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Abstract

In this paper we study an initial-boundary-value problem for the Zakharov equations, describing the space propagation of a laser beam entering
a plasma. We prove a strong instability result and prove that the mathematical problem is ill-posed in Sobolev spaces. We also show that it is well
posed in spaces of analytic functions. Several consequences for the physical consistency of the model are discussed.
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1. Introduction

The Zakharov equations [12] model electronic plasma
waves, describing the coupling between the slowly varying
envelope of the electric field E and the low-frequency variation
of the density of the ions n. A commonly used form of the
equations reads

koc2 2 w2
O+ 2 gy A+ S A A= P spA,
wo 2w 2ngwo
0 (1.1)
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where wg is the frequency of the laser, kg its wave number
and wp, the plasma electronic frequency; they are linked by
the dispersion relation a)g = a)f,e + k%c2 where c is the speed
of light; no the mean density of the plasma, m; the mass of
the ions and ¢, the sound velocity in the plasma. The space
variables are (z,x), z € R and x € R2; 7 is the direction
of propagation of the laser beam and x are the directions
transversal to the propagation. In this model, the transversal
dispersion is neglected.

Reduced to a dimensionless form (see in Section 6), the
equations become

{1(68,+81)E+AXE:11E, (12)

(82 — Aon = AL EP.
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See [9] or [10] for an introduction to these kinds of models for
numerical simulation.

The local in time Cauchy problem for (1.2) is now well
understood: in [6], it is proved that it is well posed, locally in
time, for data in suitable Sobolev spaces. This extends previous
results for the classical Zakharov system, where transversal
dispersion is taken into account, that is when A, is replaced
by A(z, x) (see [10,5,7] and references therein). However, the
system (1.2) is quite different from the classical Zakharov
system since the Cauchy problem for periodic data exhibits
strong instabilities of the Hadamard type [4]. Note that periodic
data are considered in the quoted paper as a model for data
which do not vanish at infinity. We refer to [4] for a discussion
of the physical relevance of the different frameworks. In
particular, we recall in Section 6, why the periodic context is
well adapted to physical situations, where the envelop of the
beam has rapid oscillations (speckles).

In this paper we consider a boundary value problem for
(1.2) which models the propagation of a laser beam entering
the plasma at an interface {z = 0}. This approach is very
common in physics where people are actually more interested
in describing the propagation in space rather than in time,
i.e. considering z as the propagation variable. Indeed, this is an
underlying idea in many of the paraxial approximations, like the
one which yields the Schrédinger equation in (1.2). This idea
is also very common in numerical simulations. In this case, the
system (1.2) is considered in the half space {z > 0}, for positive
times {t > 0} together with initial-boundary conditions
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ni=0 =0, ny==0, E;—o=EFEy, E—=0 - (13)

This approach is also very natural when the parameter € is
small. The solutions are expected to vanish for t < z, by finite
speed of propagation. Changing ¢ to t — €z, the system reads;

{iazE—i—AxE =nE, (1.4)
(97 — Aon = A|EP, :
ni=0 = 0, 31”\1:0 =0,

1.5
{Ez=0 = Ey. (1.5)

We look for solutions U = (E, n) of (1.4) and (1.5) which are
periodic in x with period L. We denote by T the corresponding
torus (R/2wL)?. As recalled in Section 6, periodicity is
somewhat natural when the envelop of the laser beam has a
transversal structure which involves length-scales that are large
with respect to the length-scale of the laser but small compared
to the width of the beam (see [4]). Periodicity is also natural for
the use of spectral methods in numerical simulations.

The main result of this paper is a strong instability result for
(1.4), in the spirit of [4]. It says that the boundary value problem
(1.4) and (1.5) is ill-posed in Sobolev spaces. Prior to this
result, we make a detailed analysis of amplification properties
of the linearized equations: at a space frequency of length k, the
amplification is exponential in vk This implies a Hadamard-
type instability and the ill-posedness in Sobolev spaces, as well
as the local well-posedness in spaces of real analytic functions.
For physical interpretations the frequencies must be considered
as bounded while for numerical applications they are filtered
one way or another. Thus it is important to give a numerical
value to the amplification rate and to evaluate the amplification
effect on definite values of the fields. This is done in Section 6.

Let us describe now the main contents of the paper. We
first consider the linearized equations. Consider here a constant
solution

U=(E0, E#O, (1.6)

which satisfies (1.4) and (1.5) with boundary data Eg = E.
The homogeneous linearized equations near U, at the frequency
£ € R? read:

i0.u — k*u — En = 0,

i0,v +k*v+ En =0, (1.7)
(87 + kHn + K2 Eu +v) = 0,
where k := |&| and u [resp. v] [resp. n] denotes the Fourier

coefficient at the frequency & of the variation of the field E
[resp. E] [resp. of the density]. They are supplemented with
initial-boundary conditions:

ni=0 =0, nyp=0=0, wu=0=1ug, v,=0=vo. (1.8)

The equations (1.7) and (1.8) form a well-posed hyperbolic
Goursat problem (see [1]). Our concern is to understand its
behavior for large k. The fundamental solution is studied
in detail in Section 2, where we also construct blowing up
solutions:

Theorem 1.1. There are initial data |ug| < 1 and vg = 0, such
that for k large, t > % and p = \/2k|E|*zt large, the solution

of the homogeneous equation (1.7) satisfies

In(t, )] 2 ko~ e (1.9)

The exponential amplification in ek is the signal of a
strong instability. We construct solutions on domains

2 ={(t,z,x) €[0,T] x [0, Z] x T% zt < §} (1.10)
and prove that they blow up on the part of the boundary
I'={(t,z,x) € 2; 2zt = &} (1.11)

which is not empty if TZ > 4.

Theorem 1.2. For all s, T > OL > 0 and E # 0, there are
sequences 8 and Zy and families of solutions Uy = U +
(ex, ny) of (1.4), in CO(2; H*(T)) such that

lekiz=0ll s 0, 71xT2) = 0, (1.12)
Zi =0, 8 —>0, TZi> &, (1.13)

sup |Ink(t, 2l 2(T)y = o0 (1.14)
(t,2)el}

This theorem is proved in Section 3, with the technical
details postponed to Section 4. This nonlinear instability result
is pretty strong: not only the amplification |le||;2/lle|;=oll us is
arbitrarily large, in arbitrarily small distance Z, with arbitrary
loss of derivatives s, but there is an effective blow up of the
norm of ny.

This analysis reveals the importance of the amplification
factor, p = /2k|E|*zt, and indeed there is a good uniform
stability for a filtered system at frequencies |£] < k, on the
domain {(z, z, x) € [0, T] x [0, Z] x ’11‘2} provided that

kZT|E)? < 1. (1.15)

Instead of filtering the frequencies, another mathematical
approach is to counterbalance the amplification by an
exponential decay of the Fourier coefficients. This means
that one works in spaces of real analytic functions. In this
framework, we prove in Section 5 a local existence theorem
by an easy adaptation of the proof of the existence of analytic
solutions to the hyperbolic Goursat problem (see [11]). The
interesting point is that the length Z of propagation satisfies
an estimate which is very similar to (1.15):

RZT| Eyllg, < 1, (1.16)

where Er is a space of analytic functions for the boundary data
on [0, T] x T? and R~! measures the width of the complex
domain where E( can be extended. Indeed, for Ey(t,x) =
eo(t)ei‘?'x with |§| = k, and R ~ k, there holds ||Eollg, <

~

E = |le||L~ and (1.16) is equivalent to (1.16).

This shows that (1.15) or (1.16) can be seen as stability
criteria for the Goursat problem for the Zakharov equations
(1.2).

Section 6 is devoted to a qualitative discussion of the results.
We discuss several points.
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— Taking E to be a constant is not physically realistic : it
would mean that the envelop of the mean electric field has a
jump. The case where E is a smooth function of time will be
briefly discussed. It yields additional technical difficulties but
does not change qualitatively the results.

— The boundary data in Theorem 1.1 are very particular.
Thus, it is important to understand better how general solutions
behave. Actually, the rate of amplification also depends on the
time frequencies. The underlying phenomenon is a resonance
between plasma waves governed by the Schrodinger equation
and acoustic waves for n. In other words, only the acoustic
oscillations e X with w> = |£|%> which are present in
the boundary data E are effectively amplified at the given
exponential rate. Mathematically, in general, these acoustic
frequencies have a nonvanishing amplitude because the signals
exactly vanish in the past and thus their Laplace—Fourier
transform has no lacuna. Physically, the acoustic frequencies,
even when absent from the main scene, can be present in a
background noise. By a standard plane wave analysis, we will
also give an amplification rate for oscillations which are not
exactly acoustic, but this is not a correct approach to the Goursat
problem.

— The blow up in Theorem 1.2 is totally unphysical, since
n is a variation of density and thus must remain bounded.
However, for physical interpretations, one must keep in mind
that that (1.1) is only a model which has a limited range of
validity. In particular, it is tacitly assumed that the variations
of the ion density are not too large and that the paraxial
approximation for the envelop is valid. Moreover, the physical
frequencies k are bounded. One crucial question is to know
whether the factor p = +/2k|E|?zt is small or large. In
Section 6, we will give standard physical data for laser-plasma
propagation showing that this factor can be large (10-10?)
for not very intense fields E of order 10° or 10! Wm~'. In
this case, the amplification e” ranges from 10* to 10%. Thus,
the acoustic boundary oscillations can be ignored only if their
relative value is < e™®, which is much beyond the usual
admissible errors. This seems to indicate that the model, as it is,
is not well adapted to the propagation of intense laser beams.

— For numerical simulations, the analysis shows that
increasing the number of Fourier modes, which is a natural
method for improving the accuracy of computations, may
introduce strong instabilities. Of course, one can eliminate most
of them by filtering out the bad acoustic oscillations, but then
the question is the relevance of the computations with respect
to the model.

2. The linear instability

Consider the linearized equation from (1.4) around (£, 0):

id,e + Aye — En = f, @.1)
(0 — Aon — Ay (Ee + Ee) = Ach '
ni=0 =0, ny=0 =0, e;=0 = ep. (2.2)

Multiplying e by a constant phase factor e'”, there is no
restriction in assuming that E is real. Taking u = e and v = e

as (independent) unknowns, the system reads
i0;u + Ayu — En = f,

id,v — Ay2v+ En =g,
(0f = An — EA(u+v) = Ach,

(2.3)

with g = — f.

Performing a Fourier series expansion in x (or a Fourier
transform), and still denoting by u, v and n the Fourier
coefficients, the equations at the frequency & € R? read with

k=&l
i0,u — Ku —En=f,

id,v + Kv+ En=g, (2.4)
(32 + k*)n + K2E(u + v) = —k’h,

together with initial-boundary conditions:

ni=0 =0, ny=0=0, wu=0=1ug, v,=0=1vo. (2.5)

For L-periodic functions, the frequencies & € ZT”ZZ.

The Goursat problem (2.4) and (2.5) is well posed [1].
The main purpose of this section is to prove estimates for
the fundamental solutions (Propositions 2.5 and 2.6), and
give an example of a solution of the homogeneous equation
which is amplified at the rate given in Theorem 1.1. (see also
Theorem 2.8 for a more precise statement).

2.1. The fundamental solution

Extend the functions by 0 for t+ < O and perform a
Fourier—Laplace transform in time; this amounts to replacing
0; by i¢ with ¢ lying in the lower half plane {Im¢ < 0}: the
third equation in (2.4) and the homogeneous initial conditions
for n imply that

ﬁ:k—z(ﬁ(ﬁ+ﬁ)+ﬁ>.

e (2.6)

We denote here by q’;(z, ¢) the Fourier-Laplace transform of
¢(z,1). We end up with the system

3.U =iAU + F, Uj.=0 = Up (2.7)
for
~ (i ~ (f\ .. kKEh (-1
o=(5) r-@)rame () e
with

—-kK*—a -—a K*|E|?
AL) = - = 2.

Note that A(¢) is bounded and holomorphic for {Im¢ <
—y} for all y > 0 and therefore, by inverse Laplace transform:

Lemma 2.1. The solution of the homogeneous system (2.4)
with initial-boundary values (2.5) where Uy = '(ug, vy) €
C(Ry) on {z =0}, is

1 i n
U(t,2) = 5— /R A Go(0)de,
iy
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k*E
;2 _ k2

1 . A
n(t,z) = _/ l- el(l§+zA(§))UO(§) de,
R—iy

2

where £ .= (1, 1) and y is any positive real number.

Note that the integrals above are convergent, as a
consequence of the estimates given below.

The fundamental solution is therefore linked to the
distribution

1 .
Et 7)) = — / el (624 g, (2.10)
R—iy

2
where the integral is taken in the sense of an inverse Laplace

transform. More generally, we are led to consider integrals of
the form

@2.11)

1 .
T2 = 5 /H; A ey,
N

for rational functions p.
Note that ¢ and A and thus ¢!¢+24E) are holomorphic in
C\ {—k, +k}. In addition, a(¢) = O(|¢|~?) at infinity, and thus

A(Z) — A(00) = 0(I¢17D),

| ' (2.12)
7A@ _ izA) — g (|7]7?)
where
k2 0
poo) = ( 0 k2>' (2.13)

This implies the following

Lemma 2.2. If p is a rational function with poles in {Im¢ >
0}, and p(¢) = O(|¢|~2) at infinity, then the integral in (2.8) is
absolutely convergent for all t € R. It vanishes for t < 0 and
fort >0,

1 L

I(t,2) = —/ el e iAW) p(ryde (2.14)
2 I

where I' is any simple contour oriented positive winding

around the poles of p and a.

Proof. The integral is clearly convergent and letting ¢ tend to
+o00 implies that it vanishes when + < 0. When ¢+ > 0, the
integral over a large half circle in the upper half space tends to
0 as the radius tends to infinity, allowing to close the integration
path. O

Similarly, we can split £ into two parts:
E(t,2) = — / elte e gg
2n R—iy
1

T ot (eizA(;) _ eizA(oo)) de.
27 JR—iy

Thanks to (2.12), the second integral can be deformed to an
integral on a closed contour /', on which the integral of the
entire function el’¢ ei¢4(%) vanishes. Therefore,

Lemma 2.3. The distribution £ defined in (2.10) is equal to

E(t,2) = e, 4 Ey(1, 2) (2.15)
where &y vanishes for t < 0 and is equal to
1 oL
Eolt,2) = — / elft i ©ge (2.16)
2 Jr

whent > 0, where I' is any simple contour oriented positively
surrounding the poles of a.

2.2. Estimates

We give sharp upper bounds for the contour integrals in
(2.14) and (2.16). The matrix A is traceless, therefore A2 =
—(det A)Id = k*(k* + 2a)1d and

in(kzA
sm(z)A

izA
= kzA)1d +
e cos(kzA) o

where

A= vVk?+2a.

The choice of the square root is irrelevant in the above

2.17)

expression of eiz4 Therefore,
s A n k Ak
_— 1 ... -+ - - — -
elt§+1zA — Zelt{—lkkz r k N A , k N A r
Ak kA
Ak kX
| - — - - -
2 it ik kA Ak
+4e‘ 1Az PRt 2+A+k (2.18)
kX kX
This reveals the phases
¢ =1t¢ — zkA, Y =tL + zkA. (2.19)

Lemma 2.4. For k > max{l, 4|E|?}, choosing the principal
determination of the square root in (2.17) defines A(k + w) as
a holomorphic function of w for 1 < |w| < %k Moreover, for
allt > 0, z > 0 and w in this annulus, there holds

) kz|E)?
ok +w) — |kt —k“z 41w — ——
2w
1 1
_z<3|_| +5|_|)
2 kz|E|?
Yk +w)— (kt+kz4+tw+

2w
1 1
<z[(=1EP+ = |E|*).
_z<3|_| +5|_|>

Proof. For |w| < 1k,

K*|E)? kIEI? |E|?
atk +w) = = - TG
w(w + 2k) 2w 41 + 5
Thus
k|E|? 1
o MEE) _Ligp
2w 3
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If in addition |w| > 1 and k > max{1, 4|§|2}, we have

2a 2|E|2

k2 kK~ 2

Thus we can choose X to be the principal determination of the
square root of k? + 2a and

2
2a
2
kh=k +a+k2G( )

where G is holomorphic on the unit disc. Substituting, we find
that

2| = 12,
k

(2.20)

KIE?| 1
—| = §|£|2+ |E|* sup |G(Q)]. (2.21)

‘kk —k* -
HE

The supremum is |G (— %)| < % and the lemma follows. [

Proposition 2.5. Then there is a constant C, such that for all
E, k, t and 7 satisfying

1
|E| <1, k>=max{l,4EP}), 1€[0,1], ze [0, 5]

(2.22)
the contour integral in (2.16) satisfies:
IEo(t, 2)l < C
«/1 +p0

o 2 _ k|IE[z
with p = \/2k|E|*zt andr = 1 + T
Proof. (a) We choose I to be the union of the circles
I =A{lt —kl=r}, I ={lt +kl=r},
with r € [1, %k] to be chosen depending on ¢ and z.

By (2.21) and (2.22), we have the following bounds:

A EI* |EPz _|EP _1

——1| < < < —.

k = 2kr K~ k — 4
Furthermore

k |EI* |EPz _2IE* 1

——1| < + < < —.

A = 2IAlr kIl — kT2
Thus

Ak A 31E|)? A k| 3|E?
-+ - il , ———T| =
kA kX k kA k
Therefore, all the entries of the two matrices present in (2.18)
are bounded by 5.
(b) If
k|E>zt > 2, (2.23)
then we choose

kz|E|?
o [REEE (2.24)
2t

By (2.22) and (2.23), r € [1, 2k]. For ¢ = k +re? e I,
Lemma 2.4 implies that the imaginary parts of the phases
satisfy

|Im @ (k + reig) — psinf| < ZIEIZ,
Im y (k + re'’)| < z|E*.

Therefore, in &, the integral over '] contributes to a matrix
whose entries are bounded by

2
L [75 aer
2w 0 4

By symmetry, the integral over I is estimated similarly, and
therefore, for p > 2, the entries of &y are bounded by

2
j—rezlﬁ‘zf i (1 +e—Psi“9) do.
T 0

The integral is bounded by

(2.25)
(2.26)

(1 +e” Sm@) rdé.

/2 /4 i
37 + / e” %049 = 37 + 2¢” f e 2Psiydy
—/2 —r/4

V2/2 0
<37 +Zep/ e_z"”zL <374+ X Zﬁe )
V32 V1-=12 NG

Therefore, for p > 2, the entries of & are bounded by

E%kz (3 e’
£o(t.2)| < 5e7ER [1E 2
[0, 2)| = Se r \a 2%

|E|2kz e
<5.e = (2.27)
(©) If
%pz =k|E|*zt <2, (2.28)
we choose
r = max{l, k|E|*z} € [1, %k]. (2.29)

Consider first the integral on I'}. The imaginary part of the
phases, are bounded by

2
Ime| <itr +zku < max{r, tk|E’z} +1 <2+ p.
Therefore, the integral is bounded by

-
—e2tP < 10e”.

The analysis of the integral over [’ is similar, and combining
the estimates above, one obtains (2.19). [

Proposition 2.6. Denote by &1 [resp. £2] the contour integral
in (2.11) with p = ;Zszkz [resp. p =
a constant C, such that for |E| < 1, k > max({l, 4|E|*},
t € [0, 1] and 2|E|*z < 1 there holds

4 .
(;—25—[(2)2] There is

[E1(t, 2)] < C\/— (2.30)
26'0
1&2(t,2)| < C—F—= \/_ (2.31)
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.. 2
Proof. For £ we proceed as for &, noticing that |;2ka2| ~ ';‘
on the integration path.
For (2.31), we make the same choice of radius r when
.. 4 2 . .
k|E|2zt > 2. Noticing that |(;2ﬁ—kz)2| ~ 1:_2 on the integration

path yields the estimate

t k%eP
& t,2)|<C |—————.
20 91= e Ui s

When k|E|?zt < 2, the length I is O (r), we maximize r in
the range [1, %k] instead of minimizing it as we did in (2.29), so
that the imaginary parts of the phases remain bounded. Namely,
we choose

. ,{1 1}
r=min{ —, —k
t 2

and get

k2
|E(t, 2)| < C7

in this zone. Combining the estimates yields (2.31). O
2.3. Integral formulas for the solutions of (2.4) and (2.5)

At the given frequency k, the system (2.4) and (2.5)
is a classical hyperbolic Goursat problem in dimension 2,
and therefore has a unique smooth solution for smooth data
(see [1]), which respects the causality principle in time. We will
use the following description:

Proposition 2.7. For F = '(f,g) and h in C®([0,T] x
[0, Z)), the problem (2.4) and (2.5) with Uy = "(ug, vg) = 0,
has a unique solution U = "(u,v), n in C*([0, T] x [0, Z])
and

A ,
Ut,z) =i / el G=DA p(r yd7
0
zZ t
+ / / S, ZYF(@t —1t', z—7)ddt’
0 JO
Z t _1
+/ f 51(t’,z’)(i)h(t—t’,z—z’)dz/dt’, (2.32)
0 JoO
z t
w0 = [ (i ae R -tz - e
0 JO

4 t
+i f / &, Hh(t -1,z —7)dZdr. (2.33)
0 JO

2.4. Exponentially growing solutions

We show that the rate of amplification e’ observed in
Propositions 2.5 and 2.6 is sharp. Consider the solution of

id;u + Ayu — En =0,
i0,v — Ayv+ En =0,
(92 — Ayn — EA (u +v) = 0.

(2.34)

with initial-boundary conditions

sin(kt) .
=0 = n|=0 =0, U= = X elsx, vz=0 = 0.
(2.35)
This amounts to solving
i9.u — k*u — En = 0,
id,v +k*v+ En =0, (2.36)

07 — Avn — EK*(u +v) =0,
with k = |&|, together with initial-boundary conditions

sin(kt)

=0 = Onjr=0 = 0, Up=0 = — 0 V=0 = 0. (2.37)

Since the Fourier-Laplace transform of 1y Si“,(ft ) s ﬁ,

the solution is

u(t, z) 1 f itz p_ 98
U t, = = — Ak R—’
¢.2) (th)) 2im R,iye k2 —¢2
(2.38)
; KE d
n(t,z) = —=— Lel(tc—i_zAk(C))Rﬁ—{, (2.39)
2im R—iy (; — k%) ¢
where

R=<(1)>,L=(1,1).

Theorem 2.8. There are constants C > ¢ > 0 such that for all
k>21¢€]0,1], z € [0, 1]:

1 e
| | kJy1+p
In( r>|<C<1+ ! ) <
n(z, = - _— .
k 1+p) VT¥p

Moreover, for p > 1, t > % and k large enough,

i, 2)] > cp~3e” (1 n O(p”)) . (2.40)

Proof. One can deform the integration path R —iy to a contour
I" which is the union of the circles

Iy =A{l¢ —kl =r}, I ={l¢ +kl=r}

with » € [I,4k]. The upper bounds follow from
Proposition 2.6.

We now concentrate on the proof of the lower bound for
n assuming that p = +/2|E|?zt > 2. We choose the radius
r= % asin (2.24). By (2.18), for j = 1, 2, the integral over I';
contributes to

1
Nj(t,z) = ﬂ/]‘ €
j

1
+%ﬁje

it~k KE_dg
20 (E2-k)? ¢
- Atk KE dg
20 2=k
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Consider first Nj. We evaluate the phases ¢ = ¢ — zkA and
Y =t¢ + zkX on '] as in (2.25) and (2.26). For ¢ = k + rel?
we have

ok + reie) =kt —k’z+ 2ipsinf — oy (r, 9),

Wk +rey =kt +k*z +2pcos6 + or(r, 0),

where the oy are smooth functions of 6 € T, uniformly bounded

as well as their derivatives when 1 < r < %k.
Note that the imaginary part of ¥ is bounded, while by (2.21)

CIE* _CIE)?
<
krd —  k

A—k K*EJ?
241

2 (-1

on I'1. Thus the corresponding term contributes to ok
terms in N;. It remains to evaluate

2
Niz. 1) = L eitg—im?» +k k—Ed;.
Zim Jr 20 (£2—k2)2
We have the following expansion
r+k  KE o210
22—k 2 pi(r,0)

where the p; are smooth functions of 6 € T, uniformly
bounded as well as their derivatives when 1 < r < %k and
such that, uniformly on this domain

lim r,0)=—.
Jim pi(r, 0) = =
Substituting, we see that

eilki—k*2)

Nl (Z, [) — / e—2p sinepk (r’ e)e—iZUk(r,Q)—2i9d9'

2y
The stationary phase theorem implies that
N ) = elkt— —k%z)
Hen = 2r2 /o
X (pk(r, —7-[/2)e—10'k(r,—7[/2)+i7‘[ + 0()0_1))'

Therefore, for k large enough,

N1t 2)] = f 5/2ep (1+06™h) +om.

(b) The analysis of the contribution of the integral over I is
similar, except that the phase with large imaginary part is now
Y. Noticing that the corresponding amplitude is bounded by
(2.41), we see that

C eP

IN2(t,2)| < 5 —=+ O(1)
2 [

and because } =

p large enough.

% < }—), the estimate (2.40) follows for k and
O

3. The nonlinear instability

3.1. The method of proof

We fix a constant field £ # 0, noticing that (£, 0) is a
solution of (1.4). We compare it to another solution of the form

E=E+e'+e, n=n“+n (3.1

where (e“, n?) is a solution of the homogeneous linearized
equation (2.1) and (2.2), with small boundary value on {z = 0}
and such that n* and n are arbitrarily large at an arbitrarily small
distance z > 0. Since we consider periodic functions in x, it
is sufficient to exhibit an example where x is one dimensional,
which we now assume. We also assume, without restriction, that
E is real.
We choose (e%, n?) to be the solution of

i0;e* + Aye® — En® =0, (3.2)
(0 — Aon® — Ay(Ee® + Ee?) =0 '
in(kt) .
nj—o=0nj_g =0, e = “Sln( )elkx, (3.3)

k

where the frequency k is large and « is a small parameter.
Typically, we will choose « &~ k= so that the boundary data
are of order k¥*~7 in H®. Thus

(1, 2, x) = u(t, 2)e* + v(t, 2)e ¥, (3.4)
n’(t, z, x) = v(t, 2)e** +v(r, z)e 7k~ (3.5)

a

where (1%, v?, v?) solve

i0,u” — k*u® — Ev* =0,
3.0 + k*v? + Ev® =0, (3.6)
(82 + K20 + K2E® +v*) =0,
sin(kt)
%
The solution (e, n?%) is amplified as described in
Theorem 2.8. We construct correctors (¢, n) such that (E, n)
given by (3.1) is an exact solution of the nonlinear system, on a
small domain {2 where |71| < |n?| and such that n and thus n
is arbitrarily large on a part of the boundary 9 {2. The equations
for the remainders (e, ) in (3.1) read

Vﬁ:o = 0 Vﬁ:o =0, u?z:O =a U|az=0 =0. (3.7

i0,e + Aye — En = (e + E_)(n“ +n),
0 — Ai — A(E ¢ + E?) (3.8)
= A (€ +a@E +3)).
We add homogeneous initial-boundary data

Ali=0 = Ofp=0 =0, €;=0 =0, (3.9)

so that E has the same boundary data as E + ¢“.

We solve the nonlinear equation (3.8) by Picard’s iterations,
in suitable Banach spaces of analytic functions which we now
describe.

3.2. Construction of the correctors

The approximate solution (¢“, n?) has only two frequencies
in x, +k and —k. The nonlinear interaction will create all the
harmonics. This leads us to consider functions of the form

u= Zup(t, 2)elkPr,

PEL

(3.10)
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Definition 3.1. Given parameters k > 2, § €]0, 1], b €]0, 1[
and s > 1, we denote by E the space of functions (3.10) such
that

luy(t,2)] < C——8'PelPlP (3.11)
P (1 +1pD)*

with

(p) = max{2, |pl}, p =/ 2k|E|?zt, (3.12)

on the domain

02 ={(tz,x)e[0,1] x [0,b] x T : se” < 1}. (3.13)

The best constant in (3.11) is the norm of « in [E.

Remark 3.2. The factor de® < 1 present for the frequencies
+k in the approximate solution is expected to intervene at
the power |p| in the harmonic pk by successive nonlinear
interaction. Note that the series (3.10) define real analytic
functions in x when (z, z) € {§e” < 1}.

The space E and the domain {2 depend strongly on the
parameters k, b and §. However, to lighten notations, we do not
mention this dependence explicitly.

Lemma 3.3. Consider the solution (¢, n%) of (3.2) and (3.3)
witha = y$.

There is a constant Cy independent of k > 2, b €]0, 1],
y > 0and § €]0, 1] such that

1) f*=n%u® € E and h* = u“u® € E and

2 2

175 < CoTmr IA%llE < CoT5. (3.14)
(ii) for all v € E, u®v and nv belong to E and
4
luvle < Collvie. In“viE < CoyllviE. (3.15)

Lemma 3.4. E is a Banach algebra and there is a constant C
independent of k, b and & such that for all u and v in E:

luvlg < CollulrllviE. (3.16)
Corollary 3.5. Introduce the notations

be,n) = (e* +e)(n® +n) 3.17)
VU(u,v) = (e” + u)(e® + 7). (3.18)

Then

2
14 14
[@(e, m)|lE < Co (7 + 7 Ulnlle + ylelle) + I|€I|E|In||E) .

2
14 14
¥ (u, v)|Ig < Co (k_2 + 5 Ululle + lviie) + IIMIIEIIUIIE> :

Next, consider the linear problem

id,e + Aye — En = f,
(0} — Aon — Ay(Ee + Ee) = Ach,
nj=0 = dnj=0 = 0,

(3.19)
e;z=0 = 0.

Proposition 3.6. For f and h in E, the solution (e, n) of (3.19)
belongs to E and

lelle = C1o| fllg+ Cilnk|h|g (3.20)

1 k
Inlle = Crops In(HndD I flle + €17 12 1E (3.21)

|E] |EJ?
where C| is independent of k, b and §.

Denote by (e,n) = 7(f, h) the solution of (3.19). The
equation (3.8) reads

(e,n) = T (P(e,n), U(e,e)) = F(en)

= (Ee,n),N(e,n)). (3.22)
Proposition 3.7. For y > 1 and
2 Ink
In(In é 1
4C,Coy? (% + %> < |E. (3.24)

T maps B1 x B into itself, where B denotes the ball of radius
z
R in E, and is a contraction for the norm

1
llelle + %”n”E,

ify > 2.

Proof. By Corollary 3.5, for (e, n) € IBB% x B and y > 1, there
holds

y? y?
|Pe,m)E < 4C07, ¥, o)lr < 4C0k—2-

Thus, by Proposition 3.6, (3.23) and (3.24)

2 2
y y<Ink
E (e, <4CCo | b— <
IE.m)lz < lo< =+ L >_

—

=1

and

2
N (e, mylg < 2ELE0Y (“‘““‘3') i l) <

|E|? k k
This shows that 7 maps B 1 X B into itself.

Consider (e, n) and (¢/,n’) in IB%% x Bj. Denote by de =
e—ée, dn=n—n',80 = P(e,n) — P(’, n’) etc. There holds

1
I8Pl < 2Coy <|I5€IIE + EIIMIIE) )

4Coy
k

and thus, using Proposition 3.6 and (3.23), (3.24),

16¥lE <

l3elle.

1 1
16€1E = — <||53||E + —||3n||1E> ,
y k

1 1 1
Ellr?/\/'llﬂ«: < - <|I5e||1E + —||5nIIE>
y k

implying that 7 is a contraction if y > 2. [
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Corollary 3.8. Assume that y > 2 and that (3.23) and (3.24)
are satisfied. Then the equation (3.8) has a unique solution in
B: x B;.

3

3.3. Choice of parameters, proof of Theorem 1.2
Fixs =1, € €]0, 1[, € €]0, %e[ and o > 0. We choose

§=k", b=k* y=k%. (3.25)

Then the conditions (3.23) and (3.24) are satisfied for k large
and there is a solution

E=E+e'+¢, n=n"+n

of the original system, with

lells < % Inle < 1. (3.26)
Therefore the first Fourier coefficient of n satisfies

Ini(t,2) — nf(t, z)| < 8%e* <1 (3.27)
while, by Theorem 2.8, for ¢ > % and p large enough

In{(t, )| > cyp~>/*8e". (3.28)

Note that 8e® = 1 for p = +/2k|E|2zt = o Ink, thus
for zt = ak~'(Ink)? for some constant & > 0. For k large,
ak~1(Ink)? <« k¢ and therefore

I''=0n{s" =1} #0. (3.29)
On this set,

e/
In{(t,2)| = ¢’ (3.30)

(nk)3’

which tends to 400 with k. With (3.27), this finishes the proof
of Theorem 1.2.

4. Proofs
4.1. Lemmas

We collect here several elementary estimates which will be
used repeatedly in the following.

Lemma 4.1. There is a constant C such that for all . > 0,
t>0andall z > 0:

Z t 14/ 1
f f e VA q/dr < C—In(1 + Azt), “.1)
0o Jo A
Z t 14! C
/ e VM adr < —Z, 4.2)
0o Jo A
z ot 7 Ct
/ / f'e VAl dr < —. (4.3)
0o Jo A

Proof.
t
7 1
/ eV = —H(Z'n)
0 Z
with
u
H(u) =/ eVdu' < C .
0 14+u
Thus

z prt z Azt
/ / e VA aZdr < C/ = —/
o Jo 0 1+ )\.Z t 1+ S

and (4.1) follows. The other two estimates are symmetric in ¢
and z. Integrating in ¢’ first as above we see that

< ! 14! < t ! C <
/ Z/e—«/)\z t dz/dt/ < C/ < dZ/ < _/ dZ/
o Jo 0 14+ A7t 0

implying (4.2). O

Lemma 4.2. For p > 1 and u > §,

1
;m(l + 1p?) < In(1 + w).

Proof. The upper bound of the left-hand side for real p > 1
is equal to coﬁ if u < yg with yo being the positive root

2
of In(1 + y2) = where the function ln(l;ﬂ' ) reaches its

+2’

maximum equal to ¢cp = 1%:02 2, the upper bound

is attained at p = 1 and thus equal to In(1 + ). Since yg <8,
the lemma follows. [

4.2. Linear estimates
In this section we prove the estimates of Proposition 3.6.

Expanding the system (3.19) in Fourier series in x and denoting
by (ep,np, fp) and h, the Fourier coefficients, yield the

following system for U, == (up, vp) = (ep, e_p)
i0up — kzpzu,, —En, = fp,
i:vp +k*pvp + Enp = gp, (4.4)
O + K5, + K pPE(up + vy) = —k*p2hy,

with g, = — f_, plus initial-boundary conditions:

Nplt=0 = 0, 3tn[,|t:0 = 0, Up|z=0 = VUp|z=0 = 0. (4.5)

Proposition 3.6 is an immediate corollary of the following
estimates, where we use the notations

o(t, 2) = /2k|E|zt.

Proposition 4.3. There is a constant C| independent of k > 2,
b < 1 and p such that for F, = (fp, gp) and h, satisfying on
n

[Fy(t, 2)| < Ael?

(4.6)

pip(, Z) p)o(t, z)

|hp(t, 2)| < Be'P
the solution (Up, np) of (4.4) and (4.5) on {2 satisfies

4.7
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|Up(t,2)| < C) (bA + — £ > In(In 81) B) pIpt2) (4.8)

1
5 In(|In8)) A

Inp(t,2)| = Ci <| E|

|E|2 (k + 1n(| In 8])) B) pip(t,2) (4.9)

Proof. We use Proposition 2.7 at the frequency kp.
(a) By (2.32), U, is the sum of three terms. The first one is
bounded by

z
A/ (p /O(tz)dZ <Aze pp,2) (4.10)
0

When p = 0, only this term is present. When p # 0, the second
term is

b4 t
Upo=ExF,= / / Eo(t' I VFp(t — ',z — 7)ddr.
0o Jo
Note the following identity for nonnegative real numbers:

/a’b’—i—\/a”b” < \/(a’—l—a”)(b’~|—b”).

In particular,

pt, ) +pt—1',2—2) < pt,2), (4.11)
and therefore, by Proposition 2.5 and (4.7):

' ePp
1Upo(t, 2)| < aetPet Z)/ / Py _pC T gy

Jd+0,)

where p, = /2kp|E|?z't" and r), = 1 + k”‘EI A
p
kplE|*Z'.
When p > 2,

po(t'. ) = ply = |20 = PIKIEPZY!

> \/mz %pp(tﬁ 7).
When p =1,
(Wp',2) = py =2p",2) -

Thus, in any case,

p(t', 2y =p' 7).
/! / 1
(p)p(t', ) = p, = pr(t 7). (4.12)

Therefore

\Upo(t, 2)] < Ae?
Z t VA
x / / (1 + kp|E[2)e 2Pz dr’
0 JO

Using Lemma 4.1 with 1 = $kp?|E|?, yields

Yp(t,2)

1 z
Upot, 2| S A (X In (1 + Azt) +kp|£|2X) ehP

< AzelPP (4.13)

where we have used that % In (1 + Azt) < zt.

Similarly U, 1 = &1 * h, satisfies

_kpefr e

Z t
|Up,1(r,z)|§Be<”>p/ / e
0 Jo ,/<1+p)
<B //kpe 270 47 dr’

<B In(1 2k|E%zt | elP)P
> |E|2n<+p"z>

/dt/

On 2, 1k|E|*zt < p? < |In§|>. Thus, for § > e3, Lemma 4.2
implies that

1 2
Upa(t.2)] < il (1 +|Ins| >e<p>p

In(|In 8])e'” (4.14)

IEI2

With (4.10) and (4.13), this implies the estimate (4.8).

(b) Similarly, when p = 0 the estimate for ng is immediate.
When p # 0, by (2.33), n), is the sum of two terms. Up to
constant factors, the first one is a convolution of F), by &
(computed at the frequency kp). Using again (4.11) and (4.12)
this term satisfies

1 /ot
2l ppe—2pr(th2)
lnpa(t, )| < Ae”"(”Z)/ / e 4rdr

VA +0p)
< ! 1
< Ae(P)ﬁ/ / kpe~ 2P d7'dt’
0 Jo

1
(p)
g A@IH(HHSDG:”'O.

The second term in n, is the convolution of 4, with & and
satisfies

Inpo(t,2)| < Be'” f’““// 4

< (t’ + %) Thus, by Lemma 4.1

(4.15)

k2 2.0
_EPET gar

(1+p)

7

=

Inpa(t, 2)| S BelP?

e

kt
<pl 2l
~ <|g|2+

) e 2P dr

W1n(|1n(3|)>ef’ﬂ. O (4.16)

5. Analytic solutions of the Goursat problem

Consider

{1aZE+AxE=nE, 5.0

(97 — Aon = A|EP

ont € [0,T],z € [0,Z] and x € T?, together with initial-
boundary conditions

ni=0=0, on==0, E,—= Ep. (5.2)
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We prove that this Goursat problem is locally well posed
in spaces of analytic functions, following the general approach
presented in [11]. One of our objectives is to give an explicit
lower bound for the domain of existence, depending on the
norms of the boundary data (see Remark 5.6).

5.1. Spaces

Fix s > and equip H*(T) with a norm || - ||y such that
luvlls < llullslivlls- (5.3)

Definition 5.1. Given a (formal) power series ¢ (x) = Y ¢px"
in one variable x, with nonnegative coefficients, we say that
u(x) <K ¢ ifforalla € Z2, [|3%u|ls < || ¢jal-

Lemma 5.2. (i) If u < @, then dy;u < ¢'.
WD) Ifu<<¢pandv KL Y, then uv KL ¢r.

We will apply this definition to functions u and power series
which also depend on ¢ and z, seen as parameters. In particular,
given a power series ¢ (x), we will consider the power series

(2, x) = P (x + Az), (5.4)

and use the notations u(t,z,x) <K ¢u(z,x) if u(t,z,) <
oz, ).

Lemma 5.3. If u(t,z,x) < ¢;“(z, X) then
< 1
/ u(t,z', x)dz’ <« X‘PR,A(I, 7, X).
0

In particular, we consider the power series (see [11])

n

0 X

eX)=c0 Y . @ra.X)=¢(Rx+1z),  (55)
—_n+ 1

where ¢ is such that 9> < ¢. We also introduce the notations

Q(RXx +22) = Y 0, 02)R"X". (5.6)
n=0

Of course the explicit value of ¢, can be deduced from (5.5).
We also note that

o
Pr (%) =Y _(n+ D1 ) R™'X", (5.7)
n=0

and by integration of ¢’ (RX + A7) in z, we see that

(0n (Az) — @n 0))

Z
rz))dz _
/0 Yn+1(Az)dz TR

1
< m%(&) (5.8)

Definition 5.4. Denote by Eg , the space of functions u on
[0, T] x [0, Z] x T2, with Z = 1, such that
u(t, z, x) L Cor (2, X) (5.9

for some constant C > 0.

Similarly, [Fz , denotes the space of functions u« on [0, T] x
[0, Z] x T2, such that

u(t,z, x) K Cyp ; (2, %) (5.10)

for some constant C > 0.

The norms in £ and FF are the best constant C in (5.9) and (5.10).
For the boundary data Ey(¢, x) on [0, T'] x T2, we consider
the spaces [E of functions u(z, x) << Co(RX).

Theorem 5.5. Let Eq € Eg. Then, the problem (5.1) has a
unique solution (E,n) € Erj x Fg, if A > CRT||E0”I2ER
where C is a constant independent of T, R and e.

Remark 5.6. Functions in Eg ; are defined for R|Imx| 4+
Alz| < 1. Thus R~! measures the width of the complex domain
where the boundary data are defined and A~! is the order of
the length of propagation in z. In particular, for boundary data
Eo(t, x) = e(t)e** then, for R ~ k, | Eollg, < E = llell .

Theorem 5.5 asserts that the length of stability Z = A~!
satisfies

ZTkE* <1, (5.11)
which is very similar to the condition p < 1 that was used in
Section 3.

5.2. Resolution of (5.1) in &

Consider the wave equation

3n — Awn = Avh,  ny—o = dny=o = 0. (5.12)

Lemma 5.7. For h € Eg ;, the solution n of (5.12) belongs to
Fgr. and

InllFg, < CoTllhllEg, (5.13)
where Cy is independent of T, R and A.

Proof. The mean value of n (the Oth Fourier coefficient)
vanishes and therefore the H® norm of n is equivalent to the
H*~! norm of 3,n. Thus, by standard energy estimates for the
wave equation, there holds

[o¥n(t, z, )l < C/Ol o7 h(t', z, )ls+1dr”.
Thus, for |a| = n,
19¢n(t. 2. )|y < CTlhllE,, (n + DR g1 (12).
Therefore
n(t,z,x) L CT|\h|gg, ¥k 5 (25 X)
and the lemma follows. [
We consider next the Schrodinger equation
idje — Aye = f, (5.14)

ez=0 = €0-
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Lemma 5.8. For f € Fg,, and eg € Eg, the solution e of
(5.14) belongs to Eg ;. and

R
lellgr, = 5 IS IERs + lleollEg- (5.15)

Proof. Standard energy estimates imply that
z
loye(t, z, s 5/ 185 £ (z, 2, ) lsdz’ + [[87 eo(t, )5
0
Thus, for |¢| = n,

Z
l0¥e, z, )lls = lIhllFg, (n+ l)YR”H/ Pnt1(12)d7’
0

n+1

= |Inllpg ;0! @n(A2).

Therefore

R
e(t,z,x) K x”f”]FR;A(DR,A(Z’ X)
and the lemma follows. [

Lemma5.9. For e; € Er ), e2 € Eg ) and n € Fg;, there
hold ejey € Eg ) and ney € Fg ) with

lerealleg, < leilleg, lle2llEg

Ineillrg, < lletllEg; InllFg ;-

5.3. Proof of Theorem 5.5

Denote by A/ (1) the solution of (5.12) and by Sy(eg) +S(f)
the solution of (5.14). To prove Theorem 5.5 it is sufficient to
show that there is C > 0, such that for A > CRT||E0||12ER, the
equation

E=S8(E))+7(E,E,E) (5.16)
has a unique solution in Eg ;, where 7 is the trilinear operator
T, v, w) =8 uNOw)).

The estimates above show that 7 maps (Eg, A)3 to Er  and that

CoRT

1T, v, w) gy, < il g, N0l 1wl -

From here, standard Picard’s iterates imply Theorem 5.5.
6. Remarks and comments
6.1. Nonconstant backgrounds

The boundary data we have considered in Sections 2 and 3
are of the form

Lysoy (E+e(t, 1)), 6.1)

and thus have a jump at + = 0, which is not physical. Note
that arbitrary functions E () together with n = 0 are solutions
of (1.4). One could consider them as the background state.
We now briefly sketch how one can start the analysis. Again,
there is no restriction in assuming that E is real. The linearized

systems (2.3) and (2.4) are unchanged, except that £ is now
a function of time. Therefore, we now proceed by using the
Fourier—Laplace in z rather than in time: we extend u, v, n
by 0 for z < 0. Note that the extension u satisfies d;u =
d;u~+upd,—o. Therefore, the Fourier—Laplace transforms satisfy

—(¢ +Kk»i — Ef = iug,

(—¢ +k»)D + Eh = v, (6.2)
(82 + kM)A + K2E(i + 0) = 0.
Hence,
P En  iug
T+ kE K
. Ea too 6.3)
V= ——F — —,
I SN &
and
(3,2 + R+ ap(r))) i = k2h, (6.4)
with
2 2k2 2
a=|E]| m, p) = |E()] (6.5)
. uopn Vo
h=iE|—— + 2 ). 6.6
' (z—k2+c+k2> 00

Denote by N (¢, s, a) the fundamental solution of the second
order o.d.e.

(8,2 + k21 +ap))/\f= 0, Nji=s =0,
O Njizy = 1. 6.7)
Thus
t
n(r) =k2/ U(t,s,a)h(s)ds. (6.8)
0
Performing the inverse Laplace transform, we get
t t
n= [ s e+ [ Besoums  ©9)
0 0
with
iE(s) . k*dz¢
Eilt,5,2) = — LU, s, a)—, 6.10
s =S= | U5 (6.10)
iE(s) . k*d¢
Et,s,2) = — ey, s, a) ——. 6.11
s == [ UG s g 6.11)

Lemma 6.1. \ is an entire function of a. Moreover, for |a|
small and 0 < s <t <1 there holds

N(t,s,a) = % (ot(t, 5, a)ekets D _ g s a)e_ik‘p(t’s’“)>
(6.12)

with

g =V1+ap, ¢u= =0, (6.13)

and o and B are O (1) as well as their time derivatives.
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Since |a| — 0 as [{| — oo, U is holomorphic in ¢ and
bounded for large ¢. Thus, one can close the integration path in
(6.10) and (6.11): for instance, for z > 0:

k% dz¢
¢ —k?

1 )
Ei(t,s,2) = —/ el U, s, a) (6.14)
2 Jr

T
where I is a large circle in the complex plane.

From here, using the Lemma above, one can repeat most
of the computations performed in Section 2, with only
additional technical difficulties. The important point is that the
amplification is now driven by the kernel e with

p = +2k(z — 2)(P(1) — P(1)),

t 5 (6.15)
P = [ 1EG)Pes.
0

Of course, when E is constant we recover the previous results.
On an interval where |E| > 0, there holds P(t) — P(t') =~
(t — t') and all the estimates of Section 2 are unchanged.

In this direction, another interpretation of the constant case
E, different from (6.1) is that the boundary data are

E(t) +e(t, x)1i>0 (6.16)

where E vanishes for t < —Tp < 0 and is equal to the
constant E for r+ > 0. This means that the perturbation e starts
when the background is stabilized at a constant value. This is
not physically realistic either, but the expectation is that this
analysis is qualitatively relevant for physical interpretations.

6.2. The amplification rate

We come back to the case where E is constant. The solution
of the homogeneous linearized equations (2.4) is given in
Lemma 2.1. It involves convolution by functions defined by
contour integrals (2.15). These integrals were estimated in
Section 2 using deformations of contours and the saddle point
method. According to Lemma 2.4, a model for the integral &,
is

1 o d¢ |E|?
Fi=—— | - = a=k+_——=—— (617
‘ 2i7‘[/pe r—k T —n ©17
Note that
Fi= e =) yoy o= Jok|E|2zt (6.18)

where J is the Bessel function

n

2
J(p) = L/ ebot-p Ll =/ " erinig = ip—.
2im Jr ¢ 0 n!?

n=0

This is indeed the core of the analysis performed in Section 2.
Following this path, a model for the solutions of the
homogeneous equation (2.4) is

ro. ’
ult,z) = / el((tft )kfzkz)]( /2k|E|2Z(t _ t/))uo(l/)dt/.
0

(6.19)

The kernel has an amplification part given by J but it also
has an oscillating part given by e¢~")% In Theorem 2.8,
we have chosen ug such that it itself has an oscillation
e to eliminate the oscillations in (6.19) and maximize
the amplification. For general uo the actual amplification
results from a delicate balance between J and the oscillations.
Typically, one integration by parts in the integral above, wins

a factor k_% and k! times a derivative of ug. Thus the
amplification e” is cut down by a factor k=" where m is the
smoothness of uq. This can also be seen on the Fourier—Laplace
representation of u:

el(th—2k?) o ER, d
u(t,z) = / T ) ok + ;)—? (6.20)
r ¢
In any case, there is one clear conclusion: the more amplified
ug are those who have a nontrivial oscillation at frequency k.
This can also be seen in a different way. Consider the

Fourier—Laplace expression of the solution:

2im

Uz, §) = 0 (0). (6.21)
For ¢ = (r —iy) & {—k, +k}, the eigenvalues of A are
1 4-2 _ k2
=421+ -,  b=1—s. 6.22
u(@) = £k 1+ e (6:22)

Consider real time frequencies { = t ¢ {—k, +k}. When
1 —i—% > 0, the eigenvalues are real and there is no amplification.

When 1 + % < 0, that is when

0<k?>—12<|E) (6.23)

the eigenvalue is purely imaginary and this suggests that the
amplification factor for oscillations with frequency t is

HVIE? — k2 + 12
B
In particular, only real frequencies close to k are amplified.

Of course, considering only real frequencies is not consistent
with the forward evolution problem under consideration and
the condition that Uy vanishes in the past. ¢4¢) has essential
singularities at +-k and —k, and one has to consider integration
on complex path as in Section 2, to turn around the singular
points. Then the imaginary part of the phase to consider is
t Im ¢ —z Im p. In Section 2 we have chosen optimal contours in
order to obtain sharp estimates. In particular, the amplification
(6.19) is not correct. But the computation suggests that the
amplification is mainly due to frequencies close to k, and this is
correct.

edlmul

6.3. The physical context and physical values

The Zakharov equations [12] were introduced at the
beginning of the 70s, to describe electronic plasma waves. They
couple the slowly varying envelope of the electric field and
the low-frequency variation of the density of the ions. When
modeling the propagation of a laser beam in a plasma, several
phenomena occur. One has to take into account the laser beam
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itself, the Raman component and the electronic plasma waves
(see [2,3,8] for example). For laser propagation or for the
Raman component, one often uses the paraxial approximation
and the Zakharov system that couples the envelop of the vector
potential A of the electromagnetic field A to the low-frequency
variation of the density én of the ions reads

k 2 2 wz)
i<a,+£az>A+c—AxA= P 5 A,
o 22w0 2nowo (6.25)

AAP,

w
2 —2ANn = —2
(07 = ey Ax)on drm;c?

where wy is the frequency of the laser, ko its wave number and
wpe the plasma electronic frequency; they are linked by the
dispersion relation a)g = w?,e + kgc2 where c is the speed of
light; ng is the mean density of the plasma, m; is the mass of
the ions and c; is the sound velocity in the plasma. In suitable

units for ng, the plasma frequency w, is given by

4meng

(6.26)

Wpe = m,
where —e is the charge of the electron and m, its mass.

As above, z is the space component in the direction
of propagation of the laser beam and x denotes the space
components in directions that are transversal to the propagation.

Introducing the dimensionless quantities

A MeCCy
n = dén/ny, a=—, A= —— (6.27)
A e
and using (6.26), the system reads
2
1 1)
i(a)—gat—kkoaz)a—i——Axa: p;na,
c 2 2c (6.28)

1 m
(C—zaf — Ax> n=—Alal

N

In addition to the pulsation wg and the wave length Ag = %’
characteristic quantities for the laser beam are its duration
79, its transversal width Rop (supposed to be smaller than
the transversal dimension of the plasma), the expected length
of propagation Zy and also the characteristic dimension of
the transversal variations (speckles) A which correspond to
variations of the spectrum by frequencies k =~ ZT” In the
application we have in mind A <« R and both for theoretical
and computational reasons (spectral methods) it makes sense to
assume periodicity in x with period X satisfying A < X <« Ry.

With this data in mind, rescale the space-time variables
introducing the characteristic transversal width X:

F=l, i=o o i= (6.29)
TTX T auexr T X '
In these variables, the system reads
i(€d; + 03)a + Aza = o*na,
(6.30)

m
(02 — Ap)n = —= Aglal,
mi

with
2 X X
e= 00 a2t 6.31)
c c
With
Az=eln, d=oal g (6.32)
m;

we obtain the dimensionless system:

i(ed; + 9;)a + Aza = na,
{(af ~ Ap)i = Aslal (©39

For this system, the typical amplification factor is

p =+/2ldl*k % Zo (6.34)

where & is the scaled frequency of speckles, 7y the scaled time
of propagation under consideration and Zy the scaled length of
propagation. Scaling back to the original variables, there holds

- 7 -
Zo= -2 F=xk i=2%
ko X2 X

thus:

: (6.35)

Proposition 6.2. The dimensioned amplification factor p of
Section 2 is given by

2
|A]2 mecswy, k
PP =200 —— .
A mic ko

(6.36)

For the physical significance of the analysis it is important
to evaluate the various constants. The velocity of light is ¢ =
3 x 105 m s~ !, the sound velocity of the electrons is of order
s 2 0.005¢ = 1.5 x 106 m s™!. With e = 1.6 x 10712 C and
me = 0.9 x 10730 kg, the scaling factor for A is

MeCCy

A= ~2.5x10° V. (6.37)

e

Typical values of w), are of order 101 s~! and :’:l—f ~ 1074,
Thus

2
MeCs 1
2—2’76%4x1015m Ig—1

m;c

(6.38)

A typical value of Ag is Ag = 0.35 pm corresponding to a

wave number ky = % = 1.8 x 10’ m~!. The pulsation is

given by the dispersion relation a)(z) = a)lz,e + k(z)cz, yielding
wo =5.5x 1019571,

By construction, the relative variation n = én/ng is small
compared to 1 and the consistency of (6.28) requires that ’:1—5 la|?
must also be small compared to 1, that is |a| < 100 yielding

the upper bound for A
|Al < 10° V. (6.39)

The envelop of the electromagnetic field is linked to A by the
polarization relation
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E=i24 (6.40)
C

yielding the bound

|E| < 102 vm™!, (6.41)

which allows for very intense fields.

Typical values for the dimension of the speckles are A =
10 pum, corresponding to frequencies k = QT” ~6x 10° m~!,
A constraint for the validity of the paraxial approximation
which sustains the Schrédinger envelop equation in (6.25) is
that

kZy < koRo. (6.42)

With ko / k = 30 as above and a diameter R( ranging from 1 mm
to 1 cm, this allows for propagation along distances Z of order
1 to several cm. In this range of k, we finally obtain:

A
p= %\/m with g~ 10" m™"'s™". (6.43)

The duration of the laser impulsion 7y may be of order 103
to 10710 5. Note that for a 1 cm long propagation of the laser
beam, the time elapsed is of order 3 x 10~ s. For Z of order
1 cm and 7o ranging from 1078 to 10719 s, we obtain that

|A]

=y— 6.44
P=r (6.44)
with y ranging from 10 to 100.

Thus, for p to be small, one must have
A <10V, or |E| <108V m™, (6.45)
which does not correspond to high intensity beams.

Note also that with X &~ 50 um, there holds
€~x0, T~ 3. (6.46)

In conclusion, we see that the values obtained in (6.45) are
compatible with the paraxial approximation and the derivation
of the model (6.25). However, they do not allow for high

intensity or high energy beams. This suggests that the model
could be unadapted to such situations.
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