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THE INVISCID LIMIT OF THE INCOMPRESSIBLE 3D
NAVIER-STOKES EQUATIONS WITH HELICAL SYMMETRY

QUANSEN JIU, MILTON C. LOPES FILHO, DONGJUAN NIU,
AND HELENA J. NUSSENZVEIG LOPES

ABSTRACT. In this paper, we are concerned with the vanishing viscosity
problem for the three-dimensional Navier-Stokes equations with helical
symmetry, in the whole space. We choose viscosity-dependent initial ug
with helical swirl, an analogue of the swirl component of axisymmetric
flow, of magnitude O(v) in the L? norm; we assume uy — upin A L
The new ingredient in our analysis is a decomposition of helical vector
fields, through which we obtain the required estimates.
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1. INTRODUCTION

The initial-value problem for the three-dimensional incompressible Navier-
Stokes equations with viscosity v > 0 is given by
du” +u” - Vu’ + Vp” = vAu” (x,t) € R? x (0,00),
divu” =0 (x,t) € R? x (0, 00), (1.1)
u’(t =0,x) = ug” x € R3
where x = (z,vy, 2), u” = (uf, u}, u¥) is the velocity and p" is the pressure.
Formally, when v = 0, (1.1) becomes the classical incompressible Euler
equations
o’ +u’-vul + Vp' =0 (x,1) € R? x (0,00),
divu® =0 (x,t) € R? x (0, 0), (1.2)
u’(t =0,x) =uy x € R3.
Global existence of weak solutions and local in time well-posedness of

strong solutions for problem (1.1) is due to J. Leray, see [12]. There is a

vast literature on existence, uniqueness and regularity of solutions of (1.1),
1
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see [17, 23] and references therein. Global existence of strong solutions and
uniqueness of weak solutions remain open.

One direction of investigation has been to study the special case of ax-
isymmetric flows, i.e. viscous flows which are invariant under rotation
around a fixed symmetry axis. In particular, among axisymmetric flows,
one distinguishes the no-swirl case. The axisymmetric velocity has three
components, a component in the direction of the axis of symmetry, a radial
component, which is orthogonal to the axis of symmetry, in any plane that
contains it, and the azimuthal component, which points in the direction of
the rotation around the axis. No-swirl means that the azimuthal compo-
nent of velocity vanishes. Global well-posedness of strong, axisymmetric,
solutions of the Navier-Stokes equations (1.1) in the no-swirl case, and in
the swirl case when the domain avoids the symmetry axis, is due to La-
dyzhenskaya, see [11]. If the domain contains the symmetry axis, global
well-posedness is open, and singularities may occur, but only on the sym-
metry axis [3]. For blow-up criteria in this case, see [4].

Helical flows are another class of three-dimensional flows with an axis of
symmetry. Flows with helical symmetry are an idealized model for the flow
induced by rotating blades, such as propellers, helicopter rotors and wind
turbines, see [20] and references therein.

Helical flows are invariant under a simultaneous rotation around a sym-
metry axis and translation along the same axis. The displacement along the
axis after one full turn around the axis is an important parameter of helical
symmetry, which, in this article, is assumed to be of unit length. This class
of flows is preserved under both Navier-Stokes and Euler evolution. The
mathematical literature on helical flows is much less extensive than that of
axisymmetric flows, but there is growing recent interest. Well-posedness of
strong solutions to three-dimensional Navier-Stokes with helical symmetry
in bounded domain, was proved by Mahalov, Titi and Leibovich [16] with
the initial helical velocity ug € H ! The key observation in [16] is that the
helical flows inherit properties of the two-dimensional flow in the plane, to
a greater extent than axisymmetric flows. Specifically, it is proved in [16]
that, for a helical vector field v, the following inequality holds true:

1 1
IVl < ClIVI 2 V12 (1.3)

where C' > 0 is a constant and Q = {(x,y,2) € R*2? + ¢ < 1,0 <
z < 27} is a cylindrical domain. Recently, the results in [16] were gener-
alized to the helical three-dimensional Navier-Stokes equations with partial
viscosity, see [14]. Furthermore, it has been shown that Leray-Hopf weak
solutions of viscous, helically symmetric flows, in a bounded domain, are
stable in L?, see Theorem 3.2 in [1].
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In analogy with the notion of swirl in axisymmetric flows, we define the
helical swirl of a helical vector field v as

n:=v-§ (1.4)

with &€ = (y, —z,1)T. Helical swirl plays an important role in global well-
posedness of three-dimensional Euler equations with helical symmetry. In
particular, the helical swirl component satisfies a transport equation and it is
conserved along particle trajectories for Euler flow with helical symmetry.
Assuming that the initial velocity field has vanishing helical swirl, Dutri-
foy [6] proved the global existence and uniqueness of classical solutions
of three-dimensional Euler equations with helical symmetry. Ettinger and
Titi [7] obtained the global well-posedness of weak solutions with the initial
vorticity belonging to L°°, which is similar to Yudovich’s well-known result
for two-dimensional Euler. Recently, Bronzi, Lopes Filho and Nussenzveig
Lopes [2] verified global existence of weak solutions when the initial vor-
ticity belongs to L”, p > % with compact support. Subsequently, Jiu, Li and
Niu [8] generalized this result to include initial vorticities in L' N L?, p > 1.
All of the aforementioned results assume the initial data has vanishing he-
lical swirl; the problem of global existence for helical Euler with initial
nonzero helical swirl remains open.

In this paper, we intend to focus on the inviscid limit of three-dimensional
Navier-Stokes equations with helical symmetry in the whole space, and we
allow initial data for the Navier-Stokes equations with nonzero helical swirl,
but with controlled magnitude O(v), measured in L2

The vanishing viscosity problem has a long history. Among the early re-
sults, for flows in the full space, are the work of Swann [22] and of Kato
[9, 10], where the inviscid limit was established under assumptions of high
regularity of initial data (at least H3(IR?*)) and for short time (see also Con-
stantin [5] for a discussion of time-of-existence and vanishing viscosity).
Masmoudi [19, 18] studied the inviscid limit in H*, s > 1+ N/2, where N
is the dimension of physical space; in our work one would need s > 5/2.

In this work we study the inviscid limit for flows with helical symme-
try, with H'! regularity, and our results are global in time, because we will
assume that the Euler initial data has zero helical swirl. We will see how-
ever, that, for viscous flows, the helical swirl is not conserved along particle
trajectories, and the vanishing of the helical swirl is not preserved under
Navier-Stokes evolution. It is hence important to understand the behavior
of the helical swirl with respect to both time and viscosity. In particular,
controlling the magnitude of the swirl component of velocity is the key as-
pect of obtaining the vorticity estimates needed to carry out our analysis.
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More precisely, for helical velocity fields u” the vorticity has the form of
o’ _on”
ay Y ax Y )
where wj = 0,uy — Jyuy is the third component of the vorticity and 1" =
u” - £ is the helical swirl. The equation for w} can be written as

Owy + (0" - V)wy + 0,0 Oyusy — 0,n" 0ul = vAws. (1.6)

w” = curlu” = wy€ + ( (1.5)

Clearly, vortex stretching terms appear in the above equations (see the third
and forth terms on the left hand side) and we cannot control them uniformly
with respect to the viscosity v. To overcome this difficulty, we introduce a
decomposition of helical vector fields to obtain the desired a priori esti-
mates (see (2.14), Lemma 2.5, and Section 4 for more details). Before
we investigate the convergence of the Navier-Stokes equations to the Euler
equations, we prove global existence of weak, and of strong, helical solu-
tions to the Navier-Stokes equations (1.1) provided that the initial velocity
is helical and belongs to L? and H', respectively. This result is not included
in the existence result of [16] because our fluid domain is the whole space.

A quantity of keen interest in turbulence theory, which is conserved for
incompressible inviscid flows, is helicity, H = f u - wdzx. In view of (1.5)
it is clear that, for helical flows with vanishing helical swirl, the helicity
vanishes.

This paper is organized as follows. In Section 2 we recall some useful
facts about helical flows and state our main result. In Section 3 we present
global existence of weak, and strong, solutions to the three-dimensional he-
lical Navier-Stokes equations in full space, with L2, and H' initial velocity,
respectively. The key a priori estimates and the proof of our main result
will be given in Section 4.

2. PRELIMINARIES AND MAIN RESULT

We begin this section by recalling basic definitions, taken from [7], re-
garding helical symmetry. Denote by R, the rotation by an angle ¢ around
the z-axis:

cos@ sinf O
Ry=| —sinf cosf 0 |. 2.1
0 0 1

The helical symmetry group G* is a one-parameter group of isometries
of R? given by

G"={Sy:R* — R*| 6 € R}, (2.2)
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where
0 xcosf + ysinf
So(x) = Ro(x)+ | 0 = | —xsinf+ycosd |, (2.3)
K0 z+ KO

for x = (z,y,2). Above, « is a fixed nonzero constant length scale. The
transformation Sy corresponds to the superposition of a simultaneous rota-
tion around the z-axis and a translation along the same z-axis. A scalar
function f : R® — R is said to be helical if

f(So(x)) = f(x), V0 € R. (2.4)
A vector field v : R — R? is said to be helical, if
v(Sp(x)) = Ryv(x), V8 € R. (2.5)

Clearly, helical functions and helical vector fields are periodic in the z di-
rection, with period 27k.

For simplicity, we will henceforth assume that x = 1. By virtue of the
periodicity of helical functions with respect to the third variable z, it is
enough to work in the fundamental domain D := R? x [—m, 7. Let L*(D)
denote the square-integrable functions on D and let H},,(D) be the usual
L?-based Sobolev space H', periodic with respect to z, with period 27; we
use the notation ngr(D) in an analogous manner. We also use the subscript
loc to denote Sobolev spaces which are local with respect to the horizontal
variables x and y.

Hereafter we use the notation ¢ and C' for generic constants which are
independent of v.

Below, we state equivalent definitions of helical functions and helical
vector fields; we refer the reader to Claim 2.3 and Claim 2.5 of [7] for the

corresponding proofs.

Set
£=(y.—x,1)". (2.6)
Lemma 2.1. A C* scalar function f : R — R is helical if and only if
YO, f —x0yf +0.f =€-Vf=0f=0. (2.7)

Lemma 2.2. A C* vector field v = (vy,v2,v3)T : R® — R3 is helical if
and only if it the following relations hold true:
c’)gvl = V2, (28)
851}2 = —q, (29)
Ogvs = 0. (2.10)




6 Q.JIU, M. C. LOPES FILHO, D. NIU, AND H. J. NUSSENZVEIG LOPES

Next we recall the relation between three-dimensional helical vector fields
and their two-dimensional traces on “slices” z = constant, as discussed in
[15]. Recall that we are assuming x = 1 so, in the notation of [15], o = 2.

Lemma 2.3. Set x = (1, x9, x3). Let v = v(x), be a smooth helical vector
field and let p = p(x) be a smooth helical function. Then there exist unique
w = (wh, w?, w?) = (w', w? w3)(y1, y2) and ¢ = q(y1, y2) such that

v(x) = Rpyw(y(x)), p=px)=q(y(x)), 2.11)
with Ry given in (2.1), and

Y1 cosr3 —Sinxs T

y(x) = = ) (2.12)

Yo sinxs cosxs To

Conversely, if v and p are defined through (2.11) for some w = w(y1, y2),
q = q(y1,Y2), then v is a helical vector field and p is a helical scalar func-
tion.

This is precisely Proposition 2.1 in [15], in the case o = 2, to which we
refer the reader for the proof.

Next we will formally introduce the helical swirl, a quantity which plays
an important role in helical flows.

Definition 2.1. Let v be a helical vector field. The helical swirl is defined
to be
n=v-§.
Vorticity, the curl of the velocity field, is a key object in the study of

incompressible fluid flow. For helical vector fields, vorticity has a special
form.

Lemma 2.4. Let v be a helical vector field. Then its curl, w = curl v =
(w1, ws, w3), is given by

w = w3 + (0,1, —0:1,0). (2.13)
Proof. The result follows by a straightforward calculation. U

Remark 2.1. We note that, in view of Lemma 2.4, if v is a helical vector
field for which the helical swirl vanishes then

curl v = (curl v)3€ = (0,09 — 0yv1)&.

Let v be a helical vector field. We introduce a decomposition of v into
two other helical vector fields, one of which is orthogonal to the symme-
try lines of the helical symmetry group G*'. Let V be defined through the
equation

§

VEV+77@, (2.14)
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where 7 is the helical swirl introduced in Definition 2.1.

Lemma 2.5. Let v be a helical vector field and consider the decomposition
(2.14). Then V is also a helical vector field. In addition, V satisfies

V.£=0.
Moreover, if v is divergence free, V is also divergence free.
Proof. As v is helical, we have, thanks to Lemma 2.2, 9¢v = (vq, —v1,0)7.

Now, a direct calculation using Lemma 2.2, together with the expression for
&, yields

6£n:8£(v-£) = (8£V) £+v6€£:0
Hence, by Lemma 2.1, 7 is also helical.

Furthermore, we have
=)
0, (77—
TR

5 9 (L)
TERNTZE

e (€2 (€ )
= jep%t (mz’ ez )

Therefore, by Lemma 2.2, it follows that n£/|£|? is a helical vector field.
Consequently, V is a helical vector field.
In addition, a simple calculation yields

Vg (Vo) €0

Finally, suppose that v is divergence free. We have that

) & )
div (n@) = O (#) + # div& = 0.

Thus we obtain that V is divergence free as well.

O

Remark 2.2. Suppose that v is a helical vector field and let V be as in (2.14).
Then, since V is helical and has vanishing helical swirl, it follows that its
vorticity, curl V = 2 is given by

Q= curl V= (9, —9,V1)&.

See Remark 2.1 for details. Therefore it follows from (2.14) that the third
component of the vorticity curl v = w is given by

w3 = Qg + (Curl <#£)>3
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e () -0()
st (KP v\ Te?

w3 = (0,Va — O, V1) — s (%) ~ 9, (%) . (2.15)

We will make use of the following Ladyzhenskaya inequality, valid for

helical vector fields, see also [14], [11] and [16]. We give a sketch of the
proof for the sake of completeness.

i.e.

Lemma 2.6. There exists a constant C' > 0 such that, for every helical
vector field v € H!, (D), it holds that

per
1 1
Wlleao) < CIVI 22y IV 1 . (2.16)

Proof of Lemma 2.6. Let v € H, (D) and consider the vector field w
given in Lemma 2.3, satisfying (2.11). Since R,, is an orthogonal matrix,
we find

V(@1 22, 23)|* = [W(y1, 52) P,
and, hence,

1
/2T
Therefore, using the two-dimensional Ladyzhenskaya inequality (see [11],
[21]), we obtain

Wl L2y = VI Lo (2 x =7 7)) - (2.17)

1 1
||V||L4(R2><[f7r,7r]) = \4/ 27T||W||L4(]R2) S C[||W||22(R2)||Vyw||22(R2):| (218)

Thus, to prove (2.16), it suffices to note that, for each 3 € (—m,7),
relation (2.11) and (2.12) can be inverted, so that

w(y) = R, v(x(y)), (2.19)
with
cosxrs —sinxg 0
R;; = | sinzg cosxz O (2.20)
0 0 1
Ty cosSxs Sinxs Y1
x(y) = = ' : (2.21)
To —ginrs C€osT3 Yo
Hence, in view of (2.19)-(2.21), it follows that, for some C' > 0,
HvyWHL2(R2) S CHVVHLQ(]RzX[_mﬂ.]). (222)

We conclude by substituting (2.17) and (2.22) into (2.18).
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Throughout this paper we will make use of the following estimate.

Lemma 2.7. Letv € H!

per

(D) be a helical vector field. Then
HVVHLZ(D) S H le VHLQ('D) + H CUI'].VHLQ('D). (223)

Proof. Without loss of generality we may assume that v is a smooth vector
field, compactly supported with respect to « and y , periodic with respect to
z. The following is a well-known calculus identity:

Av =V(divv) — V x (curlv). (2.24)

Take the inner product of (2.24) with —v and integrate in D to obtain

/\Vv|2dx:/(divv)2dx+/ | curl v|? dz.
D D D

This clearly yields the desired estimate.
O

Our objective, in this work, is to show that, under certain assumptions, the
vanishing viscosity limit of viscous, helical flows is a helical weak solution
of the Euler equations (1.2); below we give a precise definition of such a
weak solution.

Definition 2.2. Fix T > 0. Letuy € H,,,,.(D). Wesay u € C°(0,T; L*(D))N
L>(0,T; H),,.10.(D)) is a helical weak solution of the incompressible Euler
equations (1.2) with initial velocity uy if the following hold true:

(1) Ateachtime 0 < ¢ < T, u(-,t) is a helical vector field;

(2) For every test vector field ® € C>°([0,T) x D), periodic in z with
period 27, divergence free, the following identity is valid:

T
/ /8t®-u+[(u-V)<I>]-udxdt+/<I)0-u0dX:0;
o Jp

D
(3) Ateachtime 0 <t < T, divu(-,t) = 0in the sense of distributions.

As is usual, it is possible to recover the scalar pressure by means of the
Hodge decomposition.

Remark 2.3. The requirement in Definition 2.2 thatu € L>(0, T; H,,.,.(D))
is not needed to make sense of the terms in the weak formulation. We note,
however, that a weak solution as in Definition 2.2 satisfies, additionally, a
weak form of the inviscid vorticity equation. Definition 2.2 excludes, hence,
all known examples of wild solutions.

We will conclude this section with the statement of our main result.
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Theorem 2.8. Let {uf},~o C H,,. (D) be divergence free, helical vector
fields and let ngy = uy - £ denote their respective helical swirls.

Letuy € H;eT(D) be a divergence free, helical vector field, such that u,
has vanishing helical swirl, i.e., ug - & = Q.

Assume that:
(D
|lug — uOHHl(D) —0asv — 0;

(2) there exists a constant C' > 0 such that

176 | 220y < Cv.
FixT > 0. Letu’ € L>(0,T; H.,,(D)) denote the strong solution of

per
the incompressible Navier-Stokes equations (1.1) with initial velocity ug.
Then, there exists u’ € C°(0,T; L*(D)) N L>=(0,T; H),,.,.(D)) such that,
passing to subsequences as needed, we have

u” — u’ strongly in L*(0,T; L}, (D)), (2.25)

loc

er,loc

and 1° is a helical weak solution of the incompressible Euler equations,
with initial velocity vy, and with vanishing helical swirl at any time 0 <
t<T.

3. GLOBAL EXISTENCE OF NAVIER-STOKES EQUATION WITH HELICAL
SYMMETRY

In this section we discuss well-posedness results for (1.1). In particular,
we prove the global existence of weak helical solutions provided the initial
velocity belongs to L?(D) and is helically symmetric, and we prove global
existence and uniqueness of strong solutions when the initial data, addition-
ally, belongs to H;eT. These results are not included in [16] because our
fluid domain is unbounded.

First we introduce a basic mollifier, adapted to the helical symmetry. Let
p1 = pi(|X/|) € C°(R?) be a radially symmetric function satisfying that
p1 > 0and [g, p1(x')dx’ = 1, where X' = (,y); let also p; = pa(z) in
[—7, ] be a nonnegative, periodic, smooth function with f; p2(z)dz = 1.
Set J.u to be the mollification of a helical vector field u € LP(D),1 < p <
00, given by

Ju=Jux) = [ gl yulydy, >0 G.1)
D

where p(x) = ¢ °p(¥) and p = p(x) = p1(x)p2(2).
The following lemma provides some basic properties of these mollifiers.
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Lemma 3.1. Let J. be the mollifier defined in (3.1). Then, for each u €
LP(D), 1 < p < o0, Jouis a C™ function and

(1) JJu(y +h)](x) = JJu(y)](x+h), VheD, (3.2)

(2)  JJu(Rpy)](x) = J[u(y)](Rex), where Ryis defined in (2.1),
(3.3)

(3)  Ju(Sey)](x) = JJu(y)](Sex), where Syis defined in (2.3),
(3.4)

4)  DZ(Jeu(y))(x) = J[Dyju(y)l(x), laf<m,ueH™.  (3.5)

Proof of Lemma 3.1. The proof of (3.2) is easily obtained from the defini-
tion of J., (3.1). Item (3.4) follows directly from (3.2) and (3.3), while
(3.5) can be found in [17]. Item (3.3) follows by a straightforward calcula-
tion. U

Let us briefly recall that a weak solution of the Navier-Stokes equations
has the regularity L>(0,T; L*(D)) N L*(0,T; H),.(D)), whereas a strong

solution belongs to L>(0,T’; H},.(D)) N L*(0,T; H.,.(D)).
We can now state and prove a basic result on existence of weak and strong

helical solutions to the Navier-Stokes equations (1.1).

Theorem 3.2. Fix v > (. Let u§ € L*(D) be a divergence free and helical
vector field. Fix, also, T" > 0.

(1) There exists u” € L>(0,T; L*(D)) N L*(0,T; H,,,(D)) which is a
helical weak solution to the three-dimensional Navier-Stokes equa-

tions (1.1). In addition, 0" satisfies the following inequality
" ()20 0,7, 0200y) + VIV T2, 0200y < 105 1172(0)- (3.6)

(2) If, in addition, v € H', (D), then the three-dimensional Navier-

per
Stokes equations (1.1) has a unique and global strong solution u” €

L>(0,T; HL, (D)) N L*(0,T; H2,,.(D)) which is helically symmet-

per per
ric.

Proof of Theorem 3.2. We will begin by establishing (1); the proof will be
divided into four steps. As much of this proof is standard, we will be brief.

Step I As in [17], we construct approximate solutions u*“ to the Navier-
Stokes equations by solving

u + J[(Jou”c - V) (Ju”)] + Vp» = v (JAu”),
divu*© = 0, (3.7)
u”(t =0,x) =uy",

where ug“(x) := J.u§(x), with J, defined in (3.1). By the Picard theorem
(see e.g. [17]), there exists a unique, global, smooth solution u* for the
regularized Navier-Stokes equations (3.7).
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Step II Next, we show that the approximate solutions u* preserve heli-
cal symmetry.

First we note that uy“ is helical. More precisely, using (3.4) in Lemma
3.1 together with the fact that ug is a helical vector field, we easily verify
that

Ry 'ug“(Syx) = Ryt Joug(Syx) = Ry Jc[ug(Sey)](x)
= R;lJe[Rgug(y)](x) = Joug(x) := ug(x). (3.8)

Consider U(x,t) = Ry 'u”¢(Spx, t) and p"(x,t) = p"(Spx,t). Direct
calculations give that the pair (u, p) is a solution of (3.7) with initial
data i(x,0) = R, 'uy(Spx) = uy“(x). Hence, by uniqueness of smooth
solutions u”€ of (3.7), we obtain that

u”(x,t) = R, 'u"(Sgx, 1), (3.9)

1.e., u”€ is a helical vector field.

Step III In this step we discuss uniform, in e, estimates. Take the L>-
inner product of the regularized momentum equations (3.7) with u”€ to
obtain

1 d V,e v,e
5%”“ ’ ||2LQ(’D) +v[|VJu” H%Q(O,T;LQ(D)) <0. (3.10)

Integrate (3.10) in time, from 0 to 7', to find
HUV’E||%<><>(0,T;L2(D)) + V||VJeuV’EH%%QT;m(D)) < Hug’eH%?(D)- (3.11)

In view of (3.11) it is standard that {J.u"“}..( is a compact subset of
L?*(0,T; L*(D)) and hence, passing to subsequences as needed and us-
ing properties of mollifiers, we find that u* is a convergent sequence in
L?(0,T; L*(D)), as € — 0. We easily obtain that the limit u” satisfies (1.1)
in the sense of distributions. From the uniform bound in L>(0,T; L*(D)),
(3.11), we obtain that u” € L>°(0,T; L*(D)); similarly, we find that u” €
L*(0,T; H,,,.(D)). Since, from Step II, we deduced that u** is a helical
vector field, it follows easily that the limit u” is also helically symmet-
ric. Therefore, there exists a helical weak solution u” € L>(0,T; L*) N
L*(0,T; H') of (1.1). The energy inequality (3.6) follows by weak conver-
gence in L*(0,T'; H,,,.(D)).

Step IV Finally, we establish item (2), the existence and uniqueness of a
strong solution if the initial data is smoother. From above, we have a weak
helical solution in L>(0,7; L?) N L*(0,T; H') to the system (1.1). We
will show, by energy estimates, that the regularity of u” can be improved
to L>°(0,T; H') N L*(0, T; H?). Although the estimates below are formal,
they can be made rigorous using the regularized equation (3.7) in a similar

way to what was done in Step III.
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Taking the L?-inner product of (1.1) with Au” we find
1d
2dt

< ]/(u” -V)u” - Au”dz|
D
S ”lly||L4(D) HVUVHLAL(D) HAUV”L2(D). (312)

Now, since u” is a helical vector field, it follows from Lemma 2.6 that

||Vuy||2L2(D) + VHAUVH%?(O,T;LQ(D))

1 1
Il < 0122 | V0" (3.13)

Let us examine Vu”. Recall that, from Lemma 2.6, there exists a unique
vector field w = w(y1, y2) such that the relation in (2.11) holds true, with
y = y(x) as in (2.12). We write Vu” = (Vgu”, 0,,u”), where Vy refers
to the horizontal derivatives, i.e. derivatives with respect to x1, 5. In view
of (2.11), (2.12) an easy calculation yields, foreach 1 < p < oo, m € N,
the existence of constants C), ,,, ¢y, > 0 such that

ol Vy Wllrore) < IVEW o) < CpmllVy' Wil Lo e).- (3.14)

Since Vw is a function of two independent variables we may use the two
dimensional Ladyzhenskaya inequality for Vw to find
1 1
IVywllpage) < CHVyWH}iz(Rz)HV§WHEQ(RQ),

from which, together with (3.14), it follows that

1 1
IV [y < CIVHO [y | Vi [ Bay (Bu15)

Next, we consider 0,,u”. Recall the criteria in Lemma 2.2 for a vector field
to be helical: Jgv1 = V2, Ogva = —v1, Oguz = 0. Note that 0,,0¢ = 0¢0,,.
Therefore, since u” is a helical vector field, we deduce that

OgOp,uy = Opauy;  OgOpyuy = —0Opuy;  OgOpyuy = 0.

Hence, 0,,u” is a helical vector field and, therefore, in view of Lemma 2.6,

1 1
100 [0y < ClO U N2 | VO [y (3:16)
Notice that both the right-hand-side of (3.15) and of (3.16) are bounded
by C||Vu”|| 2/22@) | Au”|| }3/22(@) , since, from elliptic regularity theory, we know

that all second derivatives are bounded, in L?, by the Laplacian.
We obtain, from (3.15) and (3.16),

[Vu”{|pap) < C”VUU||E2(D)||Auy||[§,2(p)~ (3.17)
Substituting (3.13) and (3.17) into (3.12) yields
1d

§E”VUV”%2(D) + VHAUVH%Q(O,T;LQ(D))
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1 3
< 22 g IV L2y | AW 22,
U 17 — v v
< AW By + O 0 | V0 ) (3.18)

where we used Young’s inequality to obtain the last inequality. From (3.6)
we have

T
V/HWHm@msmmm@,
0

so that, by Gronwall’s lemma, we obtain
Cllugll7
v v (D)
[Vu HQLOO(O,T;LQ(D)) < HVUOHQB(D) eXP{ = : (3.19)

Thus u” € L>(0,T; H,,,(D)). That uw” € L*(0,T; H}, (D)) follows im-
mediately upon revisiting (3.18) and integrating in time.
Uniqueness is easily obtained under the regularity of u”. We omit the

details. O

4. PROOF OF MAIN RESULT

We will begin this section by obtaining an evolution equation for the
helical swirl. Hereafter we assume that u; € H ;ET(D) is a divergence free,
helical vector field and u” € L>(0,T; H,,,.(D)) N L*(0,T; H}.,.(D)) is the
strong, helically symmetric, solution of (1.1) with initial velocity ug, given
in Theorem 3.2. Let n” = u” - £&. Multiply the momentum equation in (1.1)
by & to obtain, after direct calculations,

o’ + (uV . V)n” =vAn" + QZ/(amlug — 8x2u’1’), @.1)

n'(t =0,x) =ng. .
Clearly, in the case of the Euler equations (v = 0), the helical swirl n° :=
u? - ¢ satisfies a transport equation and is conserved along particle paths.
This is not the case if v > 0.

Nevertheless, we may still obtain a uniform bound, with respect to v, for
the helical swirl n".

Lemma 4.1. Fix T > 0. Letru} € H!, (D) and n§ = u} - €. Then there

per

exists a constant ¢ = ¢(T') > 0, independent of v, such that

1"] e 0,722 0)) + VVIVD | 2003 020)) < cl1nf 2y + VP llug | L2p))-
4.2)

Proof of Lemma 4.1. Multiply both sides of (4.1) by n”, integrate the result-
ing equation in D and use that div u” = 0 to obtain that
1d

5@%””%2(@) + IV 122 0p) < 200107 || 200y V0 || 22()
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v v v
< SVl + OV ) 43)

It follows from integration over the time from 0 to 7, together with inequal-
ity (3.6), that

7" ”LOO(OTL?(D)) +v|[Vn” ||L2(0TL2(D) (HUOHL?(D) + TV”“OHL?(D))

Clearly, this concludes the proof.

[l
Using the decomposition (2.14), we introduce
| Z— 14 é | Z— 14
=u’ -7 @, and ¥ = curl U”. “4.4)

Then U” - £ = 0 and U" is helical due to Lemma 2.5. As noted in Remark
2.2, we have

v v v _$77V y77y
&cuz - 0yu1 = Q3 + 835 (W) — 8y (’5‘2) . (45)

Moreover, direct calculations give

( 9,U" + U” . VU 4+ Vp* — vAU

oo €Y., @) (i)
|£|2 - V(w)” e % jep

+2vVn” -V (‘§|2) +uvn’A <‘£ ) 2008 —— 3 (4.6)

e e
o (1] &
2 [C‘” (\eP N

divUY =
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By Lemma 2.4, " = Q4&, where (25 = 0,Uy —0, U} . Direct calculation
leads to the following equation for €25:

(0,04 +UY -V — vAQY =

V(. 2TTV v v v 2771V
oo, (™ (z*U] +:va2)) 5 (?7 (vyUi +y Uz))]
{ ( G I €t

() () (@)
'”{ (mw AN &
o (e )+ ()

135 135

iy am ( 289077 —I—xy@yn ) +ay (xy@xnv +y28y77u)]

—2v

13y €l

o () () o) ()]

| Q5(t=0,%) = Q3

4.7)

The following is a key estimate which will be used to obtain the compact-

ness of the family of solutions to the Navier-Stokes equations (1.1), v > 0.
Lemma 4.2. Fix T > 0. Let v < 1. Assume that ug € H,, (D), and nj €

L*(D) with ||| .2(p) < cv. Then, there exists ¢ = (T, |[ug || u3,.p)) >0
such that

1€25 | o< (0,7:L2(D)) < €. (4.8)
Furthermore,
||77VHL00(0 T;L2(D)) T \/;HVHVHLQ(O,T;LQ(D)) < COv, (4.9)

for some constant C' = C(T', ||ug|| g1, (py) > 0 which is independent of v

per

Proof of Lemma 4.2. Lett € [0,T) and set

t
)=AH%MWW (4.10)
Then
/ vi|2 " d V|2
Y (t) = HQSHLQ(D)7 Y (t) = EHQ:&HB(D)-
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We claim that

1
10" || Lo 0,452 (D)) + \/;|’V77V||L2(O,t;L2(D)) <Cr(1+Y(t)2, (4.11)

where C' depends on 7" but is independent of v.

Indeed, as in the proof of Lemma 4.1, we multiply the both sides of (4.1)
by 7", integrate the resulting equation in D, and use the divergence free
condition, to obtain

1d

S =2 + VIV o)

< 2v[|0ug — Oyul || 12(p) 0" 12()
< 2u([|Q] 2y + ||V77VHL2 + 17"l 2o 17” | L2 ()
< OV |2y + 5 ||V77 172y + Clln" 172y (4.12)

where we have used identity (4.5) and Young’s inequality. This gives the
estimate

thHn HL?(D) +3 ”Vn HL2(D) < CVZHQVHL2(D) + Clln” HL2(D) (4.13)

It follows from Gronwall’s lemma, upon performing parabolic regularity
estimates, that

107700 0 .22y + VIV 20220y < CUITG 720y + VY (1)),

for some constant C' = C(T") > 0. Finally, condition (2) in Theorem 2.8
yields that

19" 112 0,220y + VIV 220,022 (my) < CVA(1+Y(t)) (4.14)

i.e.,

1
17" | 0622 ) + VIV |l L2022y < Cv(1+Y(2)2,  (4.15)

where C' = C(T") > 0 is a constant which is independent of v. We have
established (4.11).

Next, we use (4.11) to derive estimate (4.8) for €. Multiplying both
sides of (4.7) by €)% and integrating in D, gives

1 d 1% 14
thHQ HL?(D) +v||[VQy HLQ(’D)
UVUV TIVUV ’ IJ‘Q
VOi—— | dx + 2 VQ” dx + VQ” dx
/ ° el I35 ° gl
l/V i v 77 V|2
+ 6v VQ arh dx + 8v VQ P dx +4v [ |Q5]7dx.
D
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Then, using Cauchy’s inequality together with Young’s inequality leads to

d 1% I/ 12
%HQSH%?(D) + §HVQ3H%2(D)

c nl/Ul/ 2 c ,r]l/UV 2 c (771/)2 2
T € Ny v IR Ny v IE* L2
V12 vo2
+ cv 5 —i—cy” 7 1 +cy||Q’g||%2(D). (4.16)
€17 1l 2 (p) €111 L2 )

From Lemma 2.6, together with Holder’s inequality and (4.11), it follows
that, for any o > 1,

2 2

77l/Ul/ Y Ul/
[kt I T e
€] L2(D) &l LA(D)
5 5 UV UV
<"l 2y lIV0” || 2y er ‘V(W)
L%(D) L2(D)
(4.17)
1 y y u”
< Cv(1+Y @) IVl 2ol U” Nl 2oy ||V (557) -
€1 L2y
Using the result in Lemma 2.7, we find
uv u” uv
HV (—a) < curl <—a) + ‘ div (—a)
€ L2(D) €] L2(D) 4 L2(D)
O £ x U” U ¢
<o +a ' 2 +a ‘ .
' &l L2(D) €[+ L2(D) I3l L2(D)
<195l z20) + (1 + @) [[U"|[ 2(p).- (4.18)

Substituting (4.18) into (4.17) together with the fact that

NU || o, 02(0)) < 10" || Lo 0,020 + 107 || o (0,752 (D)) < IJug || 22(py +¢
from (3.6), (4.4), and (4.2), we have

T]VUV 2
50&
where ¢ depends on ||ufj||.2(py, ||7/2(p) and T', independent of v.

Moreover, noting that

(n")?
€]

< V||V |2y (L + Y )21+ 98] 20)), (419
L2(D)

< "2y < elln” ez IV | 22y (4.20)
L*(D)
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we find, by substituting (4.19) and (4.20) into (4.16) and using (4.2) and
Young’s inequality, that
I oy + 2NV
< OV 2y (1 +Y (£)7 (1 + 195 20) + OV 2y @2D)
+ Cv|V” [ 22ip) + CV* + C||Q5 |72y
< OV 2y (1 + Y (1) + C(A+ 9511721
+ CHQ§H%2(D) + CHVUDH%Z(D)’

since v < 1.
Recall that

t
v !/ 14 ! d v
Y(t) = /0 HQ3H%Q(D):Y (t) = HQ:sH%Q(D)»Y/ (t) = EHQ3H%2(D)7 (4.22)
so that (4.21) implies that
Y'(t) < O+ [V |2 Y () + CY'(t) + OV |[f2(p).  (423)

Integrating (4.23) from 0 to ¢ and using Y'(0) = 0 and Y (0) = [|€25 o[/ 22(p)>
we obtain

Y'(t) = Y'(0)

t t
<C (t+Y(t)/0 V0" ()1 22y ds) +C (Y(t) +/0 IV 1|72 ds) :
(4.24)

By virtue of (4.2), it follows that ||V7"||120422(p)) < ¢, for a constant
¢ = (T, |5l z2(pys ug |l z2(p)) > 0. Then (4.24) becomes

Y'(t) — CY(t) <Y'(0)+ Ct + C. (4.25)
Consequently,
Y(t) < C(1+Y'(0)e ",
1.e.,
1925 20, 7522(0)) < C(1+ (|95 22(m)) (4.26)

where C' > 0 depends on 7'.
Combining (4.26) with (4.25), we get

|‘Q§||L°°(O,T;L2(D)) <ec, “4.27)

where the constant c only depends on T, [|€25 o|| z2(py and ||ug ||z (), but

per

not on v. O

We are now ready to prove our main result.
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Proof of Theorem 2.8. The proof will proceed in three broad steps. First we
will show that {u”},~o is a compact subset of L?(0,T; L?(D)). Then we
will pass to subsequences as needed and show that there is a limit, u®, which
isin C(0,T; L*) N L*(0,T; Hp,, ), Which is helical, has vanishing helical
swirl, and satisfies the weak formulation of the Euler equations. Finally, we
will show that u” € L>(0,T; H},,.;,.)-

Recall (2.13) and (2.15). Then,

divu’ =0 (4.28)
curlu” = {Qg — 8, (%) — 9, (”’ﬂf)} &+ (0,1, —0un". 0).
(4.29)

Condition (1) of Theorem 2.8 implies that |[ug]|x1, (p) < C and, hence,
from the energy inequality in Theorem 3.2, (3.6), it follows that {u”},~ is
a bounded subset of L>(0,T; L*(D)).

From condition (2) of Theorem 2.8 together with Lemma 4.2, (4.9), we
find

n” — 0 strongly in L>°(0, T'; L*(D)), (4.30)
and
V¥ — 0 strongly in L*(0, T; L*(D)). (4.31)

In addition, from Lemma 4.2 we obtained a uniform estimate, with re-
spect to v, for Q4 in L>(0,T; L*(D)). Putting these estimates together
yields curl u” uniformly bounded in L*(0, T’; L2 (D)). (The subscript ‘loc’
is due to the growth of £ at infinity.) Hence, from Lemma 2.7 it follows that
{u”},~0 is a bounded subset of L*(0,T; H},, ;,.(D)).

Therefore, for any bounded sub-domain &/ C D, we have that {u”},~
is a bounded subset of L?(0,7; H'(i/)). In addition, we may use equation
(1.1) to deduce that {9,u”},~ is a bounded subset of L*(0,T; H ' (U)). It
follows from the Aubin-Lions compactness theorem, see [13], that {u”},~¢
is a compact subset of L*(0,T’; L*>(U)). We may now use a diagonal argu-
ment to pass to a subsequence, which we will not relabel, which converges
strongly in L?([0,T; L2 (D)). Passing to a further subsequence if needed,
we may assume the convergence is also weak in L*(0, T; H,),,.;,.(D)).

It is standard that strong convergence in L?([0, T|; L2 (D)) is sufficient
to show that the limit vector field, denoted u®, satisfies the weak formulation
of the Euler equations in Definition 2.2.

The bounds in L*(0, T'; H),,.;,.(D)). for u”, and in L*(0, T'; H,,} (D), for
dyu”, imply that {u”},~ is a bounded subset of C°(0,T; L*(D)). (There
is no need to localize this estimate, due to the previous uniform estimate in
L>(0,T; L*(D)).) It follows that u® € C°(0, T'; L*(D)).
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It is easy to see that u(-, ¢) is a helical vector field, foreach 0 < t < T
and, also, that n° = u’ - € = 0.

We have established all conditions of Definition 2.2 but one. It remains
only to verify that u’ € L>(0,T; H,,, ,.(D)).

To see this we first note that, in view of (4.29),

£ (n”w) (n”y> £
Qf =curlu’ - ——=+0, | —= | + 0, — (9yn”, —0n",0) - —=.
; gf T \ler ) T \Jep )~ O 000 e

Each of the terms on the right-hand-side converges, as v — 0, weakly
in L?(0,T; L*(D)) and, in view of (4.30) and (4.31), the weak limit, in
L*(0,T; L*(D), of the right-hand-side is curlu® - #

In addition, since % is bounded in L>(0,7; L*(D)), we may assume,
passing to further subsequences as needed, that the convergence of the right-
hand-side is also weak-* in L>°(0,T'; L*(D)), so that

curlu’ - é € L>(0,T; L*(D)).

By virtue of ° = 0 and u being a helical vector field, we find curl u’ =

w? = W€, see Lemma 2.4 and Remark 2.1. Therefore we deduce

curlu® € L>(0,T; L2, (D)),

loc

which, together with div u® = 0, imply

u’ € L®(0,T; Hy.,.100(D)),

er,loc(

as desired.
This completes the proof.
]

In this article we have focused on the vanishing viscosity limit for he-
lically symmetric flows. As we have discussed, helically symmetric solu-
tions of the Navier-Stokes equations do not form singularities in finite time,
whereas helical Euler is only known to have global solutions if the helical
swirl vanishes. Furthermore, vanishing helical swirl is preserved by the Eu-
ler evolution, but not by Navier-Stokes. Given these distinctions, it seemed
natural to explore the vanishing viscosity problem under helical symmetry.
The key issue was to be able to control the helical swirl and to ensure that
it vanishes as v — 0.

The relevant problem which still remains open, in this direction, is global
existence for helical Euler with nonzero helical swirl.
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Highlights

* Vanishing viscosity for flows with helical symmetry
* The effect of viscosity on the helical swirl
» Decomposition of helical vector fields parallel and orthogonal to the helix direction
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