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Abstract

In this article, we discuss the problem of finding large amplitude asymptotic expansions for monophase oscillating solutions of the following
multidimensional (d > 1) Burger’s type system:

(©) du+(Vou-Vou=0, uelR? (r,x)eRxRY Vecl®RYRY.

More precisely, we are concerned with families {u®},¢}0 1) made of solutions to (<) and having a development of the form u®(z,x) =

H (t, X, %) + O(¢e) where the function 6 — H(z, x, ) is periodic. In general, due to the formation of shocks, such a construction is

not possible on a domain 2 which does not depend on & €]0, 1]. In this article, we perform a detailed analysis of the restrictions to impose on
the profile H and on the phase @ in order to remedy this. Among these compatibility conditions, we can isolate some new interesting system of
nonlinear partial differential equations. We explain how to solve them and we describe how the underlying structure is propagated through the
evolution equation.

© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Letx = (x1,...,xq) € RY and

1
d 2 P 9
|x| == (;ﬁ) , 0= gj, 0y == 30"
Let (T,V,r) € (Rj)3. Work on the domain
OF = {(t,x) € [0, T] x R |x| + Vi < r], deN\ {0, 1.
Select a function V e C!(R?; R?) and consider the Burger’s type system

qu+(Vou -Voyu=0, uel? (x) ent. (1)
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Associate (1) with a family of initial data

wi(0,x)=h'(x) = H (x, @) +0(e), ¢€€l0,1] )

defined on the ball B(0, r] := {x € R%; |x| < r}, built with

H(x,0) € C'(BO,r] x T;RY), ¢(x)eCY(BO,r;R), T:=R/Z
and consisting of large amplitude high frequency monophase oscillating waves, which implies a nontrivial (main) profile

A(x,0) € BO,r] xT; 0pW(x,0)#0, W:=VoH 3)
and a non stationary phase

Vipx) #0, Vx e BQ,r]. “4)
To describe more precisely the expressions involved in (2), select a function

H:[0,1] x B(0,r] x T — R
(e,x,0) — H(x,0)

which is smooth with respect to the parameter ¢ € [0, 1]
H €™ ([0, 11:C' (B0, 1] x T; R)

and whose Taylor expansion near ¢ = 0 is noted as

H(x,0) = H(x,0) + ZejHj(x, 0) + 0™, m e N*. (5)
j=1
Define:
e (x) = HE (x, ‘pix)> . WE(x,0) =V o H'(x, 6). (6)

Associate (1) with the family of initial data {A®}.¢10,17. The evolution equation (1) is a quasilinear (diagonal) system of hyperbolic
equations. The speed of propagation is finite. More precisely, it can be uniformly controlled by

R>V: = {sup|V o H(x,0)]; (g, x,0) € [0, 1] x B(0, r] x ’]I‘}.

Standard results [7] guarantee the existence of 7¢ > 0 such that the Cauchy problem (1) and (2) has a local C I solution ué (7, X)
on the truncated cone 27°. In the context of (1), the limitations on 7°¢ are due to the formation of shocks. The size of T¢ can be
estimated very precisely [1,3,8] in terms of /°. In general, this yields

limsup 7% = 0. (7

e—>0

In this article, we exhibit solutions u® on a fixed domain 27 (with T > 0) having the asymptotic description

&(t, x)
e

w(t,x)=H (t,x, ) +0(e), ¢€l0,1]. (8)

The main novelty in comparison with usual works [5] in WKB analysis is the size of the involved oscillations. Indeed, in a
quasilinear context such as (1), the standard regime is given by weakly nonlinear geometric optics [4], which means to consider
expansions of the following form

d(t, x)

u®(t, x) = u(t, x) + eH' (z, x, ) +0(@), ¢e€]o,1]. 9)
Of course, to deal with (8) in place of (9) requires to manage much stronger nonlinear phenomena. In particular, the interplay
between the phase ¢ and the profile H is reinforced.

In fact, the construction can be faced only if the expressions ¢ = ®;—o and H := Hj;—¢ satisfy very special restrictions. The
corresponding constraints in the case of the dimension d = 2 are brought out in the recent contribution [3]. The aim of the present
paper is precisely to generalize the discussion when d > 2 and to study more deeply the structure to impose on ¢ and H.
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e In the Section 2, we exhibit (Proposition 5) necessary and sufficient compatibility conditions on ¢(x) and W(x,0) :=
V o H(x, 0) in order to guarantee that

limi%fTs =T7>0. (10)
&E—>

From these compatibility conditions, we can isolate some interesting system of nonlinear partial differential equations, which we
introduce below. Let u = ’(uy, ..., uy) € R?. Note u' or  u' the hyperplane of R? composed with the directions orthogonal to
the vector u, that is

d
ut ="ul = v:’(vl,...,vd)eRd;tV-u:ZVjuj:0 .
=

Consider the orthogonal projector IIr from R? onto the vector space F, that is the operator ITr defined by the conditions
u=Ilpu+ (I —Ip)u, HrueF, (I —Ilp)ue Ft.
Select W € C1(B(0, r] x T; R?). The symbol D, W (x, 0) is for the Jacobian matrix

DWW (x,0) = (0;W;(x,0)) W(x,0) ="(Wi,..., Wy).

I<i,j=d’

Definition 1. The couple
(9, W) € C2(B(0, r]; R) x C*(B(0, ] x T; RY)

is said to be well prepared if it satisfies the following system

dW(x,0) C Vox)*
{HBQW(X,(;)liW(x» 6) [Tyt =0 V(x,0) € B(0,r] x T. (11)
As explained before, the study of (11) is the main motivation for the present article. Indeed, the structure of (11) is new and
interesting. It is not a usual quasilinear system because it is made of fully nonlinear constraints on the derivatives d; W;, dg W;
and d;¢. It extends to the case d > 3 preliminary conditions which have been emphasized (only when d = 2) in the recent
contribution [3].
o In the Section 3, we work under natural assumptions on ¢ and W. In this framework, we succeed in classifying all the solutions
of (11). The fact that such a complete discussion is available is very surprising. At all events, this confirms the coherence of (11).
The first observation is that any phase ¢ involved in (11) inherits some affine structure. Its level surfaces must be spanned by
pieces of vector spaces (see Lemmas 9 and 10). This geometrical particularity seems to always play an important part when dealing
with phase involved in a supercritical WKB calculus, as here. Once ¢ is determined, it becomes possible to identify all the profiles
W (x, 6) which are subjected to (11). This is done in Proposition 11. Quite a lot freedom is available in the construction of W (x, ).
The function W (x, 6) can be put in the form

W(x,0) = W (), ¥(x,0)) + WL (¢(x))

where W € C L(R2; RY) and W, € C}(R; R?) are conveniently well-polarized vector fields whereas ¥ € C!(B(0, r] x T; R) is
any scalar function. Define

(W)(x) = W(x) :=[ W(x,0)dd, W*(x,0):=W(x,0) — W(x).
T

The construction of large amplitude oscillating solutions to system (1) — or to variants of system (1) —is a delicate problem which
has recently attracted some attention. The article [6] and the related contributions are mainly concerned with time oscillations. In
the continuity of the works [1-3], we are faced here with the case of spatial oscillations.

According to Section 2, any family {h¢}, € C! (B O, r]; Rd)]o’l] issued from a well prepared couple (¢, W) leads to a family
{u®}, which is composed of C! solutions u® of (1) on £27. Now, the question is to determine the asymptotic behaviour of {u®},
when ¢ goes to 0. In particular, we want to understand how the constraint (11) is propagated through the evolution equation (1).

e Explanations are given in the Section 4. They can be obtained just by looking at the simple wave solutions of (1).

Theorem 2. Suppose that the couple
(. W) € C3(BO,r];R) x C'(B(O, r] x T;RY), W:=VoH
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is well prepared. Then, the Cauchy problem consisting in the (apparently overdetermined) system

dH+VoH - V,H=0,
3 &+ (VoH) Vb =0, (12)
(VoH)* -V, =0,

associated with the initial data
H@©, x,0) = H(x,60), &(0,x) =) (13)

has a unique solution on T x T for some T > 0. For all ¢ €]0, 1], the simple wave u®(t, x) .= H (t, X, M) is a solution of

(1) on 2F. Moreover, forallt € [0, T, the trace (9(¢t, ), H(¢, -)) is still subjected to (11).

At the time ¢ = 0, it is also possible to take into account (small) perturbations of H (x, @) For instance, we can select
e (x) = HE <x, @) . e€l0,1]
&

where H?(x, 6) is like in (5). Again, the discussion of the Section 2 indicates that corresponding C !solutions v (7, x) of (1) are still
available on 27. When ¢ goes to 0, the expression u® (¢, x) remains close (in a convenient sense) to the simple wave H (t, X, M)
This result can be proved by adapting and extending the method presented in [3]. The related analysis will not be developed here.

2. Analysis of the compatibility conditions

Introduce the curves t —> (X (¢; x, A), A(t; x, A)) associated with the integration of (1) along the relevant characteristics. They
are defined by the ordinary differential equations

d
—X=V(), X@O;x,A)=ux,
dr
d (14)
—A=0, AQO;x,A)=A.
" (05 x,2)
The corresponding solutions are
X(t;x,A)=x+1tV(Q), Alt;x, L) =A. (15)
Define
P(x)

Xe(t,x) =X (t;x,hg(x)) =x+tW? (x, ) , Wf:=VoH" (16)

Any smooth C! solution of (1)—~(2) must be subjected to the relation
u (1, X°(r,x)) =u® (1, x +1V o h®(x)) = h*(x). (17)
Fix & €]0, 1]. For  small enough, say for ¢ € [0, T¢] with T¢ > 0, the implicit theorem guarantees that the application

X% : B(0,r] — X® (¢, B(O, r])

x — X8(¢, x)

is a C! diffeomorphism. Then, due to the definition of the maximal speed of propagation V, any point (¢, x) contained in 07 is
sure to be realized as (¢, x) = (¢, X®(¢, y)) for some unique y € B(0, r]. We can define

ue(r,x) = ht o (X)), (tx) e 0T (18)
which yields a C! solution on 2 re of the Cauchy problem (1) and (2). The relation (18) implies that

Dt (t, x) := Dch® o (X£)~1(x)Co [ Dy X (7, x)] / det D X* (¢, x) (19)
where Co[M] stands for the co-matrix of M. We have

p(x)
&

Dy XE(t,x) = e L 1dpWE (x, @> Q'Vox)+1+1DWE <x,
&

), Wé:=VoH? (20)
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where we adopt the following convention
1 t
u®v:(ulv])151,]fd7 u = (u19'~'aud)a V= (vla"-vvd)-

Classical results — see for instance [7] — assert that a C! solution u® (¢, x) on £2T can be extended in time as long as the matrix
D, v (¢, x) is bounded. In view of the formula (19), to recover a C! solution u?(z, x) on 27, it is necessary and sufficient to have

det D, X%(t,x) >0, V(,x) e 0T
Therefore, the life span of a C! solution on a domain of propagation is bounded below by
T° :=sup{T > 0; det DX*(t, x) > 0,V(r,x) € [0, T] x B, r[}.

In general, due to the presence in (20) of the (singular) term with ¢~ in factor, only (7) can be asserted. Now, the opposite situation
is still possible providing that the family {h*}, is conveniently adjusted. This situation is distinguished below.

Definition 3 (See (6) and (16) for the Definitions of h® and X?). The family {h®}, is said to be compatible if there exists T > 0 and
¢ > 0 such that

det D, X*(t,x) > ¢ >0, V(t,x,¢)€l0,T]x B(0,r]x]0, 1]. 2n
The preceding discussion can be summarized by the following statement.

Proposition 4 (See (6) for the Definition of h®). Suppose that the family {h®} is compatible. Then, for all ¢ €]0, 1], the expression
vé (1, x) defined through (18) is a C' solution on 227 of the Cauchy problem (1) and (2).

Our aim now is to transcribe (21) in terms of constraints to impose on ¢(x) and W (x, #). To this end, introduce
V={x,0) € BO,r] xT; 3pW(x,0) 20}, W:=VoH. (22)
We assume (3), thatis V # @.
Proposition 5 (See (6) for the Definitions of h® and W¥). The family {h®}, can be compatible only if:
"Vo(x) - 0gW(x,0) =0, V(x,0)€ B0, r]xT (23)
where we recall that

Wix,0) = Wox,0) =V o H(x, 0).

Proof. The reasoning is based on the identity (20) which can be formulated as

eDXE(t,x) = M° (t,x, @> +eM! (t,x, @) + &%tR¢ (t,x, (pix)>

&

where
MO, x,0) =199 W(x,0) @ 'V p(x),
M'(t,x,0) =T+ tD,W(x, 0) + 3y [DuV (Ho(x, 9)) H'(x, 9)] ®'V p(x),

whereas the matrix R®(¢, x, 6) is a continuous function of all the variables (e, t, x, 0) € [0, 1] x R x B(0, r] x T. Assume that the
restriction (21) is satisfied for some 7 > 0 and some ¢ > 0. We start by showing

Vo) 9W(x,0)>0, VY(x,0)eV. (24)
To this end, we argue by contradiction. We suppose that we can find a point (X, §) € V such that
'V (X)W (x,0) <0. (25)
This information allows us to express the matrices M 0(t, X, 6_) and M 1(z‘, X, 9_) in a basis of R? having the form (eq, ez, ..., e4)
where e1 := 9y W (x, 0) and where (ea, . . ., eg) is a basis of V(p(JE)J-.
In this special basis, the matrices M 0 and M! look like
t'Vo-W 0 ... 0 myy ... miy
o 0 0 --- 0 oo my, ... omy,
0 0 0 mb, ... mby
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It follows that
det DX (t, §) = —ddet[M‘)( A )>+ M1< P ‘p() + 0 )}

=& 11V &) - agw(‘ vx ))dtM"< )>+0(1)
with
1 1
m22 ... m2d
M =M @t,5%0)=] : :
1 1
md2 e mdd

When 7 = 0, we have M'(0, %,6) = Isothat M" = Igs—1 and det M” = 1. By continuity, for 7 small enough (say ¢ € [0, T] with
T > 0), it remains

dth< '(p(8)> % Y(t, ¢) € [0, T1x]0, 1].

Choose t €]0, T] and a sequence {&,}, € 10, 1]N tending to 0 and such that
VneN, Tk, eZ; @) =en0+ 2k,m).

Then, by construction, we have

'Voi) 9W(x,0)+C, VYneNlN.

t
3C € R;  det DX® (1, %) < 3
&

n

For n large enough, the right hand side becomes negative. This is not compatible with (21). This means that the case (25) must be
excluded. Now, because the function 6 —> W (x, 6) is periodic, we have

1
/ 'Vox) 0gW(x,0)dd ='Vox) Wkx,1) —"'Vei) W(x,0) =0.
0

Combining this with (24), we see that the restriction (23) is necessary. [

Below, up to the end of the proof of Proposition 6, we select (x,8) € V such that 'V ¢(x) - 9gW(x,8) = 0. Introduce the
notations

e =0 W(x,0), eq ="Vp(x), Te1-é4=0.

We can complete &; and &4 into some orthonormal basis (&1, &, . .., &4_1, &g) of R In this special basis, the matrix I4+1D, W (x, 0)
looks like:

~1 ~1 ~1

m%1 mi(d_l) m%d

mayy oo My@_qy My

I+ tDW(x,0) =

- ~ 1 -
Mgy ... Mad—1 Mad

We can extract the (d — 1) x (d — 1) matrix:
ﬁzél . mi(d 1
L(t,x,0)= :
My . Wy
Observe that L is the realisation (in some specific basis) of the linear application:
L:Vepx)t — pW(x,0)*
u+— HBQW(X,Q)L I+t DyW(x,0))u.

Proposition 6. The family {h®}; can be compatible only if there is T > O such that for all t € [0, T], we have:

(-4 det L(t, x,0) > 0. (26)
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Proof. Assume again that the restriction (21) is satisfied for some 7 > 0 and some ¢ > 0. We already know that (23) is verified. In

the basis (¢4, . .., &) of RY, the matrices M? and M! take the form
1 1

0 -+ 0 1|Vgl? mpyp e myg

MO _ O A O O Ml _ mzl oo m2d

: : : 1 1

O e O O mdl e mdd

It follows that

X X
det D X8(1, x) = e L (=) |Vp(x)|? det M* <t,x, M) +141g° <t,x, # )>
I I
with
1 1
Mﬁ(t, X, 9) = = H39W(x,9)LM1HV(p()C)L
1 1
mdl .. md(dil)

whereas the scalar application g°(¢, x, ) is a continuous function of all the variables (e, ¢, x, 8) € [0, 1] x Rx B(0, r] x T. Observe
that

[U®'Ve)]v=0, Vv eR!x Ve’

Therefore, the expression of M*? can be simplified according to
M (t,x,0) = L(t,x,0) = Iy . gyt A+ D W (x, 0)) Iy

Follow the argument of the preceding proof, using a well adjusted sequence {&,},, in order to extract the necessary condition
(=¥ det M*(t,x,6) =0, ¥(t,x,0) €[0,T]x BO,r] xT

which is exactly (26). [

Remark 2.1. In the basis (eq, .. ., €7), we can get the decomposition
010 --- 00
001 .--- 00
L(t,x,0)=Lo+1L(x,0), Lo=|: t : Do
0 00 --- 01
0 00 --- 00

with E(x, 0) = Iy, w(x,9)- DxW(x, 0) 1y, 1. This special structure implies the existence of coefficients o (x, 6) such that
d—1 ‘
(=D det L(t.x.0) = > oj(x, 0)t/.
j=l1

Noting

__jminJg ifj::{j;or(x,@);éO};éﬂ,
J(x’e)'_{d—l t7=0

the condition (26) is equivalent to the restriction
aju,e)(x,0)>0, V(x,0)eB0,r]xT. 27

On the one hand, especially when d > 1, the conditions (27) can be technically difficult to deal with. On the other hand, nothing
guarantees that they are intrinsic. Instead of looking at (27), we will consider

Hag W(x,0)+ D)C W(x, O)HV(/)()C)J‘ = O, V(x, 0) e V. (28)
This relation is clearly intrinsic and, if it is satisfied, we are sure that

detL(t,x,0) =detLy=0. A
‘We can summarize the preceding discussion by:

Proposition 7. Suppose that the relations (23) and (28) are verified. Then, the family {h®}. is compatible.
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Proof. Under conditions (23) and (28), it remains the case that

p(x)

det D, X°(t,x) =1 +1g° (t,x, ) , g€ C%([0,1] x R x B0, r] x T; R).

In particular, we get:
det D, X*(r,x) > 1 —C(T)t, V(t,x,¢) €[0,T] x B0, r]x]0, 1]

where the function T —— C(T) is increasing. Now, it suffices to choose T > 0 small enough to recover (21). U

Remark 2.2. Suppose that V : RY — R is a C! diffeomorphism. Then, it is equivalent to solve (1) or
ow+ (w-Voow =0, w:=Vou 29)

completed with the initial data
W(0.x) = W <x, @) L e el (30)

The system (11) can also be interpreted as a compatibility condition in order to solve the Cauchy problem (29) and (30) in the class
of C! solutions, locally in time, on some domain 27 with 7 > 0 independent of & €]0, 1]. This interpretation explains why the
relevant constraint is concerned with V o H instead of dealing separately with V and H. A

From now on, we consider functions ¢ and W satisfying (23) and (28). In other words, we will concentrate on well prepared
couples (¢, W).

3. Existence of compatible families

The goal of this subsection is to show through a constructive proof that the system (11) actually admits nontrivial solutions. We
want also to understand the structure of its generic solutions.

Of course, to face (11), preliminary assumptions are needed. We select some phase ¢ € C2 (B(0, r]; R) with no critical point in
B(0, r]. Without loss of generality (relabelling the coordinates and diminishing r if necessary) we can adjust ¢ so that

ogp(x) #0, VYx e BO,r], r>0. 3D

We take W = V o H € C*(B(0, r] x T, R?). Introduce the linear subspace of R? spanned by the vectors d W (x, 6) with 6 € T,
that is

N
E(x) == [Zu,-aewu, 0); (1., un) €RY, (01,...,08) e TV, N e N ¢ (32)
j=1
Choose N = 1, 1 = 1 and 6; = 6 in this definition to see that
W(x,0) e E(x) cRY, V(x,0) € BO,r] xT.
Because E(x) is of finite dimension, we can find J* numbers 6{‘ s Gj‘x such that
Jx i
E(x) = {Zu,-aewu, 07 (i, €RTFLJT = dimE().
Jj=1
Then, in view of the first line of (11), we must have
E(x) C Vgo(x)J‘, V(x,0) € B(O,r] x T.

On the one hand, the case J* = dimE(x) = 0 is not interesting because this situation corresponds to the absence of oscillations.
On the other hand, we have, necessarily,

J¥ <dimVex)t =d—1, Vxe B(Q,r].

Due to the continuity of 9y W, the application x —> dim E(x) is lower semi-continuous. In particular, the set

3
{xeB(O,r[;J’“>d—§}={xeB(O,r[;Jx:d—l}
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is open. Now, suppose that JO = d — 1. By restricting » > 0 if necessary, we can always suppose that J* = d — 1 for all
x € B(0, r[. More generally, in what follows, we will retain the generic case where the application x — J* = dimE(x) is
constant (not necessarily equal tod — 1) on B(0, r]:

dJef{l,...,d—-1}; dmEx)=J, VxeB(QO,r] (33)

Denote by the symbol G dj the Grassmanian manifold of linear subspaces of R? with dimension J.

Lemma 8. Assume W € C* (B(0, r[xT,R?) and (33). Then E € C' (B(0, r[, G)).

Proof. Let xo € B(0, r]. By hypothesis, we can find 6,°, ..., 6;° in T such that (3 W (xo, 6;°), ..., 9 W (x0, 8,")) is a basis of
E(xp). Hence, we can extract a J x J determinant

8(xp) := det (BQW[]- (x0, 9,:0)) ijell,dl

1<jk=J’

such that §(xg) # 0. Since dg W is continuous, the function x — §(x) is continuous. Therefore, we can isolate some small open
neighborhood {2 of xq such that

3(x)£0, Vxef2, xpell.

For x € 2, the family (0p W (x, 6,°), ..., 99 W (x, 6,")) is still linearly independent, and it is built with J vectors of E(x). Since by
hypothesis E(x) is of dimension J, this is in fact a basis of E(x). Obviously, the application

x> (0pW(x,0/°),....00W(x,0")

is of class C! in 2. This remark gives the expected local regularity of E. Finally, since xo € B(0, r] can be chosen arbitrarily, the
Lemma 8 is proved. [

Recall that
dpW(x,0) € E(x) C Vo(x)©, V(x,0) € BO,r] x T. (34)
The second line of (11) implies that
I )L DxW(x, 0) Iy =0, V(x,0) € BO,r] x T.

Observe that, in this formulation, the two projectors (on the left and on the right) do not depend any more on the variable 8 € T.
This allows us to extract the mean value to get

Mgyt DyW*(x, 0) Iy yr =0, ¥(x,6) € BO,r] x T. (35)

Lemma 9. Let ¢ € C2 (B(0, 7], R) and W € CY(B(0, r1x T, RY), satisfying respectively the conditions (31) and (33). Suppose that
the relations (34) and (35) are satisfied. Then, the application x —> E(x) is constant on the level surfaces of ¢. More precisely

IE € C' (R, gj); E(x) =Eog¢(x), Vxe B(@O,r]. (36)

Proof. Let us denote by §;; the usual Dirichlet symbol, and by 8% the vector of RY whose components are (8;x)1<i<q- The d — 1
vectors

v (x) = =8P + Bp(x) /849 ()8 P, 1<k <d—1

form a C! basis of Vg(x)*. By permuting the components of R? and by diminishing r if necessary, we can always arrange the
datas so that

E(x) @ (1(x), ..., v4-j-1(x)) = Vo(x)", Vx € B(O,r].
Therefore, for all j € [1, J], the vector vg_;(x) € V(p(x)l can be decomposed according to

d—J—1

() = ;@) — Y. dk@u@). ;@) € Ek)

k=1

where, due to the assumptions related to the regularity of ¢ and E, we have

ej=(ej,....e%) eC'(BO,r;RY),  of €C'(BO,r]:R).



1438 C. Cheverry, M. Houbad / Physica D 237 (2008) 1429-1443

The vectors e; with j € [[1, J] are necessarily independent. They form a basis of E(x). Besides, we have the general formula

6 6
W(x,0) = W(x)+/ 89W(x,§)d§—/ (f 89W(x,§)dé> de
0 T 0

that, in view of (34), implies

J
W(x,0) = W(x) + Zw}f(x, 0)ej(x), w;“ € C'(B(0,r] x T; R).
i=1

Now, the relation (35) reads

J
> whx, 0) Iy Dyej(x) Tyt =0, V(x.0) € BO,r] x T.
j=1

Recall that the dimension of E(x) is J. This implies that

30F,....0%) e T, det[w;‘(x,ej)] £0

I<i,j=<J

Combining the preceding informations, we see that (35) is equivalent to

IIg (1 Dxej(x) gyt =0, V(j,x) € [1, J] x B(O,r]. (37
The vector space E(x)* is of dimension d — J. It is generated by the vector e4(x) := Vo(x) and the d — J — 1 vectors

J .
ej() = =8V +3 ol ()P, jels+1.d-11.
k=1

Therefore (37) is exactly the same as

tel(x)Dxej(x)va(x)L =0, V(U j,x)elJ+1,dlx[1,J] x B(,r]. (38)
For j € [1, J], compute

d—J—1 d—J—1
Drej(x) = Y Viaku(x) + [ D @)V (%kp(x)/0ap(x)) + Vi (30— jgo(x)/adw(x))] 5.
k=1 k=1

Applying on the left ‘e, (x) with [ € [J + 1, d — 1], yields

Te,(x)Dyej(x) = anﬂ.—’(x), l<j<J<l<d-1.
We can extract from (38) that

Ve (@) gy =0, ¥(, j,x) € [J +1,d = 11 x [1, J1 x B(O, r]. (39)

Independent statement. Let ¢ € C 1 (B(0, r], R) satisfying (31). Let « € C 1 (B(0, r], R) be a function which is subjected to the
relation (39). Then, restricting r > 0 if necessary, we can always find some function Z € C' (R, R) such that

a(x)=Zoep(x), VxeB(@,r]. 40)

Proof of the independent statement. The geometric reason for (40) is the following. The relation (39) means that either the vectors
V,a(x) and Vg(x) are parallel or that the tangent spaces at x to the level surfaces associated with the scalar functions « and ¢
coincide. Since the level surfaces associated with o and ¢ are spanned by these tangent spaces, we can deduce that o and ¢
have common level surfaces. Moreover, the relation (31) allows us to characterize (locally near 0) these level surfaces through the
different values of ¢. This is why we have (40).

Now, we can also proceed as follows. Due to (31), the functions x1, x3, ..., x4—1 and ¢(x) form locally (near 0) a system of
coordinates. Therefore, we can find Z € C! (Rd, R) such that

a(x) =Z (X, p(x)), £:=(x1,x2,...,xq-1), Vx € BO,r].
Decompose Vo (x) according to

Vo(x) = (Vi(x), 39p(x)),  Vip(x) = 019(x), ..., da—19(x)) € R,
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Given h € R4, define
ha(x, h) == =349 () Vip(x) - .
Observe that
(fz, ha(x, fz)) € Vo), VheRI!
Testing (39) with such choices gives rise to
ViZ (X1, %2y .o Xd—1,9(x)) -h =0, VheRL
This information clearly implies that the function Z does not depend on its d — 1 first variables. We have (40). O

Applying the independent statement to the functions allfj , we see that we can exhibit functions
Zh e C'R.R),  (k,j)elll.d—J—11x[1J]
such that, for all (k, j) € [1,d — J — 1] x [[1, J], we have
f(x) = —af(x) = Z{ o p(x), V¥x € B(0,r]. (41)

This construction of the Z’; is not classical and it is one of the main difficulties in the proof of Lemma 9. Finally, the remaining
conditions to consider are obtained by taking j € [1, J] and [ = d. Specifically

Vo(x)Dyej(x) g,y =0, V(j,x) €[, JI x B(,r].
Use (31) and (41) to simplify this into
Vxeff(x)Hw(x)L =0, V(,x)ell,J]xB@O,r]

where we recall that
d—J—1

) == > Zhopx)okp(x)/dag(x) + da—jo(x)/daep(x).
k=1

Again, this means the existence of Z;’ eC! (R, R) such that
el (x) =Z909(x), V(j,x) €l J1x BO,rl.
Briefly, we have obtained, for all j € [1, J]], that
ej(x)=Zjopx), Zj="Z}, ...,zj?—’—l,o, ...,0,=1,0,...,0, zj).

The vector space E is spanned by the e; with j € [1, J]. Therefore, it depends only on ¢, ina C ! way. This gives rise to (36). In
particular, E is constant on the level surfaces of .

Combining (34) and (36), we can produce the necessary condition
Vo(x) e Eop(x)t =E(x)*, Vx e B(O,r]. (42)

The condition (42) is a geometrical constraint on ¢ underlying the resolution of (11). We explain below how to solve it.

Lemma 10. Select:

-acurve E € C? (R, ga{) of J-dimensional vector spaces of R,
- a C? submanifold S C R of dimension d — J, containing 0 € R?,
- a C? scalar function x : S — R.

Note TyS the tangent space of S at the point 0 € R%. We suppose that
TyS + E (x(0)) = R, (43)

Then, we can find r > 0 such that the nonlinear equation (42) completed with ¢,snp(,r] = X has a unique C? solution on B(0, r].
We will say that the phase ¢ is generated by (E, S, x).
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Proof. Select § > 0 and J functions
Zj € C*(1x(0) =8, x(O) + L R), jell, ]
adjusted such that, for all t €]x (0) — 8, x(0) 48[, (Z1(¢), ..., Z;(¢)) is a basis of E(¢). Note that
0% =x"AxO) =8, xO+shCS, z="G"....27)eR/.
Consider the C? application
= Qfg xR/ — R4
J
3D 53 =y+ Y dZjoxy.
j=1
Because of (43), the linear operator
D,5(0,0) : ToS x R/ — R?
J
(h. k) — h+Y Kk Zjox()
j=1

is invertible. The inverse mapping Theorem can be applied at the point (0, 0) € S x R”. It guarantees the existence of an r > 0
such that = is a C? diffeomorphism from a neighbourhood of (0, 0) € S x R’ onto B(0, r]. Introduce the projection

r:SxRrR’ — s
(.2 — I'(y,2) = y.
Now, we can define
o =xo0lo=Z"1eCBOr:R).
Since (I o E‘l)‘gmg(o,,] = Id, we have ¢snB(0,r] = X|SnB(0,r]- Moreover, the function ¢ is constant on the set
Fy =0+ {(Ziox(y),....Z;0ox(»)NBO,r], yeSNBQO,rl.
More precisely, Fy is a piece of an affine manifold with direction [E o x (y), on which ¢ takes the value x (y). In particular
Vo) € (T Fy)T =Eo x(»)* =Eog)t, VxeF.
Since the F), with y € § N B(0, r] form a foliation of B(0, ], we have obtained the expected relation (42).  [J

Proposition 11. Let ¢ be generated by (E, S, x). The couple (¢, W) is well prepared if and only if there exist two functions
W, e CYRZ, RY) and W, € C (R, RY) satisfying

Wy(t,s) e B(r), Wi(t) e E()r, V(,s5) e R? (44)
and a scalar function € C' (B(0, r] x T; R) such that

W(x,0) =W (px), ¥ (x,0)) + WL (p(x)), V(x,0)e€ B@O,r]xT. (45)
Proof. Let (Z(t), ..., Z;(t)) be some orthonormal basis of E(¢) with a C! regularity with respect to ¢ € R. Complete it with some
C! orthonormal basis (ej+1(t), ..., eq(t)) of E(r)*, again of class C!. In view of (34), the definition of E(x) and Lemma 9, the
profile W (x, ) can be decomposed according to

J d
W, 0) =Y wix.0)Zjop@) + Y wjx)ejop(x)
k=1 k=J+1

with
wj e C'(BO,r1x T;R), Vjell, /],
wj € C'(BO,rl;R), VjelJ+1,4dl.
Compute the derivative of W (x, 6) with respect to the variable x and compose on the right with /Iy, . It remains

J d

DyW(x,0) Iy, = Viwj(x,0) - Iy, X Zjo@(x) + Viw;(x) - Iy, X ej o p(x).
p(x) @(x) p(x)
k=1 k=J+1
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Select a point (x,0) € V which means that dg W(x, 6) # 0. Without loss of generality, we can suppose that dg W;(x,8) # 0.
Otherwise, just permute the components of R? to obtain this condition. By construction, the hyperplane 3 W (x, 6) is generated
by the d — J vectors e o ¢(x) with j € [[J + 1, d] and the J — 1 vectors

dowy(x,0)Zjop(x) —dpw;(x,0)Zjop(x), jell,J—1].
The requirement (28) is equivalent to the conditions
Viw;(x) - ly,yr =0, VjelJ+1.4d], (46)
(BpwyViwj — dgw;Vywy) (x,0) =0, Vjel[l, J—1]. (47)
On the one hand, from (46), we deduce that
J; € C'RR); w;i(0) =dj o), Vjels+1.d]
On the other hand, it follows from the relations (47) that the mappings 1, parameterized by # € R and defined on the level sets
G ={x € BO,rl;p(x) =1}
by the formulas
7,:G xT — R’
(x,0) — "(wy, ..., wy)

have rank one. Thus, to each 1} corresponds a foliation of G, x T by submanifolds of dimension d — 1. Each such foliation depends
on the parameter ¢. It can be described by using a function ¢ € C L(B(0, r] x T, R), so that

wj(x,0) =w; (px), ¥(x,0), Vjell, J].

Define
d J
Wi(t) = Y wi)e;t), Wyt.s) = > bj(t,s)Z;(t).
J=J+1 j=1

By construction, we have both (44) and (45).
Conversely, suppose that W (x, 8) has the form (45) with W) (x, 8) and W (x, 6) as in (44). Then

dpW(x,0) =g (x,0) x o, W) (¢(x), ¥(x,0)) € E(p(x)) = E(x)
which is (34) and gives rise to the first part of (11). Moreover
DaW (x,0) Iyt = Vit (x,0) - g gyt x 8 W) (9(x), ¥ (x, 0)) .

Since dy9 W and d; W) are collinear, we get the second equation of (11).  [J
4. Simple wave solutions

The aim of this last part is to explain how the initial oscillating data A®(x) is transformed through the evolution equation (1).
Below, we consider this question in a simplified context, by looking only at simple wave solutions.

Definition 12. Let ¢ €]0, 1]. We say that u®* € C!'(22T; R) is a simple wave if it can be put in the following form
D(t, x)

ug(t,x)=H<t,x, ) HeC'(2T xT;RY, & ec'(2T;R).

The Theorem 2 explains how to associate with a well prepared couple (¢, W) a simple wave u® (¢, x) which is a solution on 27T of
the Burger’s type system (1). It remains to show this statement Theorem 2.

Proof of Theorem 2. Compose the first equation of (12) with Dy V o H in order to extract

FW + (W-VOW =0,
HP+W-V)d=0  W:=VoH. (48)
W*.V, & =0,

This must be associated with the initial data

W(@O0,x,0) =W(x,0), &0,x)=09px). (49)
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First, we discuss (48) and (49). From Proposition 11, we can write
W(x,0) = Wy (ex), ¥(x,0)) + WL (¢x)).
Solve locally in time, say on 07 for some T > 0, the scalar conservation law
P+ Wi(D)-Ved=0, &0,x)=e¢x). (50)

Recall that E(x) = E o ¢(x) is spanned by the J vectors ej(x) = Z; o ¢(x) where the Z; are defined at the end of the proof of
Lemma 9. Now, fix any j € [1, J] and compute

[0 + Wi(P) V] (Zjo® - ViD)=—(Vy P -W|o®P)x(Zjo P -V, D).
Combining (13) and (42), we can extract

(Zjo® -V ®9)(0,x) =0, V(j,x)ell,J]xB(@,r].
In view of the preceding equation, this polarization identity is propagated in time, which means that

Zjo®(t,x) -Vy@(t,x) =0, V(t,x)el0,T]x B(,r]
or equivalently that

V,®(t,x) CEo &(t,x)5, V(r,x) €[0,T] x B, r]. (51
Now, introduce the function

W(t,s) = Wi(t,s) + Wi@t), (t,s) €R?
and the scalar conservation law

W+ W (D(r,x), W) -V ¥ =0. (52)
Complete (52) with the initial data

v(0,x,0)=y(x,0), ¥ eC (BOr]xT;R). (53)

In (52), the variable 6 € T plays the part of a parameter. For T > 0 small enough, the Cauchy problem (52) and (53) has a local
solution on 27, Finally, define the profile W through

W(t, x,0) = W (P, x), U(t, x,0)), W, x,0) = W(x, 9).
By construction, we have
W*(t,x,0) = W (D(t,x), ¥(t,x,0))".
The information from (44) and (51) implies that
WH(t, x,0) - Vi &(t, x) =0, ¥(t,x) e 2.
Taking into account (44) and (50), we have also
P+W-V,0=0,04+W 00-V,P=0.
Then, with (52), we can deduce that
WW+W.VW=03W®OV+W.V,¥) =0, W@, x,0) = W(x, 0). (54)

To sum up, we have constructed functions @ and W satisfying (48).
Now, we concentrate on (12). First, solve separately (on some domain 27 with T > 0) the Cauchy problem

oH+VoH-V;H=0, H(,x,60)=H(x,0). (55)
Observe that the expression W=V oHis, by Construction, subjected to
GW+W-VW=0 W(O,x,0) =W(,0). (56)

The Cauchy problems (54) and (56) are made of the same quasilinear constraints and the same initial data. Since the corresponding
C! solutions must coincide, we have necessarily that W=VoH=Won 7.

Briefly, the first equation of (12) is verified because this is precisely (55), whereas the two other conditions of (12) are satisfied
because they correspond exactly to the two last conditions in (48). This explains why the apparently overdetermined system (12)
and (13) has a unique solution on 27 x T for some T > 0.
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Finally, define the simple wave u®(z, x) := H (t, X, %) Compute

1
dut + V@) -Vout = (B,H+VoH- V. H) (t, X, @) + (3 @+ V o H -V $)3H] (r, X, ‘p(gx)> :

The fact that u®(z, x) is a solution of (1) becomes a direct consequence of the equations inside (12). Moreover, the definition of W
indicates clearly that the structure (45) is conserved for ¢t € [0, T']. Therefore (see the end of the proof of Proposition 11), for all
t € [0, T], the trace (D(t, -), W(t, -)) is still well prepared. This last remark concludes the proof of Theorem 2. [
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