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1. Introduction and results

The famed Korteweg-de Vries (KdV) equation

1
U = uty + Euxxx, (1'1)

has long been known to be integrable. It belongs to an infinite family of pairwise commuting nonlinear evolutionary PDEs called the KdV
hierarchy. The hierarchy can be described in terms of isospectral deformations of the Lax operator

L=037+2u). (1.2)
Namely, the k-th equation of the KdV hierarchy, in the normalization of the present paper, reads
Ly, = [Ar, L], (1.3)
1 2k+1
Ay = 7(L ; ) . k=0 (14)
2k 4+ D! +

Here, the independent variables ty, t1, t;, . . . are called times. The symbol (LZkTH> stands for the differential part of the pseudo-differential
+

operator LZkTH, see e.g. the book [1] for details. The k = 1 equation of (1.3) coincides with (1.1). As customary in the literature, we shall
identify ty with the spatial variable x.

The notion of tau-function for the KdV hierarchy was introduced by the Kyoto school [2-4] during the 1970s-1980s. In 1991, E. Witten,
in his study of two-dimensional quantum gravity [5], conjectured that the generating function of the intersection numbers of ¥/-classes
on the Deligne-Mumford moduli spaces .M, , of stable algebraic curves is a tau-function of the KdV hierarchy. Witten’s conjecture was
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later proved by M. Kontsevich [6]; see [7-9] for several alternative proofs. Moreover the so-called “tau structures” of KdV-like hierarchies
became one of the central subjects in the study of the deep relation between integrable hierarchies and Gromov-Witten invariants [ 10-12].

The original motivations of the Witten's conjecture identify the tau-function t = t(to, t1, t5, ...) of a particular solution to the
KdV hierarchy with the partition function of 2D quantum gravity. The time variables tg, t1, to, . .. are identified with coupling constants
associated with observables g = 1, 71, 1o, ... of the quantum theory. Thus, the quantum correlators of 2D quantum gravity are just
logarithmic derivatives of the tau-function

< ) a”logr(tg,ﬁ,tz,...)
Tk Thy - - - T =
k1 k2 kn 3tk] 8tk2 S Btkn

(1.5)

to=t;=ty=--=0

Tau-functions of some other solutions to the KdV hierarchy along with the corresponding correlators of the form (1.5) proved to be of
interest for other applications, in particular to the study of topology of Deligne-Mumford moduli spaces (see below). The main goal of this
paper is to provide a simple algorithm, in the framework of the theory of Lax operator and its eigenfunctions, for computation of n-point
correlators of an arbitrary solution to the KdV hierarchy.

Let us begin with basics of the theory of KdV tau-functions in the version of M. Sato et al. Denote by t = (to, ty, t3, . . .) the infinite
vector of time variables. Let 8 = C[[tx, k = 0, 1, 2, ...] be the Bosonic Fock space. A Sato tau-function t (t) of the KdV hierarchy is an
element in B satisfying the Hirota bilinear identities

~ t—16 ~
res t(t—[z7' D+ [z '] ex L At Pdz =0, Vt, € p=0,1,2,.... 1.6
Jfes Tt~ [z D+ 1z7') p(;(ann p (16)
Heret — [z7!] := (to -z - (2;;;:1)”, .. ) The residue is understood in a formal way, namely, as (minus) the coefficient of z~!

in the formal expansion at z = oo. Given an arbitrary tau-function t(t), then u(t) = 83 log 7 (t) is a solution of the KdV hierarchy (1.3).
Conversely, let u(t) be an arbitrary (formal) solution of the KdV hierarchy (1.3); then there exists [1] a tau-function 7 (t) such that
83 log 7 (t) = u(t). The tau-function of u(t) is uniquely determined up to a gauge freedom

7(t) > exp(a,l + Zaj tj)r(t) (1.7)
j=0
where the coefficients «;, j > —1 are arbitrary constants.

Let 7(t) be any tau-function of u(t). Define the wave and dual wave functions by

T(t— E2) e? @ T(t+ (2D e 0@Y

Yz t) = 7 ® vz ) =Y(-z;t) = 7 ® ; (1.8)

where the phase 1 is given by
00 Z2i+1

9(z; t) :Z;tjm. (1.9)
The gauge freedom (1.7) affects 1/ (z; t) by a multiplicative factor of the form

g2(z) = exp (—iW) =140, z— . (1.10)
The wave functions are (formal) eigenfunctions of the Lax operator

Ly =2y, Ly*=22y* (1.11)
Their dependence on time variables is specified by the following compatible system

Vo =AY, Y, =AY, k>0 (1.12)
where the differential operators Ay are defined in (1.4). As z — oo their (formal) asymptotic behaviours are

vz =(1+0e")e’*,  yrzo=(1+0N)e ", (1.13)
Also they satisfy an infinite system of bilinear relations

Tes Yz 1) U(z;0z%dz=0, Vt, € p=0,1,.... (1.14)

See e.g. [1, Thm. 6.3.8] for proofs of these statements. Depending on the context, the wave and dual wave functions (as well as the
t-function) can be defined analytically following the approach of G. Segal and G. Wilson [13]; also see Remark 4.2.

Definition 1.1. For any tau-function 7 (t) of the KdV hierarchy, we call the functions

{ YO = 2B a1 .
T Thy .o T =5 P = |
kq Thy kn Oty, . .. Oty,
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and the numbers

(Thy Thy « - - Th) = {Th Ty - - - T ) (£ =0) (1.16)

the n-point correlation functions and the n-point correlators of the tau-function respectively. For every n > 1 we define the generating
function of n-point correlation functions by

oo
2k + D! Qk, + D!
Bz = Y (T T )(®) Lw e (117)
k1,....kn=0 1 Zn

Evaluatingitatt =0
Fo(z1,...,2n) = Fy(zq,...,2,;0) (1.18)
one obtains generating functions of n-point correlators of 7 (t).
The notation (1.15) is borrowed from the literature in quantum gravity [5].
We are now in a position to formulate the first main result of the paper.

Theorem 1.2. Let t be any tau-function of the KdV hierarchy and let v, {/* be defined by (1.8). The generating function of one-point correlation
functions has the following expression

Fi(z;t) = %Tr (V' @)% (2)03) — D, (2) (1.19)
where
o vz Yz
“’(z")—<—wx(z;t> —w:<z;t>> (1.20)

and o3 = ((1) _[])) is the Pauli matrix.

The proof is in Section 3. The identity (1.19) gives a unique reconstruction, up to a multiplicative constant, of tau-function from the
knowledge of the corresponding wave functions and thus provides a converse to Sato’s result.

Remark 1.3. The reader conversant with the theory of isomonodromic deformation will observe similarity with the Jimbo-Miwa-Ueno
definition of isomonodromic tau-function [14,15].

Remark 1.4. The theory developed by Sato et al. gives a formal expansion of 7 by using the infinite Grassmannian approach (see for
example [16-18] for details)

T=) Tusy (1.21)

ney

which provides derivatives of T at t = 0 in terms of Pliicker coordinates. Here, Y denotes the set of Young diagrams, r,, are Pliicker
coordinates of a point in the Sato Grassmannian, s, = s,(T) are Schur polynomials in T = (Ty, Ty, ...) with tp = — 2k + D! Tyeq1.
However, the representation (1.21) does not help much with computation of logarithmic derivatives of tau-function.

A well-known formula (see e.g. [19, pag. 389]), expressing the generating function of {(to7;)), can be easily obtained as an immediate
corollary of Theorem 1.2:

Corollary 1.5. The following equality holds true:

1+ Z GED® (o) = @) @), (122)

2]+2

It has been shown in [20,19] that any pair of wave and dual wave functions v, ¥* satisfy

2j+1
Res, L%+
V@) y* (z)—l+z esiﬁz : (1.23)

Hence from (1.23) and (1.22) we have (7o7;)) = (ZJH),,Resr,L e ,Jj=>0.
Our next result expresses the generating function of two-point correlation functions in terms of wave and dual wave functions.

Proposition 1.6. Let T be a tau-function of the KdV hierarchy and let v, ¥* be defined by (1.8). The generating function of two-point correlation
functions has the following expression

1 _ ) _ (2 2
Fy(z. w: t) = 3 R(W)Rx(2) — RW)R(2) % (2) X (—2) — RE@)R(W) x (w) x (—w) — (2° + w*) (124)
(22 — w?)?
where R = R(z;t) = ¥ (z; ) Y™ (z; 0), x = x(z;t) = dxlog ¥ (z; t); the explicit dependence on t of the functions R(z; t), R(w; t), etc. is
omitted from (1.24).
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The proof is in Section 4.1. Note that both & and x are intended as formal Laurent series in z~! whose coefficients are differential
polynomials in u. The formula (1.24) was also derived in [ 10] through the Hadamard-Seeley expansion of e°f, s — 0.
Now we formulate the result for n-point correlation functions (n > 2); it includes the case n = 2 but we have preferred to highlight it
separately in Proposition 1.6 for clarity’s sake.

Theorem 1.7 (Main Theorem). Let t be any tau-function of the KdV hierarchy and let v = v (z; t), ¥* = ¥*(z; t) be defined by (1.8). Let
R = R(z;t) be as above. Denote ® the matrix given by one of the following equivalent expressions

O(z;t) = 1 [ —Rx _Z‘R] (1.25)

2| R =22 —20)R Ry
_ U=y 29yt
= [wxw: (v w*»] (1.26)
=z (z: ) o3 N (z: t) (1.27)

where the matrix W (z; t) is defined in (1.20). Then the generating function of n-point correlation functions with n > 2 has the following
expression

1 Tr (O(z,) - - Oz, 22472
Falzi, .. znit) === (OG- 0G) — By g2 (1.28)
= 1‘[( (2 -2z
r]+1
Here 8, ; is the Kronecker delta, S, denotes the group of permutations of {1, ..., n}, and for a permutationr = [ry, ..., Iyl, Thy1 is understood

asry.

The proof is in Section 4.
Remark 1.8. The reader can verify that the right side of (1.28) is regular on the diagonals z; = z.

Example 1.9. The next example is n = 3 for which the theorem above yields (on account of the cyclicity of the trace)

Fi(z1. 29, 231 1) = _Tr(0(z1)0(22)0(z3)) —Tr (@(ZZ)@(Zl)@(Z3)) (129)
(2} —2)( — 25)(25 — 2})

Remark 1.10. We have been recently made aware of an interesting preprint from Si-Qi Liu [21], where the n = 2, 3 cases of Theorem 1.7
have also been obtained independently. Jian Zhou also privately communicated a different nice proof of Theorem 1.7 [22].

Application to intersection numbers of -classes on .(; ,.. Recall that M, , denotes the Deligne-Mumford moduli space of stable curves
of genus g with n marked points; let us also recall

Witten’s conjecture (Kontsevich’s Theorem). The partition function of 2D quantum gravity

1
Z(t) = exp (Z 2 <r,<1---r,m)t,q---t,m) (1.30)

n=0 ' ki,...kn=0

is a tau-function of the KdV hierarchy (1.3). Here (ty, . .. Ty,) are intersection numbers of -classes over the Deligne-Mumford moduli spaces

) ki+---4+k,—n+3 . .
vy g O L is a nonnegative integer,
<Tk] "'Tkn> = ﬂgn 3 (1.31)

0, otherwise.

In the above integrals, v; is the first Chern class of the i-th tautological line bundle over Mg .

The partition function Z(t) is now generally known as the Witten-Kontsevich tau-function. Witten’s conjecture implies that u"X(t) :=
Bf log Z(t) is a particular solution of (1.3), for which reason we call it the Witten-Kontsevich solution, also known as the topological solution.
It can be specified by the initial data

U (®)tg=x, 12120 = X. (1.32)
Applying Theorems 1.2 and 1.7 to the Witten-Kontsevich tau-function, we obtain

Theorem 1.11. Let M(z) denote the following matrix-valued formal series

_ i (6g - 5)” Z_6g+4 _ Z (Gg - ])”
1 p 248-1. (g — 1! 248 . g!
M(z) = > ~ " o " . (1.33)
9 Z 6g + 1 (6g — 1)..2_6ng2 Z (6g — 5! _ 625 _egta
= 6g —1 245 .g! = -(g—=1n!
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The generating functions of n-point intersection numbers (1.31)

o0
(ki + D' 2k, + D!
FMzy, ... 20) = § (T T) 0z ’;W , n>1 (1.34)
K1veookn=0 Z4 Zn

are given by the following formula:

o0
WK _ (6g = 3! (652
F} (z)_sz , (1.35)
g=1
1 Tr(M(z,)---M(z,) 72 + 22
FXVK(zl,,,,,zn) = _EZ ( _ 8l T ) . (221_222)2, > 2. (1.36)
€Sy 1_[1(25 _Zr2j+1 1 ]
j=

The expression (1.35) is equivalent to the well-known formula (for example see in [23,24]):

(T3g—2) = g>1 (1.37)

248 . g’
The formula (1.36) seems to be new.

Remark 1.12. In [24], A. Okounkov provided an expression for different generating functions of the same intersection numbers. The
relationship between the two approaches is the following

Our approach \ Okounkov's approach
o0 o0
2k + DN 2k, + D! X 1.38
Z 2tz an+2 (Thy - - Thn) Z Xy 'X:;n (Thy -+ - Tk ) ( )
ki,nkn=0 %1 Zn Kqyoe k=

It should be apparent that the two generating functions are related by a (formal) multiple Laplace transform. Okounkov’s approach
produced integral expressions (but reducing to explicit formula for n < 3). On the other hand the formula (1.36) is absolutely explicit and
allows an efficient computation of the n-point numbers also for very high genera. See Section 8 for more details.

Remark 1.13. In [25] M. Bergére and B. Eynard introduced correlators associated with the Christoffel-Darboux kernel obtained from
solutions to a general 2 x 2 system of linear ODEs with rational coefficients (see Definition 2.3 in [25]). In this case one can use a
suitably modified Jimbo-Miwa-Ueno formula [ 14] as the definition of the tau-function. The construction of [25] was extended in [26] to
Christoffel-Darboux kernels associated with larger systems of ODEs. Applications of this approach to computation of intersection numbers
on the Deligne-Mumford moduli spaces have not been discussed in Refs. [25,26]. We are grateful to B. Eynard who, after the first version
of the present paper appeared on arXiv, kindly communicated us that, in the particular case of Airy kernel it can be shown that the
Bergére-Eynard generating functions of the correlators, after a suitable normalization, reproduce intersection numbers of yr-classes. It
is an interesting observation that certainly deserves a further study.

Application to higher Weil-Petersson volumes. The Main Theorem also allows us to compute higher Weil-Petersson volumes, by which
we mean integrals of mixed - and «-classes of the form

d dq ) k kn d
Gk Ty T = | Wk (1.39)
Mg.n

Recall [27-29] that «-classes as elements of the Chow ring A* (ﬂg,n) are defined by

ki=fi (Ut}) €A (Mgn), i>0 (1.40)

where f : Mg np1 — Mg n is the universal curve (the forgetful map). The class ko = 2g — 2 + n is just a constant, so it will not appear
below. The integrals (1.39) take zero values unless

n |
D ki+> jdi=3g—3+n (1.41)
j=1 j=1
We denote by Z* (t; s) the partition function of higher Weil-Petersson volumes
1 sh st
d d e
() =exp( > = > kK Ty Ty g b --~ran), (1.42)
=0 " dq.dp kg kn>0 1 ¢t

where s denotes the infinite vector of independent variables (s1, S5, ...). It is a KdV tau-function of a family of solutions depending
on the parameters s [30]. The s = 0 evaluation of this function gives the Witten-Kontsevich tau-function: Z(t) = Z“(t; 0). By
YK (z; 1), ¥*(z; t; s) denote the corresponding wave functions

Z(t - [2_1]) eﬁ(z;t) A (t - [Z_l]; S) ely(z;t)

WK . —
vr@n =74 Z°(t.s)

, Yzt s) = (1.43)
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Notations. (i) Y will denote the set of all partitions. (ii) For a partition A = (A; > A, > ---),wedenoteby £(A) =card{i=1,2,...|X; #
0} the length of A, by |A| = Ziz] A the weight of A, by m;(X) the multiplicity of iin A, i=1, ..., co. Let

o0
m()! = [ [m. (1.44)
i=1
The partition of 0 is denoted by (0); £((0)) = [(0)| = 0. For an arbitrary sequence of indeterminates qi, gz, . . . denote g, := qx; - - - Gz,
we use < for the reverse lexicographic orderingon Y, e.g. Y5 = {(3) < (2, 1) < (1%}, Ya = {(4) < (3, 1) < (2%) < (2, 1?) < (1H)}.

We give two ways of representing the generating function of the intersection numbers (Kfl . Kf" T - - - Tky)- The first one represents
the generating function of intersections of ¥/- and «-classes in terms of the generating functions of intersections of 1r-classes obtained in
Theorem 1.11. The second approach is based on an explicit representation of the wave function {“ (z; t; s) in terms of the wave function
of the Witten-Kontsevich solution. These two approaches are formulated as, respectively, the first and the second part of the following
theorem.

Theorem 1.14. Part I. For a given A € Y and foranyn > 0

Cky + D! 2k, 4+ D! o L
_ ) i

Z (o - Krg T - o) — 33— gz = (D Z m(uw)! e S

k. Kn>0 zZ Zn =i A "t

2u1+3 2y +3

wy [
. 7 F{O (Wi o Wy, 20, - - 20) dwy -+ - dwy. (1.45)

X e

@ui+3)! Quego + )N
Here L,,, are transition matrices from the monomial basis of symmetric functions to the power sum basis [31], see Lemma 7.3 for an explicit
expression for the entries of this matrix.
Part II. The wave function corresponding to higher Weil-Petersson volume satisfies

) 2k+3 £0) £
hk(—S)Z (_1) Sx (_]) WK
Y¥(z; t;s) = exp Ly ———0, ,,...0 U’ (z; 1). (1.46)
k; 2k +3)! ;; m()! \M\X:\:M HomQut T e
Denote by F) (z1, . .., za; S) the generating function of the higher Weil-Petersson volumes, i.e.
d dy
d 2k, + D! Qk, + D's .. .s
F(z1, ..., Zn; S) ::Z Z ot ) e ';an dl'-ndg" n>1. (1.47)
>0 kqi,.skn=0 Z4 Zn 1: £
dq,....d;=0
Then
1
Fi(z;s) = 1 (—A(z;5) B;(—=2z; ) + B;(z; 5) A(—z; 5) + B(z; 5) A, (—2; 5) — A;(z;8) B(—2; 9)) (1.48)
z
. 1 Tr (M (z;,: 8) - - - M* (2,5 5)) 722+ 22
Fi@i, .. zg) === — a2, n>2. (1.49)
n res, ﬁ(zz —z2 ) (73 —22)2
; Tj Tj+1
j=1
Here A(z; s) :== ¥*(2; 0; s), B(z; 8) := ¥, (2; 0; 5),
1 (—[A(z; $)B(—z; s) + A(—z; s)B(z; s)] —2A(z; S)A(—z; s)
K (. N s s s s B 5
M (@s) =3 (28(2; $)B(—z;s) A(z; 8)B(=z; s) + A(—z; 5)B(z; 5) (150)
(cf. definition (1.26) of the matrix © ).
The polynomials h, = hy(x1, ..., Xx), k > 1in the formula (1.46) are defined by the well known generating function
3 xizt
1+ th(x)zk = eizl
k>1
Example 1.15. Using Theorem 1.14 we obtain in particular
(K3g-3)g.0 = 25 gl g=>1, (151)
12g2 - 12g +5
(k1T3g—3)g,1 = W7 g=>1, (1.52)
72g3 — 132g2 4+ 95g — 35
(K2T3g-a)g1 = 7024 gl , 822, (1.53)
1296g* — 3888g> 4 4482g2 — 2835g + 945
(k3T3g_s5)g1 = , =2 (1.54)

9!l . 24¢ . g
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Moreover, we find

5 5 ZZ

AV =2y P g c (1.55)
5117 51 2.517 ’
7 4
@ 2 82" + 5z _ Z
AT@ =t g 1T e (1.56)
A“z)( ) z10 N 1127 z4 N z1° z’ N 3z (157)
)=|—=+—— c ——— ———+—=—=q .
225 1575 2520 225 210 " 5607
BV (z) = AP g+ 4° -6 1.58
(e Tsn T T s © (1.38)
50 28 z 828 — 72° 159
(2) = W‘H it g © (1.59)
3(12)(2) - i i + i i c+ i + 4728 izs (1.60)
- 225 210 150 240 225 1575 2520 a ’

Here c = c(z), q = q(z) are Faber-Zagier series (6.10), (6.11); for a partition A, A*(z) is the coefficient of s, := ]_[ sk in the s-expansion
of A(z; s), similarly for definition of B*(z).

Organization of the paper In Section 2, we briefly review the KdV hierarchy. In Section 3, we prove Theorem 1.2 and derive some useful
lemmas. In Section 4, we prove Proposition 1.6 and Theorem 1.7. Application to the Witten-Kontsevich solution is presented in Section 6.
Application to higher Weil-Petersson volumes is presented in Section 7. Further remarks are given in Section 8. We list useful formula and
tables of intersection numbers, and apply a generalization of the Kac-Schwarz operator to higher Weil-Petersson volumes in appendices.

2. A brief reminder of the KdV hierarchy

In this preliminary section we review some useful facts about the KdV hierarchy (1.3), and derive generalized Kac-Schwarz operators
associated to string equations.

Let 4, be the ring of differential polynomials in u. Define a family of differential polynomials £2.0(u; uy, . . . , up) with zero constant
term for p > 0 through the Lenard-Magri recursion

1
= 2ud 4 u+-903) 2y_10, p>1, 2.1
2p+1( x+ x+4x> p—1;0 p= ( )
2 10=1 (2.2)

Here, uy == afu, k > 1 are jet variables. Then the KdV hierarchy (1.3) can be equivalently written as

Uy, = 0x82p.0, p=0. (2.3)
The first few £2,,,0 are given by
0.0 = U, (2.4)
.Q]o:u—z—i—iuxx, (2.5)
2 12
on_ua+< uuxx—l—]uz)-i-wl, (26)
6 12 24 240
230 = u: + <luzu,<X + lu u2> + (iu [ + ! —— U3 + i 2 > + Us . (2.7)
' 24 24 24 240 120 thox 6720
In general, we have [10,19,20]
2p0 = éResaL@, Vp=>0. (2.8)

2p+ DIl

Let ¥ (z; t) and y*(z; t) be a pair of wave and dual wave functions of the KdV hierarchy. As in the Introduction, we define the following
two formal series in z~! by

Rz =y @09 (0, x(z;t) = ddogy(z; ). (2.9)

We remind [ 1] that the function R coincides with the diagonal value of the resolvent of the Lax operator L. One can easily see from (1.23)
and (2.8) that it gives the generating series of £2,,., i.e.

2k + 1
R t>—1+2( R w(®), . (), (210)

It is well known that the following two lemmas hold true for R(z) and y (z), for which we omit proofs.
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Lemma 2.1. The function R = R(z; U; Uy, . . .) is the unique solution in A,[[z '] of the following ODE
1
:R:RXX—5m§+(4u—2z2)$2:—2zz, (2.11)

R=14+0@", z— oo (2.12)

Furthermore, the following formula holds true for R(z)

1
2u\ 2
R(Z;u, Uy, .. -)|uj:0,jzl =|(1-— . (2.13)

In the above formule it is understood that R(z; t) = R(z; u(t); u,(t), ...).

One can recognize that R(z; u; uy, ...) is a full genus correction of gradient of the period of the one-dimensional Frobenius manifold
[32,10].

Lemma 2.2. The function x = x(z; t) = d log ¥ (z; t) is the unique formal solution in [z~ '] of the Riccati equation

X+ x> +2u—2"=0, (2.14)
o0
t
(2 t)=z+ZX’;§), (2.15)
k=1

Lemma 2.3 ([19]). Let ¥ = ¥ (z; t) and * = Y*(z; t) be a pair of wave and dual wave functions of the KdV hierarchy. The following formula
holds true:

U — Y Yy =2z, (2.16)

1 z
t) = —dlog R(z; t) + ——. 2.17
Xz t) 5 Oxlog (z; )+R(z;t) (2.17)

Proof. The identity (2.16) is well-known. The proof of (2.17) is straightforward by using (2.16) and (2.9). O

3. One-point correlation functions of the KdV hierarchy

In this section we prove Theorem 1.2 by using the bilinear identities (1.6). Following [19,33,10], we will frequently use the following
differential operator

V@)=Y @k+ DU 9 (3.1)

72k+2 atk '

Lemma 3.1. For any tau-function t(t) of the KdV hierarchy and any z € C, z # 0 we have

-z Dr+[z7"]) w4z 'Dre—[z7')  tt—[z7 D+ [z7"])
2z t(t)? 2z t(t)2 7(t)?2

The proof of this lemma is a straightforward application of Lemma 2.3 and hence omitted.

Proof of Theorem 1.2. Let 7(t) be any tau-function of the KdV hierarchy. Let v/ (z; t) and ¥*(z; t) be the corresponding wave and dual
wave functions (1.8). The bilinear identities (1.6), (1.14) imply that Vt, t, w

. e~ ) Ny (toj+1-Fyjy1-2 (2j71)!!w’2j’1)%
yg tt—[w = [z7 Drt+[w ]+ [z7 De=° dz =0. (3.3)
R<|z|<|w|
Here R is a sufficiently large number. Note that
2y (DT g
=R = (34)

Applying the operator V(w) to the above identity (3.3) and then setting t = t, we obtain that Vt, w,

> (2k 4+ 1) _ - - Sy W2
;W [%R<Z|<w| <T(t_ [w l] a [Z 1]) T[k(t+ [w ]]+ [Z 1]) w+z
Z2k+1 - i 1 g w—Z
~ G T e iz ])W)dz}ﬂ. 5:2)
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Noticing now that
w—z 2w
= -1, z—> —w,
w—+z Z+w
w—2z w -2
=—14+2—4+0Z"), z—>
w—+z z
we have
w—2z dz
?g tt—[w =z D+ w1+ 27" —
R<l|z|<|w]| w+ 2z 2in
w—2z dz
= —2w t(t) 7, (1) +y§ tt—[w =z D+ w1+ 27" —
R<|w|<|z| w +z 2ir

= 2wt 7 () — res (t(t—[w']) — it —[w Dz +0@E?)

x (Tt 4+ [w™ ') + Tr t+ [w ' Dz + 0@ ™?) (-1+2wz7 '+ 0@z 7)) dz

= 2wt®) 1O + 2wt —[w D 7+ [w ') + 1 (t — [w D T T+ [w ') — T (t—

Similarly we have

>\ 2k + D! 71 i o i L w—2z dz

;wzuz%klz(lwwf(t—[u} -7 D+ [w '1+[z ])w—l—z%
= % tt—[w =z D+ w1+ 27" E
R<lz|<|w| (w +2)2 2im

=—1®)7t(t)+ () T(t) =0.

Here we have used the following expansions

z —w + 1 ,
= , — —Ww,
(w+2?2 @Z+w? z+w
z

1
m = ; + (9(272), zZ —> OQ.

Substituting (3.8) and (3.9) into (3.5) we arrive at
2 2k + D! _1 1 1 -1 -1
27 tt—[w D1+ [w D+ ﬁ%(t— [w™'D g (t+[w™ D)

2k+2 2
= w 7(t)

1 _ _ 0 2k + D! 74, (1)
— oo Tt-w "D T (E+ [w 1])) :’Z:; — T‘(t).

Replacing w — —w in (3.12) we obtain

. (2k+ D! » 1
Zm<r(t+[u} D 7 (t—[w ])— Tto(t+[w 7 (€ —[w'])
k=0

. .
— w2k+2 T (t)
Now let us look at the r.h.s. of (1.19). It is straightforward to compute the following products

Tt —[27']) & Ck+D! gyt — [z D+ [z7"])

1
+ooT(t [w™ ') Tege, (E — [w‘l])> =

Yy = —T’Z T+ 2 o - O 9,
- "’r(ft)t) i (2 -11)(2";? Y20, Y@ OY Y
Il’(zt(tt);;’ kfj (2';;? e Z(t()? 0@ OV @ 0,
R R
vy = 2;&;2)”2 Tt~ [ Dy 4+ [27']) - T(t_[Z_l]f)(gg(tﬂz_l])ﬁz

- YOyt — < ) Vi(z; 1),

'ﬂle//* = —'ﬂl/f;;|z—>_z-

(%)

[w™ D T (E+ [w . (3.8)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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As aresult we have
V¥ + Vu¥y — V¥, — Y V™

4w
1 K 2k+ D!

— (4 [w '] T (E— [w '] + o (t+ [w ') 7, (£ — [w'])]

[t —[w'D e+ [w']) — 1 (0 — [w ') 7 (E+ [w'])

2k + 1!
- = Z ;z,f;(i)z Tt —[w ') gt + [w ') + T+ [w ') g (t — [w'])]

19
2 1(t)2

o Z 2k + D! 7, (©)

- wk+2 1 (t)

1 1 -1 1 -1 -1 -1 -1
[ Tt —[w D (t+ [w ])_ET(H—[w Doy —[w™ D) -2z —[w D+ [w ])]

— Uy (3.18)

The last equality uses (3.12), (3.13) and Lemma 3.1. The theorem is proved. O

4. Multi-point correlation functions of the KdV hierarchy

In this section we apply Theorem 1.2 to derive generating functions of multi-point correlation functions of the KdV hierarchy. We will
need the following formulae for the time derivatives of wave functions.

Lemma 4.1. Let ¥ (z; t) and {*(z; t) be any pair of wave and dual wave functions and let R(z; t) = ¥ (z; t) ¥ *(z; t). It follows that
2R(2)Yx(w) — ﬂx(Z)w(w)

V@ ¥w) = S (1)
G [Rz(z(l L fz()Z)(wz —20]y ) w2
V) o) = LR BN ) _ 2R = R w) w3)

V@) ww) = ﬁ (!Rxx(z) _, Eﬂufz(z—) 21)R() —;)fz()z )> ¥ (w), (4.4)

VO ¥ (w) = S 0@ww) + (R((’Z) 8) v (w). (45)

Proof. The identity (4.1) is a standard result; e.g. see the formula (3.12) in [20] or (11.24) in [ 19]. The others follow from (4.1). O

Remark 4.2. The definition of the matrices ¥ and @ is valid not just in a formal sense. In many cases the matrix ¥ solves a Riemann-Hilbert
problem; for example if the potential u(x) is in an appropriate Schwartz class or it belongs to the class of quasi-periodic functions (as
in the finite gap integration problems). In these cases the identities for generating functions in the next section have also an analytic
meaning and allow to tackle the problem of studying large time behaviours. This is interesting e.g. in the case of the particular solution
of Witten-Kontsevich (see below), because the matrix ¥ could be written not just as a formal series but analytically in terms of Airy
functions. We postpone this type of analysis to a forthcoming publication [34].

Remark 4.3. The matrix © is a resolvent of the matrix-valued Lax operator; see e.g. pages 158-159in [1].
4.1. Generating function of two-point correlation functions

In this subsection we prove Proposition 1.6.
Proof of Proposition 1.6. Applying the operator V(w) on both sides of (1.19) we obtain

o0 o0 .
2k 4+ D! 2j+ nt
DT X am (mE) =3 V(w)Tr (¥ ' @¥(2)03) — V(W) (2). (4.6)
Clearly
ZZ + w2
It is easy to see that ¥ ~1(z) = —aztp(z)Toz Here and below we will use Pauli matrices

o1 = (? 3)); 0y = (? 6i>; 03 = ((1) _0]>- (4.8)
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We have
VW) Tr (¥~ ()% (2)03)

iTr[aV()(w ") a0, W (2) 0,V (w) (¥,
27 2V(w @)") 029 (2)03 + 2% (2) 02,V () ( z(Z))U3]

-2 newer) - I [¥ @' (© W) 02 + 02 ©(w) ¥ (2)01]
- 2

(w? —z?) 2z (w? —2z2)
i
—5; TP @T QW) 02 + 02 Q) @) ] (4.9)
Here
0 0
Q(w) == <R(w) o> . (4.10)
Noticing that Q (w)" 03 + 02 Q(w) = 0, O (w)T 03 + 0, O(w) = 0, we have
2
V(w) [Tr (¥ ' (2)¥%(2)03)] = mn (OW)O(2)). (4.11)
Hence
00 00 . 2 2
2k+ 1! @2j+ n! Tr(O(w)O((z)) —z° —w
- W) = (4.12)
; w2k+2 ]; 72+2 7 (w? — 22)?
_ 3 RWRED) = 5 Ra(WRE@) + Ra@RW)) + (2 + w* — 4 RW)RE@) —2° — w? (4.13)
- (w? — z2)2 : :
Substituting (2.11) into the formula we obtain (1.24). The theorem is proved. O
Example 4.4. The first few two-point correlation functions are given by
(2 () = 2 1 (4.14)
) =u, = — 4+ — Uy, .
0 ToTq 2 12 XX
u? v uu 1
2 X XX
- = X — U 415
(=) 3+(24+ 6>+]44W (4.15)
() u4+ uu§+12 N 1 +23u§X+1 N 1 (4.16)
) = — —u‘u —uu — Uyl —Ug. .
1T 2 8 90 ' 1440 60 “°) " 2880 °

To end this subsection we point out that, for an arbitrary solution u(t) of the KdV hierarchy, the Sato tau-function 7 and the axiomatic
tau-function 7%¢" defined in [ 10] coincide up to a gauge factor of the form e®1+25>05% Indeed, by definition we know thatVp, q, r,

«Tpfq» = «qup»’ «Tpqur» = «Tqrrfp» = «TerTq»- (4.17)
From Proposition 1.6 and Lemma 2.1 we know that (7,74)) € +, and that
ypat

pgp+q+1)°
KdV'

{TpTad ly=0.j21 = (4.18)

So 7 satisfies the defining properties of ©

4.2. Generating functions of multi-point correlation functions

Notation. For a permutationr € S,, n > 2 denote

I 1
P = —Hﬁ (4.19)
=1 “n

Z
j Tj+1

where r,, 1 is understood as ry.

Lemma 4.5. The following formula holds true:

V()0 (w) = [02), ®(w)]+[Q@), O(w)] (4.20)

72 — 2
with Q defined in (4.10).
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Proof. We have, using the Leibniz rule,

V@) 0w) = V@) [¢wos¥ (w) '] = V(@) (¥ (W) o3¢ (w) ™" + ¥ (w)o3V(2) (¥ (w) ™)

- [2 ! 2@(z)lI/(w)+Q(z)lI/(w)j| o3 (w)™!
zc—w
+ ¥ (w)os [—2 ! z‘l’(w)_laz@(l)Tffz+‘P(w)_102Q(Z)T<72]
zc—w

1
= m[@(z), Ow)]+[Q@), Ow)]. O (4.21)

Proof of Theorem 1.7. We use mathematical induction on n. For n = 2, the theorem has been already verified in Proposition 1.6. Suppose
itistrueforn=p(p > 2).Forn=p+1,

i ki + DI Ckyq + DI

2ki+2 2kyy 142 Thy - Thpiy )
k1, kp1= 1 p+1
(o]
2k + D! 2k, + 1!
= V(Zp+1) Z 22 gk,,+2 (T - Ty )
k1,onkp=0 21 2511

1 22+ 22
= V@) [ =D POITI (OG- 0@)) = 82—

P, @ —2)

—ZP(r)ZTr Or,) - Vizpr1) (O@y)) -+ O(2;)]

reSp
1
= - ZP(I’) ZTI‘ |:()(Zr1 = <Z[@(zp+1)» @(er)] +[Q(Zp+1)s @(er)]> s @(er)i|
reSp P+1 1
* 1
= - %P(r) jZ] ( P ) Tr(O(@) 62 )0 @p1)0 () -~ O2,))
72 — 72
- i it Tr(O(z Oz,) - Oz,)O(z,) -+ Oz,
;,,625;7 ( )(ZI?_H _ZE)(ZE_H _Zéil) ( ( P-H) ( j) ( p) ( 1) ( j—l))

- Z D P(lp+ 1t 1)) TH(O(211)O () - O(2,)O (1) - - Oz,,))

j 1 resSp
LY PUp+1.1D) T (0(241)0r,) -+ O(z;))
reSp
1
— P Tr(Oz,) - Oz,,,)) . (4.22)
p +1 reSp41
Here, for a permutationr = [ry, ..., 1¢] € S¢, 19 := ¢, and we have used the facts that both P(r) and matrix trace of products are invariant

under the cyclic permutation. In the step marked with an asterisk, we have used that the terms of the form

» Jj-th place
—
> Tr[@(zm Q1) O(z)] -+ @(zrp)} (4.23)

are zero; to see this the reader can notice that the above is the infinitesimal action of the conjugation action by e*¢@+1) and the trace
Tr(®(z;,) - - - ©(z;,)) is invariant under simultaneous conjugation of the matrices. In the step marked with { we have relabelled the
summation over permutations. In the last step we have used that the summand is invariant under cyclic permutations of the indices.
The theorem is proved. O

5. On string equation and Kac-Schwarz operator

In the remaining part of this paper we will consider a subset of solutions of the KdV hierarchy [10] whose tau-functions are specified
by string equations:

1~
Lit=0, L;:= ka+1 iy (5.1)
=0
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where fy = t, — ¢, k > 0, with arbitrary constants c;. Note that the string equation (5.1) uniquely determines a tau-function up to
a multiplicative constant independent of t. The Witten-Kontsevich tau-function and the generating function of higher Weil-Petersson
volumes are particular examples in this class of solutions; e.g., for the Witten-Kontsevich solution c; = 1, ¢, = 0 for k # 1.

It was observed by V. Kac and A.S. Schwarz [35] that the string equation for the Witten-Kontsevich tau-function implies a differential
equation in the spectral parameter z for the associated wave function. The equation can be written in terms of the linear differential
operator S, = 8 — 7 z that will be called Kac-Schwarz operator. In this section, following A. Buryak [36], we give a generalization of
the Kac-Schwarz operator for the general class of solutions satisfying (5.1).

Definition 5.1. The generalized Kac-Schwarz operator S, associated to the string equation (5.1) is defined as the following differential
operator of z:

S _13 —i—iLZ%*] (5.2)
fTz 0 222 & (k=D :

where the constants c;, are the shifts in the times ¢ in (5.1).

The above definition also can been generalized to the Gelfand-Dickey hierarchy as in [35,37].
Proposition 5.2. Let K(z; t) := ¥ (z; t) - T(t) = t(t — [z ']) e®@. Then the following formula holds true:
L 1K =S,K. (5.3)
Proof. On one hand we have

LK =L(ct=1[z"]- eﬁ)

0 8 t—| i 2k+1 )2
_ Z T( ])+Z k+1Z K—{—(O) K

e =0 2k + D! 2
00 -1 e 2k+1 ry —1\2
k+ D! dr(t—[z71]) te12 (to —2z77)
= — K K
; < LT ks T ,; @kt i T 2
s k+ Dot —[z7') 1
e’ - ——K ft K
+ ’Z:; Z2k+3 3ty 272 + -k
X k+ DN ar(t —[z7! 1 f sz+1
—e’. Z ( 2k+3) ( [ ]) — K+ Z k+1 . (5.4)
pr 4 oty 2z P! 2k + 1)”
On another hand we have
1 2, 2k + DN ATt —[z71]) trz?1
~9,K = e’ (5.5)
z° 2 72k+3 3ty & (k-1
Since t; = t, — cx, we obtain L_{K = 18 K — Zk 0 (2k 1),,K which was our statement. O
Proposition 5.3. Let uy(x) := 83 log 7 (x, 0) and let f (z; x) := ¥ (z; x, 0); then
Sof (2:%) = —cife(z:%) = ) Cer1¥y (2%, 0), (5.6)
k>1
S:fel@: %) = —c1 (22 = 2u0®)) f(Z: ) — Y Cup1 Py (2: X, 0), (5.7)
k>1
1 : . 1 52k=2i 1
Vo @x0) = G ;(zl - Dliz Qo uh(Z 0 = 2f @ 0% Li-volug ) (5.8)
1 k _
Vg (23 %, 0) = eTEE > @i— g <3x-9i71;0|uauofx(2; X) + Qi—t0lu—uy (27 — 2uo(®)) f(z; X)
=0
1 1
- Efx(Z; X)Bx-Qi—l;Olu—mo - if(Z; X)aj-(zi—l:0|u—>ug> . (5.9)
Proof. Taking ty = 0, k > 1in(5.3) gives
0 Y dlogt
Sf @0 = Jf@x - Z%—(z 0) =) — (% 0f @ %). (5.10)

k>0 k>0

Taking ty = 0, k > 1in (5.1) and substituting it into the above equality one obtains (5.6). Eq. (5.7) is obtained by taking x-derivative of
(5.6).Eq.(5.8) can be derived from the defining Eqs. (1.11) and (1.12), which is a standard expression hence omitted. Taking the x-derivative
in (5.8) yields (5.9). O
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We will apply in Appendix B results of Propositions 5.2, 5.3 to computation of higher Weil-Petersson volumes.

6. Application to the Witten-Kontsevich tau-function

In this section we consider a particular solution of the KdV hierarchy (1.3). Namely, we are going to apply Theorems 1.2, 1.7 and the
Witten-Kontsevich theorem to derive n-point functions of the intersection numbers (1.31).

To do so we first derive the initial datum of the wave function " (z; t). Denote f"*(z; x) = ¥"¥(z; t)|r. ,—o. Noting that u* (x) = x,
we have

x‘;VK + 2x WK — szWK. (61)
Solutions of this ODE can be expressed as linear combinations of Airy functions. Imposing the asymptotic condition f¥X(z;x) =
(1 + (9(2*1)) exp(xz), it is easy to obtain

23
FWK(z: X) = G(z)V/2mz e 3 23 A (2*%(z2 — 2x)) (6.2)

where G(z) = 1+ ©@(z™!) is yet to be determined and is a function independent of x. The asymptotic expansion of (6.2) is of the indicated
form only in a suitable sector; the dual wave function admitting the required asymptotic in the same sector is found in Appendix A. To fix
the gauge freedom we need to enforce the string equation

Z fk+1 - (6.3)
at k aty
which is derived by Witten [5]. One immediately reads off from (6.3) that
=0, =1, =0 (k>2). (6.4)
So, due to Definition 5.1, the Kac-Schwarz operator associated to Z(t) reads
SV = ,32 2; —z. (6.5)

Proposition 5.3 with the values (6.4) yields immediately that
Z3
SWKFWK (7: x) = —8,f"K (2 x) = +/2nz e T 23 G(2) AT (2—% @ — 2x)) . (6.6)

On the other hand from (6.2) we have

SMKFWE (7: x) = \2mz e’ 23 (z%cc)Ai’ (23 -20)+ G/iz)Ai (23e- 2x))) : (67)

Comparing (6.6), (6.7) we conclude that G(z) is a constant and thus G(z) = 1.
Definition 6.1. We define AY¥ (z) := v"X(z; 0) = fWX(z; 0), B" (2) := ¥YX(z; 0) = f*(z; 0).
Setting x = 0in (6.7) yields
A (2) = \/Znize?Z%Ai <2’%22) ~ c(2),
BY¢(2) = —\/27t72e§2% Al (2’%22) ~zq(z)

where the symbol ~ stands for asymptotic equivalence, and c(z) and q(z) are known as the Faber-Zagier series [16,36] which can be
computed from the known expansions of Airy functions

(6.8)

. 6k — DN (=216¢)* 2
Ai@) ~ 2fz1/42 k-1 kK £= 523/2’ Z = 0o, |argz| <. (69)
So
o) k
_ (=D"  (6k)!
=) cz3* G, = — 6.10
@@= Gz =g (3K)!1(2K)! (6.10)
> _ 1+ 6k
q(z) = ZQkZ *, Qi = 1—76ka. (6.11)

For future reference, we also have, from Proposition 5.3
Lemma 6.2. AYX(z), BYX(z) satisfy the following system of ODEs

{S;NKAWK(Z) — _pWK ),

6.12
S;/VKBWK (Z) — _ZZAWK (Z) ( )
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The Faber-Zagier series satisfy the well-known relation
c(2)q(—=2) + c(—2) q(z) = 2, (6.13)

which expresses (2.16) of Lemma 2.3. Furthermore they possess the following properties.

Lemma 6.3. The following equalities hold true:

@) -c(-2) = ; ™ (6.14)
q@2) - q(-2) = — 2 %%2_@, (6.15)
@) -q(-2)=1- % g Mﬁf%@s)_”])!z—ﬁg“, (6.16)
4@ (-2 =1+ Z i ‘(;f'l),z s, 6.17)

Proof. By straightforward computations and by using summation formule for hypergeometric series (i.e. Dixon’s identities and
contiguous identities [38]). O

Due to the definition of Z (t), the relation between the intersection numbers and the n-point correlation functions of Z (t) consists simply
in an evaluation at t = 0:

(Thy -+ Tkn) = (Thy - - - Tk D=0 (6.18)

Proof of Theorem 1.11. Let us first consider one-point intersection numbers. According to Theorem 1.2 and the Witten-Kontsevich
theorem, we have

F*@) = - [q(z)c(—z)+c(z)q( z)+¥(q<z)+zq<z>>+ﬁ< q(—z>+zq<—z>)}

c(z)c(—z 2)q(—z >, (6g — 3)!!
-2 (1 _ c@)c( );‘Q( )q( )) _ Z (zig )' ,—(68-2) (6.19)
g=1 '8
Thus we obtain
! =3 2
(G)=124e.g1 1T% 7> (6.20)
0 otherwise,

Le (135-2) = (T3g-2)g = ﬁ.g!-
Now we consider the n-point function for intersection numbers of ir-classes. Substituting (6.8) into (1.27) and using Lemma 6.3 we
obtain

00 = (Z (€@q(=2) = c(-2)q(2)) ~2¢(2)c(~2) )
’ 2 —22°q(2)q(—2) —2(c(2)q(~2) — c(=2)q(2))
_ - M —6g+4 _ - M —6g
1 Z1:24'*5*1-@—1)!2 2; 248 . g~
B 6g +1(6g — D! 3 Esg 51 = M@). (6:21)
06 T VT —6gt2 _ OS5 T —6gta
ZZGg—l 248 . g! ;243*1-@—1)!2
So we have
FXVK(Zl’ o Zn) = ZP () Tr M(zrl) - M(Zr,,)) Z] +ZZ (6.22)

_ T v
reSn ( Z1 — )
The theorem is proved. O

Theorem 1.11 allows an efficient way of computing the intersection numbers of i-classes. E.g., for the two point function, write

Tr (M(z1)M(z2)) = Z iy ky Z z7Mz%, (6.23)
k1,kp=—1
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where ay, r, are rational numbers defined by

(6g1 —5)!! - (6g2 —5)!!
22484872 (g — D! (g — D!
_ (6g1 — D! - (65, — 1! 6gy + 1

, ifki=3g31-2, k=32, g1, > 1,

, ifky =3g1, ko =32 —1, 81,8 >0,

Ay ky = 2481+82 . g]' . gz‘ 6g2 -1 (624)
(6gr — D! -(6g — D!'6gI+1
- n F— , ifky=3g1—1, k =32, 81,8 >0,
2481 gz-gl.'gz. 6g1—1
0, otherwise.
Then formula (1.36) yields the following explicit expressions for two-point correlators
3g1+1
Y Bgi+2—40)-a135¢
3g14+1_, 3g3+1 =0
T T = = , ,8 >0, 6.25
(et /M G G+ Gm+n S8 (62%)
3g1+2
> Bgr+3—-0-ai_135—¢
(=0
(T3gy+2 T3g,) = / g2yl — , 81,8 =0. (6.26)
R e, (6g1 +5)!1 - (6g, + D!

For example, fﬂm , Syl is equal to

9386050172836412587500989359024403743277403220016343379
129591118281563315053010990258247407512356853373458520700907464 141878255 14723833937933155666604136356205499207 1393762192115131342143042355200000000000

The above algorithm can also be easily applied to computation of high genus multipoint intersection numbers,’ e.g.

59907930252114536543946157271

(T20T21T22) = (genus 21), (6.27)
344102366437196621060106476460340816052999946240000
, s 15779395279487
(18°19°) = (genus 11). (6.28)
15064643317373337600

Relationship with topological recursion. Let us briefly comment on the relationship between the formule (1.36) and functions of
Eynard-Orantin type, sometimes referred to as solutions of the topological recursions. Recall that Z(t) admits the genus expansion

logZ(t) = Y F (1), (6.29)

g=0

where ¥, are genus g free energies corresponding to the Witten-Kontsevich solution

o0
1
Fe(t) = Z E Z (Thy ** Tho)gon by * iy (6.30)
n=0 " ky+-+kn=3g—3+n
Define
W @20 = V@) -+ V@) P leso (631)

where we remind the reader that

< 2k+ 1! 9

Hence we have

o0
E @z =) WKz z). (6.33)
g=0
The functions Wg"f’,f(zl, ...,Zzy) are introduced by Eynard and Orantin [39]; see also [40,41]. It is proved for example in [41] that

Eynard-Orantin’s topological recursions for W;’,f are equivalent to the Virasoro constraints [33,10].

1 A table of first few intersection numbers has been given in the Appendix to the preprint version arXiv:1504.06452 of the present paper.
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7. Application to higher Weil-Petersson volumes

In this section we apply Theorem 1.7 to the solution of higher Weil-Petersson volumes, for which we mean intersection numbers of
mixed k- and yr-classes:

d d I d d
(kg Ty e g = | WLk (7.1)
Mg n
These numbers are zero unless
4 n
> idi+Y k=3g—3+n. (7.2)
j=1 =1

Theorem 7.1 ([42,30,10,43,44]). The partition function Z* (t; s) defined by

di dg

o0
1 d d Sy ...S
Z"(t; s) = exp ZZE Z <K11"'K/T/qn'fkn)g,nth"'tknﬁ (7.3)

&=0n¢>0 " Y jdi+)" kj=3g—3+n
is a particular tau-function of the KdV hierarchy (1.3). Moreover,’
Z°(t;s) = Z(to, t1, ty — hy(=s), t3 — ha(=S), ..., tiy1 — hi(=5), ...) (7.4)

where hy(s) are polynomials in s1, s, . . . defined through

th(s) x* = exp (Z iji) ) (7.5)
k=0 j=1

Observe that, equivalently Z* (t; s) has the form

[} p p m tmo o tmq sd] sdz
K (g. _ 1 ¢ ..Mo q 0 q 1 ---2¢
Z"(t; s) = exp E E E (ky' oK Ty T >g’nmo!--~mq!d1!--~dz! . (7.6)

g=0n,q,0>0 > mi=n
X jdj+3jmj=3g—3+n

It is easy to see that Z(t) = Z“ (t; 0).

There exist several methods for computing the integrals (7.1), including application of the Virasoro constraints [46,9,47,43,41,44], the
quasi-triviality approach [10,48,16], as well as an interesting method in the original paper of [27]. We propose a yet different approach,
based on Theorems 1.7 and 7.1.

7.1. Proof of Theorem 1.14

Before entering into the proof proper, we need a few preparations.
Lemma 7.2. The following formula holds true
S qu
exp hm(s)qm> = — Ly ——, (7.7)
b 2 ot 2, oy

where L, is the transition matrix from the monomial basis to the power sum basis. We have used the shorthands

) L)

Sy = l_[s)\j, qu = 1_[ Qy; - (7.8)
j=1 j=1

Proof. By Taylor expansion of the exponential we have

ki oo

exp (Z hm(s>qm> => > 11 fj%,l_[h;<s>kf

m>1 n=0 Y kj=nj=1 "J° j=1
‘m ‘m
= ——h,(s) = E LyuSas (7.9)
| M | (ol
ey m(w)! R GO eyt

where the last equality uses the definition of the transition matrix between homogeneous basis and power sum basis. O

2 Recently Mattia Cafasso brought our attention to an interesting paper [45] where shifts of arguments of tau-functions have been represented in the Grassmannian
approach. It would be interesting to apply the methods of [45] in order to get new insight to our computation of the A(z; s), B(z; s) series (see Egs. (7.28), (7.29)). We plan
to do it in a subsequent publication.
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It is known that the matrix (L, ,,) equals the product of the character table and the Kostka matrix. Now we are going to give two explicit
formule for L, , for given A, . Write Y = {0g < 01 < 02 < ...}, whereog = (0), 01 = (1), 02 = (2), 03 = (12), etc. Let p(n) be the
number of partitions of weight nn,i.e. p(0) = p(1) =1, p2) =2, p(3) =3, ...;and letr, := 2221 pk),n>1, rp:=0.

According to the Macdonald’s book [31] Ly, counts the number of maps f such thatf (1) = u.The following lemma provides an efficient
way for computing the matrices Ly ,.

Lemma 7.3. For any XA, u satisfying |A| = ||, denote v(X) = £(A) — my(X). The following formula holds true:

mq(2)
Ly = Z v(h) v(h) . (7.10)
12kt cekoy <60 | 41— 22 S1kAjs + s Kooy — 2 Se(u) ki
j=1 j=1

Proof. By noticing that the combinatorial meaning of r.h.s. of (7.10) is the same as that of L, ,. O

Remark 7.4. Letk,, = % For any fixed weight |A| = ||, («;,.) is alower triangular matrix with integer entries which we call x-matrix.

Note that we have used the reverse lexicographic ordering for partitions. The first several k-matrices are given by

(k) = (0. 1] = lul = 1; m,»=(} ?) A = |l = 2 (7.11)
1 0 0

(Kw>=<1 1 0>, A = Il = 3 (7.12)
1 3 1
1 0 0 0 O
1 1 0 0 O

Ky)=11 0 1 0 0O}, |Al=ul=4% (7.13)
1 2 1 1 0
1 4 3 6 1
1 0 O 0 O 0 O
1 1 O 0 O 0 O
1 0 1 0 O 0 O

wo=112 1 1 0 0 0], |al=ul=5 (7.14)
1 1 2 0 1 0 O
1 3 4 3 3 1 0
1 5 10 10 15 10 1

We have the following observations:
(i) The sum of the last row of (k3,), |A| = || is a Bell number. Indeed taking in

_ K
exp ;hk(S)Qk:| —AZ AR (7.15)
L k= JMEY
q1 = q; = --- = 1 weobtain
S
exp | exp |:Zsk] - 1i| = Z moo! Z K- (7.16)
L =1 reY HEY |y
Then taking s, = s3 = - - - = 0 we obtain
k
51
exp (exp(sy) — 1) = Z o Z K (1kys (7.17)
k=0 HeYy

i.e. Y, ey, Kby, = Br which is the k-th Bell number.
(ii) The sum of any row of («,,), |A| = || is a Bell number. More precisely,

Z K = Begay- (7.18)
HEY |y
Indeed, due to the combinatorial meaning, for a fixed weight the sum only depends on the number of rows of A. Since in (ii) we have
obtained the sum for A = (1¥), the formula (7.18) follows for any A.

We are now in a position to prove Theorem 1.14.
Proof of Part 1. Note that for any partition A = (A > A, > ---) € Y, we have

an+€(x) logZK
Koy oo Moy Ty oo e Thy ) = 0;0). 7.19
(- Koy Tl - T = 50 81 Ot o, 0 (7.19)
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According to Theorem 7.1,

= 3 (=) By
Z(t;s) = e k=1 Z(t). (7.20)

Therefore we can write the following expansion

(_1)40»)5A (_])l(u)
lo Z"t;s:E - E L, ——39 R log Z (t). 7.21
B o om = o e K11 108 ® (7.21)
From (7.21) we collect the coefficient of s, in the generating function F} (z, ..., z,; s). For this purpose we can use the generating
formula in Theorems 1.2 and 1.7 to arrive at
2k; + D! 2k, + D!
Z (g By T+ T) — 23— a2
kq,....kn>=0 Z] Zn
Ly
= (=)™ E —  res ... res w"F W1, e ey Weg)s Z1s - -+ 2Zg) dwy - - - dw 7.22
(=1 R T IE = S e+ (W1 e(u)s 21 ) dwq 0w (7.22)
W23 wzﬂé)(m”
iti n.— N D i
where for a partition u, w* = S Qe I This concludes the proof of Part 1.

Remark 7.5. Note that
= 2 (=) 3y 4
8% oo Og, logZ“(t;s) = e k=1 atkl <. O, logZ(t). (7.23)
Let F,‘]’VK (z1,...,zn; ) and Fy (z1, . . ., zn; t; s) denote the generating functions of n-point correlation functions corresponding to Z(t) and
Z“(t; s), respectively. Then we have

=2 h(=s) atk-H WK

Fpzi, ...,z ts) = e *! (z1,...,z03 1)
(=D Ws, (=)™ WK
=)y —= Liy~———, , -0 1, -+ s 2 ). (7.24)
)\EZY m()! m%x\ # o e Qg "

Proof of Part Il. By definition of the wave function we have
Z(t—[z7"];s)

Yzt s) = W exp (¥ (z; t))

_ ZK(t—[Zil];S) . 0 ( S)ZZI<+1 e hk—](_s)22k+1
T Zws) exp(ﬂ(zi))exp( > @k + DI )exp (Z 2k + D! )

k=2 k=2

o] h (= 2k+1
P (Z lc(;li'f‘S)lz)”) exp <_ Z hi(=s) afk+1> WWK (z;0)

k=2 k>1

00 2k+3 [405) ()
hi(—s)z (=) Ws, (=1 WK
exp § 2 § Ly ~—————8, ., -0, WKz 1). (7.25)
(k_] 2k + 3)!! )m{ ma)! = P omu)! ey +1

Similarly we have

. h ( S)ZZk+3 ( ])Z(K)S (_])((M)
Vi (z; t;s) = exp (Z k Z A Z Ly 8,41 "'%Wl‘/’xWK(Z; t). (7.26)
rEY

—~ (2k + 3)! m(A)! =y m(w)!
Let
A(z;s) = ¥"(z;0;s),  B(z;s) =y (z; 0; 5). (7.27)
Note that Z“(t; s) = 1+ - - - and that Z“(t; 0) = Z(t). Expanding in 51, S, ... we have

oo

Az =) Y A@s. A% =4"@), (7.28)
k=0 AeYy
o0

Bzis)=) Y B@s. B2 =8"@ (7.29)
k=0 reYy

for some functions A*(z) and B*(z). The formula (1.48), (1.49) are then obtained from Theorems 1.2, 1.7 and 7.1, and this proves Part II.
The proof of Theorem 1.14 is complete. O
One can use the formula in Lemma 4.1 and the formula (4.20) recursively to obtain

V(z1)...V(z)V. (7.30)
At present we do not have a closed form for these generating functions of “multi-point wave functions”.
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7.2. Examples of computations of higher Weil-Petersson volumes

49

In this section we give some explicit examples of calculations of higher Weil-Petersson volumes by using the main theorem and

Theorem 1.14. The following corollary of Lemma 6.3 will be useful for these computations.

Corollary 7.6. For the Witten-Kontsevich solution of the KdV hierarchy we have

. (6g — D! . (6g — 5)!!
0= E "M g3 BTN e
7=0 248 . g! = 2481 . (g — 1)!
X (6g —3)!

Rux(2;0) = ) —————
g; 2451 (g — 1)!

—6g+2

Example 7.7 (Weil-Petersson Volumes). Consider the special cases = (s, 0, 0, ...). Then

S3'»g73+n

oo o0
K . _ e 3g—3+n_n n
logZ* (x,0;s,0) = gE:O ,?70 Gz — 3+ minl (K3 Tolgn X,

3g—3+n>0

and by taking twice the x-derivatives we find

2 Xy st 3g—1+n_nt2
up(x;s) :==9: 1o ZKX,G;S,OZ - 7Kg— nrn .
0(x; 5) = 97 log Z*( ) ;m Z Gz T 192y
- 3g—14n=0

The corresponding n-point functions take the following form
o0
BV @, 203 8) = V(@) -+ V(2) 10gZ° (855, 0) lemo = Y W) (21, .., 203 )
g=0

where Wg"f’,f (z1, ..., zy; s) are rational functions of the “Eynard-Orantin type”:

WP R p s (ki 4+ DN
g’n(Z],...,Zn,S)—Z Z <K1Tkl...fkn>ganw.
d=0 d+kq+---+kn=3g—3+n ti=1

Define

s3g—1+n N
—14n )
brg =1 3g —1+m! (k7% T g nia, if3g—1+n>0,

0, otherwise.

An algorithm for computing ug(x; s) has been given in [48], from a table of which we get

2 5
boo=0, boi=go.  bos= %
bio =1, b11=£, 12=%,”-,
’ T 63! ' 5760 - 6!
byo—s. b21=ﬁ, 22:1009805957,
’ T 244 ’ 640 - 7!
- :55, L 1675155’ L= 747395386758,””
’ 2! ’ 24 - 5! ' 5760 - 8!

Substituting the above initial data into (2.10), (1.28) we obtain

s? 1 1 3
WWP — 0’ WWP — +s ( + ) +
0.2 b2 162222 47173 47377 8ziz) + Tz?zg + —SZ?ZE,
wp 787s° . ( 1085 1085 5 551 7 551
wW = 45 +
2.2 150002222 46082472 ' 460872274 5762572 ' 8z%z% ' 5767228
172 172 172 12 172 142
+2( 399 N 181 N 181 N 399 )
1282822 642823 64z7z5 1282378
N ( 231 203 105 203 231 ) 1155
S
322{%22 327825 162525 32z{28  32z3z)° 12821222
1015 1015 945 1155

1282825 1282528 12827z)° 128227

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)
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1

Wes = 555. 7.44
0,3 Zfzzzzg ( )
753 13 13 13
wy = +5 + +
3 36212323 16212222 16zizyz2  16z3z3z5

n 5 n 9 N 9 n 5 n 9 n 5
s
2282222 4ziz)z2  Aziz2zd 0 2222522 Azizyzy 2222228

35+15+15+15+9+15
8282222 4202972 Az822z) 4220722 4zizyzy  AziZ2Zd
N 35 n 15 n 15 n 35 (7.45)
8222822 4722573 47%z328 87272378 '
The expressions for W{VZI’, Wé’f’f coincide with those derived in [41]; the function W(%P in [41] is not vanishing since some natural
supplementary definitions for intersection numbers are used in [41]. Let Volg n(Ly,...,Ly) = Vol(Mgn(Ly,...,L,)) denote the
Weil-Petersson volumes and let
Volg n(Ly, ..., Ly)
Ug,n(le ey Ln) = W (746)
It was shown in [46,9] that
(KT, -+ Tk 2k %
Ug,n(L],...,Ln): Z d'k‘iln'l,] 1"'Ln". (747)
dky+--knm3g—34n G K1 Kn
We remark that the relationship between v, , and Wg‘f’"” is a Laplace transform [43,47,40]:
WP *© o0 - i V22l
Wg_n(zl,...,zn;s=1)=2"/ / Ly - Lp-vgn(ly, ..., Ly) - e =1 dLy...dL,. (7.48)
0 0

Note that in the above example we have not used Theorem 1.14. More generally, given any initial value problem of the KdV hierarchy
with an initial data u(x, 0) = up(x) € C[[x]] one can compute the resolvent function R (z; x) of the Lax operator by solving the ODE (2.11).
Then, with the help of the Main Theorem, the generating functions of multipoint correlators readily follow.

Let us now give examples of application of Theorem 1.14.

Example 7.8 (Linear Insertion of k-Classes). Forn = 0, A = (j) we have

—wt3 —w¥t3 & (6g — 3)!!
(kj) = res ————Fj(w)dw = res — w2y, (7.49)
w=00 (2j + 3)!! w=00 (2j + 3)!! poe 24sg!
So we have
(sg-s)g0 = = (750)
K3g—3)g,0 = 248 g‘ .
Forn =1, A = (j) we have
(2k; + D! —wt3
KiTg,) ————— = res ——F(w, z) dw 7.51
h;f 1) = T, G2 (751)
—w¥t (Tr(M(w)M(z 2422
= res 'w M@w)M()) __wt d (7.52)
w=co (2f + 3)!! (w? —22)? (w? —22)2
1 1 . 1 ;
= ——Tr| = [3, (*PM@)], M@ ) - =27 7.53
(2j + 3! (22 [o- ( @)1, -M@) 2j + D! (7.53)
Here “+” means taking the polynomial part in the z expansion at infinity. Particularly, if n = 1, j = 1 then we have
1
1 . -3 —272
% [9; (z*M(2))] L= 1 | (7.54)
—3z 5
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hence

2 nn 1 1 !
S B g (g e, ) - e

k>0

1°°<1 (6g — 5)!! 6g+1(6g— DI _(6g— D!

511 & 2242-1. (g — 1) “6g—1 24%.g! 242 . g

_3 i (12g? — 12g + 5)(6g — 5)!!27%4'
511.24¢ . g!
This means that
12g2 — 12g +5
51.24¢ . g!
Ifn =1, j = 2 then we have

1 ] -z¢ =3
7 [82 (Z M(Z))]+ = z _ 426 22 5
8
whence a straightforward manipulation of series shows

Qk+D! 1 1 1
Z“‘ﬂk)zzzT = o Tr (Zz [0. (°M@)], ~M(z)) - ﬁz‘5

k>0

(K1T3g-3)g1 = , g>1

_ 3 i (72g3 — 132g% + 95g — 35)(6g — 7)”2_5g+6.
711248 . g!
This means that
72g3 — 132g2 4+ 95g — 35
711248 . g!

(K2T3g-a)g1 = , 8§=2.
Similar computations lead to

1296g* — 3888g> + 4482g% — 2835g + 945

(k3T3g-5)g,1 = ol - 248 gl , g&=>2.
In general, we have
Gt1git]
(KiT3g—_j—2)g,1 ™~ W, g — oQ.
Forn > 2, A = (j) we have
Z ( )(2k1 + DI 2k, + D! —w¥t3 Fovi(w,2 ) d
KiTky « - Tky = res - W,Z1,y ..., w
w50 J Ykq Zflq+2 ngn+2 W=o0 (2]+3)!! n+1 1 n
w¥t3 Tr (M(w)M(z;,) - - ~M(zrn))
= res
w=o0 (2j 4+ 3)!!
@+ (w? = 22)(22 — w?) l—[ (Zz _Z%H
1 Tr (M(w)M(z;,) - - - M(z 2j+3 w33
- e Y ((><rl) (rn>)<z: o Y
w=00 —_
]+ ) resn 1_[(22 —Z’,2 1) w Zrl zrn
=1 j+
: T (@M@, - (zzf”M(zrm) M@, MG,)
G+ 5 fie 7.

T1+1

So we can also collect the following generating function for linear insertion of x-classes:

) Z—6g+4

‘ 2j+3)!" 2k + DN ks + DI .
Z Z (KjThy -+ - Tky) - T s [WFns1(w, 21, ..., 20)]
J>1 kq,..., kn>0 Z] Zn

where “—" means taking the negative part in the w expansion at co.

51

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

(7.63)

(7.64)

(7.65)

(7.66)
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Example 7.9 (Linear Deformation of the Wave Function). For j > 1, we have

0 72+3 40 Z (— 1)€(u)
AV(z) = — (z) — G — 7 9t ... 0 w (Z Bli—o
H | np+1 oy +H1
@j+3)! 20 meut tw
ZZ}+3 WK
= —Gric@ TV Eo. (7.67)

By using Lemma 4.1 and Corollary 7.6 we obtain

. WK _ . WK
V(W)WWK (Z; t)|t:0 — 25(11), O)B (Z) .Rx(w, O)A (Z)

2 (w? —2z2)
) i": (GE—1 ) 62 (1) — io: Gg-5)1_, —6g+ic(7)
Jour) 248 .g! q o) 248—1.(g—1)!
- 2 (w? — 22)
z 223q—c¢  4z2°q—2z%c (827 +52)q — 4z%c 162° + 10z°)q — (82° + 35)c
_ 73 q L q : ( )Z +( )q ]0( ) oW, (7.68)
w 2w 4w 8w 16 w
So we have
A(D( ) = z° - z° z2 1 " 77 4 + o (7.69)
7)) =—— —(———C=——Z —z z7"), .
50 s T 52 e 24 576
z7 8z 4+ 5z z4 1
AP () = —-Z—¢ - c=—z72— 272+ 08 7.70
@ =0T 5 9727~ 1 Taa? TO@: (7.70)
z° 162° + 1023 8z% + 35 11 1639
AP = - ¢ — c=— z73 254+ 0@z, 7.71
@ ==t 6o 97 1601 11527 To7eag? TO@) (7.71)

etc. In the above formula it is understood that ¢ = q(z), ¢ = c(z) are Faber-Zagier series. As it was expected, indeed, all deformation
terms A*(z), A # (0) contain only negative powers in their expansions at z — oo. Similarly, we have
0 Z2+4 Wi
BY(z) = —mq(z) + W[Otj+1 (z;0), (7.72)
Re(w; 0)BYE(2) — [ Ryx(w; 0) — 2S(w; 0)22| AWK (2)
V)Y (2 Olemo = — [ |

2 (w? —z2)
o (6=5)! . _6g+a o (6= g2 o (6g=D! _6g2
; 22T g1 ¥ zq(z) — g; 8T W —Zgg SEg W6z (@)
- 2 (w? — 22)
z’c  2z%+2zq (42° —6)c + 223q (828 — 7z%)c + 42°q
= Ow™19). 7.73
2 + S + 208 S0t +0O( ) (7.73)
And we have
BV () — 25 N 2 N 428 — 6._ 1 1y 79 5, 18095 g Lo (7.74)
5Hq 2500 e €7 576~ 27648 ’ '
z8 z° 828 — 722 1 55 31603
B?(z S c=——z ' 4 7+ 0E. 7.75
@ = 7”q+2-7!!q+ 8.7 48 576~ 55206~ +0@) (7.75)

These expressions agree with expression derived from a less straightforward method in Appendix B.

Example 7.10 (Higher Deformation of the Wave Function). Consider deformation of the wave function associated to partitions of form
(1"), k > 1.For k = 1, it has been solved above. Let k = 2; we have

7 10 —_ 1)t
ey _ [ _*% z WK (. 1 Z (=1 WK .
A (Z) - ( ] + ] ) - ﬁw‘ ( ) 0) + 5 L(12),M7m(u)‘ 3%]“ N 8tw(m+11/f (Z, t)|t:0
1) 11 Y= !

© 511 4.5 2!

z° 47°q — 27° 1 877 4+ 5z2)q — 4z*
a- (—( +52)q —dzc W’<(z~0)> (7.76)

8- 7! LT

and

[ul= m(u)!

2’ (42 —6)c+223q 1 (828 — 72%)c + 47%q
5N 4.5 20\

8 11 )
2 z z (-1
B (2) = ( TRy )q 5,,%2( 10)+ o Z L2y Do - O 1 Y (2 Dleco

8.7 + 1/ffofzfz CX 0)> : (7.77)
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By using (4.1) one can derive that

4710 — 524 z zZlq  Z°q Z%
WK /.. _ WK . _ -1 _ =~
6, (20) = 2 ¢ t o an? Viotyr, (23 0) = T2 180 60 (7.78)
So we have
z10 1177 z4 z10 z7 3z
Ay = (= + —~ (- — o+ —
@ 225 1575 2520 225 210 560 1

37 2 28249
1152 138240
3(12)() FAL z8 N z° z2 N zn N 478 132°
zZ) = —_—— _— — —— | C _— —
225 210 150 240 225 " 1575 2520 )7

=B + 29051 s + 07 (7.80)

T 1152 138240 ’ ’
Using Part I of Theorem 1.14 we find

22+ 0E™), (7.79)

5 139 5 3781 R 48689
(K1T2)21 = m, (K1T5)31 = m, (K1T8)a1 = m (7.81)
and
B wi s —5,0) = Sz< 300825 39 181 181 399 1 +)
1024wsz8 ' 128wz ' 64wbz% | 64wz | 128w2z8 | 16w2z2
231 203 105 203 1 231 1
+s (32w10z2 320524 T 16025 T 2wt | dwi2 | 320220 | awizt )
1015 1015 5 3 5 X
(128w825 28w T gwe2 Tswit Tswis T > o). (7.82)

An alternative method for computing A(z; s), B(z; s) is presented in Appendix B.

8. Further remarks
It would be interesting to prove directly the equivalence between the formula (1.36), the (explicit) integral/recursive formula of “n-

point functions” given by Okounkov [24], Liu-Xu [49,50], Brézin-Hikami [51,52], and Kontsevich’s main identity [6]. We indicate the
relation between these three as follows. Recall that, given a formal (divergent) series of the form

d 2k + !
for =3 u DR (5.1)
k=0

22k+2

it can be re-summed by a suitable version of the Borel summation method. Noting that

2k+l o)
Ck+ D = f/ e tdy, k>0 (82)
T Jo
we have, integrating term-by-term

= (2k+ D! 2z [

1A 2
Vy——— = —— s2f(s)e % ds (8.3)
kX:; < Z2k+2 ﬁ o
wheref(s) =Y o vk(25)¥ is the Borel re-summation of f(z). In general we say that f(z) is Borel summable if the functionf(s) (the

“Borel transform” of f) has a nonzero radius of convergence, and it can be extended analytically along a strip surrounding the real positive
axis. It then follows that the relation between the generating functions of intersection numbers that we have constructed in this paper and
Okounkov's generating functions is precisely that the latter are Borel transforms of the former, or, which is the same, that the former are
asymptotic expansions of the Laplace transforms of the latter. The relation between our generating function and Kontsevich’s is simpler.
To be precise, let us introduce the following notations

o0

k
F* (X1, .. %) = Z (Thy o Tig) Xy - - - XK (8.4)
k] ,,,,, kn:
p 2k — DU (2ky — DI
FX@.....z)= ) (T, -+ - Thy ) (8.5)

2k1+2 2knt+2
kivnkn=0 %1 Zn
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Then we have

WK 2"z zy [ > 1 oK 2 2
5z, .. z0) = 7/ / (X1 X)) 2F" (2x1, ..., 2xp) € BT T gy - dxy, (8.6)
T2 0 0
nd
@, . z) = (=1)" (H azz,) (F @1, z)) - (8.7)
=1 %4

For n = 1, one can directly verify (8.6) (actually in the case n = 1 the generating series of Okounkov and ours are both well-known).
Indeed,

1,4 1
FX(2x) = —(e3 — 1) = 2x1)%¢ 72, 8.8
oK (2x7) 4x1( ) ;wg!< b (8.8)
Recall that
WK o (6g —3)!! —(6g-2)
F} (Z]):ZTE!Z1 : (8.9)
g:

So it is straightforward to verify (8.6) for n = 1. However, it appears that for n > 2 a direct verification of (8.6) is not trivial.

The final remark is that the formula (1.28) for multi-point correlation functions possesses certain universality in tau-symmetric
integrable systems. Indeed, it can be generalized to the Gelfand-Dickey hierarchy and more generally to the Drinfeld-Sokolov hierarchy,
as well as to the Jimbo-Miwa-Ueno isomonodromic problems [15,14], which will be presented in a separate publication [53]. It would
be interesting to investigate whether the formula works for all integrable hierarchies of topological (or cohomological) type associated
to semisimple Frobenius manifolds [10,12]: the first nontrivial examples in this investigation would be the intermediate long wave
hierarchy [54], the discrete KdV hierarchy [12] and the extended Toda hierarchy [55].
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Appendix A. Some useful formulae

The wave functions associated to the Witten-Kontsevich tau-function Z(t) at t; = t, = - - - = 0 satisfy
23
U (2:t,0,0,...) = V2mzeT 23 Ai (£), (A1)
i 23
¥z t,0,0,...) = e /2mze” T 23 Ai (wE), (A2)

=
where £ = 273 (22 =2t), 0= e”%"  Noting that

1 1

§x=—23, & =23z (A3)
we have

V(2 16,00, .. ) = —2mze T2} AL (), (A4)

Yi(Z: 1, 0,0,..) = —es™ 27z e~ 523 Al (wf), (A5)

Va(Z:£0.0.0... ) = ZnzeT 2} [(% +z2) Ai(§) + 23z Ai’(s)] , (A6)

Vi (2:6,0,0,...) = —/27z eF 2} [eé”f (—Lzz +22) Ai(wE) — eg”iZ;zAi/(wé)] , (A7)

Yn(Z; t0,0,0,...) = =27z %23 [(212 +22> A'(E) +2732 (22 — 2to) Ai(f;‘)] , (A.8)

2

3 /1 .
Vi, 0,0,..) = 2nze 5 23 [eg’” (? +z2> Al (0F) — e8™27 32 (22 — 21tp) Ai(ws)] . (A9)
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Appendix B. Generalized Kac-Schwarz operator and higher Weil-Petersson volumes

Let us first compute A(z;8) = ¥*“(z;0;5s), B(z;s) = ¥ (z;0;s) associated with higher Weil-Petersson volumes by using the
technique of generalized Kac-Schwarz operators explained above.
Theorem 7.1 together with Eq. (6.3) implies that Z“ (t; s) satisfies the string equation

2

Z I<+1 ZK =0 (B.1)

k>0
where ty = to, fy = ty — hk_1(—s), k > 1, namely,
=0, ¢k = hg_1(—s), k>1. (B.2)
The corresponding generalized Kac-Schwarz operator (see Definition 5.1) reads as follows

0] o0

1 1 h(—s) 5 hi(—s)
S;=-0— 5 —z— Y = =gy B.3
‘ ©2z ; 2k + ! : ; 2k + 1! (83

As before let f(z; x; 8) = ¥“(z; %, 0; 8), ug(x; s) = 83 log Z* (x, 0; s). Then according to Proposition 5.3 we have

Sf (2:%:8) = —fu(z:%:9) — Y hi(—8)Y*(z; X, 0; 9), (B4)
k>1
Sef(z:%:8) = —(@ = 2uo(%; $)f (2:%:8) — ) h(=9) ¥, (2%, 0;'9), (B5)
k>1
1 k ) 1
Y% (z; x, 05 8) = W ;(Zi - 1)”221{72! (-Qi—l;0|u—>ugfx(z; X;s) — Ef(Z; X3 S)Bxgi—1;0|u—>u0> ) (B.6)

1 k .
Wgtk(z; x,0) = m Z(Zi - ‘1)!!22k_2l (ax-Qi—l;0|u—>uofx(Z; X) + -Qi—l;0|u—>uo (Z2 - ZUO(X))f(Z; X)
=0

1 1
- Efx(z§ x)ax9171;0|u%u0 - Ef(Z; X)afgi—1;0|uﬁu0> . (B.7)
Taking x = 0 in the above Eqs. (B.4), (B.5) we arrive at

Lemma B.1. The functions A(z; s) and B(z; s) satisfy

SA@;S) = —B(z;8) — ) hi(—$) Y% (z; 0; 5), (B3)
k>1
S.B(z:s) = — (2% — 2up(0; $)A(z: ) — Y _ hi(—s) ¥, (z: 0; 5). (B.9)
k>1

To solve the above Egs. (B.8), (B.9) we can expand them as formal series in s and compare the coefficients. At the linear approximation
in s, employing Lemma 6.2 and comparing the coefficients of s;, j > 1, we get

a0 4 $9AD ) = B0+ — g0
2j+ ! z i + D!
I @i— 1 . 1
; EZJIJF ;,. 27 (<ff—1fo>8“’)<z>— 5<ri_1r§>A<°)(z)>, (B.10)
iB(O)(Z)—i—SWKBO)(Z) —ZZA(’)(Z)—i-Z(T K)A(’)(Z)—{—ﬁ (0)(2)
@+ D ’ oY Qi+ DIl
‘] J—
Z gj+ 3:, aa (;(Tozfi—ﬁB(O)(Z)+(ToTi—1>ZZA(O)(Z) -~ ;A(O)(z)(rgri_ﬁ). (BA1)

Also, taking derivatives w.r.t. x in the string equation (B.1) and taking t = 0 yields

Lemma B.2. For any m > 0, we have

3" hi(—s) JamlogZr 0 o g (B.12)
:s) =0. .

i Ity

k>0



56 M. Bertola et al. / Physica D 327 (2016) 30-57

Comparing the coefficients of s; in (B.12) we find

— () + (5 i) = 0.

Substituting this expression into (B.11) and using (1.35), (6.3) we can solve out AY (z), B¥ (z), e.g. in the case j = 1 we have

Lemma B.3. AV (2) and BV (z) satisfy the following ODE system
S;VKA(U(Z) 4 B(U(Z) ,A(O)( ) — A(O)( )+ B(O) @),
5BV (2) + AV (z) = B<°> @) =3 ~ o) @+ §A<°> @).

Moreover, the solution of this ODE system is unique under the boundary condition

AV =0, z— .

Recall that A9 (z) = c(z), B (2) = z q(z); we obtain the explicit solution of the ODE system (B.14), (B.15):

1S
AD 7) = — C z—3g+27
(2) = 5 g§:1g g

BV (2) = 0 Z(BSg +48g —5)C,z %,

Similarly, we know from the system (B.8), (B.9) that for any partition A,
SYKA*(z) + B*(z) = combinations of A*(z), B*(z) with |u| < |A],
SYKB*(z) + z°A*(z) = combinations of A*(z), B*(z) with |u| < [A].

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)
(B.20)

It is not difficult to see that the combination coefficients in the above formula can be obtained in a recursive procedure by applying
Lemma B.2 and the Main Theorem. Details are omitted. So, in principle one can obtain all the initial data A*, B*, |A| > 0 from (B.8), (B.9),

Lemma B.2 with the knowledge of A, B©,

Now letFy (z1, ..., 2y 8) == V(z1) - - - V(zn) log Z* (t; s) |¢=0 be the n-point generating function corresponding to the partition function

Z¥.We have forn = 1,

Fi(z;s) = é (—A(z; 8) B,(—z; s) + B;(z; 8) A(—z; S) + B(z; 5) A, (—2z; s) — A;(z; 5) B(—2; 8))

+B"(2) AV (=2) + BV (2) AV (—2) — AY(2) BV (—z) — ALV (z)BWK(—z)) + higher order terms

>, (12g% — 12g + 5)(6g — 5)!!
= F1(2) + 51 Z (128 g +5)(6g =5 z7%*4 4 higher order terms.

5.242 . g

The last equality uses similar derivation as in Lemma 6.3. We read off from the above expression that

12g2 - 12g +5
5.242 .g!
Forn > 2,let M“(z; s) = ®(z; 0; s) then we have

> 1.

’ -

(K1 t3g73>g,1 =

1 Tr (M*(z,;8) - - - M*(z;,; s z2 + 22
F:,,((Z],...,Zn;s):—*z ( (rl ) (r ))—(S 1 2

n2 e
n r€Sn l_[(z2 — 72 (Z] - Zz)

r;+1

Here the matrix-value function M*(z; s) has the form

MK(Z; S) =M(2z) + 54 (M(l)( ) M(l)( )
21

) + higher order terms

with

MY (z) = —% (B" (@) AT (=2) + BV (@) A% (=2) + A" (2) B (-2) + AV (2) B (~2)) .

MP(z) = A (2) AV (=2) — AD (2) A (—2),
M} @) = B (z) BV (—z) 4+ BY (z) B (—2),
MY (2) = —MY ().

Fi(z) + % (—AWK (2) BV (—2) — AV (2) B (—2) + B (2) AV (—2) + B{" (2) A" (—2)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)
(B.27)
(B.28)
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