, we need to show the coincidence of the metrics of @ (P;)

and 0fI3,-. i = 1, 2. This follows from the following identities
(V"2 dD*dDP = 1y dud?,
(V")2805(D) dDdDP = gup(v) dv¥dv?,

and the transformation rule of the metrics of hydrodynamic Jacobi
structures [17,19]. The proposition is proved. O
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5. Virasoro constraints of the tau functions

There is an important class of solutions of the principal
hierarchy (2.7) which can be obtained by solving the following
system of equations [2,8]:

Y fentt) _g,
avY

where %P = *P — ¢%P and c*P are some constants, which
are assumed to be zero except for finitely many of them. These
constants are required to satisfy the genericity conditions that
there exist constants v(l,, ..., vg such that

D P, 0 p (1) |y=uy = 0.

and the matrix

(A7) = (Z c“’l’aC’ay@a_p(uo))
o,p

isinvertible. Here 9,, = % and9° = ), n°%9¢. One can obtain in
this way a dense subset of the set of anafytic monotonic solutions
of the principal hierarchy (2.7), see Section 3.6.4 of [8] for details.
The tau function for the solution v!(t), ..., v"(t) satisfying (5.1)
can be chosen to be

y=1,...,n (5.1)

1 .
logz(t) = D EP T 20 g(0(D)). (5.2)
a.f.p.q
The validity of the defining relation (2.11) follows from (5.1) and
the identity (2.12) for the functions £2, .. 4.

Proposition 5.1. Let v(t) = (v'(¢), ..., v"(t)) be a solution of the
principal hierarchy (2.7) given by (5.1), and v(t) = @®'(f),...,
D" (t)) be the solution of the principal hierarchy (3.4) defined via (1.5),
(3.2) and (3.3). Then (f) satisfies the equations

Z 'fjot-,P 89w,p(v) —0,

557 =1,...,n, (5.3)
p . . )
wheret = t%P — ¢c*P with
61’0 =0, 61,p+1 — _Cn,p’ o — Cl,p’ gnp — C]’p+]

foriz1,n, p>0,and éa,p are defined in (3.1). The associated tau
function

o 1 zap zB.q A "
log2h) =5 Y i T B (0D (5.4)

a.B.p.q
satisfies (3.6).

Proof. To prove the validity of (5.3) let us consider the case when
y = n, the proof for other cases is similar. By using (1.5), (3.1) and
(3.3) we have

o 89a (0) o, 1 el
y il z(z
o#1,n
N S e )

o#1,n

= zvna;nv“ Ztap otp
3w g e
o#l,n a,p

— > B, 10— 80
a,p

- Z £P0 p + 10
a.p

dlo .
- 20T +x=0.
0x

Here we used the relation (3.8) and the fact that

=2 (-

which follows from (2.12), (5.1) and (5.2). The validity of the
relation (3.6) follows from (3.3), (3.7), (5.2) and (5.5). The
proposition is proved. O

d log T(t) Y0y V(D) (55)

In the case when the solution F(v) of the WDVV equations
is conformal, the tau function (5.2) satisfies the Virasoro con-
straints [20-22]

- dlogt dlogt dlogt
a.p:B.q B4 Tap
O e agpa T 2 el
+ ) Cmappal* P =0, (5.6)

where m > —1, and the coefficients that appear in the above
expressions are some constants determined by the monodromy
data of the Frobenius manifold of F(v), they define a set of linear
differential operators

o.p:B.q Ba ap_ Y
m_Za tapatﬁq+2bmapt 3tﬂq

+ D Cmapipaat Pt + S (5.7)

which give a representation of the half branch of the Virasoro
algebra

i3

o i
[Li, Lj] = (i — )Liyj + n—

The first two Virasoro operators have the expressions

d 1
o.p _ aOﬁO
Ly=)t Srap T T 5 Mt

8i+j,05 l?] = -1 (58)

p=1
1
— _ B go.p
Lo = ;<P+2+/La> atm;rzam .
1
5 2 DT Rpsgr)f mep £ ¢4
p.q=0

1 1 )
- - - . 5.9
£ (5-) 59)
See [20,8] for the explicit expressions of L,,m > 2. From
Proposition 5.1, it follows that the tau function of the principal
hierarchy (3.4) obtained from the tau function (5.2) of (2.7) via the
action of the inversion symmetry of the WDVV equations satisfies
the Virasoro constraints
Aapﬂqali)gr alf)gr N ZB’B’AQ ;a.pali)gr
"o oter 9tha TP geha

n za.pzp.q
+Zcm;a,p;ﬂ,qt t =0

associated to the solution F () of the WDVV equations.

(5.10)

6. The topological deformations

The principal hierarchy (2.7) possesses the following Virasoro
symmetries [20]

7_2 appql 07 3 pn
S T OteP atﬁq me.p atﬂq

+ Z Cmiacp:p.gt PP, (6.1)
where m > —1. Note that these symmetries are nonlinear in 7.
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It is proved in [8] that, for a calibrated semisimple’ conformal
solution F(v) of the WDVV equations, there exists a unique
deformation of the principal hierarchy such that

o The deformed hierarchy possesses tau functions;
e The Virasoro symmetries (6.1) are deformed to the following
ones

at

— = LyT,
0Sm m

m=-1,0,1,...

which is linear in 7. Here we need to introduce a deformation
parameter € into the Virasoro operators L, by the rescaling
(4P — €t*P,

The tau function of the deformed hierarchy that is specified by
the Virasoro constraints

Lm|[a,,,ﬁta~p75;,8¢r(t) =0, m=-1,01,...
corresponds to the partition function of a 2D TFT if the solution
F(v) of the WDVV equations is given by the primary free energy of
the matter sector of the 2D TFT. Due to this fact such a deformation
of the principal hierarchy is called the topological deformation, it

has the form

Jw® s, (aeﬁ'qu](U)))

atha owY
+ Zezgl(gqq;g(w; wy, ..., wBtYy, (6.2)
g>1
Here a,ﬁ = 1,...,n, Kg‘,q;g are differential polynomials of
wl, .. , i.e. polynomials of the x- derivatives of wl, ..., w"
whose coefﬁaents depend smoothly on w! , wh,

In this section, we will study the relatlon between the
topological deformations of the principal hierarchies of calibrated
conformal solutions of the WDVV equations that are related by the
inversion symmetry.

We redenote the Hamiltonian structures P;, {, }i, Hy p,...0f the
principal hierarchy (2.7) that appear in the previous sections by
Pl (o H[}, ...respectively. Then the topological deformation
(6.2) of the principal hierarchy also possesses a Hamiltonian
structure given by the following data:

(i) A Hamiltonian operator P; with leading term PllOJ

Py =P 2P P

where P][k] (k > 1) are matrix differential operators whose
coefficients are differential polynomials of w!, ..., w" with
degPl[k] =2k+1;

(ii) A set of differential polynomials {h, ,(w, wy, ...)} of the form

)= ea,p(w) + € h‘[xl’]p(w, Wy, Wxx)
+e4hfx%]l,(w,wx,...)+---,

he p(w, wy, ..

where hlf} (k > 1) are differential polynomials of degree 2k.

They define respectively the deformed Poisson bracket

SHy o ( SHy
Hy Hy)i = PP (22 ) g
{H1, Hah /Sw“ ; ((Swﬂ) X

= {Hy, Hz}go] + € {Hy, Hz}[lu +

1 A solution of the WDVV equation is called semisimple, if for any point v of the
associated Frobenius manifold M, the associative algebra defined on T,M by the
structure constants c B(v) is semisimple. This notion is not explicitly used in the
present paper.

and the deformed Hamiltonians
Hyp = /ha pr1dx =HP + 2 HY + .

In particular, the densities h, o are given by (c.f. (2.3))
hoo = Neyw”, «,=1,...,0

Then the deformed hierarchy (6.1) has the expression

Jw? 8H
— _ pBy %lap —
S = {wf Hop}, =P S a,f=1,...,n, p>0.
We also denote 9y, = 3{% This hierarchy has the following
properties:
(i) 01,0 = Ox;

(ii) {Hot,p» Hﬁ,q}l =0, {Ha,fls '}1 =0, aoz.pHﬁ,q =0, [aa.ps 8/.‘5.,q] =
0.

(iii) Oq,php,q = 0p,qha.p-
The property (iii), which is called the tau symmetry condition,

implies that for any pair of indices («, p), (8, q) there exists a
differential polynomial £2, .4 4 such that

+eell 4+

Qapipg = ‘Qoz P:B.q a.p;B.q

axga,p:ﬂ,q - aa.,phﬂ.,q'

They are related to the tau function of the topological deformation
of the principal hierarchy by

Qa,p;ﬂ,q(w(t)v wi(t),...) = 623a,p8f3,q log (t),

where w®(t) = €2 naﬂal,oaﬁ,o log 7 (t). It follows from the defini-
tion of the tau function t[%!(t) for the principal hierarchy that

Ft) = e 2F(t) + F1(t) + 2F(t) + - - -, (6.3)

where the free energy F (t) = log t(t), Fo(t) = log t[%(¢).

The topological deformation of the principal hierarchy is
constructed in [8] by using the fact that the free energy # (t) can be
determined by the requirement of the linearization of the Virasoro
symmetries via the genus zero free energy %,. Namely, it can be
represented in the form

F(t) =logt = € 2F(t) + AF (v, vy, . .
Here
AF = Fi(v, v) + €2 R (v, ..., v™¥)

+ o € (v, D)

with the functions F, determined by the loop equation givenin [8],
and

Mve=vee)- (6.4)

327, (t)
ve(t) = Y ———=,
O =1 o
satisfy the principal hierarchy. The topological deformation of the

principal hierarchy is then obtained by the following coordinate
transformation

w® = v* 4+ 27?9, 09,0 AF. (6.5)

This transformation is a particular quasi-Miura transformation. In
general, a quasi-Miura transformation will transform objects (such
as Hamiltonians, vector fields, Hamiltonian structures,...) with
differential polynomial coefficients to objects with coefficients
being rational functions of the jet variables. In [8], the above-
mentioned Hamiltonian structure of the deformed hierarchy is
obtained from the first Hamiltonian structure of the principal
hierarchy via the quasi-Miura transformation (6.5). A proof of
the polynomiality of the topological deformation of the principal
hierarchy and of the Hamiltonian operator P; are given in [23,24].
For the second Hamiltonian structure of the principal hierarchy,
the following conjecture is given in [8].

a=1,...,n
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Conjecture 6.1 ([8]). The quasi-Miura transformation (6.5) trans-

forms the second Hamiltonian structure Péol of the principal hierarchy
to a Hamiltonian structure P, with differential polynomial coefficients.

We assume its validity in the remaining part of the present section,
and call the bi-Hamiltonian structure (P;, P,) that is induced from
(P{OJ, PZ[O]) via the quasi-Miura transformation (6.5) the topological
deformation of the bi-Hamiltonian structure (PEOJ, Pz[O]).

Let (F(v), {6y,p(v)}) and (F(D), {0yp(D)}) be two fixed cali-
brated conformal solutions of the WDVV equations which are

related by the inversion symmetry, and denote the topological de-
formations of the corresponding principal hierarchies by

8H 5 <5 [ 8H.
B _ poB a.p ~B _ pap a.p
Oy pw” =P} ( S0P ) , Oy pw” = P; ( Y )

respectively. Introduce the following reciprocal transformation @:

n

dX=) """ hypdt®?, (6.6)
a=1 p>0
Fo=x  fP=—"l p>1,
- . (6.7)
= (p=0), [P=t"P2<i<n p>0,
and the new coordinates w* = n“ﬂﬁﬁﬁo, where
T 1 T hn -1
hio=——, hypy=—-—"2", p=>1,
hi,0 P hi0
- ha’p
hyp=-—", 2<a=<n—-1,p=0, (6.8)
hl,O
- h
hn,p = ﬂ» p=>0.
hl.O
Here the densities hy , = hy p(w, wy, . ..) are chosen as [8]

9ZAF (v, vy, ...)

0xote-p+1
The variables v, vy, ... that appear on the right hand side of
the above equation can be represented in terms of the variables

w, Wy, ... by using the quasi-Miura transformation (6.5).
Denote the components of @ (P;) in the coordinate system

(@', ..., ") by P’ then we have (see [19])

- ~op [ 8H. < 0
~B _ pop a.p —

Oy pw" = P| ( S ) , Oup = Yo

It is easy to see that P, {I:Ia,p} have the same leading terms as

131, {I:Ia,p} respectively but their deformed parts are different.

ha,p(wv Wy, ...) = 0a,p+1(v) +

(6.9)

Theorem 6.2. There exists a Miura-type transformation such that
the hierarchy (6.9) is transformed to the topological deformation

{f)a,p&)ﬁ} of the principal hierarchy for F (D).

Lemma 6.3. Under the reciprocal transformation (6.6) and (6.7) the
bi-Hamiltonian structure (P1, P,) of the topological deformation of the
principal hierarchy is transformed to a local bi-Hamiltonian structure

of (6.9).

Proof. We are to use Theorem 4.7 again. Denote A = f hy o dx, we
need to show that

[Pi, Al =0,  z(Pi, h10) = 0.

Here the function z is defined as in (4.9). The first equality is a
consequence of the quasi-triviality of the bi-Hamiltonian structure
(P1, Py) (see [25]), since we have proved [PI.[O], Al = 0. The

second equality is verified in the proof of Proposition 4.6. The
lemma is proved. O

Proof of Theorem 6.2. From the above lemma it follows that both
the hierarchy (6.9) and the topological deformation {aa_pa)ﬂ}

of the principal hierarchy for F (0) possess local bi-Hamiltonian
structures, these bihamiltonian structures have the same leading
terms, which form a semisimple? bi-Hamiltonian structure of
hydrodynamic type.

From Theorem 2.5.7 of [19] it follows that Miura-type trans-
formations preserve Schouten-Nijenhuis brackets, so if two
bi-Hamiltonian structures are related by a Miura-type transforma-
tion, then this transformation transforms a bi-Hamiltonian vec-
tor field to a bi-Hamiltonian vector field. By using this fact and
the result of Corollary 1.9 of [25] we know that in order to prove
the equivalence of two hierarchies under Miura-type transforma-
tions, we only need to show that their bi-Hamiltonian structures
are equivalent. According to the general results of [25,26], two
bi-Hamiltonian structures of the type considered here with same
leading terms are equivalent if and only if their central invariants>
coincide. It is proved in [27] that the topological deformation of
the bi-Hamiltonian structure of a principal hierarchy has central
invariants ﬁ, so we have

AA 1
¢i(Py,P))=—, i=1,...,n.
l( 1 2) 24
On the other hand, it is shown in [19] that if a reciprocal
transformation transforms a local bi-Jacobi (i.e. bi-Hamiltonian)
structure to a local one, then it preserves the central invariants,
which implies

1
¢i(P1, Py) = 22’

ci(Py, Py) = ci(Py, Py), i=1,...,n,

so ¢;(P;, 152) = c,-(131, 132),1' =1,...,n.Thetheoremisproved. 0O

The above theorem only ensures the existence of the Miura-
type transformation relating the two integrable hierarchies. We
now consider the explicit form of this transformation.

Note that the reciprocal transformation (6.6)-(6.8) is defined
in the same way as in the dispersionless case, so we have the
following proposition.

Proposition 6.4. Let t(t) be a tau function of the topological
deformation (6.2) of the principal hierarchy associated to a calibration
{6u,p(v)} of F(v). Define

dlogt(t)

log T(t) = log T (t) —x
ox

(6.10)

then 7 (f) is a tau function of the hierarchy (6.9). It satisfies
f201.1);/3,1;(ﬁ)(i:)) = 6250[,1)5/3,[] log :E(E)»

where @ () = n#9,.00p.0log T (), and 2, . 5.o(w) are defined as
in (3.7) with 0, ,(v) replaced by hg, p(w).

2 A bi-Hamiltonian structure of hydrodynamic type is semisimple if the
eigenvalues of the (1, 1) tensor rj‘ = (gz)i"(gl)k,- are non-constant and distinct,
where g;,g, are the metrics associated to the hydrodynamic bi-Hamiltonian
structures. The bi-Hamiltonian structures obtained from a semisimple conformal
solution of the WDVV equation is always semisimple. This notion is not explicitly
used in the present paper either.

3 The notion of central invariants is introduced in [25,26] to characterize
infinitesimal deformations of a bi-Hamiltonian structure of hydrodynamic type.
They are defined by certain tensor coefficients that appear in the first six terms of
the deformed bi-Hamiltonian structure. Since their explicit definition will occupy
too much space and we never use it in the present paper, we omit it. In fact, all
deformations considered in this paper have central invariants i.
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We denote F (f) = log 7 (), and

F) =eFo(D) + FO +EFH0 +- -
It is easy to see that £, = log 7!°! which is the tau function of
the principal hierarchy {Ba_pf)ﬂ} given in Proposition 3.3. In what
follows, we are to show that the functions fjg (g > 1) can be
obtained from %, (g > 1), and they are in fact differential rational
functions® of 01, ..., D"

We regard the two sides of (6.10) as power series in
€ with coefficients being functions of t, then compare their
Laurent coefficients. By using (6.4) we know that the reciprocal
transformation (6.6) can be represented in terms of a tau function
by
- ,0logT(t)

X=e——
0x
o Fo(t OAF (t

o(t) pe (t)

X X
. L 0AF (1)

=R+, (6.11)
0x

where AF () =Y., €%72F,(t), so we have

20AF(t) 9 ~
A6

€

FoD) ="
l ~ A~
_ Zl 2047 ® (8k77g(t)'

£ k! ax ARk

In particular, by using the Legendre transformations (3.6) and
(6.10) and the fact that F,(t) = Fo(t) we have

(6.12)

10
o 28A (GRGE
=€ x u ﬁo(t)
< oA DAF(t) 0Fo(t
gy 4 PAF O 350D
ax X
2y 1 ( L IAF () )" 0 Fo(h)
=k ox Ok
dFo(t 0AF (t
:672 ?O(t)—x 0() _x ()
ax 0x
_ LAAF () \* 9% Fo (D)
2
€ — | € =
+ k2>2: k! ( ax Oxk
_ aA?(t) 9" Fo(£)
_ 2 -2
—¢ fo(t)—x ’Z ( ) R
k>2
2 DAF( Kok Fo(t
1ogr(t)—Af(r)+e*ZZ Q) ?(),
= ox ARk
by using (6.12) again, we obtain
3 e Z 2047 (O K okF (D)
= K ox Rk
~ LOAF(6)\* 0% Fo(F)
= AF(t) —e? . 6.13
®—e ;k'( ax ) dxk (8:13)
By comparing the coefficients of powers of € on both sides of the
above equation we can represent ¥, in terms of %, 1, ..., Fg as
4 A differential rational function of ', .. ., v™" is a rational functionin v}, 0, ...

follows:
F1(t) = F1(0), (6.14)
. 3P aF()  192F@ (IF(0))
20 = R0 T T2 e ( ax )

B 1 (37D’

_fz(t)—w( o ) (6.15)

Here we used the relations

05D _ 9RO dx __9F© 32 Fod)

9% ax 0k ox  ox
and
PFD L, 1
= =V = ——.
ox2 h

Note that the summation on the left hand side of (6.13) starts from
k = 2, so we can use the fact that
¥ Fo(f) Ak 20"(F)

axk T ark2
then every % (f) is a differential polynomial of v", #1, ..., %.
Note that #7, ..., #; are differential rational functions of vl
V", and ', ..., D" are rational functions of v', V", so we see

that %, is a differential rational function of 91, ..., d".
Now let us denote by

log#(}) = F(B) = e o (D) + Y _ *2F, (D)
£>0

the free energy of the topological deformation of the principal
hjergrchy associated to F(). Then as in (6.4) we can represent
F¢ () in the form

Fo®) = E,(D(D), ..., 35 7%0(D)),

where 9(f) = (®!(f),...d"(t)) is a solution of the principal
hierarchy of F(9). .

Now let us compare ¥, and f:g (g = 1).Wheng = 1, from
(6.14) and the expression of the genus one free energy [7] it follows

that

det (copy (V(E)V] (1)) + G(V(1)).

Here G(v) is the G-function associated to F(v), see [7]. By using
the following relation between the G-functions for F(v) and its
inversion F(?) given in [28]:

- 1
Fi1(t) = FH(t) = —
1(t) 1(0) Y

G(v) =G() + (24 - 7> log v"

and the identity

1
— logdet(Capy, (0)0]) = — log det(cep, (VIV)) — — logv

24

we have
"E) + = log( D.

For higher genera, we present the following conjecture.

-~ A A A 1
Fit) = F1(b) — 5105

Conjecture 6.5. The difference § = Y, €%72 (%, — %;) can be
represented as -
§(i) = §1(W") + €2 G2(") + €*Ga(@") + -,

where G4(W") are differential polynomials of w". Moreover, the
differential polynomials §, do not depend on the particular solution
F(v) of the WDVV equations.
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We have shown above that the conjecture holds true at the
genus one approximation with

1 1
g (w") = 3 log " + 5 log(—1).

At the genus two approximation, we have verified the validity
of the conjecture for solutions of the WDVV equations that are
associated to the Coxeter groups of type I, (k) and A; with

AT A2
ga(amy = o O
8(w")?2  12(w")3

For the higher genera corrections g (g > 3) we do not know
their explicit expressions at the moment. It is interesting to give
an interpretation for the expressions of these functions.

Under the assumption of validity of the above conjecture, the
Miura-type transformation between the hierarchy (6.9) and the
topological deformation { oi® } of the principal hierarchy for F (D)

P ot
is given by

w* = w* + naﬁagagﬂ_o

€2 wk (WMH?
x | —— log " + €* XX X
2 s(wm?  12(wn)3

Here n*f 500" = w¢. We note that after the above Miura-type

transformation the flows ;{2: are transformed to the evolutionary
PDEs

ow” o . -

% :Kﬂ’q(w,w;(,w,;,;,...), o, B=1,....n,q >0,

then the hierarchy (6.9) is obtained by redenoting the spatial
variable % and the time variables £#-9 by ¥ and t#9 respectively.
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