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Energy and potential enstrophy flux constraints in quasi-geostrophic models

Eleftherios Gkioulekasa

aUniversity of Texas-Pan American, Department of Mathematics, 1201 West University Drive, Edinburg, TX 78539-2999

Abstract

We investigate an inequality constraining the energy and potential enstrophy flux spectra in two-layer and multi-
layer quasi-geostrophic models. Its physical significanceis that it can diagnose whether any given multi-layer model
that allows co-existing downscale cascades of energy and potential enstrophy can allow the downscale energy flux to
become large enough to yield a mixed energy spectrum where the dominantk−3 scaling is overtaken by a subdominant
k−5/3 contribution beyond a transition wavenumberkt situated in the inertial range. The validity of the flux inequality
implies that this scaling transition cannot occur within the inertial range, whereas a violation of the flux inequality
beyond some wavenumberkt implies the existence of a scaling transition near that wavenumber. This flux inequality
holds unconditionally in two-dimensional Navier-Stokes turbulence, however, it is far from obvious that it continuesto
hold in multi-layer quasi-geostrophic models, because thedissipation rate spectra for energy and potential enstrophy
no longer relate in a trivial way, as in two-dimensional Navier-Stokes. We derive the general form of the energy and
potential enstrophy dissipation rate spectra for a generalized symmetrically coupled multi-layer model. From this
result, we prove that in a symmetrically coupled multi-layer quasi-geostrophic model, where the dissipation terms for
each layer consist of the same Fourier-diagonal linear operator applied on the streamfunction field of only the same
layer, the flux inequality continues to hold. It follows thata necessary condition to violate the flux inequality is the use
of asymmetric dissipation where different operators are used on different layers. We explore dissipation asymmetry
further in the context of a two-layer quasi-geostrophic model and derive upper bounds on the asymmetry that will
allow the flux inequality to continue to hold. Asymmetry is introduced both via an extrapolated Ekman term, based on
a 1980 model by Salmon, and via differential small-scale dissipation. The results given are mathematically rigorous
and require no phenomenological assumptions about the inertial range. Sufficient conditions for violating the flux
inequality, on the other hand, require phenomenological hypotheses, and will be explored in future work.

Keywords: two-dimensional turbulence, quasi-geostrophic turbulence, two-layer quasi-geostrophic model, flux
inequality

1. Introduction

It is now well-known that in two-dimensional Navier-Stokesturbulence, most of the energy tends to go towards
larges scales and most of the enstrophy tends to go towards small scales, sometimes forming an upscale inverse energy
cascade with energy spectrum scaling ask−5/3 and a downscale enstrophy cascade withk−3 scaling [1–3], wherek
is the wavenumber. Kraichnan [1] argued, differently from Fjørtøft [4], that the direction of the two cascades can
be justified via a thermodynamic argument in which we introduce, without proof, the assumption that the energy and
enstrophy fluxes should tend to revert the energy spectrum from a cascade configuration to the absolute equilibrium
configuration. The existence of forcing and dissipation arrests this tendency, thus keeping the system locked in a
steady-state forced-dissipative configuration away from absolute equilibrium.

Less well-known is the fact that there is a serious error withthe original Fjørtøft argument: Fjørtøft claimed
that the twin detailed conservation laws of energy and enstrophy alone imply that in every triad interaction group,
more energy is transferred upscale than downscale. However, a more rigorous analysis shows that there exist triad
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interaction groups in which more energy is sent downscale than upscale, and it is not obvious, without additional
considerations, which group is dominant [5, 6]. Aside from this matter, the fundamental problem that underlies every
other proof that utilizes only the twin conservation laws ofenstrophy and energy, is that an additional assumption
needs to be introduced to overcome the symmetry of the Euler equations under time reversal. Typical assumptions,
such as the tendency of the energy spectrum to revert to absolute equilibrium, or the tendency of an energy peak to
spread, typify ad hoc constraints imposed implicitly on theinitial conditions that are needed to break the time reversal
symmetry [7]. In Ref. [7] we counterproposed a very simple and mathematically rigorous proof that avoids the need
for any ad hoc assumptions by considering the combined effect of the Navier-Stokes nonlinearity and the dissipation
terms. The only assumption used by this proof is that the forcing spectrum is restricted to a finite interval [k1, k2] of
wavenumbers, however even that assumption can be relaxed tosome extent, although not entirely eliminated [8, 9].

The essence of the argument in Ref. [7] is to show that for every wavenumberk not in the forcing range, the
energy fluxΠE(k) and the enstrophy fluxΠG(k) satisfy the inequalityk2ΠE(k)−ΠG(k) ≤ 0. Here,ΠE(k) represents the
amount of energy per unit volume transferred from the wavenumbers in the (0, k) interval to the wavenumbers in the
(k,+∞) interval, andΠG(k) is defined similarly for the enstrophy. From this inequality we then derive the following
integral constraints forΠE(k) andΠG(k):

∫ k

0
qΠE(q) dq ≤ 0, ∀k ∈ (k2,+∞), (1)

∫ +∞

k
q−3ΠG(q) dq ≥ 0, ∀k ∈ (0, k1). (2)

These constraints imply a predominantly upscale transfer of energy and a predominantly downscale transfer of en-
strophy. The original flux inequalityk2ΠE(k) − ΠG(k) < 0 itself can also be directly interpreted as a tight constraint
on the downscale energy flux.

The flux inequality is directly relevant to the cascade superposition hypothesis that was initially proposed in the
context of two-dimensional Navier-Stokes turbulence [10,11], according to which, for the case of finite small-scale
dissipation viscosity, the downscale enstrophy cascade isaccompanied with a hidden downscale energy cascade, as-
sociated with an accompanying small downscale energy flux. We stress that the existence of this small downscale
energy flux is not in doubt. The two distinct hypotheses are that: (a) the downscale energy flux is part of a downscale
energy cascade that coexists with the downscale enstrophy cascade; (b) given two coexisting cascades of energy and
enstrophy the corresponding energy spectra and structure functions will combine linearly. The first hypothesis can be
accounted for by the argument given in section 3.2 of Ref. [10], where it is shown, leveraging an old argument by
Kraichnan [1], that triad interactions with scaling exponent−3 transfer energy without transferring enstrophy and triad
interactions with scaling exponent−5 transfer enstrophy without transferring energy. Consequently, there is nothing
in the Navier-Stokes nonlinearity to prevent a linear superposition of two sets of triad interactions, one with scaling
exponent−3 and one with scaling exponent−5, which would give rise to coexisting constant fluxes of energy and en-
strophy and presumably coexisting cascades. The second hypothesis follows from the linear structure of the statistical
theory of randomly forced Navier-Stokes equations; this linearity is lost by most attempts at closure modeling. These
hypotheses are controversial because coexisting cascadeshave not been observed in the two-dimensional turbulence
energy spectrum. One the other hand, they have recently beenobserved in models of stratified turbulence [12, 13],
and Tung and Orlando [14] have provided evidence that they can also be observed in two-layer quasi-geostrophic
turbulence, which is just one step away from two-dimensional turbulence.

The key insight to take from Refs. [10, 11] is that the observability of the subdominant downscale energy cascade
is not decided by the nonlinearity, the conservation laws, or the relationship between the energy and enstrophy spectra
alone. The correct mechanism is that the nonlinearity, combined with the configuration of the dissipation terms,
determine the relation between the dissipation rate spectra of energy and enstrophy. This relation determines whether
or not the aforementioned flux inequality is satisfied, whichin turn decides the observability of the subdominant
downscale energy cascade. If the downscale energy flux associated with thek−5/3 term is strong enough, then a
scaling transition in the energy spectrum fromk−3 to k−5/3 should occur near a transition wavenumberkt ≈

√
ηuv/εuv,

with ηuv the downscale enstrophy flux andεuv the downscale energy flux. The validity of the flux inequalityfor
all wavenumbersk in the downscale inertial range of two-dimensional Navier-Stokes turbulence implies that the
downscale energy fluxεuv is too weak to cause an observable scaling transition anywhere within the inertial range. On
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the other hand, it is far from obvious that the flux inequalitywill remain unconditionally valid in quasi-geostrophic
models. A violation of the flux inequality beyond some wavenumberkt in quasi-geostrophic models would imply the
occurrence of a scaling transition near that wavenumber.

The goal of the present paper is to extend the flux inequality to quasi-geostrophic models. We will specifically
focus on vertical discretizations of the quasi-geostrophic model, namely then-layer model, and the special case of the
two-layer model, with all layers having the same thickness,in terms of pressure coordinates, on both models. From
a physical standpoint, both models sacrifice the surface quasi-geostrophic dynamics at the bottom boundary, but they
are otherwise good models of atmospheric turbulence for scales down to an estimated length scale of 100km [15].
I should like to emphasize from the beginning that in spite ofany mathematical or phenomenological similarities,
extending the flux inequality to quasi-geostrophic models is neither obvious nor straightforward. An overlooked
fundamental difference between two-dimensional Navier-Stokes turbulenceand quasi-geostrophic turbulence is that
there are many more possible configurations for the dissipation terms in quasi-geostrophic models than there are in
two-dimensional Navier-Stokes. Dissipation terms are usually ignored because physical intuition alone may suggest
that they should not have an effect on the nonlinear dynamics in inertial ranges. This line of reasoning ignores that
the actual configuration of the dissipation terms can still have unexpected effects on themagnitudeof the energy and
potential enstrophy fluxes passing through the inertial range. These flux effects are the underlying matter of interest
motivating the investigation initiated by the present paper.

The original motivation underlying the aforementioned numerical investigation [14] of the two-layer quasi-geostrophic
model was to show that it can reproduce the Nastrom-Gage energy spectrum of the atmosphere [16–19]. However, the
Nastrom-Gage controversy, reviewed to some extent in previous papers [6, 20], is not the main concern or motivation
of this paper. Our main interest in this problem stems from the following considerations: first, quasi-geostrophic
models are simple enough that they could be accessible to investigation via theoretical techniques developed for two-
dimensional turbulence [21–26]. Furthermore, the possibility of being able to study a downscale energy cascade
arising in the context of a two-dimensional model is particularly exciting from the point of view of the turbulence
theorist, because it ties into the open question of why the downscale energy cascade of three-dimensional turbulence
has intermittency corrections but the inverse energy cascade of two-dimensional turbulence does not [27, 28]. Is it
an the effect of dimension number or cascade direction? In light of such questions, an observable downscale energy
cascade in a two-dimensional system is interesting in and ofitself.

Mathematical results concerning the flux inequality in quasi-geostrophic models can be organized into two cat-
egories: (a) sufficient conditions for the satisfaction of the flux inequalitywithin the entire inertial range; and (b)
sufficient conditions for violating the flux inequality beyond some transition wavenumberkt within the inertial range.
Results of the first type can be proved rigorously without ad hoc phenomenological assumptions on the behavior of
the energy and potential enstrophy spectra. Results of the second type require the introduction of phenomenological
assumptions about the distribution of energy and potentialenstrophy between layers. Consequently, the scope of this
paper has been limited to what we can prove rigorously. More powerful results that can be obtained by introducing
phenomenological hypotheses will be explored in future publications. Because the details of our argument are very
technical, we will now summarize the main argument of the paper as follows.

For the generalized case of ann-layer model, we consider the general case of astreamfunction dissipationcon-
figuration, where for each layer the dissipation terms are given by a linear differential operator applied on the stream-
function of the same layer, without entangling any streamfunctions of any other layers. The dissipation rate spectra
for both energy and potential enstrophy are derived under this general configuration. Then, we specialize to the case
of symmetric streamfunction dissipation, where we assume that the corresponding dissipation operators are identical
layer-by-layer. We will show that under symmetric streamfunction dissipation the flux inequality is satisfied for all
wavenumbers in the inertial and dissipation range. We note that this result is non-trivial since, beyond establishing
cascade directions, it also implies bounds on the subdominant downscale energy flux, that are tight enough to keep
the underlying downscale energy cascade hidden. For the case of the two-layer quasi-geostrophic model, we consider
an asymmetric configuration of dissipation terms and establish results of the form that if the asymmetry is sufficiently
small, the flux inequality will remain valid. As was previously explained, we limit ourselves to results of this form
because this is as far as one can go with rigorous proofs from first principles.

From a physical standpoint, asymmetry in the dissipation between the two layers usually originates from the
Ekman term, modeling the effect of friction with the surface boundary layer. However, for reasons that will be
discussed more extensively at the conclusion of this paper,we will introduce an additional source of asymmetry via
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the small-scale dissipation terms by employing an increased viscosity or hyperviscosity coefficient at the bottom layer
relative to the coefficient at the top layer. We believe that this asymmetric small-scale dissipation can facilitate a
breakdown of the flux inequality, thereby allowing the downscale energy flux rate to be sufficiently strong to yield the
transition tok−5/3 scaling in the inertial range. We will see that asymmetric small-scale dissipation indeed tightens the
bounds on the parameter space wherein the flux inequality is satisfied.

Another aspect of the dissipation term configuration, that will be shown to have significant impact on the flux
inequality, concerns the modeling of the Ekman term. In a typical formulation of the two-layer quasi-geostrophic
model, it is usually assumed that Ekman dissipation is dependent only on the streamfunction field of the bottom po-
tential vorticity layer. However, an alternate formulation of the two-layer quasi-geostrophic model by Salmon [29],
requires that the Ekman term at the lower layer be dependent on the streamfunction fields of both layers. To explain
why, one must recall that the two-layer model is an extreme vertical discretization of the full quasi-geostrophic model,
which consists of a relative vorticity equation, a temperature equation, and additional constraining conditions. In a
general multi-layer model, the relative vorticity equations are discretized in horizontal layers that are interlacedwith
the discretization layers of the temperature equations. Thus, for the case of the two-layer model we have altogether
5 physically relevant layers: the surface boundary layer corresponding approximately to 1Atm, the lower relative
vorticity layer at 0.75Atm, the temperature midlayer at 0.5Atm, the upper relative vorticity layer at 0.25Atm, and the
top boundary layer at 0Atm. The potential vorticity equations are derived from the relative vorticity equations by
eliminating the temperature field from the system of equations, thereby placing the potential vorticity field and the
corresponding streamfunction field at the 0.25Atm and 0.75Atm layers. As noted by Ref. [29], the Ekman dissipa-
tion term is dependent on the streamfunction field at the surface boundary layer near 1Atm, which can be linearly
extrapolated from the streamfunction field at the lower and upper layer (0.75Atm and 0.25Atm correspondingly).
Consequently, even though the Ekman term is still placed on the lower-layer, owing to the linear extrapolation of the
surface streamfunction field, it is dependent on the streamfunction field of both the lower and upper layers.

It should be noted that for physical reasons, the potential vorticity layers need to remain fixed at 0.25Atm and
0.75Atm respectively. This corresponds to the physical assumption that the two fluid layers have equal thickness,
which is a necessary assumption for atmospheric modeling [30]. The surface layer driving Ekman dissipation, on the
other hand, can be placed anywhere between the surface layerat 1Atm and the lower streamfunction field layer at
0.75Atm. When the surface layer and the lower streamfunction layer coincide, this corresponds to the usual standard
Ekman term. When the two layers donot coincide, it corresponds to the more general case ofextrapolated Ekman
dissipation. For the present paper, we retain generality by parameterizing the placement of the surface boundary layer
via an adjustable parameterµ, and show that our main propositions are valid for the entirerange of the parameterµ.
We will see that an increasing separation between the Ekman surface layer and the bottom potential vorticity layer
tightens the bounds on the parameter space wherein the flux inequality is satisfied. For oceanographic modeling, as
well as for the purpose of satisfying basic scientific curiosity, it would be interesting to consider two-layer quasi-
geostrophic models with layers having unequal thickness. Due to mathematical complications, we will not pursue this
generalization in the present paper. Nevertheless, the importance of symmetric vs. asymmetric Ekman dissipation in
the context of oceanographic modelling is a relevant problem that has been investigated by a previous study [31].

Admittedly, both Salmon’s idea of extrapolated Ekman dissipation and the idea of differential small-scale dissipa-
tion, proposed in this paper, can be considered controversial. On the other hand, in the context of investigating the flux
inequality, it is important to be thorough about considering every interesting configuration of the dissipation terms,to
determine how much impact various choices of dissipation term configurations have on the robustness of the flux in-
equality. Furthermore, as will become apparent from the results of this paper, the dissipation configurations explored
here are good candidates for a dissipation filter that could violate the flux inequality and ensure a controlled down-
scale energy dissipation rate in numerical simulations that exceeds the restrictions that are typical in two-dimensional
turbulence.

The paper is organized as follows. In section 2 we give the governing equations for the generalized multi-layer
model and discuss its conservation laws, the definition of the energy spectrumE(k), potential enstrophy spectrum
G(k), and their relationship via the streamfunction spectrumCαβ(k). In section 3, after a brief recapitulation of the
flux inequality for the simple case of two-dimensional Navier-Stokes turbulence, we establish the flux inequality
for a generalized multi-layer quasi-geostrophic model under symmetric streamfunction dissipation. In section 4, we
consider asymmetric dissipation configurations for the special case of a two-layer quasi-geostrophic model, where we
derive various sufficient conditions for satisfying the flux inequality. Conclusions and a brief discussion are given in
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section 5.

2. The generalized multilayer model and conservation laws

Following Ref. [20], we write the governing equations for the generalized multi-layer model in matrix form:

∂qα
∂t
+ J(ψα, qα) = dα + fα, (3)

dα =
∑

β

Dαβψβ, (4)

with J(ψα, qα) the Jacobian ofψα andqα defined as

J(ψα, qα) =
∂ψα
∂x

∂qα
∂y
− ∂ψα

∂y
∂qα
∂x

. (5)

Hereψα represents the streamfunction at theα-layer,qα represents the potential vorticity at theα-layer,Dαβ is a linear
operator encapsulating the dissipation terms, andfα is the forcing term acting on theα-layer. The indexα takes the
valuesα = 1, 2, . . . , n representing the layer number, for a model involvingn layers. Sums over indices, such as in the
sum over the indexβ in the dissipation terms above, are assumed to run over all layers 1, 2, . . . , n, unless we indicate
otherwise. It is also assumed that the streamfunctionψα and the potential vorticityqα are related via a linear operator
Lαβ according to:

qα(x, t) =
∑

β

Lαβψβ(x, t). (6)

The above equations encompass both the two-layer quasi-geostrophic model and the multilayer quasi-geostrophic
model, on the assumption that we neglect theβ-effect, arising from the latitudinal dependence of the Coriolis pseud-
oforce. This is a reasonable assumption for Earth, especially if we restrict our interest to a thin strip of the Earth’s
surface, oriented parallel to the equator. Waite [32] has shown that the relationship between the potential vorticity
and streamfunction remains approximately linear in modelsof stratified turbulence with small buoyancy Reynolds
number, but becomes quadratic in the limit of large buoyancyReynolds number. Baroclinic instability is accounted
for by the forcing termfα, and implicit in the entire argument is the assumption that it forces the system at large
scales only. This assumption, originally proposed by Salmon [29, 33], is the only physical assumption implicit in the
theoretical framework of the flux inequality, and it has beencorroborated numerically [14, 34].

For the sake of simplifying our analysis, we assume that all fields are defined in an infinite two-dimensional
domain. Then we can write the streamfunctionψ and the potential vorticityq in terms of their Fourier transformŝψα
andq̂α as follows:

ψα(x, t) =
∫

R2
ψ̂α(k, t) exp(ik · x) dk, (7)

qα(x, t) =
∫

R2
q̂α(k, t) exp(ik · x) dk. (8)

We assume that the operatorLαβ is diagonal in Fourier space. This means that the relation between the streamfunction
and the potential vorticity, in Fourier space, reads:

q̂α(k, t) =
∑

β

Lαβ(‖k‖)ψ̂α(k, t). (9)

Here‖k‖ represents the 2-norm of the vectork. We also assume thatLαβ is symmetric withLαβ(k) = Lβα(k) for all
wavenumbersk. For quasi-geostrophic models, the matrixLαβ(k) is non-singular for all wavenumbersk > 0, due to
being diagonally dominant, and we assume that to be the case in our abstract formulation given above. Consequently,
there is an inverse matrixL−1

αβ(k) which defines the inverse operatorL −1
αβ . To accommodate a possible singularity at

k = 0 we assume that at wavenumberk = 0, in Fourier space, the corresponding field component is 0 for all fields.
This is equivalent to subtracting the mean field and considering only the field fluctuation around the mean.
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2.1. Conservation laws

We will now show that the generalized layer model, in the absence of dissipation, conserves the total energyE
and the total potential enstrophyG under very general conditions on the operatorLαβ, For any arbitrary scalar field
f (x, y) we write the corresponding volume integral using the following notation:

〈〈 f 〉〉 =
∫∫

R2
f (x, y) dxdy. (10)

We define the total energyE over all layers, and the layer-by-layer total potential enstrophyGα for layerα, asE =
−∑α〈〈ψαqα〉〉 andGα = 〈〈q2

α〉〉. The minus sign ensures thatE is positive definite when the operator spectrumLab(k)
satisfies the condition given by Eq. (A.1) and Eq. (A.2) consistently with Eqs. (39)–(41) and the sign conventions used
by Refs. [20, 29, 33]. Specifically, we will show that the potential enstrophy is conserved on a layer-by-layer basis
unconditionally regardless of the details of the operatorLαβ. Conservation of the total energyE, over all layers, on the
other hand, requires that the operatorLαβ besymmetricandself-adjoint. To define the self-adjoint property, consider
two arbitrary two-dimensional scalar fieldsf (x, y) andg(x, y). We require that every component of the operatorLαβ

must satisfy〈〈 f (Lαβg)〉〉 = 〈〈(Lαβ f )g〉〉 for any two fieldsf (x, y) andg(x, y) for all layer numbersα andβ. This self-
adjoint property, so defined, follows as an immediate consequence of our previous assumption that the operatorLαβ

is diagonal in Fourier space. In the proof given below, however, there is no need to use the stronger assumption of
diagonality.

The proof is based on the following properties of the nonlinear Jacobian term. Ifa(x, y) and b(x, y) are two-
dimensional smooth scalar-fields that vanish at infinity, then we can show that〈〈J(a, b)〉〉 = 0, using integration by
parts. This result also holds for the case of fields defined in afinite box with periodic boundary conditions, if the
volume integral in Eq. (10) is restricted over the box. Then,we note that, as an immediate consequence of the product
rule of differentiation, given three two-dimensional scalar fieldsa(x, y), b(x, y), andc(x, y) we have

〈〈J(ab, c)〉〉 = 〈〈aJ(b, c)〉〉 + 〈〈bJ(a, c)〉〉 = 0, (11)

from which we obtain the identity

〈〈aJ(b, c)〉〉 = 〈〈bJ(c, a)〉〉 = 〈〈cJ(a, b)〉〉. (12)

Now, let us go ahead and drop the dissipation and forcing terms and write the time-derivative of the potential vorticity
qα asq̇α = −J(ψα, qα). Then, the time derivative of the streamfunctionψα reads:

∂ψα/∂t =
∑

β

L −1
αβ (∂qβ/∂t) = −

∑

β

L −1
αβ J(ψβ, qβ). (13)

Differentiating the total potential enstrophyGα for theα layer with respect to time and employing the identity
given by Eq. (12) immediately gives:

dGα/dt = 2〈〈qα(∂qα/∂t)〉〉 = −2〈〈qαJ(ψα, qα)〉〉 = −2〈〈ψαJ(qα, qα)〉〉 = 0. (14)

Here, we note that from the definition of the JacobianJ(qα, qα) = 0. This establishes the layer-by-layer conservation
law of potential enstrophy, unconditionally, as claimed. To show the energy conservation law, we differentiate the
total energyE with respect to time and obtain:

dE/dt = −(d/dt)
∑

α

〈〈ψαqα〉〉 = −
∑

α

〈〈(∂ψα/∂t)qα〉〉 −
∑

α

〈〈ψα(∂qα/∂t)〉〉 (15)

=
∑

αβ

〈〈qαL −1
αβ J(ψβ, qβ)〉〉 +

∑

α

〈〈ψαJ(ψα, qα)〉〉 (16)

=
∑

αβ

〈〈J(ψβ, qβ)L −1
αβ qα〉〉 +

∑

α

〈〈qαJ(ψα, ψα)〉〉 (17)

=
∑

αβ

〈〈J(ψβ, qβ)L −1
βα qα〉〉 =

∑

β

〈〈J(ψβ, qβ)ψβ〉〉 (18)
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=
∑

β

〈〈J(ψβ, ψβ)qβ〉〉 = 0. (19)

Note that the self-adjoint property is applied at Eq. (17), and the symmetric property is applied at Eq. (18). This
concludes the proof.

2.2. Definition of spectra

We define spectra for the energy and potential enstrophy using the bracket notation introduced in Ref. [20]. Con-
sider, in general, an arbitrary two-dimensional scalar field a(x). Let a<k(x) be the field obtained froma(x) by setting
to zero, in Fourier space, the components corresponding to wavenumbers greater thank. Formally,a<k(x) is defined
as

a<k(x) =
∫

R2
dx0

∫

R2
dk0

H(k− ‖k0‖)
4π2

exp(ik0 · (x − x0))a(x0), (20)

with H(x) the Heaviside function, defined as the integral of a delta function:

H(x) =



1, if if x ∈ (0,+∞)
1/2, if if x = 0
0, if if x ∈ (−∞, 0)

. (21)

We now use two filtered fieldsa<k(x) andb<k(x) to define the bracket〈a, b〉k as:

〈a, b〉k =
d
dk

∫

R2
dx
〈
a<k(x)b<k(x)

〉
(22)

=
1
2

∫

A∈SO(2)
dΩ(A)

〈
[â∗(kAe)b̂(kAe) + â(kAe)b̂∗(kAe)]

〉
. (23)

Here,â(k) andb̂(k) are the Fourier transforms ofa(x) andb(x), SO(2) is the set of all non-reflecting rotation matrices
in two dimensions,dΩ(A) is the measure of a spherical integral,e is a two-dimensional unit vector, and〈·〉 represents
an ensemble average. The star superscript denotes a complexconjugate. Note that Eq. (22) is the definition of the
bracket, and Eq. (23) follows from Eq. (22) as a consequence.The bracket satisfies the following properties:

〈a, b〉k = 〈b, a〉k , (24)

〈a, b+ c〉k = 〈a, b〉k + 〈a, c〉k , (25)

〈a+ b, c〉k = 〈a, c〉k + 〈b, c〉k . (26)

Moreover, every (αβ)-component of the operatorLαβ is self-adjoint with respect to the bracket:
〈
Lαβa, b

〉
k
=
〈
a,Lαβb

〉
k
= Lαβ(k) 〈a, b〉k , (27)

and the same property is also satisfied by every component of the inverse operatorL −1
αβ :

〈
L −1

αβ a, b
〉

k
=
〈
a,L −1

αβ b
〉

k
= L−1

αβ(k) 〈a, b〉k . (28)

Using the bracket, we define the energy spectrumE(k) = −∑α 〈ψα, qα〉k, and we also define the layer-by-layer
potential enstrophy spectrumGα(k) = 〈qα, qα〉k and the total potential enstrophy spectrumG(k) =

∑
α Gα(k). Unlike

the case of two-dimensional Navier-Stokes, where the enstrophy and energy spectraG(k) andE(k) are related via
a simple equation,G(k) = k2E(k), in the generalized layer model, the potential enstrophy spectrum and the energy
spectrum are related indirectly, as shown below:

Define the streamfunction spectrumCαβ(k) =
〈
ψα, ψβ

〉
k
. Then, via the properties of the bracket above, the energy

spectrumE(k) reads

E(k) = −
∑

α

〈ψα, qα〉k = −
∑

α

〈
ψα,
∑

β

Lαβψβ

〉

k

= −
∑

αβ

Lαβ(k)
〈
ψα, ψβ

〉
k

(29)
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= −
∑

αβ

Lαβ(k)Cαβ(k), (30)

and the potential enstrophy spectrumGα(k) reads

G(k) =
∑

α

〈qα, qα〉k =
∑

α

〈∑

β

Lαβψβ,
∑

γ

Lαγψγ

〉

k

(31)

=
∑

αβ

Lαβ(k)

〈
ψβ,
∑

γ

Lαγψγ

〉

k

=
∑

αβγ

Lαβ(k)Lαγ(k)
〈
ψβ, ψγ

〉
k

(32)

=
∑

αβγ

Lαβ(k)Lαγ(k)Cβγ(k). (33)

Thus, they are related only indirectly via the streamfunction spectrumCαβ(k).
We note that forα , β, Cαβ(k) may take positive or negative values. For the caseα = β we defineUα(k) =

〈ψα, ψα〉k, which is always positive (i.e.,Uα(k) ≥ 0), andU(k) =
∑
α Uα(k). Then we note that sinceUα(k) + Uβ(k) ±

2Cαβ(k) =
〈
ψα ± ψβ, ψα ± ψβ

〉
k
≥ 0, we get the arithmetic-geometric mean inequality 2|Cαβ(k)| ≤ Uα(k) + Uβ(k). We

can use this inequality to show that if the matrixLαβ(k) satisfies the diagonal dominance condition

Lαβ(k) ≥ 0, for α , β, (34)
∑

β

Lαβ(k) ≤ 0, (35)

then the energy spectrumE(k) is always positive. We give the proof in Appendix A. Both thetwo-layer quasi-
geostrophic model and the multi-layer quasi-geostrophic model satisfy this diagonal dominance condition. As for
the layer-by-layer potential enstrophy spectraGα(k), it is immediately obvious that they are unconditionally always
positive, regardless of the form of the matrixLαβ(k), since by definitionGα(k) = 〈qα, qα〉k.

3. Flux inequality for the n-layer model

We now turn to the main issue of identifying sufficient conditions for satisfying the flux inequalityk2ΠE(k) −
ΠG(k) ≤ 0 for quasi-geostrophic models. Let us recall that the energy flux spectrumΠE(k) is defined as the amount
of energy transferred from the (0, k) interval to the (k,+∞) interval per unit time and per unit volume. Likewise, the
potential enstrophy flux spectrumΠG(k) is the amount of potential enstrophy transferred from the (0, k) interval to the
(k,+∞) interval, again per unit time and volume. Assuming a forced-dissipative configuration at steady state and that
there is no forcing in the (k,+∞) wavenumber interval, the energy and potential enstrophy transferred into the (k,+∞)
interval eventually are dissipated somewhere in that interval. It follows that we may write the flux spectraΠE(k) and
ΠG(k) as integrals of the energy and potential enstrophy dissipation rate spectraDE(k) andDG(k):

ΠE(k) =
∫ +∞

k
DE(q)dq, (36)

ΠG(k) =
∫ +∞

k
DG(q)dq, (37)

which implies that

k2ΠE(k) − ΠG(k) =
∫ +∞

k
[k2DE(q) − DG(q)]dq =

∫ +∞

k
∆(k, q)dq. (38)

where∆(k, q) will be used as an abbreviation for∆(k, q) = k2DE(q) − DG(q). We see that a sufficient condition for
establishing the flux inequality is to show that∆(k, q) ≤ 0 for all wavenumbersk < q. It is also easy to see that
∆(k, q) > 0 for all wavenumberskt < k < q is sufficient for establishing the violation of the flux inequality for all
wavenumbersk > kt.
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For the case of two-dimensional Navier-Stokes turbulence,the dissipation rate spectraDE(k) andDG(k) are related
via DG(k) = k2DE(k). This immediately gives∆(k, q) = k2DE(q) − DG(q) = (k2 − q2)DE(q) ≤ 0 for all wavenumbers
k < q (sinceDE(k) ≥ 0), which in turn gives the flux inequalityk2ΠE(k) − ΠG(k) ≤ 0. The physical interpretation of
this inequality is that when we stretch the separation of scales in the downscale range, the energy dissipation rate at
small-scales vanishes rapidly. As a result, most of the injected energy cannot cascade downscale although, as noted
previously [10, 11], a small amount of energy is able to do so.As we have seen in the previous section, for the case
of quasi-geostrophic models, the energy and potential enstrophy dissipation rate spectra no longer have a direct and
simple relation with each other, so the validity of the flux inequality needs to be carefully re-examined.

For the general multi-layer quasi-geostrophic model, the relationship between the potential vorticitiesqα and the
streamfunctionsψα is given by

q1 = ∇2ψ1 + µ1k2
R(ψ2 − ψ1), (39)

qα = ∇2ψα − λαk2
R(ψα − ψα−1) + µαk2

R(ψα+1 − ψα), for 1 < α < n, (40)

qn = ∇2ψn − λnk2
R(ψn − ψn−1). (41)

Here,kR is the Rossby wavenumber andλα andµα are the non-dimensional Froude numbers, given by

λα =
1
2

h1

hα

ρ2 − ρ1

ρα − ρα−1
, for 1 < α ≤ n,

µα =
1
2

h1

hα

ρ2 − ρ1

ρα+1 − ρα , for 1 ≤ α < n,

with ρα the average density of layerα, andhα the average height of layerα (in pressure coordinates). The definition of
the non-dimensional Froude numbers was adjusted with a 1/2 numerical factor, from the one given by Evensen [35],
to ensure agreement with the formulation of the two-layer quasi-geostrophic model given by Salmon [29] for the case
n = 2. The components of the corresponding matrixLαβ(k) are given by

Lαα(k) =



−k2 − µ1k2
R, if α = 1

−k2 − (λα + µα)k2
R, if 1 < α < n

−k2 − λnk2
R, if α = n,

Lα,α+1(k) = µαk2
R, for 1 ≤ α < n,

Lα,α−1(k) = λαk2
R, for 1 < α ≤ n.

In the present paper we limit ourselves to the special case ofa symmetrically coupled multi-layer quasi-geostrophic
model, where we assume that the layer thicknesshα is the same for all layers, thereby yielding a symmetric matrix
Lαβ(k) such thatLα,α+1(k) = Lα+1,α(k) for all 1 ≤ α < n.

To consider the flux inequality for this generaln-layer model, we begin with writing the dissipation ratesDE(k)
andDG(k) for the energy and potential enstrophy in terms of the streamfunction spectrumCαβ(k). We assume that the
dissipation operationDαβ is diagonal in Fourier space and that the Fourier transform of the dissipation termDαβψβ
reads:

(Dαβψβ)(x, t) =
∫

R2
Dαβ(‖k‖)ψ̂β(k, t) exp(ik · x) dk. (42)

Then, in Appendix B we show that the energy dissipation rate spectrumDE(k) and the layer-by-layer potential
enstrophy dissipation rate spectraDGα

(k) are given by

DE(k) = 2
∑

αβ

Dαβ(k)Cαβ(k), (43)

DGα
(k) = −2

∑

βγ

Lαβ(k)Dαγ(k)Cβγ(k). (44)

Note that in order for the dissipation terms to be truly dissipative, the dissipation spectraDE(k) andDG(k) need to be
both always positive for all wavenumbersk. From the general form of the above equations this is not readily obvious.
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However, for simpler configurations of the dissipation operators, the above expressions forDE(k) andDG(k) simplify
considerably, thereby making it possible to establish thatthey are both always positive. These expressions also
underscore the main difference between two-dimensional Navier-Stokes turbulenceand quasi-geostrophic turbulence
and the reason why the flux inequality becomes a non-trivial problem in the latter case. Unlike two-dimensional
turbulence, and in spite of the twin conservation laws of energy and potential enstrophy, the dissipation ratesDE(k)
andDG(k) are no longer related by any simple relation of the formDG(k) = k2DE(k).

We restrict our attention to the case where the dissipation operators at every layer involve only the streamfunction
of the corresponding layer, with no explicit interlayer terms. This can be arranged in terms of a linear operatorDα

applied to the streamfunctionψα. If Dα(k) is the spectrum of the positive-definite operatorDα, then for the case of a
dissipation termdα = Dαψα, we haveDαβ(k) = δαβDβ(k), with δαβ given by

δαβ =

{
1, if α = β
0, if α , β . (45)

We designate this case asstreamfunction-dissipation. TheDE(k) andDGα
(k) simplify as:

DE(k) = 2
∑

αβ

Dαβ(k)Cαβ(k) = 2
∑

αβ

δαβDβ(k)Cαβ(k) = 2
∑

α

Dα(k)Cαα(k) = 2
∑

α

Dα(k)Uα(k), (46)

DGα
(k) = −2

∑

βγ

Lαβ(k)Dαγ(k)Cβγ(k) = −2
∑

βγ

Lαβ(k)δαγDγ(k)Cβγ(k) = −2
∑

β

Lαβ(k)Dβ(k)Cαβ(k). (47)

Note that forDα(k) ≥ 0, it follows thatDE(k) ≥ 0, but it is not obvious that the same result extends toDGα
(k).

However, if we further assume that the same operator is used for all layers, i.e.Dα(k) = D(k), then we have the more
specialized case ofsymmetric streamfunction-dissipation, and the dissipation rate spectraDE(k) andDG(k) can be
simplified further to give:

DE(k) = 2
∑

α

Dα(k)Uα(k) = 2D(k)
∑

α

Uα(k) = 2D(k)U(k), (48)

DG(k) =
∑

α

DGα
(k) = −2

∑

αβ

Lαβ(k)Dβ(k)Cαβ(k) = 2D(k)

−
∑

αβ

Lαβ(k)Cαβ(k)

 = 2D(k)E(k). (49)

Now, D(k) ≥ 0 implies bothDE(k) ≥ 0 andDG(k) ≥ 0.
It follows that, under symmetric streamfunction dissipation,∆(k, q) is given by

∆(k, q) = k2DE(q) − DG(q) = k2D(q)U(q) − D(q)E(q) = D(q)[k2U(q) − E(q)], (50)

and sinceD(q) ≥ 0, the validity of the flux inequality is dependent on the signof the factork2U(q) − E(q). That sign
is in turn intimately related with the expressionγα(k, q) defined as:

γα(k, q) = k2 +
∑

β

Lαβ(q). (51)

Note that for the case of two-dimensional Navier-Stokes,L(q) becomes a 1×1 matrix withL11(q) = q2, thusγα(k, q) =
k2−q2, which is negative whenk < q. For more generalizedn-layer quasi-geostrophic models, the expressionγα(k, q)
continues to be given byγα(k, q) = k2 − q2 which remains negative whenk < q for all layersα. We will now show
that:

Proposition 1. In a generalized n-layer model, under symmetric streamfunction dissipation dα = +Dψα with spec-
trum D(k) ≥ 0, we assume that Lαβ(q) ≥ 0 whenα , β, and Lαβ(q) = Lβα(q), andγα(k, q) ≤ 0 when k< q for all α. It
follows that:

∆(k, q) ≤ D(q)
∑

α

γα(k, q)Uα(q) ≤ 0.
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Proof. We begin by recalling from Appendix A, thatE(q) can be rewritten as

E(q) = −
∑

αβ

Lαβ(q)Uα(q) − 1
2

∑

αβ
α,β

Lαβ(q)[2Cαβ(q) − Uα(q) − Uβ(q)]. (52)

It follows thatk2U(q) − E(q) satisfies:

k2U(q) − E(q) = k2
∑

α

Uα(q) +
∑

αβ

Lαβ(q)Uα(q) +
1
2

∑

αβ
α,β

Lαβ(q)[2Cαβ(q) − Uα(q) − Uβ(q)] (53)

≤ k2
∑

α

Uα(q) +
∑

αβ

Lαβ(q)Uα(q) =
∑

α

(
k2 +
∑

β

Lαβ(q)
)
Uα(q) (54)

=
∑

α

γα(k, q)Uα(q). (55)

The inequality uses the assumptionLαβ(q) ≥ 0 combined with the arithmetic-geometric mean inequality 2Cαβ(q) ≤
Uα(q) + Uβ(q) of the streamfunction spectra. It follows that

∆(k, q) = D(q)[k2U(q) − E(q)] ≤ D(q)
∑

α

γα(k, q)Uα(q) ≤ 0, (56)

sinceD(q) ≥ 0, Uα(q) ≥ 0, andγα(k, q) ≤ 0, thereby concluding the proof.

The above result establishes the unconditional validity ofthe flux inequality for generalizedn-layer quasi-geostrophic
models under symmetric streamfunction dissipation. We note that the conditionLαβ(q) ≥ 0 is needed to establish that
the energy spectrumE(k) is always positive, and all physically relevant quasi-geostrophic models will also satisfy the
conditionγα(k, q) ≤ 0 for all k < q. As we have already argued, for any generaln-layer quasi-geostrophic model,
we haveγα(k, q) = k2 − q2 for all layersα, so the assumption is mathematical and does not impose any physical
constraints in the model’s formulation. No other restrictions are needed by the above proposition. Physically, this
means that under symmetric streamfunction dissipation, the behavior of any generalizedn-layer model will be similar
to two-dimensional turbulence, where the subdominant downscale energy cascade is too weak to cause a transition
from k−3 scaling tok−5/3 scaling in the downscale inertial range.

4. Flux inequality in a two-layer model

The previous results, derived over a generaln-layer quasi-geostrophic model also apply to the special case of a two-
layer quasi-geostrophic model. Consequently, the flux inequality will be satisfied by any two-layer quasi-geostrophic
models under symmetric streamfunction dissipation. We will now concentrate on investigating the validity of the flux
inequality in two-layer quasi-geostrophic models with asymmetric dissipation.

Since the details of the argument below are very technical, we provide a brief outline. In section 4.1 we write
the governing equations for the two-layer quasi-geostrophic model and define the two novel features of the proposed
configuration of the dissipation terms:extrapolated Ekman damping, controlled by the parameterµ, andsmall-scale
differential dissipation, which is controlled by the parameter∆ν. In section 4.2 we derive the general form of the
energy dissipation spectrumDE(k) and the potential enstrophy dissipation spectrumDG(k) for the most general dis-
sipation term configuration. In section 4.3 we derive Proposition 2, which gives a sufficient condition, via Eq. (102),
for satisfying the flux inequality, in terms of the dissipation term configuration, which is completely described by the
spectraD1(k), D2(k), d(k), and the parameterµ. The proposition is very abstract and general, as it accounts for a
very wide range of possible configurations. In section 4.4 wederive, from proposition 2, a series of corollaries for
four special cases of interest: (a) the case of streamfunction dissipation with both extrapolated Ekman damping and
differential small-scale dissipation, given by Eq. (107); (b) the case of streamfunction dissipation with differential
small-scale dissipation but without extrapolated Ekman dissipation, given by Eq. (108); (c) the case of streamfunction
dissipation with extrapolated Ekman dissipation but without differential small-scale dissipation, given by Eq. (109);
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(d) the case of the standard symmetric streamfunction dissipation without any special features, given by Eq. (110). A
careful comparison is given between the sufficient conditions to satisfy the flux inequality for each of the four cases.
Finally, section 4.5 gives a different set of sufficient conditions to satisfy the flux inequalities in terms ofthe stream-
function spectra. Future work should combine these conditions with some phenomenological model of the energetics
of the two-layer model to extract useful information.

4.1. Model formulation

The two-layer quasi-geostrophic model can be formulated interms of two potential vorticity equations of the form

∂q1

∂t
+ J(ψ1, q1) = f1 + d1, (57)

∂q2

∂t
+ J(ψ2, q2) = f2 + d2, (58)

with the relationship between the potential vorticitiesq1, q2 and the streamfunctionsψ1, ψ2 given by

q1 = ∇2ψ1 +
k2

R

2
(ψ2 − ψ1), (59)

q2 = ∇2ψ2 −
k2

R

2
(ψ2 − ψ1). (60)

Hereq1, ψ1 correspond to the top layer andq2, ψ2 correspond to the bottom layer. As explained in the introduction,
we situate the top layer atp1 = 0.25Atm and the bottom layer atp2 = 0.75Atm. In terms of the generalized layer
model, Eq. (59) and Eq. (60) correspond to an operatorLαβ with spectrumLαβ(k) given by

L(k) = −
[
a(k) b(k)
b(k) a(k)

]
, (61)

with a(k) andb(k) given bya(k) = k2 + k2
R/2 andb(k) = −k2

R. Using differential hyperdiffusion at the small scales and
extrapolated Ekman dissipation at the bottom layer gives

d1 = ν(−1)p+1∇2p+2ψ1, (62)

d2 = (ν + ∆ν)(−1)p+1∇2p+2ψ2 − νE∇2ψs. (63)

Here we assume that the hyperdiffusion is stronger at the lower layer, with∆ν > 0 being the additional hyperdiffusion
coefficient added to the lower-layer (the reader should not confuse the coefficient∆ν with the previously defined
function∆(k, q)). Furthermore, the Ekman term is given in terms of the streamfunctionψs at the Ekman surface layer
which is linearly extrapolated fromψ1 andψ2 and it is given byψs = λψ2 + µλψ1, with λ andµ given by

λ =
ps − p1

p2 − p1
andµ =

p2 − ps

ps − p1
. (64)

In other words,ψs is defined so that, plotted on a pressure-streamfunctionplane, the three points (ps, ψs), (p1, ψ1), (p2, ψ2)
are colinear. Usingp1 = 0.25Atm, p2 = 0.75Atm andps = 1Atm givesλ = 3/2 andµ = −1/3. It is worth noting that
for any arbitrary placement of the top and bottom layer that satisfies 0< p1 < p2 < ps, we can show that−1 < µ < 0.
This constraint onµ is all that is needed to derive the main results of this paper,so the precise placement of the surface
layer is not important for our argument below. On the other hand, moving the potential vorticity layers around would
necessitate non-symmetric generalizations of the operator Lαβ, which may be interesting for oceanographic model-
ing, but not necessary for atmospheric modeling, and beyondthe scope of this paper. We will therefore assume that
p1 andp2 are fixed but allowps to vary asp2 ≤ ps ≤ 1Atm, which in turn corresponds to−1/3 ≤ µ ≤ 0.

The dissipation term configuration given by Eq. (62) and Eq. (63) corresponds to setting the generalized dissipation
operator spectrumDαβ(k) equal to

D(k) =

[
D1(k) 0
µd(k) D2(k) + d(k)

]
, (65)
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with D1(q), D2(q), andd(q) given by

D1(k) = νk2p+2 andD2(k) = (ν + ∆ν)k2p+2 andd(k) = λνEk2. (66)

Note that forµ = 0 andλ = 1, this reduces to the simpler case of streamfunction dissipation.

4.2. Dissipation rate spectra for the two-layer model

We may now leverage Eq. (43) and Eq. (44) to calculate the energy and potential enstrophy dissipation rate
spectrumDE(k) andDG(k) in terms of the streamfunction spectraU1(k), U2(k), andC12(k). For the case of the energy
dissipation rate spectrumDE(k), noting thatD12(k) = 0, a simple calculation gives

DE(k) = 2D11(k)U1(k) + 2D22(k)U2(k) + 2D21(k)C21(k) (67)

= 2D11(k)U1(k) + 2D22(k)U2(k) + D21(k)[2C12(k) − U(k)] + D21(k)U(k) (68)

= [2D11(k) + D21(k)]U1(k) + [2D22(k) + D21(k)]U2(k) + D21(k)[2C12(k) − U(k)] (69)

= A(1)
E (k)U1(k) + A(2)

E (k)U2(k) + A(3)
E (k)[2C12(k) − U(k)], (70)

with A(1)
E (k), A(2)

E (k), andA(3)
E (k) given by

A(1)
E (k) = 2D11(k) + D21(k) = 2D1(k) + µd(k), (71)

A(2)
E (k) = 2D22(k) + D21(k) = 2D2(k) + 2d(k) + µd(k), (72)

A(3)
E (k) = D21(k) = µd(k). (73)

We note that terms involving the streamfunction cross-spectrumC12(k) have been reorganized in terms of 2C12(k) −
U(k) so that we can take advantage of the inequality 2C12(k) − U(k) ≤ 0. For the potential enstrophy dissipation rate
spectrumDG(k), we take advantage of the symmetry assumptionLαβ(k) = Lβα(k) to rewrite Eq. (44) as

DG(k) = −2
∑

αβγ

Lαβ(k)Dαγ(k)Cβγ(k) = −2
∑

αβγ

Lβα(k)Dαγ(k)Cβγ(k) = −2
∑

βγ

(LD)βγ(k)Cβγ(k). (74)

The components of (LD)(k) are given by

(LD)(k) = −
[
a(k) b(k)
b(k) a(k)

] [
D1(k) 0
µd(k) D2(k) + d(k)

]
(75)

= −
[
a(k)D1(k) + µb(k)d(k) b(k)[D2(k) + d(k)]
b(k)D1(k) + µa(k)d(k) a(k)[D2(k) + d(k)]

]
, (76)

and it follows thatDG(k) is given by

DG(k) = −2{(LD)11(k)U1(k) + (LD)22(k)U2(k) + [(LD)12(k) + (LD)21(k)]C12(k)} (77)

= −{[2(LD)11(k) + (LD)12(k) + (LD)21(k)]U1(k) + [2(LD)22(k) + (LD)12(k) + (LD)21(k)]U2(k)

+ [(LD)12(k) + (LD)21(k)][2C12(k) − U(k)]} (78)

= A(1)
G (k)U1(k) + A(2)

G (k)U2(k) + A(3)
G (k)[2C12(k) − U(k)], (79)

with A(1)
G (k), A(2)

G (k), A(3)
G (k) given by

A(1)
G (k) = −[2(LD)11(k) + (LD)12(k) + (LD)21(k)] (80)

= 2[a(k)D1(k) + µb(k)d(k)] + b(k)D1(k) + µa(k)d(k) + b(k)[D2(k) + d(k)] (81)

= [2a(k) + b(k)]D1(k) + b(k)D2(k) + [2b(k) + a(k)]µd(k) + b(k)d(k), (82)

A(2)
G (k) = −[2(LD)22(k) + (LD)12(k) + (LD)21(k)] (83)

= 2a(k)[D2(k) + d(k)] + b(k)D1(k) + µa(k)d(k) + b(k)[D2(k) + d(k)] (84)
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= b(k)D1(k) + [2a(k) + b(k)]D2(k) + [2a(k) + b(k)]d(k) + µa(k)d(k), (85)

A(3)
G (k) = −[(LD)12(k) + (LD)21(k)] = b(k)D1(k) + µa(k)d(k) + b(k)[D2(k) + d(k)] (86)

= b(k)[D1(k) + D2(k)] + b(k)d(k) + µa(k)d(k). (87)

The above expressions forDE(k) and DG(k) are the point of departure for the investigation of the flux inequality
under the general case of streamfunction dissipation with extrapolated Ekman dissipation and differential small-scale
dissipation.

4.3. Sufficient conditions in terms of dissipation coefficients

As we have discussed previously, to satisfy the flux inequality k2ΠE(k) − ΠG(k) ≤ 0 for a given wavenumberk,
it is sufficient to show that∆(k, q) ≤ 0 for all wavenumbersk < q. Using our previous expressions for the energy
dissipation rateDE(k) and the potential enstrophy dissipation rateDG(k), we can calculate∆(k, q). Consequently,
∆(k, q) is given by

∆(k, q) = k2DE(q) − DG(q) (88)

= A1(k, q)U1(q) + A2(k, q)U2(q) + A3(k, q)[2C12(q) − U(q)], (89)

with A1(k, q), A2(k, q), andA3(k, q) given by

A1(k, q) = k2A(1)
E (q) − A(1)

G (q) (90)

= k2[2D1(q) + µd(q)] − [2a(q) + b(q)]D1(q) − b(q)D2(q) − [2b(q) + a(q)]µd(q)− b(q)d(q) (91)

= [2k2 − 2a(q) − b(q)]D1(q) − b(q)D2(q) − b(q)d(q) + [k2 − 2b(q) − a(q)]µd(q), (92)

A2(k, q) = k2A(2)
E (q) − A(2)

G (q) (93)

= k2[2D2(q) + µd(q) + 2d(q)] − b(q)D1(q) − [2a(q) + b(q)]D2(q)

− [2a(q)+ b(q)]d(q)− µa(q)d(q) (94)

= −b(q)D1(q) + [2k2 − 2a(q) − b(q)]D2(q) + [2k2 − 2a(q) − b(q)]d(q)+ µ[k2 − a(q)]d(q), (95)

A3(k, q) = k2A(3)
E (q) − A(3)

G (q) = k2µd(q) − b(q)[D1(q) + D2(q)] − b(q)d(q)− µa(q)d(q) (96)

= −b(q)[D1(q) + D2(q)] − b(q)d(q)+ µ[k2 − a(q)]d(q). (97)

We observe thatU1(q) ≥ 0 andU2(q) ≥ 0 and 2C12(q) − U(q) ≤ 0, consequently the sign of∆(k, q) depends on the
sign of the coefficientsA1(k, q), A2(k, q), andA3(k, q). For the argument below we may assume that−1 < µ < 0 and
D1(q) ≤ D2(q). HereD1(q) < D2(q) corresponds to differential small-scale diffusion (i.e∆ν > 0) andD1(q) = D2(q)
corresponds to symmetric small-scale dissipation (i.e∆ν = 0). We begin our argument with the following lemma:

Lemma 1. Assume that b(q) < 0 and k2 − a(q) − b(q) < 0. Assume also streamfunction dissipation with both
differential small-scale dissipation and extrapolated Ekman dissipation with−1 < µ < 0. Then A3(k, q) ≥ 0, and
furthermore, if D1(q) ≤ D2(q), then we also have A2(k, q) ≤ 0.

Proof. We recall thatA3(k, q) is given by

A3(k, q) = −b(q)[D1(q) + D2(q)] − b(q)d(q)+ µ[k2 − a(q)]d(q). (98)

Since, by definition,D1(q) ≥ 0, andD2(q) ≥ 0, andd(q) ≥ 0, and sinceb(q) < 0, andk2 − a(q) = [k2 − a(q) − b(q)] +
b(q) < k2 − a(q) − b(q) < 0, andµ < 0, it follows that all contributing terms toA3(k, q) are positive and therefore
A3(k, q) ≥ 0. For the case ofA2(k, q), let us assume first thatD1(q) ≤ D2(q). We rewriteA2(k, q) as follows:

A2(k, q) = −b(q)D1(q) + [2k2 − 2a(q) − b(q)]D2(q) + [2k2 − 2a(q) − b(q)]d(q)+ µ[k2 − a(q)]d(q) (99)

= −b(q)[D1(q) − D2(q)] + 2[k2 − a(q) − b(q)]D2(q)

+ 2[k2 − a(q) − b(q)]d(q)+ b(q)d(q)+ µ[k2 − a(q) − b(q)]d(q)+ µb(q)d(q) (100)
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= −b(q)[D1(q) − D2(q)] + [k2 − a(q) − b(q)][2D2(q) + (2+ µ)d(q)] + (µ + 1)b(q)d(q). (101)

Sinceb(q) < 0, andk2 − a(q) − b(q) < 0, andµ + 2 > 0, andµ + 1 > 0, we see that all contributing terms toA2(k, q)
are negative and thereforeA2(k, q) ≤ 0. This concludes the proof.

Proposition 2. Assume streamfunction dissipation with both differential small-scale dissipation and extrapolated
Ekman dissipation with−1 < µ < 0. Assume also that k2 − a(q) − b(q) < 0, and b(q) < 0, and D1(q) ≥ 0, and
D2(q) ≥ 0, and∆D(q) ≡ D2(q) − D1(q) ≥ 0, and also that D1(q), ∆D(q), and d(q) satisfy

2D1(q) + µd(q)
[D2(q) − D1(q)] + (µ + 1)d(q)

>
b(q)

k2 − a(q) − b(q)
. (102)

Then it follows that∆(k, q) ≤ 0.

Proof. We recall that∆(k, q) is given by

∆(k, q) = A1(k, q)U1(q) + A2(k, q)U2(q) + A3(k, q)[2C12(q) − U(q)]. (103)

Using the previous lemma, from the given assumptions above,we haveA2(k, q) ≤ 0 andA3(k, q) ≥ 0. Now let us
rewriteA1(k, q) as

A1(k, q) = [2k2 − 2a(q) − b(q)]D1(q) − b(q)D2(q) − b(q)d(q) + [k2 − 2b(q) − a(q)]µd(q) (104)

= 2[k2 − a(q) − b(q)]D1(q) − b(q)[D2(q) − D1(q)] − b(q)d(q)

+ [k2 − a(q) − b(q)]µd(q) − µb(q)d(q) (105)

= [k2 − a(q) − b(q)][2D1(q) + µd(q)] − b(q)[D2(q) − D1(q) + (µ + 1)d(q)]. (106)

Sincek2 − a(q) − b(q) < 0 andD2(q) − D1(q) + (µ + 1)d(q) > 0, it follows thatA1(k, q) ≤ 0 if and only if Eq. (102) is
satisfied. Thus, since we also know thatU1(q) ≥ 0, andU2(q) ≥ 0, and 2C12(q) − U(q) ≤ 0, it follows that all terms
contributing to∆(k, q) are negative, and therefore∆(k, q) ≤ 0.

4.4. Discussion of sufficient conditions in terms of dissipation coefficients

We will now use Proposition 2 to extract sufficient conditions to satisfy the flux inequality for the four dissipa-
tion term configurations, outlined in the beginning of this section, in terms of the dissipation term coefficients. Our
goal is to explore the restrictiveness of these conditions for each configuration. For the first dissipation configura-
tion, we consider streamfunction dissipation with both differential small-scale dissipation and extrapolated Ekman
dissipation, with the surface layer placed at 1Atm. Mathematically, this corresponds to usingD1(q) = νq2p+2, and
d(q) = (3/2)νEq2 (sinceλ = 3/2), andD2(q) − D1(q) = ∆νq2p+2, andµ = −1/3. It is easy to show that, given these
choices, Proposition 2 gives the following statement

0 <
∆νq2p + νE

4νq2p − νE
<

q2 − k2

k2
R

=⇒ ∆(k, q) ≤ 0. (107)

Note that the hypothesis given by Eq. (107) requires thatνE < 4νq2p, which ensures that both sides of Eq. (102) are
positive. We may then invert both sides of Eq. (102) in the process of obtaining Eq. (107). On the other hand, for
νE > 4νq2p, Eq. (102) is violated, as its left-hand side becomes negative while its right-hand side remains positive.
More precisely, in Eq. (102), the right-hand side is positive for q > k, the denominator of the left-hand side satisfies
D2(q) − D1(q) + (µ + 1)d(q) > 0 by the given choices forD1(q), D2(q), d(q), andµ, and the constraintνE < 4νq2p is
needed to ensure that the numerator 2D1(q)+µd(q) is not negative, so that it can be possible for Eq. (102) to besatisfied.
Consequently, we see that increasing eitherνE or ∆ν indicates a tendency towards violating the flux inequality.The
role of differential diffusion is very important here since, for∆ν > 0, the left-hand-side of the hypothesis in Eq. (107)
will approach∆ν/(4ν) and remain bounded for large wavenumbersq, whereas for∆ν = 0, the same left-hand-side
will vanish rapidly to zero with increasing wavenumberq. As a result, violating the flux inequality may become
easier under differential small-scale dissipation∆ν. On the other hand, the role ofνE becomes even more dramatic,
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since increasingνE from 0 towards 4νq2p will result in a hyperbolic blow-up of the left-hand-side ofthe hypothesis of
Eq. (107), thus yielding an even more rapid violation of the hypothesis.

Now, let us consider the second dissipation term configuration where we eliminate extrapolated Ekman dissipation
but retain differential small-scale dissipation. This corresponds to choosingµ = 0 andλ = 1 (i.e. the Ekman term
is now at the lower layer and not extrapolated into the surface layer), withD1(q) = νq2p+2, andd(q) = νEq2 (since
λ = 1), andD2(q) − D1(q) = ∆νq2p+2. Proposition 2 will now reduce to the statement given by

∆νq2p + νE

4νq2p
<

q2 − k2

k2
R

=⇒ ∆(k, q) ≤ 0, (108)

where the hyperbolic blow-up is no longer possible. Differential small-scale dissipation however maintains its ten-
dency towards violating the flux inequality for increasing∆ν since the left-hand-side in the hypothesis of Eq. (108) still
approaches∆ν/(4ν) in the limit of large wavenumbersq, and does not vanish. Comparing Eq. (107) with Eq. (108),
we see that the presence ofνE in the denominator of the left-hand-side fraction of Eq. (107) is due to the use of
extrapolated Ekman dissipation.

It is also interesting to consider the third dissipation term configuration in which we eliminate differential small-
scale dissipation but retain extrapolated Ekman dissipation. This corresponds to choosingµ = −1/3 and∆ν = 0, with
D1(q) = D2(q) = νq2p+2, andd(q) = (3/2)νEq2 (sinceλ = 3/2). The statement of Eq. (107) can be simplified to read

νE

4νq2p
<

q2 − k2

k2
R + (q2 − k2)

=⇒ ∆(k, q) ≤ 0. (109)

Now, let us compare Eq. (109) against the fourth dissipationterm configuration where both differential small-scale
dissipation and extrapolated Ekman dissipation are eliminated (i.e.µ = 0 and∆ν = 0, with D1(q) = D2(q) = νq2p+2,
andd(q) = νEq2 (sinceλ = 1)). The corresponding sufficient condition is given by

νE

4νq2p
≤ q2 − k2

k2
R

=⇒ ∆(k, q) ≤ 0. (110)

We see that in the absense of both extrapolated Ekman dissipation and differential small-scale dissipation, the
sufficient condition to satisfy the flux inequality is easily satisfied since the left-hand-side of Eq. (110) vanishes with
increasing wavenumberq whereas the right-hand side increases quadratically withq. The only way to frustrate the
sufficient condition and hope to be able to violate the flux inequality is by adjusting the hyperdissipation coefficient
ν with increasing numerical resolution, such thatνEk2

R/(4νq
2p+2
max ) remains constant, withqmax the maximum resolved

wavenumber. Such an adjustment of hyperdissipation was indeed necessary in the Tung-Orlando simulation [14] of
the two-layer quasi-geostrophic model, opening it to criticism [36, 37]. On the other hand, the sufficient conditions
for the other three cases indicate that the need for this kindof adjustment may be diminished. Extrapolated Ekman
dissipation alone stabilizes the growth of the right-hand side of the sufficient condition in Eq. (109) but does not
stop the left-hand side from vanishing. This situation is considerably improved, as can be seen from Eq. (107) and
Eq. (108), when we introduce differential small-scale dissipation. In fact, under the first configuration, corresponding
to Eq. (107), all it takes to violate the sufficient condition is to ensure thatνE > 4νq2p for all wavenumbersq in the
inertial and dissipation range.

It should be stressed that in the above discussion, the hypotheses given by Eq. (107)–(109) are sufficient conditions
but not necessary conditions. A violation of Eq. (102) will ensure that the termA1(k, q)U1(q) gives a positive contri-
bution to∆(k, q). However, according to Lemma 1, the contributions ofA2(k, q)U2(q) andA3(k, q)[2C12(q) − U(q)]
will remain negative, so the sign of∆(k, q) is dependant on which term gets to be dominant. Therefore, it is far from a
foregone conclusion that a violation of the flux inequality is possible under the dissipation configurations considered
above. However, the significant tightening of the sufficient condition with the introduction of extrapolated Ekman
dissipation and differential small-scale dissipation indicates that a violation of the flux inequality may be becoming
easier to achieve, under these configurations.

4.5. Sufficient conditions in terms of streamfunction spectra
We would now like to consider statements providing sufficient conditions for satisfying the flux inequality, for-

mulated in terms of the streamfunction spectraU1(q), U2(q), andC12(q), for the dissipation configuration given by
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Eq. (62) and Eq. (63), i.e. streamfunction dissipation withdifferential small-scale dissipation and extrapolated Ekman
dissipation. These conditions constrain the spectrumC12(q) with respect toU1(q) andU2(q), and they imply corre-
sponding constraints on the distribution of energy and potential enstrophy between layers, to be explored in future
work. Furthermore, they are independent of the detailed definitions of the dissipation term operator spectra given by
D1(k), D2(k), andd(k).

We will derive propositions for three separate cases. Proposition 3 corresponds to streamfunction dissipation
without differential small-scale dissipation and without extrapolated Ekman dissipation. Proposition 4 corresponds to
streamfunction dissipation with both differential small-scale dissipation and extrapolated Ekman dissipation. Finally,
Proposition 5 corresponds to streamfunction dissipation with extrapolated Ekman dissipation but without differential
small-scale dissipation. We will see that the corresponding constraints on the streamfunction spectrumC12(q) become
tighter upon introducing differential small-scale dissipation, extrapolated Ekman dissipation, or a combination of both.

The first step towards deriving the propositions below is to rewrite∆(k, q) in terms ofD1(q), D2(q), andd(q) as
follows

∆(k, q) = B1(k, q)D1(q) + B2(k, q)D2(q) + B3(k, q)d(q), (111)

with B1(k, q), B2(k, q), andB3(k, q) given by

B1(k, q) = [2k2 − 2a(q) − b(q)]U1(q) − b(q)U2(q) − b(q)[2C12(q) − U(q)] (112)

= 2[k2 − a(q)]U1(q) − 2b(q)C12(q), (113)

B2(k, q) = −b(q)U1(q) + [2k2 − 2a(q) − b(q)]U2(q) − b(q)[2C12(q) − U(q)] (114)

= 2[k2 − a(q)]U2(q) − 2b(q)C12(q), (115)

B3(k, q) = −b(q)U1(q) + [k2 − a(q) − 2b(q)]µU1(q) + [2k2 − 2a(q) − b(q)]U2(q)

+ µ[k2 − a(q)]U2(q) − b(q)[2C12(q) − U(q)] + µ[k2 − a(q)][2C12(q) − U(q)] (116)

= 2[k2 − a(q)]U2(q) − 2b(q)C12(q)

+ µ[k2 − a(q)][U1(q) + U2(q) + 2C12(q) − U(q)] − 2µb(q)U1(q) (117)

= 2[k2 − a(q)]U2(q) − 2b(q)C12(q) + µ[k2 − a(q)]2C12(q) − 2µb(q)U1(q). (118)

We now use the above equations to derive the following propositions:

Proposition 3. Assume that k2 − a(q) − b(q) < 0 and b(q) < 0. We also assume the dissipation configuration given
by Eq.(65) with µ = 0, and d(q) ≥ 0, and D1(q) = D2(q) ≡ D(q) ≥ 0 (i.e. symmetric small-scale streamfunction
dissipation with a standard Ekman term). It follows that if C12(q) ≤ U2(q), then∆(k, q) ≤ 0.

Proof. We write∆(k, q), under the assumption of symmetric small-scale dissipation (i.e.D1(q) = D2(q) ≡ D(k)), as

∆(k, q) = [B1(k, q) + B2(k, q)]D(q) + B3(k, q)d(q). (119)

We note that from the given assumptions, we have

B1(k, q) + B2(k, q) = 2[k2 − a(q)]U1(q) − 2b(q)C12(q) + 2[k2 − a(q)]U2(q) − 2b(q)C12(q) (120)

= 2[k2 − a(q)]U(q)− 4b(q)C12(q) (121)

= 2[k2 − a(q) − b(q)]U(q)− 2b(q)[2C12(q) − U(q)] ≤ 0, (122)

usingk2 − a(q) − b(q) < 0, b(q) < 0, and 2C12(q) − U(q) ≤ 0. From the hypothesisC12(q) ≤ U2(q), we can also show
that

B3(k, q) = 2[k2 − a(q)]U2(q) − 2b(q)C12(q) (123)

≤ 2[k2 − a(q)]U2(q) − 2b(q)U2(q) = 2[k2 − a(q) − b(q)]U2(q) ≤ 0. (124)

Sinced(q) ≥ 0 andD(q) ≥ 0, it follows that∆(k, q) ≤ 0.
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Proposition 4. Assume that b(q) < 0 and k2 − a(q) − b(q) < 0. We also assume the most general dissipation
configuration given by Eq.(65) with D1(q) ≥ 0, and D2(q) ≥ 0, and d(q) ≥ 0, and−1 < µ < 0 (i.e. streamfunction
dissipation with both differential small-scale dissipation and extrapolated Ekman dissipation). It follows that

1. If C12(q) ≤ 0, then∆(k, q) ≤ 0.
2. If C12(q) ≤ min{U1(q),U2(q)} and U1(q) + µU2(q) ≥ 0, then∆(k, q) ≤ 0.

Proof. To show (a) we first note thatk2 − a(q) = [k2 − a(q) − b(q)] + b(q) < k2 − a(q) − b(q) < 0. Combined with the
given assumptions, we find thatB1(k, q), B2(k, q) andB3(k, q) satisfy

B1(k, q) = 2[k2 − a(q)]U1(q) − 2b(q)C12(q) ≤ 2[k2 − a(q)]U1(q) ≤ 0, (125)

B2(k, q) = 2[k2 − a(q)]U2(q) − 2b(q)C12(q) ≤ 2[k2 − a(q)]U2(q) ≤ 0, (126)

B3(k, q) = 2[k2 − a(q)]U2(q) − 2b(q)C12(q) + µ[k2 − a(q)]2C12(q) − 2µb(q)U1(q) (127)

≤ 2[k2 − a(q)]U2(q) − 2µb(q)U1(q) ≤ 0. (128)

Here we used the inequalities−2b(q)C12(q) ≤ 0, andµ[k2 − a(q)]2C12(q) ≤ 0, and 2µb(q)U1(q) ≤ 0, that follow from
the given assumptions. It follows that∆(k, q) ≤ 0.

To show (b) we use the given assumptions to show that

B1(k, q) = 2[k2 − a(q)]U1(q) − 2b(q)C12(q) ≤ 2[k2 − a(q)]U1(q) − 2b(q)U1(q) (129)

≤ 2[k2 − a(q) − b(q)]U1(q) ≤ 0, (130)

B2(k, q) = 2[k2 − a(q)]U2(q) − 2b(q)C12(q) ≤ 2[k2 − a(q)]U2(q) − 2b(q)U2(q) (131)

= 2[k2 − a(q) − b(q)]U2(q) ≤ 0. (132)

The above two inequalities forB1(k, q) andB2(k, q) are based on the assumptionsC12(q) ≤ U1(q) andC12(q) ≤ U2(q).
We also show thatB3(k, q) is bounded by

B3(k, q) = 2[k2 − a(q)]U2(q) − 2b(q)C12(q) + µ[k2 − a(q)]2C12(q) − 2µb(q)U1(q) (133)

≤ 2[k2 − a(q)]U2(q) − 2b(q)U2(q) + µ[k2 − a(q)]2U1(q) − 2µb(q)U1(q) (134)

= 2[k2 − a(q) − b(q)]U2(q) + 2µ[k2 − a(q) − b(q)]U1(q) (135)

= 2[k2 − a(q) − b(q)][U2(q) + µU1(q)]. (136)

Sincek2 − a(q) − b(q) < 0 and by hypothesisU1(q) + µU2(q) ≥ 0 it follows thatB3(k, q) ≤ 0, and consequently
∆(k, q) ≤ 0.

Proposition 5. Assume that k2 − a(q) − b(q) < 0 and b(q) < 0. We also assume the dissipation configuration given
by Eq.(65) with −1 < µ < 0 and D1(q) = D2(q) ≥ 0, and d(q) ≥ 0 (i.e.streamfunction dissipation with extrapolated
Ekman dissipation with and symmetric small-scale dissipation). It follows that if C12(q) ≤ min{U1(q),U2(q)} then
∆(k, q) ≤ 0.

Proof. Under the assumption of symmetric small-scale dissipation(i.e. D1(q) = D2(q)), we may rewrite∆(k, q) as

∆(k, q) = [B1(k, q) + B2(k, q)]D(q) + B3(k, q)d(q). (137)

We note that from the given assumptions, we have

B1(k, q) + B2(k, q) = 2[k2 − a(q)]U1(q) − 2b(q)C12(q) + 2[k2 − a(q)]U2(q) − 2b(q)C12(q) (138)

= 2[k2 − a(q)]U(q)− 4b(q)C12(q) (139)

= 2[k2 − a(q) − b(q)]U(q)− 2b(q)[2C12(q) − U(q)] ≤ 0, (140)
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usingk2 − a(q) − b(q) < 0, b(q) < 0, and 2C12(q) − U(q) ≤ 0. We also have

B3(k, q) = 2[k2 − a(q)]U2(q) − 2b(q)C12(q) + µ[k2 − a(q)]2C12(q) − 2µb(q)U1(q) (141)

≤ 2[k2 − a(q)]U2(q) − 2b(q)U2(q) + µ[k2 − a(q)]2C12(q) − 2µb(q)C12(q) (142)

= 2[k2 − a(q) − b(q)]U2(q) + 2µ[k2 − a(q) − b(q)]C12(q) (143)

≤ 2[k2 − a(q) − b(q)]U2(q) + 2µ[k2 − a(q) − b(q)]U2(q) (144)

= 2(1+ µ)[k2 − a(q) − b(q)]U2(q) ≤ 0. (145)

Here, on the first line we used the assumptionsC12(q) ≤ U1(q) andC12(q) ≤ U2(q) to argue that−2b(q)C12(q) ≤
−2b(q)U2(q) and−2µb(q)U1(q) ≤ −2µb(q)C12(q). The remainder of the argument continues to apply the given
assumptions and it is easy to follow. We conclude that∆(k, q) ≤ 0.

Proposition 3 shows that under symmetric small-scale streamfunction dissipation alone, using standard as op-
posed to extrapolated Ekman dissipation, the inequalityC12(q) ≤ U2(q) implies∆(k, q) ≤ 0 for all wavenumbers
k < q. We already know thatC12(q) is mathematically restricted via the arithmetic-geometric mean inequality
2|C12(q)| ≤ U1(q) + U2(q) over an interval of values intersecting with the constraint C12(q) ≤ U2(q), so the ac-
tual constraint onC12(q) is tighter. From Proposition 4 and Proposition 5 we see thatincluding either extrapolated
Ekman dissipation or differential small-scale dissipation on top of streamfunctiondissipation makes the sufficient
conditions more restrictive. This is, of course, expected and consistent with the preceding discussion of the conse-
quences of Proposition 2. In particular, Proposition 4 shows that for the more general dissipation term configuration
of streamfunction dissipation with both differential small-scale dissipation and extrapolated Ekman dissipation, if the
streamfunction spectrumC12(q) is negative for all wavenumbersq > k, then the flux inequality is satisfied at wavenum-
berk. It also shows that the restriction on the streamfunction spectrumC12(q) can be stretched as far as the wider
inequalityC12(q) ≤ min{U1(q),U2(q)} if we choose to introduce the restrictionU1(q)+µU2(q) ≥ 0 on the streamfunc-
tion spectraU1(q) andU2(q). In proposition 5 we eliminate differential small-scale dissipation but retain extrapolated
Ekman dissipation. This eliminates the restrictionU1(q) + µU2(q) ≥ 0 whereas the restriction on the streamfunction
spectrumC12(q) remains the same as in Proposition 4. This shows that the restriction U1(q) + µU2(q) ≥ 0 origi-
nates from differential small-scale dissipation, and sinceµ is negative, it constitutes a non-trivial constraint on the
streamfunction spectraU1(q) andU2(q). As a result, the sufficient conditions of Proposition 5 are rigorously wider
than the sufficient conditions of Proposition 4. It goes without saying that eliminating both differential small-scale
dissipation and extrapolated Ekman dissipation reverts usback to Proposition 3 where the stated sufficient condition
is clearly wider than that of Proposition 5. Specifically, for µ = 0, the inequalityU1(q) + µU2(q) ≥ 0 reduces to the
trivial inequalityU1(q) ≥ 0. Furthermore, in the proof of proposition 5, forµ = 0, we no longer need the constraint
C12(q) ≤ U1(q) to show thatB3(k, q) ≤ 0, and only the constraintC12(q) ≤ U2(q) is needed by the remainder of the
proof.

5. Conclusions and Discussion

We have derived rigorous sufficient conditions for satisfying the flux inequalityk2ΠE(k)−ΠG(k) ≤ 0 for a general
n-layer quasi-geostrophic model with constant layer-by-layer thickness, under symmetric streamfunction dissipation.
By symmetric streamfunction dissipation we mean that for every layer the dissipation term is given by the same linear
Fourier-diagonal operator, applied only on the streamfunction field of the same layer. It follows that under symmetric
configurations of the dissipation terms,n-layer quasi-geostrophic models will indeed have a phenomenology similar
to two-dimensional Navier-Stokes turbulence. Asymmetricdissipation configurations, where different dissipation op-
erators are used on different layers, have been considered for the special case of a two-layer quasi-geostrophic model,
dissipated with general streamfunction dissipation with or without extrapolated Ekman dissipation and differential
small-scale dissipation. We have demonstrated that if the degree of asymmetry in the dissipation terms between the
two layers is bounded as described by Proposition 2, then theflux inequality will continue to be satisfied. Our results
on the non-trivial dependence of the dissipation rate spectra of energy and potential enstrophy on the energy and
potential enstrophy spectra via the streamfunction spectra, are also very relevant to the correct formulation of closure
models for multi-layer quasi-geostrophic systems.
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One limitation of the current investigation is that we have disregarded the beta term, mainly to avoid the math-
ematical difficulties associated with the anisotropic nature of the term.This elimination can be tolerated, from a
physical standpoint, as long as the beta term is active only in the forcing range and the baroclinic forcing at the same
forcing range is powerful enough to overshadow the beta term. As long as the effect of the beta term remains limited
to large scales (i.e. planetary and synoptic scales), it will not contribute to the integrals of Eq. (36) and Eq. (37) and
the results reported in this paper will remain entirely unaffected. The only other physical assumption inherent in these
results is that forcing via the baroclinic instability is limited to large scales. The propositions 1-5 are mathematically
rigorous and do not require these assumptions, however the assumptions come into play at the very last step where
the conclusion of propositions 1-5 (i.e.∆(k, q) ≤ 0) is used to infer the flux inequality itself. On the other hand, no
phenomenological assumptions about any spectrum are needed at any step of the argument.

For the case of the two-layer quasi-geostrophic model, we have seen that, starting from a streamfunction dissi-
pation configuration, adding either extrapolated Ekman dissipation or differential small-scale dissipation (or both)
tends to tighten the sufficient conditions for satisfying the flux inequality. This suggests that the flux inequality
k2ΠE(k) − ΠG(k) ≤ 0 may be more easily violated under these more general dissipation configurations. A violation
of the flux inequality beyond a wavenumberkt would then allow a downscale energy flux large enough to result in a
transition fromk−3 to k−5/3 scaling in the energy spectrum near the wavenumberkt [10, 11, 38]. However, while there
is a plausible physical motivation for using extrapolated Ekman dissipation, there is no obvious physical motivation
for introducing an asymmetric configuration of the small-scale dissipation terms. We would therefore like to expand
on the reasons why we believe that this is an idea worth pursuing.

Any kind of small-scale dissipation in quasi-geostrophic models is not physical but is tolerated mainly because it
is intended to model the dissipative mechanisms that exist at smaller scales where quasi-geostrophic dynamics breaks
down and three-dimensional dynamics becomes dominant. Lindborg [39] estimates that quasi-geostrophic dynamics
break down at a length scale of about 100km. However, the scaling transition wavenumberkt of the Nastrom-Gage
spectrum [16–19], and consequently the breakdown of the fluxinequality, occurs at a greater length scale of about
1000km to 700km in wavelength, which is still within the quasi-geostrophic regime. The hypothesis underlying the
quasi-geostrophic modeling of atmospheric turbulence is that the locality of the coexisting downscale potential en-
strophy cascade and downscale energy cascade shields them from the three-dimensional dominated regime at the
smallest scales. Both cascades are furthermore protected by the continuing conservation of potential enstrophy under
the stratified turbulence dynamics that becomes dominant atscales less than 100km. The above considerations suggest
the hypothesis that three-dimensional effects will not contaminate the nonlinear quasi-geostrophicdynamics driving
the coexisting cascades of potential enstrophy and energy in the quasi-geostrophic regime, which allows us to model
small-scale three-dimensional processes, as seen from thequasi-geostrophic regime’s point of view, via small-scale
hyperdiffusion terms applied to all layers. That said, there is the non-local effect that the anomalous energy sink, pro-
vided by the three-dimensional regime, can inflict on the quasi-geostrophic regime, and that is to boost the downscale
energy dissipation rate, thereby increasing the downscaleenergy flux passing through the quasi-geostrophic regime
of length scales and moving the transition wavenumberkt deep into the inertial range. This is why we propose that
if differential small-scale dissipation can be shown to achieve anequivalent effect, then it should be accepted as a
more realistic configuration, for modelling purposes. As wehave mentioned in the introduction, the main weakness
of multi-layer quasi-geostrophic models is that they disregard the surface quasi-geostrophic dynamics at the lowest
layer. Perhaps, asymmetric small-scale dissipation can bethought of as a crude way to compensate for the absence of
surface quasi-geostrophic dynamics.
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Appendix A. Proof that E(k) is always positive

In this appendix we show that if the matrixLαβ(k) satisfies the following conditions:

Lαβ(k) ≥ 0, for α , β, (A.1)
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∑

β

Lαβ(k) ≤ 0, (A.2)

then the energy spectrumE(k) will be always positive withE(k) ≥ 0.
We begin by rewriting Eq. (30) as follows:

E(k) = −
∑

αβ

Lαβ(k)Cαβ(k) = −
∑

α

Lαα(k)Uα(k) −
∑

αβ
α,β

Lαβ(k)Cαβ(k) (A.3)

= −
∑

α

Lαα(k)Uα(k) − 1
2

∑

αβ
α,β

Lαβ(k)[Uα(k) + Uβ(k)] − 1
2

∑

αβ
α,β

Lαβ(k)[2Cαβ(k) − Uα(k) − Uβ(k)] (A.4)

= −
∑

α

Lαα(k)Uα(k) − 1
2

∑

αβ
α,β

[Lαβ(k) + Lβα(k)]Uα(k) − 1
2

∑

αβ
α,β

Lαβ(k)[2Cαβ(k) − Uα(k) − Uβ(k)] (A.5)

= −
∑

α

[
Lαα(k) +

1
2

∑

β
α,β

[Lαβ(k) + Lβα(k)]
]
Uα(k) − 1

2

∑

αβ
α,β

Lαβ(k)[2Cαβ(k) − Uα(k) − Uβ(k)] (A.6)

= −
∑

α

[∑

β

Lαβ(k)
]
Uα(k) − 1

2

∑

αβ
α,β

Lαβ(k)[2Cαβ(k) − Uα(k) − Uβ(k)]. (A.7)

The assumptionLαβ(k) = Lβα(k) is used in the key step between Eq. (A.4) and Eq. (A.5). We note thatUα(k) ≥ 0,
sinceUα(k) is always positive, and from the arithmetic-geometric mean inequality, 2Cαβ(k) − Uα(k) − Uβ(k) ≤ 0.
Combining these with the assumptions given by Eq. (A.1) and Eq. (A.2), we see that both terms in our expression for
E(k) are positive and thereforeE(k) ≥ 0.

Appendix B. Derivation of dissipation rate spectra

In this appendix, we will show that the energy dissipation rate spectrumDE(k) and the layer-by-layer potential
enstrophy dissipation rate spectraDGα

(k) are given by

DE(k) = 2
∑

αβ

Dαβ(k)Cαβ(k), (B.1)

DGα
(k) = −2

∑

βγ

Lαβ(k)Dαγ(k)Cβγ(k). (B.2)

The proof mirrors the argument used in Ref. [20] to derive theenergy forcing spectrum and the potential enstrophy
forcing spectrum for the same model. We begin by writing the governing equation for the streamfunction fieldψα as

∂ψα
∂t
+
∑

β

L −1
αβ J(ψβ, qβ) =

∑

βγ

L −1
αβ Dβγψγ +

∑

β

L −1
αβ fβ. (B.3)

Differentiating the streamfunction spectrumCαβ(k) with respect to time gives

∂Cαβ(k)

∂t
=

〈
∂ψα
∂t

, ψβ

〉

k

+

〈
ψα,

∂ψβ

∂t

〉

k

, (B.4)

and we may write a governing equation forCαβ(k) in the form:

∂Cαβ(k)

∂t
+ Tαβ(k) = −Dαβ(k) + Fαβ(k). (B.5)
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Here,Tαβ(k) is the contribution from the nonlinear Jacobian term,Dαβ(k) is the contribution from the dissipation term,
andFαβ(k) is the contribution from the forcing term. The dissipationtermDαβ(k) can now be obtained by replacing
in Eq. (B.4) the streamfunction time-derivative∂ψα/∂t with the dissipation term

∑
βγ L −1

αβ Dβγψγ. This gives

Dαβ(k) = −
〈∑

γδ

L −1
αγ Dγδψδ, ψβ

〉

k

−
〈
ψα,
∑

γδ

L −1
βγ Dγδψδ

〉

k

(B.6)

= −
∑

γδ

[L−1
αγ(k)Dγδ(k)Cβδ(k) + L−1

βγ (k)Dγδ(k)Cαδ(k)]. (B.7)

We may now easily write the dissipation rate spectraDE(k) andDG(k) by applying onDαβ(k) the linear operators
indicated by Eq. (30) and Eq. (33). We therefore find that the energy dissipation rate energy spectrumDE(k) is given
by

DE(k) = −
∑

αβ

Lαβ(k)Dαβ(k) =
∑

αβγδ

[Lαβ(k)L−1
αγ(k)Dγδ(k)Cβδ(k) + Lαβ(k)L−1

βγ (k)Dγδ(k)Cαδ(k)] (B.8)

=
∑

βγδ

[∑

α

Lβα(k)L−1
αγ(k)
]
Dγδ(k)Cβδ(k) +

∑

αγδ

[∑

β

Lαβ(k)L−1
βγ (k)
]
Dγδ(k)Cαδ(k) (B.9)

=
∑

βγδ

δβγDγδ(k)Cβδ(k) +
∑

αγδ

δαγDγδ(k)Cαδ(k) (B.10)

=
∑

βδ

Dβδ(k)Cβδ(k) +
∑

γδ

Dγδ(k)Cγδ(k) = 2
∑

αβ

Dαβ(k)Cαβ(k). (B.11)

The layer-by-layer potential enstrophy spectrumDGα
(k) is likewise given by

DGα
(k) =

∑

βγ

Lαβ(k)Lαγ(k)Dβγ(k) = −
∑

βγδε

Lαβ(k)Lαγ(k)[L−1
βδ (k)Dδε(k)Cγε(k) + L−1

γδ (k)Dδε(k)Cβε(k)] (B.12)

= −
∑

γδε

δαδLαγ(k)Dδε(k)Cγε(k) −
∑

βδε

δαδLαβ(k)Dδε(k)Cβε(k) (B.13)

= −
∑

γε

Lαγ(k)Dαε(k)Cγε(k) −
∑

βε

Lαβ(k)Dαε(k)Cβε(k) (B.14)

= −2
∑

βγ

Lαβ(k)Dαγ(k)Cβγ(k). (B.15)

The corresponding conservation laws read

∂E(k)
∂t
+
∂ΠE(k)
∂t

= −DE(k) + FE(k), (B.16)

∂G(k)
∂t
+
∂ΠG(k)
∂t

= −DG(k) + FG(k). (B.17)

We see that positiveDE(k) andDG(k) correspond to the case where the dissipation terms are truly dissipative. This
concludes the argument.

References

[1] R. Kraichnan, Inertial ranges in two dimensional turbulence, Phys. Fluids 10 (1967) 1417–1423.
[2] C. Leith, Diffusion approximation for two dimensional turbulence, Phys.Fluids 11 (1968) 671–673.
[3] G. Batchelor, Computation of the energy spectrum in homogeneous, two dimensional turbulence, Phys. Fluids Suppl. II 12 (1969) 233–239.
[4] R. Fjørtøft, On the changes in the spectral distributionof kinetic energy for two dimensional non-divergent flow, Tellus 5 (1953) 225–230.
[5] P. Merilees, T. Warn, On energy and enstrophy exchanges in two-dimensional non-divergent flow, J. Fluid. Mech. 69 (1975) 625–630.
[6] E. Gkioulekas, K. Tung, Recent developments in understanding two-dimensional turbulence and the Nastrom-Gage spectrum, J. Low Temp.

Phys. 145 (2006) 25–57.

22



[7] E. Gkioulekas, K. Tung, A new proof on net upscale energy cascade in 2D and QG turbulence, J. Fluid. Mech. 576 (2007) 173–189.
[8] M. Farazmand, Controlling the dual cascade of two-dimensional turbulence, Master’s thesis, McMaster University (2010).
[9] M. Farazmand, N. Kevlahan, B. Protas, Controlling the dual cascade of two-dimensional turbulence, J. Fluid. Mech. 668 (2011) 202–222.

[10] E. Gkioulekas, K. Tung, On the double cascades of energyand enstrophy in two dimensional turbulence. Part 1. Theoretical formulation,
Discrete Contin. Dyn. Syst. Ser. B 5 (2005) 79–102.

[11] E. Gkioulekas, K. Tung, On the double cascades of energyand enstrophy in two dimensional turbulence. Part 2. Approach to the KLB limit
and interpretation of experimental evidence, Discrete Contin. Dyn. Syst. Ser. B 5 (2005) 103–124.

[12] A. Vallgren, E. Deusebio, E. Lindborg, A possible explanation of the atmospheric kinetic and potential energy spectra, Phys. Rev. Lett. 107
(2011) 268501.

[13] H. Aluie, S. Kurien, Joint downscale fluxes of energy andpotential enstrophy in rotating stratified boussinesq flows, Europhys. Lett. 96 (2011)
44006.

[14] K. Tung, W. Orlando, Thek−3 andk−5/3 energy spectrum of the atmospheric turbulence: quasi-geostrophic two level model simulation, J.
Atmos. Sci. 60 (2003) 824–835.

[15] E. Lindborg, Horizontal wavenumber spectra of vertical vorticity and horizontal divergence in the upper troposphere and lower stratosphere,
J. Atmos. Sci. 64 (2007) 1017–1025.

[16] K. Gage, Evidence for ak−5/3 law inertial range in mesoscale two-dimensional turbulence, J. Atmos. Sci. 36 (1979) 1950–1954.
[17] K. Gage, G. Nastrom, Theoretical interpretation of atmospheric wavenumber spectra of wind and temperature observed by commercial

aircraft during GASP, J. Atmos. Sci. 43 (1986) 729–740.
[18] G. Nastrom, K. Gage, W. Jasperson, The atmospheric kinetic energy spectrum, 100 − 104 km, Nature 310 (1984) 36–38.
[19] G. Nastrom, K. Gage, A climatology of atmospheric wave number spectra of wind and temperature observed by commercial aircraft, J.

Atmos. Sci. 42 (1984) 950–960.
[20] E. Gkioulekas, The effect of asymmetric large-scale dissipation on energy and potential enstrophy injection in two-layer quasi-geostrophic

turbulence, J. Fluid. Mech. 694 (2012) 493–523.
[21] G. Falkovich, V. Lebedev, Non-local vorticity cascadein two dimensions, Phys. Rev. E 49 (1994) R1800–R1803.
[22] G. Falkovich, V. Lebedev, Universal direct cascade in two dimensional turbulence, Phys. Rev. E 50 (1994) 3883–3899.
[23] V. Yakhot, Two dimensional turbulence in the inverse cascade range, Phys. Rev. E 60 (1999) 5544–5551.
[24] V. L’vov, A. Pomyalov, I. Procaccia, Quasi-gaussian statistics of hydrodynamic turbulence in 3/4+ ǫ dimensions, Phys. Rev. Lett. 89 (2002)

064501.
[25] E. Gkioulekas, Locality and stability of the cascades of two-dimensional turbulence, Phys. Rev. E 78 (2008) 066302.
[26] E. Gkioulekas, Dissipation range and anomalous sinks in steady two-dimensional turbulence, Phys. Rev. E 82 (2010)046304.
[27] G. Boffetta, A. Celani, M. Vergassola, Inverse energy cascade in two dimensional turbulence: deviations from gaussian behavior, Phys. Rev.

E 61 (2000) R29–R32.
[28] P. Tabeling, Two dimensional turbulence: a physicist approach, Phys. Rep. 362 (2002) 1–62.
[29] R. Salmon, Baroclinic instability and geostrophic turbulence, Geophys. Astrophys. Fluid Dyn. 15 (1980) 167–211.
[30] R. Salmon, Lectures on Geophysical Fluid Dynamics, Oxford University Press, New York, 1998.
[31] R. Scott, B. Arbic, Spectral energy fluxes in geostrophic turbulence: Implications for ocean energetics, J. Atmos.Sci. 37 (2007) 673–688.
[32] M. Waite, Potential enstrophy in stratified turbulence, J. Fluid. Mech. 722 (2013) R4.
[33] R. Salmon, Two-layer quasi-geostrophic turbulence ina simple special case, Geophys. Astrophys. Fluid Dyn. 10 (1978) 25–52.
[34] W. Welch, K. Tung, On the equilibrium spectrum of transient waves in the atmosphere, J. Atmos. Sci. 55 (1998) 2833–2851.
[35] G. Evensen, Inverse methods and data assimilation in nonlinear ocean models, Physica D 77 (1994) 108–129.
[36] K. Smith, Comment on: Thek−3 andk−5/3 energy spectrum of the atmospheric turbulence: quasi-geostrophic two level model simulation, J.

Atmos. Sci. 61 (2004) 937–942.
[37] K. Tung, Reply to comments by K. Shafer Smith, J. Atmos. Sci. 61 (2004) 943–948.
[38] E. Gkioulekas, K. Tung, Is the subdominant part of the energy spectrum due to downscale energy cascade hidden in quasi-geostrophic

turbulence?, Discrete Contin. Dyn. Syst. Ser. B 7 (2007) 293–314.
[39] E. Lindborg, Two comments on the surface quasigeostrophic model for the atmospheric energy spectrum, J. Atmos. Sci. 66 (2009) 1069–1072.

23


