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HIGHLIGHTS

We propose two model equations to describe ultra-short pulses in nonlinear optics.

We show the integrability by providing the Lax pairs and constructing local and nonlocal conservation laws.
We construct multi-soliton solutions in pfaffians by Hirota’s bilinear method.

One- and two-soliton solutions are investigated in details, which show many interesting properties.
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In the present paper, we propose a complex short pulse equation and a coupled complex short equation
to describe ultra-short pulse propagation in optical fibers. They are integrable due to the existence of
Lax pairs and infinite number of conservation laws. Furthermore, we find their multi-soliton solutions in
terms of pfaffians by virtue of Hirota’s bilinear method. One- and two-soliton solutions are investigated in
details, showing favorable properties in modeling ultra-short pulses with a few optical cycles. Especially,
same as the coupled nonlinear Schrodinger equation, there is an interesting phenomenon of energy

redistribution in soliton interactions. It is expected that, for the ultra-short pulses, the complex and
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coupled complex short pulses equation will play the same roles as the nonlinear Schrédinger equation
and coupled nonlinear Schrodinger equation.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The nonlinear Schrédinger (NLS) equation, as one of the univer-
sal equations that describe the evolution of slowly varying packets
of quasi-monochromatic waves in weakly nonlinear dispersive
media, has been very successful in many applications such as
nonlinear optics and water waves [1-4]. The NLS equation is in-
tegrable, which can be solved by the inverse scattering transform
[5].

However, in the regime of ultra-short pulses where the width
of optical pulse is in the order of femtosecond (10~ s), the NLS
equation becomes less accurate [6]. Description of ultra-short pro-
cesses requires a modification of standard slow varying envelope
models based on the NLS equation. There are usually two ap-
proaches to meet this requirement in the literature. The first one
is to add several higher-order dispersive terms to get higher-order
NLS equation [2]. The second one is to construct a suitable fit to the
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frequency-dependent dielectric constant € (w) in the desired spec-
tral range. Several models have been proposed by this approach
including the short-pulse (SP) equation [7-10].

Recently, Schifer and Wayne derived a so-called short pulse
(SP) equation [7]

1
u"[=u+g(u3)xx’ (1)
to describe the propagation of ultra-short optical pulses in non-
linear media. Here, u = u(x, t) is a real-valued function, repre-
senting the magnitude of the electric field, the subscripts t and x
denote partial differentiation. Apart from the context of nonlinear
optics, the SP equation has also been derived as an integrable dif-
ferential equation associated with pseudospherical surfaces [11].
The SP equation has been shown to be completely integrable
[11-15]. The periodic and soliton solutions of the SP equation were
found in [ 16-18]. The connection between the SP equation and the
sine-Gordon equation through the hodograph transformation was
clarified, and then the N-soliton solutions including multi-loop and
multi-breather ones were given in [19,20] by using the Hirota bi-
linear method [21]. The integrable discretization of the SP equation
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was studied in [22], the geometric interpretation of the SP equa-
tion, as well as its integrable discretization, was given in [23]. The
higher-order corrections to the SP equation was studied in [24]
most recently.

Similar to the case of the NLS equation [25], it is necessary to
consider its two-component or multi-component generalizations
of the SP equation for describing the effects of polarization or
anisotropy. As a matter of fact, several integrable coupled short
pulse have been proposed in the literature [26-31]. Most recently,
the bi-Hamiltonian structures for the above two-component SP
equations were obtained by Brunelli [32].

In the present paper, we propose and study a complex short
pulse (CSP) equation

1
Oxe +q + 5 (|Q|ZQX)X =0, (2)
and its two-component generalization
1
Guac+ 1+ 5 ((q11* + 1921*)g1.4), = 0, 3)
1 2 2
e ((g1l* + 1921*)g2.4), = 0. (4)

As will be revealed in the present paper, both the CSP equation
and its two-component generalization are integrable guaranteed
by the existence of Lax pairs and infinite number of conservation
laws. They have N-soliton solutions which can be constructed via
Hirota’s bilinear method.

The outline of the present paper is organized as follows. In Sec-
tion 2, we derive the CSP equation and coupled complex short
pulse (CCSP) equation from the physical context. In Section 3,
by providing the Lax pairs, the integrability of the proposed two
equations are confirmed, and further, the conservation laws, both
local and nonlocal ones, are investigated. Then N-soliton solutions
to both the CSP and CCSP equations are constructed in terms of
pfaffians by Hirota’s bilinear method in Section 4. In Section 5,
soliton-interaction for coupled complex short pulse equation is in-
vestigated in details, which shows rich phenomena similar to the
coupled nonlinear Schrédinger equation. In particular, they may
undergo either elastic or inelastic collision depending on the ini-
tial conditions. For inelastic collisions, there is an energy exchange
between solitons, which can allow the generation or vanishing of
soliton. The dynamics is more richer in compared with the single
component case. The paper is concluded by comments and remarks
in Section 6.

2. The derivation of the complex short pulse and coupled
complex short pulse equations

In this section, following the procedure in [2,7], we derive the
complex short pulse equation (2) and its two-component gener-
alization that governs the propagation of ultra short pulse packet
along optical fibers.

2.1. The complex short pulse equation

We start with a wave equation for electric field

1
V’E — CjEtt = woPy, (5)

originated from the Maxwell equation. Here E(r, t) and P(r, t)
represent the electric field and the induced polarization, respec-
tively, (o is the vacuum permeability, c is the speed of light in
vacuum. If we assume the local medium response and only the
third-order nonlinear effects governed by x , the induced polar-
ization consists of two parts, P(r, t) = P(r, t) + Py.(r, t), where

the linear part

o0
P (r, t) = 80/ x Dt -t E(r, t')dt, (6)
—0Q
and the nonlinear part
o0
Py (r,t) = 80/ X —t,t—t,t—1t3)
—00

X E(l’, tl)E(l', fz)E(l', f3) dtqdt,dts. (7)

Here &, is the vacuum permittivity and x @ is the jth-order sus-
ceptibility. Since the nonlinear effects are relatively small in sil-
ica fibers, Py; can be treated as a small perturbation. Therefore, we
first consider (5) with Py, = 0. Furthermore, we restrict ourselves
to the case that the optical pulse maintains its polarization along
the optical fiber, and the transverse diffraction term A, E can be
neglected. In this case, the electric field can be considered to be
one-dimensional and expressed as

E= %el (E(z,t) +c.c.), (8)

where e is a unit vector in the direction of the polarization, E(z, t)
is the complex-valued function, and c.c. stands for the complex
conjugate. Conducting a Fourier transform on (5) leads to the
Helmholtz equation

2
~ w* ~
Ep(z, w) + 8(w)C75(Z, w) =0, 9
where E‘(z, w) is the Fourier transform of E(z, t) defined as
o0
Ez, 0) = / E(z, t)e" dt, (10)
—0oQ

&(w) is called the frequency-dependent dielectric constant defined
as

e(@) =1+ 3 V), (1)
where ¥V () is the Fourier transform of x (¥ (t)

(o]

1@ = [ xOwe (12)
—0Q

Now we proceed to the consideration of the nonlinear effect. As-

suming the nonlinear response is instantaneous so that Py, is given

by Pni(z, t) = eoeniE(z, t) [2] where the nonlinear contribution to

the dielectric constant is defined as

3
ENL = ZX;S,?AE(Z, 2. (13)
In this case, the Helmholtz equation (9) can be modified as
~ 0)2 ~
E;(z, 0) + &(w) 5 E(z, w) =0, (14)
c
where
E) =1+ 3V(@) +en. (15)

As pointed out in [3,7,8], the Fourier transform ¥ (V' can be well ap-
proximated by the relation ¥V = %" — 7”42 if we consider the
propagation of optical pulse with the wavelength between 1600
and 3000 nm. It then follows that the linear equation (9) written in
Fourier transformed form becomes
0) 2
E, + %wzé — ) i VE + smw—zé =0. (16)
c c

Applying the inverse Fourier transform to (16) yields a single
nonlinear wave equation

1 1.3
E — —E¢ = 5E+ x5 (IEIE), = 0. (17)
(o c5 4
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Similar to [7], we focus on only a right-moving wave packet and
make a multiple scales ansatz

E(27 t) = 8E0(¢721322» .. ') +82E1(¢az15‘227 . ') + e (]8)

where ¢ is a small parameter, ¢ and z, are the scaled variables
defined by

X
P

&

Substituting (18) with (19) into (17), we obtain the following
partial differential equation for E at the order O(e):

z, = &"z. (19)

2 3250 _ ]E +3 3) d IE |28E0 (20)
o agoz; 2 a0 e )

Finally, by a scale transformation

€11/ 6C2 Xt

1
=26 t=cz = VM 21
—2¢ 221 q 2 0 (21)

we arrive at the normalized form of the complex short pulse
equation (2).

2.2. Coupled complex short pulse equation

In the previous subsection, a major simplification made in the
derivation of the complex short pulse equation is to assume that
the polarization is preserved during its propagating inside an op-
tical fiber. However, this is not really the case in practice. For
birefringent fibers, two orthogonally polarized modes have to be
considered. Therefore, similar to the extension of coupled nonlin-
ear Schrodinger equation from the NLS equation, an extension to
a two-component version of the complex short pulse equation (2)
is needed to describe the propagation of ultra-short pulse in bire-
fringent fibers. In fact, several generalizations have been proposed
for the short pulse equation [26-31]. Particularly, by taking into
account the effects of anisotropy and polarization, Pietrzyk et al.
have derived a general two-component short-pulse equation from
the physical context [26]. We follow the approach by Pietrzyk et al.
to derive a two-component complex short pulse equation. How-
ever, as shown in subsequent section, the two-component complex
short pulse equation admits multi-soliton solutions which reveals
richer dynamics in soliton interactions in compared with the real
SP equation.

We first consider the linear birefringent fiber such that the elec-
tric field with an arbitrarily polarized optical fiber can be expressed
as

1
E= 3 (e1E1(z, t) + e E>(z, t)) +c.c., (22)

where ey, e, are two unit vectors along positive x- and y-direction
in the transverse plane perpendicular to the optical fiber, respec-
tively, E; and E, are the complex amplitudes of the polarization
components correspondingly. Without the presence of nonlinear
polarization (Py; = 0) and the transverse diffraction, the Fourier
transform converts (5) into a pair of Helmholtz equations

~ a)z ~
Eiz(z, ) + e(w)cfzﬁ (z,w) =0, (23)
~ a)z ~
Ey 2 (z, ) + S(w)CTEz(Z, w) =0. (24)

Same as the scalar case, the frequency-dependent dielectric con-
stant e(w) = 1+ ¥V (w), where ¥V can be well approximated
by the relation ¥ = %" — "2 for the propagation of optical
pulse with the wavelength between 1600 and 3000 nm.

As indicated in [2], the nonlinear part of the induced polariza-
tion Py; can be written as

1
Py = 5 (@1P1(2, D) +€aPo (2, 1) + c.c., (25)
where
3¢ 2 1
Pr="2x D (I + SIE1 ) Er + £ (BiE)E |, (26)
2 3 3
3e 2 1
P, = TOXX()?X)X |:<|Ez|2 + §|El|2> E; + 3(5551)51} : (27)

The last term in Eqs. (26) and (27) leads to the degenerate four-
wave mixing. In highly birefringent fibers, the four-wave-mixing
term can often be neglected. In this case, we arrive at a coupled
nonlinear wave equation

Fro— ~Er= ~E + x| (P + 2P )E | . 28)
’ C]Z ’ C22 4 XXXX 3 i
1 1 3 2
Ey,p— —=Eyy=—E + = x& | [ 1E)> + Z|E, )2 ) Ey | . 29
2,2z (.'12 2,1t C22 2 4Xxxxx | 2| 3| 1| 2 . ( )

Similar to the scalar case, by a multiple scales expansion and an
appropriate scaling transformation, a couple complex short pulse
equation can be obtained from (28)-(29)

1 2, 2

Qe T @1+ LU @1l"+ £162017 ) q1x ] =0, (30)
2 3 )
1 2, 2 o

Qexe + @2+ = | | 1921 + 519117 ) g2 ) = 0. (31)
2 3 )

More generally, we can consider the coupled short pulse equa-
tion for elliptically birefringent fibers. In this case, the electric field
can be written as

1
E= 3 (exEx(z, t) + eyEy(z, 1)) + c.c., (32)
where ey and ey are orthonormal polarization eigenvectors
e — €q +ire2 e — rey — iez (33)
1+ Y1+

The parameter r represents the ellipticity. It is common to intro-
duce the ellipticity angle 8 as r = tan(6/2). The case § = 0 and
7 /2 correspond to linearly and circularly birefringent fibers, re-
spectively.

Following a procedure similar to the case of linearly birefringent
fibers, one can drive the normalized form for the coupled complex
short pulse equation

1 2 2
Gixe +q1+ 5 ((lg11* + Blga| )qu)x =0, (34)
1 2 2
Dxt+ @+ 3 ((gz21* + Blg11*)g2), = 0 (35)
where the parameter B is related to the ellipticity angle 6 as
2+ 2sin%0
= ; (36)
2 + cos? 6

For a linearly birefringent fiber (¢ = 0), B = % and Eqgs. (34)-(35)
reduces to Egs. (30)-(31). For a circularly birefringent fiber (6 =
m/2), B = 2.In general, the coupling parameter B depends on the
ellipticity angle 6 and can vary from % to 2 for values of 9 in the
range from 0 to 7 /2. Note that B = 1 when 6 ~ 35°. As discussed
in the subsequent section, this case is of particular interest because
the coupled system is integrable and admits N-soliton solution.
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3. Lax pairs and conservation laws for the complex and coupled
complex short pulse equations

3.1. Lax pairs and integrability

In [26], a matrix generalization for the SP equation is given
based on zero-curvature representation, from which the Lax pairs
for several integrable two-component SP equations are explicitly
provided. In this subsection, we will show the integrability of the
complex short pulse and coupled complex short pulse equations
by finding their Lax pairs constructed from another matrix gener-
alization of the SP equation.

The Lax pair for the complex short pulse equation (2) can be
expressed as

W, =UY, W=V, (37)

with

U=A (;; fq) :

o e S RO (38)
~Swrg - L Ty o

It can be easily shown that the compatibility condition Uy — V, +
[U, V] = 0 gives the complex short pulse equation (2).

The Lax pair for the coupled complex short pulse equations
(3)-(4) is found to be of the form:

U, =U¥, W =VV, (39)
with
. L Q

”—A<Rx —12>’

A 1 A 1

——QR— —, —=QR = (40)

. 2Q T 2Q Qx + 2Q

)LRQR L AQR+ LV

) 2 4)°

where I, is a 2 x 2 identity matrix, Q, R are 2 x 2 matrices defined
as

G 0@ q —q
= , = . 41
¢ (—q%‘ qT) (qﬁ fh) “n

Note that R = QF, thus,

QR =RQ = (I * + |g2/*) L. (42)
the compatibility condition U; — V, +[U, V] = 0 for (39) gives the
coupled complex short pulse equations (3)-(4).

As a matter of fact, the coupled complex short pulse equation
can be generalized into a multi-component, or a vector complex
short pulse equation

1, .
Qi,xt+Qi+5(|q| Gix), =0, i=1,....n, (43)

where q = (q1, q2, ..., qn). The integrability of Eq. (43) can be
guaranteed by the Lax pair constructed in a similar way as in [33].

v, = Uy, v, =Vy, (44)
with
U _ Izn—] Qx(n)
AR ’
X 211—1
1 1 A 1
——oMRMm _ . —_ZQMWRMqm 4 — o™
v 22 a0 2 Q7+ 50

_ &R(")Q(H)R)((n) _ lR(n)

1 1
_ (")R(") — I
2 2 Q NPT

2

where L1 is a 2" x 2"! identity matrix, Q™ and R™ are
2"=1 x 2"=1 matrices can be constructed recursively as follows

QY =aq, RY=qj, (45)
(n)
QD — ( *Qn Qn+l(12)ﬂ—1 ’ (46)
~Gpfpn R™

(n) —
RO — < R™ QH+112"*1> ] (47)

Qnpiln Q™

By the above construction, we have R™tD = (Q ™*D)* and further

n
QWR™ =R™Q™ = gl -1 (48)
i=1
Therefore, the zero curvature condition U; — Vy + [U, V] = 0 gives
the vector complex coupled short pulse equation (43).

3.2. Local and nonlocal conservation laws

Following a systematic method developed by in [33-36], we
construct conservation laws for the vector complex short pulse
equation, the conservation laws for the complex and coupled short
pulse equations can be treated as special cases forn = 1, 2, respec-
tively. To this end, let us rewrite the Lax pair for the vector complex
short pulse equation as follows:

173 A AQy 12
() = (& 2%) (%)

A A 1
~ZR— —L —ZQRQ+-
AN B RG24y (50)
2l | rrare—dr Fars b |V
2 %2 2 4"

Here the size of matrices in the entries of Eqgs. (49)-(50) is of
2"=1 % 2"1 and is omitted for brevity. If we define

r=wy! (51)
then we have

20Q 7 = AQRy — Qu((Q0) ™" - QeI — A(Q ). (52)

Expanding Q,I" in terms of the spectral parameter A as follows

QI = FA ™, (53)
n=0

and substituting into Eq. (52), we obtain the following relation

20Fy = QRS0 — Qu((Q) "Fas1)e — Y FiFat. (54)

=0

The first local conserved density turns out to be

Fo= <—1 +,/1 +Z|qi_x|2> I, (55)

which is associated with a Hamiltonian of

Hy = / V14 qx? dx, (56)

for the complex short pulse equation (2) and

Ho = [ /1 a1 + laaaf? dx. (57)

for the coupled complex short pulse equations (3)-(4).
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Following the procedure in [36], we can find the nonlocal
conservation laws for vector complex short pulse equation. To this
end, we expand Q,I" as follows

QI = iF,n(ZA)". (58)
The firstn;\;vo orders in A yield the following equations

0= QR — Q ((Q0'F1),., (59)
2F 1 = —Q((Q)7'F2), (60)

from which, the first two nonlocal conserved densities can be
calculated as

1
Fq= 5QXR, (61)

1 1
F,= EQR - 53;( (QdkR) . (62)

The first one turns out to be a trivial one, the second one accounts
for a Hamiltonian

1
Hoy = 5/|q|2dx, (63)

for the complex short pulse equation (2) and
_1 2 4 1012
H_,= 3 (lg11° + 1g217) dx, (64)
for the coupled complex short pulse equations (3)-(4).
4. Multi-soliton solutions by Hirota’s bilinear method

4.1. Bilinear equations and N-soliton solution to the complex short
pulse equation

Proposition 4.1. The complex short pulse equation is derived from
the following bilinear equations.

DD,f - g = fg, (65)
1
DX -f = Elglz, (66)
by dependent variable transformation
g
q=_, (67)
f
and hodograph transformation
X=y—- z(lnf)sa t= =S, (68)
where D is called Hirota D-operator defined by
DiDJ'f - g

—(2 i" o imf(}’s)()/s/ﬂ
“\os " as) \ay ay) VY ey

Proof. Dividing both sides by f?, the bilinear equations (65)-(66)
can be cast into

g) g g
=) +22(nf)y =<,
(f y ) Vof (69)

1]g?
(nf)s = i
From the hodograph transformation and dependent variable trans-
formation, we then have

0x 1 0x
i:—zln :—71,127 7:1_211‘1 5
35 (nf)ss 2| | oy (nf)sy

which implies
_ 1
8y =p 18;(, 0s = —0 — 5|u|23x (70)

by letting 1 — 2(Inf)y, = p~ .
Notice that the first equation in (69) can be rewritten as

g g

) —(1-2mnp)) &, 71
(f)sy (1-2001),) 1)
or

g g

&) _8& 72
"(f)sy 7 (72)

which is converted into

1
Ox (—8f - 5|q|28x> q=q, (73)

by using (70). Eq. (73) is nothing but the complex short pulse equa-
tion(2). O

N-soliton solution to the bilinear equations (65)-(66) can be
expressed by pfaffians similar to the ones for coupled modified KdV
equation [37]. To this end, we need to define two sets: B, (4 =

1,2) : By = {by,by,...,bn},By = {byt1,ba, ..., by}, and an
index function of b; by index(b;) = w if b; € B,,.

Theorem 4.2. The pfaffians

f=Pf(ay,...,an, b1, ..., ban), (74)
g =Pf(do, B1, a1, ..., an, b1, ..., bon). (75)

satisfy the bilinear equations (65)-(66) provided that the elements of
the pfaffians are defined by

PE(@, @) = TPkt Pf(ay, by) = 8, (76)

j Dk
1 o<«
PR(by b) = ~—5——8us10n  PRdL @) = ple™,  (77)
4p7°— )
J
Pf(bj7 ﬁl) = aj(su.,l’ (78)

Pf(do, bj) = Pf(do, B1) = Pf(a;, B1) = 0.

Here . = index(bj), v = index(by), n; = pjy+pj’]s which satisfying
Pi+N = Dj, @j+n = &}, pj and a; represent the complex conjugates of
p;j and o, respectively. The same notation will be used hereafter.

The proof of the theorem is given in the Appendix. Combined
with dependent and hodograph transformations (67)-(68), the
above pfaffians (74)-(75) give N-soliton solution to the complex
short pulse equation (2) in parametric form.

4.2. One- and two-soliton solutions for the complex short pulse
equation

In this subsection, we provide one- and two-soliton to the com-
plex short pulse equation (2) and give a detailed analysis for their
properties.

4.2.1. One-soliton solution
Based on (74)-(75), the tau-functions for one-soliton solution
(N =1)are
feo1o 1|a1|2(P1_l_71)2 oM+
4 (p1+4p1)?
g = —asel. (80)
Let p; = pir + ip1, and we assume p;g > 0 without loss of
generality, then the one-soliton solution can be expressed in the

) (79)
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Fig. 1. Envelope soliton for the complex short pulse equation (2), solid line: Re(q), dashed line: |g|; (a) smooth soliton with p; = 14 1.5i, (b) loop soliton with p; = 1+0.5i,

(c) cuspon soliton withp; = 1+ 1.

following parametric form

o 2 ;
q= ;L”;e”’“ sech (n1r + M10) » (81)
leer| |1l
2p1R
X=y— p12 (tanh (71g + n10) + 1), t=-s, (82)
1
where
DP1r bu
NiR = P1rY + Ws, N =puy — WS,
] 1
83
11 o
4p1r

Eq. (81) represents an envelope soliton of amplitude 2p;z/|p1 >
and phase ;. To analyze the property for the one-soliton solution,
we calculate out

ax 2p%,
ay  I;l
Therefore, dx/dy — 1asy — Zoo. Moreover, it attains a mini-
mum value of (p?, — p?;)/ (p?, + p?;) at the peak point of envelope
soliton where 71g + 1710 = 0. Since 9|q|/dx = 214/% e can clas-

ax/dy
sify this one-soliton solution as follows:

sech?(n1r + N10)- (84)

e smooth soliton: when |pig| < |p1l, 0x/9dy is always positive,
which leads to a smooth envelope soliton similar to the enve-
lope soliton for the nonlinear Schrédinger equation. An example
with p; = 1+ 1.5iis illustrated in Fig. 1(a).

e loop soliton: when |pg| > |py;|, the minimum value of dx/dy at
the peak point of the soliton becomes negative. In view of the
fact that 0x/dy — 1asy — +o0, dx/dy has two zeros at both

sides of the peak of the envelope soliton. Moreover, dx/dy < 0
between these two zeros. This leads to a loop soliton for the en-
velope of q. An example is shown in Fig. 1(b) with p; = 14-0.5i.

e cuspon soliton: when |pig| = |p1|, 9x/9y has a minimum value
of zero at nig + n10 = 0, which makes the derivative of the en-
velope |q| with respect to x going to infinity at the peak point.
Thus, we have a cusponed envelope soliton, which is illustrated
in Fig. 1(c) withp; = 1 +i.

Remark 4.3. The one-soliton solution to the short pulse equation
(1) is of loop-type, which lacks physical meaning in the context of
nonlinear optics. However, the one-soliton solution to the complex
short pulse equation (2) is of breather-type, which allows physical
meaning for optical pulse.

Remark 4.4. When |pir| < |py|, there is no singularity for one-
soliton solution. Moreover, in view of 11y associated with the width
of envelope soliton and 7y associated with the phase, it is obvious
that this nonsingular envelope soliton can only contain a few
optical cycle. This property coincides with the fact that the complex
short pulse equation is derived for the purpose of describing ultra-
short pulse propagation. When |pigr| = |p1/, the soliton becomes
cuspon-like one, which agrees with the results in [ 10] derived from
a bidirectional model.

4.2.2. Two-soliton solution

Based on the N-soliton solution of the complex short pulse
equation from (74)-(75), the tau-functions for two-soliton solution
can be expanded for N = 2

f = Pf(alaa2»a37a4a b17b23b33b4)
=1+ aﬁe'“'H“ + alie'71+'72 + azien2+'71 + azienz+'72

3 o
+ [Py2] (aﬁaziplipzi - aliazipﬁpzi) ettt (85)



68 B.-F. Feng / Physica D 297 (2015) 62-75

a so

40

50

b 0.9

0.8
0.7
0.6

0.5

Igl

0.4

0.3

0.2

0.1

0 ;
-50 0 50

Fig. 2. Two-soliton solution to the complex short pulse equation (a) contour plot; (b) profiles at t = —80, 80.
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Fig. 3. Bound state to the complex short pulse equation: (a) 3D plot (b) profiles at t = —100, 40.

g = Pf(dy, B1, a1, az, as, as, by, by, b3, by) )
= Ol1em + (xze’” + Py (Ol]Pﬁazi — OZZPZjaﬁ) ezt

+ Pz (@1P1305 — 02Py30,3) etz (86)
where
pi—p __bi—p - aid(pip)?
P = , i = — i= 0 =2 (87)
pi + pj pi + Dj 4(pi + py)

and n; = py +p; 's. i = py + b; 's.

To avoid the singularity of the envelope solitons, the conditions
Ip1r|l < |pul and |par| < |par| need to be satisfied. When two soli-
tons stay apart, the amplitude of each soliton is of 2|piz|/|pi|%, and
the velocity is of —1/|p;|? in the ys-coordinate system. Therefore,
the soliton of larger velocity will catch up with and collide with the
soliton of smaller velocity if it is initially located on the left. Fur-
thermore, the collision is elastic, and there is no change in shape
and amplitude of solitons except a phase shift. In Fig. 2, we illus-
trate the contour plot for the collision of two solitons (a), as well as
the profiles (b) before and after the collision. The parameters are
takenasoy = a3 = 1.0,py = 14+ 1.2iand p, = 1 4+ 2i.

Since the velocity of single envelope soliton is —1/|p;|* in the
ys-coordinate system, a bound state can be formed under the con-
dition of |p;|? = |p,|? if two solitons stay close enough and move
with the same velocity. Such a bound state is shown in Fig. 3
for parameters chosen as a; = ay = 1.0,p; = 1.3 + 1.8193i,

| 2

p> = 1+ 2i. It is interesting that the envelope of the bound state
oscillates periodically as it moves along x-axis.

4.3. Bilinear equations and N-soliton solutions to the coupled complex
short pulse equation

Proposition 4.5. The coupled complex short pulse equation is derived
from bilinear equations

DsDyf - 8i :fgi’ i= 15 25 (88)
1
Df - f =3 (g + 1&2l) (89)
by dependent variable transformation
g g
q1 = 717 qQ = 72, (90)
and hodograph transformation
x=y—2(nf);, t=-s, (91)
Proof. Dividing both sides of Egs. (88)-(89) by f?, we have
&i &i 8i
=) 27 (nf)y, ==, (92)
(f >sy f Sy f
1 1a:l* g
(nf)ss =7 (f2 + ) (93)
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From dependent variable and hodograph transformations
(90)-(91), we obtain
0x 1
— = 2(Inf)s = —= (|1 4,
9s ( f)ss 2 (|Q1| + |q2| )

which implies

ax
—=1- Z(Inf)sya
y

_ 1
dy=p o,  O=—0 — 2 (Ig11* + 1g21%) 3 (94)

by letting 1 — 2(Inf)s, = p~ .
With the use of (94), Eq. (92) can be recast into

8i 8i .
) & o102 95
p<f>sy A (95)

which can be further converted into

1 .
O <—8t - 5(|ql|2 + qul2)8x> gi=q. i=12 (96)

Eq. (96) is, obviously, equivalent to the coupled complex short
pulse equations (3)-(4). O

N-soliton solution for the coupled complex short pulse equation
is given in a similar way as the complex short pulse equation by the
following theorem.

Theorem 4.6. The coupled complex short pulse equation admits the
following N-soliton solution

g
G=", =y-2(nf), t=-s

f
where f, g; are pfaffians defined as
f=Pf(ay,...,an, b1,..., ban), (97)
g = Pi(do, Bi, a1, ..., am, b1, ..., boy), (98)

and the elements of the pfaffians are determined as

— Dk e’lﬁ"k

Pi(a;, ap) = 2 7 PE(aj, bi) = &k, (99)
k
0 4,
Ot
1 Z ! ok
Pf(b;,bk)—*zipz‘s,m,u, Pf(d;, a)) = pie™, (100
i Pk
—aPs .
Pf(b;, Bi) = & 8y, (101)

Pf(dy, bj) = Pf(do, B;) = Pf(q;, Bi) = 0.
Here u = index(b;), v = index(by), nj = pjy + pf]s + nj,0 which
satisfying pjn = Pj, tj4n = Q).

The proof of the theorem is given in the Appendix. In the subse-
quent section, based on the N-soliton solution of coupled complex
short pulse equation, we will investigate the dynamics of one- and
two-solitons in details.

Remark 4.7. Through the transformations
=y —2(nf)s,

t=-s, q= (102)

the vector complex short pulse equation (43) can be decomposed
into the following bilinear equations

DDyf -gi=fg, i=1,...,n,

2 _1 . 12
Dsf~f—2<;|gl|).

(103)

(104)

The parametric form of N-soliton solution in terms of pfaffians to
the vector complex short pulse equation (43) can be given in a very
similar from as to the coupled complex short pulse equation. Here,
we omit the details and will report the results later on.

5. Dynamics of solitons to the coupled complex short pulse
equation

5.1. One-soliton solution

The tau-functions for one-soliton solution to the coupled com-
plex short pulse equation are obtained from (97)-(98) for N = 1

. > P pipy)? ]
f=-1- 5 emtin, (105)
4  (p1+p1)
g1 = —ail)e'“, &= —agz)e’“.
Let p; = pir + ip1;, the one-soliton solution can be expressed
in the following parametric form

(106)

(‘“) = (A ) 2P gt sech ik + 110) (107)
92 Ip1l
2p1R
X=y- i (tanh(nig +710) + 1,  t=—s, (108)
where
1 1
Mmr=Pwr|Y+ —7>S ny=puly— 55| (109)
Ipal Ipal
2
@ > ey 12pal?
o i=1
A= —2t  pe=mi L (110)

2 ’ 4|pirl
Doy ?
=1

The amplitudes of the single soliton in each component are
2|A1lp1r/|p11? and 2|A;|par/|p1)?, respectively. Note that |A;]? +
|A;|> = 1. Same as the analysis for one-soliton solution of complex
short pulse equation, if |pr| < |p1], the envelope for one-soliton
in each of the component is smooth, whereas, if |pr| > |pul, it
becomes a loop (multi-valued) soliton, if |pir| = |pyl, it is a
cuspon.

5.2. Soliton interactions

Two-soliton solution for coupled complex short pulse equation
is obtained from (97)-(98) for N = 2. By expanding the pfaffians,
the tau-functions for two-soliton solution are expressed by

f=1+ et + e tintry; + el ti1+raq + et try;
2 2 A1+

+ |P12|7|P1317P13Py3 (BﬁBzi - 321312) entnEmEnR - (111)
g1 = a?)e'“ —|—oc§1)e’72

=+ P12P17P,7 (“él)Bﬁ - “(1)3 ’) et

+ P12Py5P; (0‘;1)312 - 0511)3 ) emntmtiz, (112)
& = aPen +oPem

+ P12P1Py3 (062 )Bn - 0512)3 ) M2+

+ PiPiaPag (0B — oBg ) €M, (113)
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where
_bi—Dp __Pi—h
T pi+p” S

; (1) (1) +a<2)a]<2) i amam +a<2)a<2)
E= - el = — =
' 4(p- - pj %) 4(p; "+ )?

and n; = p;y + p;'s. ps = p1. pa = Pa, thus, n3 = 7j1, N4 = 7.

Next, we mvestlgate the asymptotic behavior of two- sollton
solution. To this end, we assume pig > p > 0, pir/Ip1l?
par/|p2|? without loss of generality. For the above choice of param—
eters, we have (i) n;g &~ 0, n;p — Foo ast — Foo for soliton 1
and (ii) nr &~ 0, ng > Loo ast — Foo for soliton 2. This leads
to the following asymptotic forms for two-soliton solution.

(i) Before collision (t — —o0)

Soliton 1 (n1g &~ 0, ng — —00):

a1 0‘51) e’
©) a? | 14 entintni’

AT\ 2
— ( L) p“; it sech (an—i— ) (114)
A Ip1l
where
A%_ a?) 1
A-) =\ o e (1)
2 ) 1R+ e
Soliton 2 (772R ~ 0, NR —> OO):
A 2 r115 — I3
‘h) N 2_ D2r PR g gach Tk -+ 1122 11>’ (116)
Q2 A7) Ip2l? 2
where
e
A2~ ehiz\ e iz tri—rs)/2
<A5*> = ( (2)) —, (117)
2 eliz /|0l£1)|2 + |a§2)|2
with
x) .
¢ = PP, 7Py (a;“B“ - al’)Bﬂ) (i=1,2) (118)
ez = |P12|2|P12|2P11P22 (311322 - 321312) . (119)
After collision (t — 00)
Soliton 1 (T]]R ~ 0, MR —> OO):
a1 AT\ 2P1R gy, Tizz — T
— ——¢'"l'sech + —==, 120
<q2> (A?) pil? 2K 2 (120)
where
10
Al+ i\ e iz —riits)/2
(AL) =< o | ———, (121)
2 e'2i /|0l§1)|2 + |a§2)|2
with
0
e'12i = PP 3Py (a2 By — al”Bzz) (i=1,2). (122)
Soliton 2 (1 =~ 0, n1g — —00):
a1 ATTY 2P i, ( rzi)
— ——¢'" sech + =), 123
((h) (A%*) P2l TRT (123)
where
(124)

2 (1)
(Aﬁ) B (a2 1
azt) = \,@ ] o
2 %2/ ey + a2
Similar to the analysis for the CNLS equations [38-40], the
change in the amplitude of each of the solitons in each component

can be obtained by introducing the transition matrix Tj" by A}‘* =

T]‘A’f_, j, k = 1,2. The elements of transition matrix is obtained
from the above asymptotic analysis as

_\ 172 )
P12P12)1 1 0[2 .
T! = [ = 1— 2y , j=1,2, (125
! <P12P12 V1= AAy a(’) ! (123)
P12P;3 12 (')
T? = (7_12> V1—=21h )\1 , j=1
P12Ps5

where A1 = B,7/B;7, A2 = By3/B,5.

Therefore, in general, there is an exchange of energies between
two components of two solitons after the collision. An example
is shown in Fig. 4 for the parameters taken as follows p; = 1 +
12i,p; = 142!’ = ¢ = 10,0’ = 20,0 = 1.0.
However, only for the special case

2, (126)

(1 (2)
oy oy

a;l) O[EZ)

(127)

there is no energy exchange between two components of solitons
after the collision. An example is shown in Fig. 5 for the parameters
pr=1+12i, p=142i, !’ =a® = 1.0, o}V =&/ = 1.0.

It is interesting to note that if we leSt change the parameters
in previous two examples as a(l) =0, aa) = 1.0, the energy of
one soliton is concentrated in component q> before the collision.
However, component q; gains some energy after the collision. Such
an example is shown in Fig. 6.

On the other hand, if we change the parameters as oé]) = 1.0,

af) = 0, then the energy of one soliton, which are distributed
between two components before the collision is concentrated
into one component g, after the collision. The example is shown
in Fig. 7.

6. Concluding remarks

In this paper, we proposed a complex short pulse equation
and its two-component generalization. Both of the equations can
be used to model the propagation of ultra-short pulses in optical
fibers. We have shown their integrability by finding the Lax pairs
and infinite numbers of conservation laws. Furthermore, multi-
soliton solutions are constructed via Hirota’s bilinear method. In
particular, one-soliton solution for the CSP equation is an envelope
soliton with a few optical cycles under certain condition, which
perfectly match the requirement for the ultra-short pulses. The
N-solution for complex short pulse equation and its two-
component generalization is a benchmark for the study of soliton
interactions in ultra-short pulses propagation in optical fibers. It
is expected that these analytical solutions can be confirmed from
experiments.

Similar to our previous results for the integrable discretizations
of the short pulse equation [22], how to construct integrable dis-
cretizations of the CSP and coupled CSP equations and how to apply
them for the numerical simulations is also an interesting topic to
be studied. It is obviously beyond the scope of the present paper,
we are to report the results on this aspect in a forthcoming paper.
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Appendix

Proof of Theorem 4.2. First we define
(bj, B1) = @81, (bj, B2) = @8,..2.
where index(b;) = u, then from the fact
Pf(@), @) = Pfanj, ank),  Pf(bj, bi) = PR(byj, by ),
we obtain
f=r,

Since

g = Pf(do, B1, a1, ..., G, by, ..., boy).

a
?Pf(ajv ak) = (pj - pk)enj+nk = Pf(d()s d]v ajv ak)v
y

0 _ T
5 Pf(@, @) = (b = p; eV = Pf(d, do, 4, ap),

92 e
22 7(@ @) = (. = py e = Pi(d 2, do, &, @),

2

ad
—Pf(a;, ay) =
8y85 (] k)

(op; " — pip et

= Pf(d_4, d1, q;, aj)s

we then have

0
o = Pf(do, dy, .. .),
ay

d
y =Pf(d_1,do, ...),
as

50

14+12i,p; = 1+2i,0” = o

b80

-80

-50 50

d 0.4

0.2r 0" I

Iq2I

50 0 50
X

= 1.0, aé” =0, aéz) = 1.0. (a)-(b) Contour plot;

ﬁ =Pf(d_,, d )
852 —_ —2s 0y ---)>
o%f
dyads

=Pf(d_q,d4,...).

Here Pf(dy, dy, ay, ..., axy, by, ..., byy) is abbreviated by Pf(dg,
d1, ...), so as other similar pfaffians.
Furthermore, it can be shown

E_= ZZN(—WPf(d PE( G
dy  dy = 0, GPE(B1, ..., Gj, ...

2N
= Y (=1 [(3Pf(do, @) PE(B1. ..., G ...)

=1

+ Pf(do, a))3,Pf(B1, ... G, .. )]

2N
= Y (1Y [Pf(dy, q)PF(Bs. ... . ...)

j=1

+ pf(d()s aj)Pf(,Blv d07 d]s e aja .. -)]
= Pf(d4, B1, ...) + Pf(do, B1, do, d1, .. .)
= Pf(d17 ﬂ]v . ')'

Here a; means that the index j is omitted. Similarly, we can show

0g
— =Pf(d_q, B1,...),
as
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i = — ZEN — ijd a f,B a
= 1 — i P g ooy Ujyon
Syas ay ; 1( ) ( 1, ]) ( 1 il )

2N
Y =1V [(8,Pf(d_1, @) PE(B1, ..., @ ..)
j=1

+ Pf(d_1, a))d,Pf(B1, ..., G, ...)]
2N
> (=1) [Pf(do, a)PE(Bs. . ... &, ..)

j=1
+Pf(d—15 a])Pf(ﬂla dOa d'l5 L) aja . ')]
= Pf(do, B1,...) + Pf(d_1, B1,do, dq, .. .).
An algebraic identity of pfaffian [21]
Pf(d_1, B1, do, dy, .. )PE(-- ) = Pf(d_1, do, .. )Pf(dy, B1,...)
—Pf(d_1, dy, .. )Pf(do, B1,...)

+Pf(d_1, B1, .. )Pf(do, dy, .. .),

implies
(0;0y8 — &) x f =0 x g — 8sayf x g+ 0sg X 8yf-
Therefore, the first bilinear equation is approved.

The second bilinear equation can be proved in the same way by
Iwao and Hirota [37].

2
koY

3s2 ds ds
= Pf(d_,, do, .. .)Pf(dg, do, .. .)

— Pf(d_, do, .. )PF(d_1, do, .. )

bSO

50

0.6 |

051 "

041 "

Iq2I

03f
02t i

0.1r P

-50 0 50
X

1.0, af) = 0. (a)-(b) Contour plot;

2N )
= Z(-])lpf(d,z, a)Pf(do, ..., q;, ...)

i=1

2N
x Y (=1YPf(do, a))Pf(do,

=1

)

2N
= > (=1Pf(d_1, a)PE(do, ..., & ...)

i=1

2N
x Y (=1YPf(d_y, a)Pf(do. . ... &, ...)

j=1
2N o

= > (=)™ [Pf(d_,, a)Pf(do, a}) — PF(d_1, &)PF(d_1, a))]
ij=1
X Pf(do, ey a,-, .. )Pf(do, ey &j, .. )

2N o

— Z(_1)1+1+1 [pl—z +pi_1pj_]]
ij=1
X Pf(a,-, aj)Pf(do, PN a,‘, .. .)Pf(do, ey &j, .. )

The summation over the second term within the bracket van-
ishes due to the fact that

2N
> (=) p (s, @)
ij=1
x Pf(dy, ..., d,..)Pf(do, ..., G ...)
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2N o
=Y (=1 p  PA(a;, @)
ji=1

x Pf(do. .. .. &, .. )Pf(do. . ... G ...)

2N
=— > (=1)"*p p Pi(a, @)

ij=1
x Pf(dy, ..., @, .. )PE(do, ... & ...).
Therefore,
of of X i
- = = —1)" 1 p2Pf(q;, q;
75 s ;< )+ p;?Pi(a;, aj)
XPf(do, ...,?11-, ...)Pf(do, ...,aj, )

2N )
= Z(—l)’“pi_sz(do, i)

i=1
0 .)} |

Further, we note that the following identity can be substituted into
the term within bracket

2N
X [Z(—l)in(ai, aj)Pf(do, . . .
j=1

J

2N
> (=1YPf(a;, a)Pf(do. . .., &, ...)
j=1

= Pf(do, a;))Pf(- - ) + (=) 'Pf(do, ..., b;, ...)

which is obtained from the expansion of the following vanishing
pfaffian Pf(a;, do, . . .) on a;. Consequently, we have

of of S i+1,.-2 ~
= 2525 = ;(—1) p; 2Pf(do, ..., G ...)

x [PR(o, @)PEC-+) + (— 1) 1PF(do, .., Bi, )]
= —Pf(-- )Pf(d_,, dg, .. .)
2N .
+ Y pi*Pf(do, ..., i, .. )PE(do, ..., i, .. ),
i=1
which can be rewritten as
9%f of of

3520 " 95 9s

2N
= pi°Pi(do, ..., @, .. )Pf(do, ..., Di. ... (A2)
i=1

Now, we work on the r.h.s of the second bilinear equation.

1 1 _
5|g|2 = S Pi(do, B, IPf(do, B, -.)
1 & L .
=5 Z(—wﬂpf(b,-, B1)Pf(do, ..., b, ...)
L]
x Pf(b;, B1)Pf(dy, ..., b, ...)
1 2N o
=3 2_(-D"@a)
1]
x Pf(dy, . ..

2N o
= > (=1 (p;* = p°) Pf(bi, by)
ij

b, .. )Pf(do, ..., b, ...)

x Pf(dy, ..., by, ...)Pf(do, ..., bj,...).

Next, the expansion of the vanishing pfaffian Pf(b;, dg, ...) on b;
yields

2N
> (= 1)"Pf(by, by)PE(do. ... by, ..)

j=1
= Pf(do, ..., G, ...), (A4)
which subsequently leads to
2N o R R
> (=1)"p;*Pi(bi, bPf(do, . .., by, .. )Pf(do. ... By, ...)
ij
2N .
= p’Pi(do, ... &, .. )Pf(do, ... D, ..). (A5)
i
Similarly, we can show that
2N o . R
— Y (=)™, ?Pf(by, by)PE(do, . ... bi. .. )Pf(do, ... Dy, ..)
ij
2N .
= pj*Pf(do, ..., aj, .. )Pf(do, ..., b, ... (A6)
j
Substituting Eqs. (A.5)-(A.6) into Eq. (A.3), we arrive at
1 2N R
E|g|2 =2 p;°P(do, ..., & .. )P(do, ... Di....). (A7)
i
Consequently we have
9%f af of 1
2 5f—2—-— =gl (A8)

952 ds as 2
which is nothing but the second bilinear equation. Therefore, the
proof is complete. O

Proof of Theorem 4.6. The proof of the first bilinear equation
can be done exactly in the same way as for the complex short
pulse equation. In what follows, we prove the second equation by
starting from the r.h.s of this equation. Because

g1 = Pf(do, B, ay, .. . ban),

&2 = Pf(do, B2, ai, .. ., bon),

the r.h.s of the bilinear equation turns out to be

., Gy, by, ..
., N, by, .

1 1 2 2N o
S @& +ms) =) ) (—1Pb, Ao
k=1 ij

x Pf(do, ..., bi, .. .)Pf(b;, B)Pf(dy, ..., bj, ...)

1 2N o 2 B
— Z Z(_])H—j Z(ai(k)aj(k))
i k=1
x Pf(d, . ..

2N o
— Z(_])Hﬂ (p'—2 _ pj—Z)
i.j

by, .. )Pf(do, ..., b, ...)

x Pf(b;, bj)Pf(do, . .., bi, .. )Pf(do, ..., bj, ...). (A9)
Similar to the complex short pulse equation, we can show
1 2 2
3 (Ig1l* + 1&l?)
2N .
=2 p;?Pi(do, ... & .. )Pf(do.....Di....). (A.10)
i
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Regarding the r.h.s of the bilinear equation, exactly the same as the
proof of Theorem 4.2, we have

9%f  of of

8? ds ds

2N
= p;Pf(do, ..., &, .. )Pf(do, ..., Di,...). (A.11)

Therefore the second bilinear equation is proved. O
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