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a b s t r a c t

The evaluation of wave-induced pore pressures and effective stresses in a poroelastic seabed is
important for coastal and ocean engineers in the design of marine structures. Most previous theoretical
investigations have focused commonly on the Stokes wave induced seabed response. In this paper, a
cnoidal wave–seabed–pipeline system is modeled using the finite element method. Taylor’s expression
and the precise integration method are used to estimate the Jacobian elliptic function. The seabed is
treated as a poroelastic medium and is characterized by Biot’s partly dynamic equations (u–p model).
The pore water pressure and effective vertical stress on the poroelastic seabed around a buried pipeline
are examined. Based on the numerical results, a parametric study is conducted to examine the effects of
wave and seabed characteristics on the seabed response. Comparison with the cnodial wave and Stokes
wave induced seabed response is also demonstrated here. It implies that the difference between the
maximum pore pressure and vertical effective stress induced by the cnoidal wave and Stokes wave may
reach 60–70%.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Submarine pipelines have been used extensively to transport
offshore oil, gas and hydrocarbon resources from the bottom of the
ocean floor to land. A convenient wave model in coastal and ocean
engineering is that of a periodic wave propagating steadily without
any change of profile in water of constant depth. There are two main
wave theories for solving this problem accurately. The first is to use
Stokes theory, which is based on Fourier representation of the wave,
and is most suitable for waves which are not very long relative to the
water depth. The second approach, better suited to shallow water, is to
use a cnoidal theory, in which the Jacobian elliptic function is used,
and which is based on an assumption that the water depth is less than
about 1/10 of the wavelength (Wiegel, 1960). The cnoidal wave is the
most important loading controlling the hydrodynamic behavior.
However, especially the stability and liquefaction phenomenon of
the seabed induced by cnoidal waves has not yet been clearly
addressed in ocean engineering, one reason being unfamiliarity with
estimating the Jacobian elliptic function.

Based on different methods, the cnoidal water wave formula
can be calculated. Methods include the use of power series, Fourier
series, θ function and Landen transformations. Among these,

Fenton and Gardiner-Garden (1982) gave an alternative expression
for elliptic functions by using the imaginary transformation, which
converges most rapidly in the limit where previously presented
expressions do not converge. Wiegel (1960) studied the first-order
cnoidal wave. As well as results for the celerity and shape of wave
and local acceleration fields, expressions and graphs for water
particle velocity were given. Isobe (1985) obtained the solutions of
the first-order cnoidal wave in terms of power series of theta
functions, but the graphs can only give rough results and the theta
functions are too complex for practical engineering. Synolakis
et al. (1988) studied the maximum relative run-up of cnoidal
waves climbing up a plane beach. The results showed that the
maximum relative run-up of a cnoidal wave is significantly larger
than the run-up of a monochromatic wave with the same wave
height and wavelength far from the shore. Cho (2003) presented a
numerical algorithm to calculate the Jacobian elliptic parameter by
using the Newton–Raphson method. The proposed algorithm can
be used to calculate cnoidal waves.

Moreover, based on different assumptions of the rigidity of the
soil skeleton and the compressibility of pore fluid, numerous theories
have been developed for the wave-induced soil response (Yamamoto
et al., 1978; Madsen, 1978; Zienkiewicz et al., 1980; Mei and Foda,
1981; Cheng and Liu, 1986; Hsu et al., 1995; Magda, 1997; Yuhi and
Ishida, 1998; Jeng and Cha, 2003; Cai et al., 2007; Liu and Jeng, 2007;
Ulker and Rahman, 2009; Xu and Dong, 2011; Zhou et al., 2011;
Zhang et al., 2013; Jeng, 2013; Ye et al., 2014). Among these, Mei and
Foda (1981) investigated the boundary-layer approximation method
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for the wave-induced soil response. However, the boundary-layer
approximation has been proved to be limited to a seabed of fine sand
(Hsu and Jeng, 1994). Based on Mei and Foda’s (1981) model, Yuhi
and Ishida (1998) obtained an analytical solution for the wave-
induced seabed response, which directly solves the boundary value
problem, rather than using the boundary layer approximations. Liu
and Jeng (2007) further proposed a simple semi-analytical model for
a random wave-induced soil response for an unsaturated sandy
seabed of finite thickness, which may be the only analytical solution
for the random wave-induced soil response. Zhou et al. (2011) used
the Transmission and Reflection Matrices (TRM) method to solve the
wave-induced seabed response in a multi-layered poroelastic seabed.

Similarly, the wave-induced response around a pipeline has
also been studied by numerous researchers (McDougal et al., 1988;
Sumer and Fredsøe, 1991; Jeng and Cheng, 2000; Sumer et al.,
2001; Wang et al., 2011; Gao et al., 2011, 2012; Zhou et al., 2013,
2014). Cheng and Liu (1986) considered a buried pipeline in a
region that is surrounded by two impermeable walls. McDougal
et al. (1988) developed an analytical model for estimating the pore
pressure in the sandy soil and the resulting pressure force on the
submarine pipelines. Sumer and Fredsøe (1991) and Sumer et al.
(2001) conducted a series of experiments focusing on the stability
of pipelines on a liquefied sandy seabed and the onset of scour
around the pipeline. By analyzing the pore water pressures
measured at the upstream and downstream of a slightly buried
pipeline, they have shown that the excessive seepage flow due to
the pore pressure gradient in the soil and the resulting piping are
the major factors causing the onset of scour. Jeng and Cheng
(2000) investigated the distribution of internal stress within a
buried pipe subjected to water wave loading. Shabani and Jeng
(2008) developed a three-dimensional numerical model to analyze
the behavior of soil around a pipeline under wave loading by using
the finite element method. Gao et al. (2002) obtained an empirical
formula for the prediction of pipeline instability of both freely laid
pipelines and anti-rolling pipelines, based on the analysis of a
series of experimental results in an oscillatory flow tunnel. Zhou
et al. (2013, 2014) investigated the wave- and current-induced
isotropic and anisotropic seabed response around a submarine
pipeline. The third-order solution of wave–current interactions is
used to determine the dynamic pressure acting on the seabed.

The main objective of this paper is to investigate the cnoidal
wave-induced seabed response with a buried pipeline and lique-
faction phenomenon. The cnoidal wave theory can be solved by
using Taylor series expansion and a precise integration method.
Then, Biot’s partly dynamic equation (u–p model) is solved by the
finite element method. The effects of wave and seabed character-
istics, including wave height, water depth, permeability, and
degree of saturation on the seabed response, are presented.
Finally, the possibility of wave-induced liquefaction occurring in
the porous seabed around a pipeline is studied.

2. Water pressure on the seabed subjected to cnoidal waves

Consider the wave shown in Fig. 1, where the cnoidal water
wave level located at z¼–d is travelling along the positive
x-direction, and assume the vertical z-axis is downward from the
surface of the seabed (water–soil interface, z¼0). The free water
surface profile of the first-order cnoidal wave can be written as
(Korteweg and De Vries, 1895; Mei et al., 2005)

η¼H
1
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where H is the wave height; cnð Þ is the cnoidal function; x is
the horizontal coordinate; L is the wave length, L¼ 4Kmd
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T is the wave period; m is a parameter related to the Ursell

number; K and E are the first and second kind of complete elliptic
integral, respectively, and can be expressed as
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Solving the cnoidal wave problem is done by evaluating the
Jacobian elliptic parameter m, elliptic integrals K and E and
function cn. The most important problem is to determine m
accurately because K, E and cn are all functions of m. Hedges
(1995) suggested that the boundary between the application of
Stokes and cnoidal theory is the Ursell number U¼40, in which
case, mE0.933 (Fenton, 1990). This is an indication that, roughly
speaking, m is always greater than 0.93 when cnoidal theory is
used within its recommended limits.

Firstly, formulas of the calculation for the Jacobian elliptic
parameter are studied in this section. The Taylor's expressions
for the Jacobian elliptic functions at x¼ 0 have the following forms
(Xu et al., 2013):

snðx;mÞ ¼ x�1þm2

6
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� � ð4Þ
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The elliptic functions have also the following formulas (Xu
et al., 2013):

sn 2x;mð Þ ¼ 2sn x;mð Þcn x;mð Þdn x;mð Þ
1�m2sn4 x;mð Þ ð7Þ

cn 2x;mð Þ ¼ 1�2sn2 x;mð Þþm2sn4 x;mð Þ
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Fig. 1. Sketch of cnoidal wave–pipeline–seabed.
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For convenience, we let

2sn2 x;mð Þ 1�m2sn2 x;mð Þ	 

1�m2sn4 x;mð Þ ¼ C ð10Þ

2m2sn2 x;mð Þ 1�sn2 x;mð Þ	 

1�m2sn4 x;mð Þ ¼D ð11Þ

Moreover, Eqs. (8) and (9) can be further simplified as

cnð2x;mÞ ¼ 1�C ð12Þ

dnð2x;mÞ ¼ 1�D ð13Þ
The parameter m is evaluated as accurately as possible also

because the surface profile of the cnoidal wave is highly sensitive
tom. The relationships parameters of cnoidal waves can be written
as (Cho, 2003)

HL2 ¼ 16
3
h3mK2 ð14Þ
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2�m�3
E
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Since in laboratory applications, the specification of the wave
period is more practical than specifying the wavelength, we obtain an
equation for the wave period T by substituting Eq. (15) into Eq. (14)
(Cho, 2003)

T2 ¼ 16h3m2K2

3gH mhþH 2�m�3E
K

� �	 
 ð16Þ

Because Eq. (16) is an implicit form form, it should be solved by
the iterative numerical scheme. Eq. (16) can be rewritten as

YðmÞ ¼mhþH 2�m�3
E
K

� �
� 16

3gHT2h
3mK2 ð17Þ

Taking derivative of Y(m) with respect to m ððdY=dmÞ ¼ 0Þ, then,
the parameter m can be estimated by using the Newton–Raphson
method. Details of NR can be founded in Cho (2003) and will not
be repeated here.

In this paper, the precise integration method (Zhong, 2004) can
be used to reach high precision for the initial value problem. It is
suggested to select x0 ¼ ðx=2nÞ (e.g., n¼ 20) to get a suitably small
initial value in order to guarantee that x is a small number. Given
that cnðx;mÞ has a period of 4K , for any xA �1; þ1ð Þ, there is a
corresponding number x0(x0r4K), such that cnðx;mÞ ¼ cnðx0;mÞ. In
the cnoidal water wave theory, cn 2K ðx=λÞ�ðt=TÞ� �

;m
	 


is required.
For any ðx=λÞ�ðt=TÞ� �

, we can define a variable ξ ( ξ
�� ��r2), such

that (Xu et al., 2012)
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When considering the numerical integration based on the precise
integration method, the cnoidal function y¼ cn 2K ðx=λÞ�ðt=TÞ� �

;m
	 


can be solved by the following process method:

(1) Define a variable ξ such that the initial point x is a small
number;

(2) Find the number ξ which satisfies Eq. (18);
(3) Let ζ ¼ 2Kξ

1024 and use Eqs. (4)–(6) to obtainsnðζ;mÞ, cnðζ;mÞ,
dnðζ;mÞ;

(4) Calculate S1 ¼ sn 2ζ;m
� �

, C1 ¼ 2sn2 2ζ;mð Þ 1�m2sn2 ζ;mð Þ½ �
1�m2sn4 ζ;mð Þ ,

D1 ¼ 2m2sn2 ζ;mð Þ 1� sn2 ζ;mð Þ½ �
1�m2sn4 ζ;mð Þ with Eqs. (7), (10), (11);

(5) Note 210¼1024, then repeat (3) for nine times, and obtain S10,
C10, D10;

(6) At least, y¼ cn 2Kζ;m
� �¼ 1�C10.

3. Governing equations of porous seabed

The equations for overall equilibrium in a poroelastic medium,
the relationship between effective stresses and pore pressure are
given by

σij ¼ σ0
ij�δijp ð19Þ

where σij and σ0
ij are total stress and effective stress, respec-

tively, and are considered to be positive in tension; δij is Kronecker
delta; p is the pore pressure, which is considered to be positive in
compression.

It is assumed that the seabed material can be treated as a
deformable porous media with linear elastic deformation (Biot,
1956, 1962). The seabed model is based on Biot’s partly dynamic
theory, in which the fluid is compressible due to a small degree of
unsaturation and the flow is governed by Darcy’s law (Rahman
et al., 1994). These assumptions can be used in the slightly
unsaturated seabed where the degree of saturation is sufficiently
high. The equations for the equilibrium of a porous medium and
fluid are as follows (Zienkiewicz et al., 1980):

σij;jþρgi ¼ ρ €ui ði; j¼ x; zÞ ð20Þ

�p;iþρf g¼ ρf €uiþ
ρf g
ki

_wi ð21Þ

_εiiþ _wii ¼ �nβ _p ð22Þ
where ρgi is the body force of the soil; ui denotes the average

solid displacement; ρ denotes the density of the porous medium;
ρ¼ 1�nð Þρsþρf , ρs is the density of the solid skeleton, n is the soil
porosity; wi denotes the average fluid displacement relative to the
solid frame, and the compressibility of pore fluid β depends on the
degree of saturated Sr,βand the volume strain of soil matrix εii:

β¼ 1
kw

þ1�Sr
Pw0

ð23Þ

εii ¼
∂ux

∂x
þ∂uz

∂z
ð24Þ

where kw is the bulk modulus of pore water (kw ¼ 2� 109 N=m2);
Sr is the degree of saturation of the seabed; ux and uz are the soil
displacements in the horizontal and vertical directions, respectively;
Pw0 is the absolute water pressure.

Substituting (21) into (22), we have

kzp;ii�γwnβ _pþρf €εii ¼ γw _εi ð25Þ

Based on the relationship between effective stresses and displace-
ment, the equations governing the equilibrium of a porous medium
can be expressed in terms of pore pressure and soil displacements as

G∇2uxþ G
1�2ν

∂ε
∂x

¼ ∂p
∂x

þρ
∂2ux

∂t2
ð26Þ

G∇2uzþ G
1�2ν

∂ε
∂z

þρg ¼ ∂p
∂z

þρ
∂2uz

∂t2
ð27Þ

Note that the above equations are so-called u–p approxima-
tions, which were first proposed by Zienkiewicz et al. (1980), and
applied to the wave-seabed interaction problem.

4. Boundary condition

For a porous seabed of finite thickness, it is commonly accepted
that the vertical effective stress and shear stress vanish. The pore
pressure is equal to the wave pressure at the seabed surface:

σ0
zz ¼ σzx ¼ 0 ð28Þ
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p¼ pb at z¼ 0 ð29Þ
In cnoidal water, the velocity in a vertical direction may be

neglected and that the horizontal velocity may be consider uni-
form across each of vertical section in shallow water (Korteweg
and De Vries, 1895), the pore pressure at the interface between the
water and the porous seabed is identical to the wave pressure at
the seabed surface, and the cnoidal wave pressure on the seabed
surface can be written as (Wiegel, 1960)

p¼ pb ¼ ρwgη ð30Þ
The bottom of a porous seabed with finite thickness is treated

as impermeable and rigid, and zero displacement and no vertical
flow occurs in this bottom boundary:

ux ¼ uz ¼
∂p
∂z

¼ 0 at z¼ h ð31Þ

Most previous studies of wave–seabed–pipeline interaction
have assumed that the pipeline is rigid (Cheng and Liu, 1986;
Magda, 1997). That is, there is no flow through the pipeline wall
because the pipeline is assumed to be an elastic impermeable
material. As a result, the pore gradient on the surface of the
pipeline should vanish:

∂p
∂n

¼ 0 at r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�x0Þ2þðz�z0Þ2

q
¼D

2
ð32Þ

where x0 and z0 denote the coordinates of the centre of the
pipeline and n is the normal direction to the surface of the
pipeline; D is the pipeline diameter.

5. Numerical results and discussion

In this study, the two-dimensional wave–seabed–pipeline inter-
action problem can be estimated by finite element model. It can be
discretized into unstructured Lagrange-linear elements with a
minimum global element size of 0.5 m. The element number
N¼5242 is an appropriate mesh for numerical examples. The time
step was 0.01 and the relative tolerance is 0.01. The effects of several
important parameters, including the wave depth, wave height,
permeability, degree of saturation and wave period, on the wave-
induced pore pressure and effective vertical stress, will be investi-
gated. Further, the transient liquefaction in a multilayer seabed
based on the excess pore pressure criterion is also discussed.

5.1. Verification of the present model

First, to check the numerical method, the profile of cnoidal
wave is compared with the numerical result and experiment data
of Chang et al. (2005) in Fig. 2. The cnoidal wave conditions for
laboratory experiments are: the wave period T¼2.0 s; the wave
steepness H/d¼0.15; the water depth d¼24.0 cm; the wavelength
L¼2.97 m. The free surface elevation of the cnoidal waves was
measured by using wave gauge located at x¼4.8 m (x is the
location of wave number at rest) from the location of the wave
maker. In the figure, “□” denotes the numerical data from Chang
et al. (2005), and “○” is the experimental data from Chang et al.
(2005), the solid line represents the present result. As shown in
Fig. 2, although some differences between the present model and
experimental data are observed, the present result by the numer-
ical simulation reasonably agrees with the experimental data.

Most previous theoretical investigations have focused com-
monly on the Stokes wave induced seabed response. To check the
numerical method, we compare our present result with Gao's
previous numerical result, which uses the same boundary condi-
tion and Stokes theory. On the other hand, the experimental
results by Sudhan et al. (2002) and Turcotte et al. (1984) are also
shown in Fig. 3. The main parameters of seabed, pipeline and wave

loading are buried depth e¼0.18 m; pipeline diameter D¼0.2 m;
seabed thickness h¼0.6 m; water depth d¼0.7 m; wavelength
L¼4.865 m; wave height H¼0.0938 m; seabed permeability
kz¼8.1�10�4 m/s; shear modulus G¼1.92�107 Pa; Poisson's
ratio ν¼0.25. Fig. 3 indicates that the numerical results agree
overall with the experimental data. Some difference occurs
between our present result and Gao's numerical result, which is
because we use u–p model with buried pipeline and Gao used Biot
consolidation model with trenched pipeline.

5.2. Comparison with the cnoidal wave and Stokes wave

With the parameters of seabed and wave given in Table 1,
comparison with the cnodial wave and stokes wave induced
seabed response is demonstrated here. The physical variables in
the following figures are non-dimensionalized with respect to the
amplitude of wave pressure P0 ¼ ρwgH.

Soil permeability has been recognized as a dominant factor in
analyzing the wave-induced seabed response. The vertical distribu-
tion of maximum pore pressure P=P0 and vertical effective stress
σ0
zz=P0 for various soil permeability (kz¼1�10�1, 1�10�2, 1�10�3,

1�10�4 m/s) are presented in Fig. 4. In here, the typical value of
permeability is taken as 1�10�1 m/s for gravel, 1�10�2 m/s for
coarse sand, 1�10�3 m/s for medium fine sand, and 1�10�4 m/s
for fine sand. As shown in Fig. 4a, the pore pressure p=P0 for
1�10�1 m/s (gravel) indicates a relatively slow decrease versus soil
depth, and with more increase in pore pressure at kz¼1�10�2 m/s
(coarse sand). For the case with kz¼1�10�4 m/s (fine sand), pore
pressure attenuates very rapidly near the seabed surface, where a
minimum value is reached. Then, decreases again as depth increases
further. For the vertical effective stress σ0

zz=P0, it increases with soil
depth increase in the region near the seabed surface in Fig. 4b. It
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Fig. 2. Comparisons of the free surface profile between the present result and
Chang et al. (2005).

Fig. 3. Verification of numerical model with Gao and Wu (2006), the experimental
result by Sudhan et al. (2002) and Turcotte et al. (1984).
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reaches a maximum value at a z, then decreases as z increase further.
All curves of the cnoidal wave and Stokes wave display similar
trends. The solutions of cnoidal wave are obviously greater than that
of Stokes wave. For example, the difference between the maximum
vertical effective stress induced by cnoidal wave and Stokes wave
may reach 70% (Fig. 4b).

Fig. 5 illustrates a comparison between cnoidal wave and
Stokes wave with different degrees of saturation (Sr¼1.0, 0.98,

0.96, 0.94). As shown in the figure, the degress of saturation
significantly affects the wave-induced pore pressure and vertical
effective stress. The pore pressure p=P0 increases as the degree of
saturation Sr increases, while the vertical effective stress σ0

zz=P0

decreases as Sr increases. The solutions of cnoidal wave is
obviously greater than that of Stokes wave. For example, the
difference between the maximum pore pressure induced by
cnoidal wave and Stokes wave may reach 65% (Fig. 5a).

Table 1
Input data of water and seabed.

Wave characteristics
Wave height (H) 1.5 (m) Water depth (d) 5 (m)
Wave period (T) 8 (s) Wave Length (L) 56.65 (m)

Water characteristics
Density (ρw) 1025 (kg/m3) Modulus of volume (kw) 2�109 (N/m2)

Seabed characteristics
Seabed thickness (h) 60 (m) Density (ρs) 2650 (kg/m3)
Seabed length (l) 100 (m) Shear modulus (G) 1.92�107 (Pa)
Poisson ratio (ν) 0.25 Permeability (kz) 0.01(m/s)
Porosity (n) 0.4 Degree of saturation (Sr) 0.98
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Fig. 5. Distribution of pore pressure and vertical effective stress along depth z for different degrees of saturation (Sr¼1.0, 0.98, 0.96, 0.94). (a) p=P0 along depth z and
(b) σ0zz=P0 along depth z.
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Fig. 4. Distribution of pore pressure and vertical effective stress along depth z for various soil permeability (kz¼1�10�1, 1�10�2, 1�10�3, 1�10�4 m/s). (a) p=P0 along
depth z and (b) σ0zz=P0 along depth z.
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5.3. Effect of relative water depth d/L

With the parameters of the seabed, pipeline and wave given in
Table 2, the other parameters are wave period T¼8 s; wave height
H¼4.0 m; pipeline buried depth e¼2 m. Considering a three-
layered seabed: Sr1¼1.0, Sr2¼0.97, Sr3¼0.94; kz1¼0.1, kz2¼0.01,

kz3¼0.001 m/s, the vertical and periphery distributions of max-
imum pore pressure and vertical effective stress for various
relative water depths d/L (d/L¼0.084, 0.116, 0.156) are presented
in Fig. 6.

As shown in Fig. 6, the cnoidal wave-induced maximum pore
pressure p=P0 has a slight decrease in the region of the pipeline

Table 2
Input data of standard case for parametric study.

Water characteristics
Density (ρw) 1025 (kg/m3) Modulus of volume (kw) 2�109 (N/m2)

Seabed characteristics
Seabed thickness (h1, h2, h3) 20 (m) Density (ρs1, ρs2, ρs3) 2650(kg/m3)
Seabed length (l) 100 (m) Shear modulus (G1, G2, G3) 1.92�107 (Pa)
Poisson ratio (ν1, ν2, ν3) 0.25 Porosity (n1, n2, n3) 0.4

Pipeline characteristics
Young’s modulus (Ep) 6.8�1010 (N/m2) Density (ρp) 2700 (kg/m3)
Pipeline thickness (tp) 0.1 (m) Pipeline outer diameter (D) 2 (m)
Poisson ratio (νp) 0.32
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when the relative water depth d/L increases (Fig. 6a). The max-
imum vertical effective stress σ0

zz=P0 increases when the relative
water depth d/L increases (Fig. 6b). Fig. 6c shows that the
maximum pore pressure p=P0 along the periphery of the pipeline
has an obvious increase when the relative water depth d/L
increases at the bottom of the pipeline (θ¼2701); however, this
variation is not obvious at the top of pipeline. The distribution of
vertical effective stress σ0

zz=P0 along the periphery of the pipeline
evidently increases when the relative water depth d/L increases.
This implies that the influence of the relative water depth on the
vertical effective stress is more obvious than the effect of the pore
pressure, especially in the location along the periphery of the
pipeline.

5.4. Effective of wave steepness H/L

Fig. 7 illustrates the distributions of maximum pore pressure
p=P0 and vertical effective stress σ0

zz=P0 for three wave steepnesses

H/L¼0.035, 0.043, 0.050. Based on input data presented in Table 2,
the other parameters are wave period T¼8 s; water depth
d¼5.0 m; pipeline buried depth e¼2 m. For the three-layered
seabed considered: Sr1¼1.0, Sr2¼0.97, Sr3¼0.94; kz1¼0.1,
kz2¼0.01, kz3¼0.001 m/s.

The influence of the wave steepness on the maximum pore
pressure p=P0 along seabed depth z is rather insignificant (Fig. 7a).
However, the maximum vertical effective stress σ0

zz=P0 near the
pipeline increases when the relative wave height H/L increases
(Fig. 7b). Fig. 7c and d indicates that the maximum pore pressure
p=P0 and vertical effective stress σ0

zz=P0 along the periphery of the
pipeline have obviously increased when the wave steepness H/L
increases. The maximum value occurs at the top of the pipeline.
For example, the maximum value of pore pressure along the
periphery of the pipeline is 0.4 when H/L¼0.035, and rises to
0.65 when H/L¼0.050. The maximum value of vertical effective
stress is 2.4 when H/L¼0.035, and reaches 4.0 when H/L¼0.050. It
is worth noting that the wave steepness affects the cnoidal wave-
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induced soil response obviously along the periphery of the
pipeline.

5.5. Effect of soil permeability

Consider a seabed with three kinds of case, a single-layered
seabed (Case 1: kz1¼kz2¼kz3¼0.1 m/s); a two-layered seabed
(Case 2: kz1¼kz2¼0.1 m/s, kz3¼0.001 m/s); and a three-layered
seabed (Case 3: kz1¼0.1 m/s, kz2¼0.01 m/s, kz3¼0.001 m/s). The
wave and seabed parameters are wave period T¼8 s, wave height
H¼2 m, water depth d¼5 m, pipeline buried depth e¼3 m, degree
of saturation of three-layered seabed Sr1¼Sr2¼Sr3¼0.98. The other
parameters are listed in Table 2.

Fig. 8 shows that the differences between the three cases are
significant. For example, as shown in Fig. 8a, for coarse sand used
as the seabed (Case 1), the maximum pore pressure p=P0 attenu-
ates very slowly along depth z. For three-layered sand (Cases 3),
the pore pressure p=P0 attenuates very rapidly. The maximum

vertical effective stress σ0
zz=P0 decreases when the soil perme-

ability of the lower layer decreases (Fig. 8b). From the results
presented in Fig. 8a, the surface layer is gravel (kz1¼0.1 m/s), while
the lower floor is coarse or intermediate sand (Case 2, Case 3), and
in these cases, the pore pressure along seabed depth z attenuates
faster than the single-layered seabed (Case 1). The reduction in
pore pressure p=P0 is attributed to the damping by the lower layer
with a soil of much smaller permeability than the top layer. This is
because the lower permeability coarse or intermediate sand has
lower fluid velocity to transmit through the voids between grains
than the higher permeability seabed with gravel. The vertical
effective stress along the seabed depth first increases, where a
maximum value is reached. Then, the vertical effective stress
decreases as z increases further (Fig. 8b).

As shown in Fig. 8c and d, the pore pressure p=P0 in Case 1
is greater than that in Case 2 and Case 3. The pore pressure
decreases and vertical effective stress increases when the soil
permeability of the lower layer decreases. For instance, the
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maximum pore pressure in Case 1 is three times that in Case 3,
and the maximum effective vertical stress in Case 3 is two times
that in Case 1.

5.6. Effect of the degree of saturation

Based on the same parameters as in Section 5.5, Fig. 9 illus-
trates the maximum pore pressure p=P0 and vertical effective
stress σ0

zz=P0 for the three cases: Case 1: Sr1¼Sr2¼Sr3¼0.99; Case
2: Sr1¼ 0.99, Sr2¼Sr3¼0.96; Case 3: Sr1¼0.99, Sr2¼0.96, Sr3¼0.93.
As shown in Fig. 9a and b, the amplitude of pore pressure p=P0

in the seabed decreases as the degree of saturation within the
lower layer decreases, while the vertical effective stress σ0

zz=P0

increases as the degree of saturation within the lower layer
decreases. Fig. 9c indicates that the pore pressure p=P0 along the
periphery of the pipeline decreases obviously when the degree of
saturation within the lower layer decreases. For instance, the
maximum value of pore pressure along the periphery of
the pipeline is 0.29 in Case 1, and reduces to 0.049 in Case 3.

The maximum pore pressure in Case 1 is six times that in Case 3.
The vertical effective stress σ0

zz=P0 along the periphery of the
pipeline increases as the degree of saturation decreases within the
lower layer.

5.7. Effect of the period T

In general, the wave period T will play an important role in
simulation of the wave pressure of cnoidal wave. Fig. 10 shows that
the maximum distribution of pore pressure p=P0 and vertical
effective stress σ0

zz=P0 vary with the different wave periods T¼8,
10, 12 s. As shown in Fig. 10a, the pore pressure p=P0 slightly
decreases as the wave period T increases. The vertical effective
stress σ0

zz=P0 increases as the wave period T increases (Fig. 10b).
Fig. 10c and d shows that the pore pressure increases and the
vertical effective stress decreases along the periphery of the
pipeline when the wave period T increases.

As shown in Fig. 11, the shapes of troughs of pore pressure
become longer and flatter when the wave period T increases. The
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maximum value of pore pressure p=P0 increases when the wave
period T increases. For example, the maximum value of pore
pressure is 0.61 at the wave period T¼6 s, and rises to 0.80 at
the wave period T¼12 s. Fig. 11b indicates that the maximum of
vertical effective stress σ0

zz=P0 increases when the wave period T
increases. For example, the maximum value of vertical effective
stress σ0

zz=P0 is 0.85 at the wave period T¼6 s, and reaches 1.75 at
the wave period T¼12 s.

5.8. Transient liquefaction under cnoidal wave

The wave-induced excess pore pressure may lead to transient
liquefaction. The criterion of liquefaction used for a 2D wave,
which is suggested by Zen and Yamazaki (1993) is as follows:

�ðγs�γwÞzþ½Pbðx; tÞ�pðx; z; tÞ�r0 ð33Þ

where γs is the unit weight of the seabed; γw is the unit weight of
water; Pb is the pore pressure on the mudline (z¼0); p is the field
of pore pressure in the seabed.

This equation indicates that transient liquefaction may occur
when its excess pore pressure becomes greater than the over-
burden soil pressure. So, the excess pore pressure is the key factor
in estimating the transient liquefaction.

It was stated that the cnoidal wave-induced seabed response is
affected significantly by the soil permeability and degree of
saturation, as discussed in Sections 5.5–5.6. Therefore, it is
necessary to examine further its influence on the liquefaction
phenomenon. The input data is tabulated in Table 3.

In the examples presented in Fig. 12, it is observed that the
liquefaction depth and region increase as the soil permeability kz
decreases. It is also found that liquefaction always occurs in a seabed
with soil permeability kz1r1�10�3 m/s, while liquefaction does not
occur at kz1¼5�10�3 m/s in this case. For example, the maximum
liquefied depth z is about 0.5 m for kz1¼1�10�3 m/s, and reaches
1.5 m for kz1¼1�10�5 m/s. This implies that lower permeability has a
greater liquefaction potential than higher permeability under the same
condition.

The distribution of liquefaction versus the degree of saturation
(Sr) is presented in Fig. 13. Generally speaking, the liquefied depth
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z increases as the degree of saturation Sr decreases. For example,
the liquefied depth z¼0.7 m for Sr¼0.98, and reaches 1.5 m for
Sr¼0.90. It is worth noting that no liquefaction occurs in a
saturated seabed (Sr¼1.0).

At least from the numerical examples presented in Figs. 12
and 13, putting a gravel or coarse sand with high permeability
on top of the seabed may serve to reduce the liquefaction
potential. On the other hand, modifying the degree of saturation

of the soil can also reduce or inhibit liquefaction in a porous
seabed.

6. Conclusion

In this study, a numerical model is developed to investigate the
complicated problem of wave–seabed–pipeline interaction. The

Fig. 11. Contour of pore pressure and vertical effective stress along depth z for various wave periods (T¼6, 8, 10, 12 s). (a) p=P0 along seabed depth z and (b) σ0zz=P0 along
seabed depth z.

Table 3
Input data of standard case for parametric study.

Wave characteristics
Wave height (H) 2 (m) Water depth (d) 5 (m)
Wave period (T) 8 (s) Wave Length (L) 56.65 (m)

Water characteristics
Density (ρw) 1025 (kg/m3) Modulus of volume (kw) 2�109 (N/m2)

Seabed characteristics
Seabed thickness (h1, h2, h3) 10 (m) Density (ρs1, ρs2, ρs3) 1400 (kg/m3)
Seabed Length (l) 100 (m) Shear modulus (G1, G2, G3) 1.92�107 (Pa)
Poisson ratio (ν1, ν2, ν3) 0.25 Permeability (kz1, kz2, kz3) 7�10�3, 7�10�3, 7�10�3 (m/s)
Porosity (n1, n2, n3) 0.4 Degree of saturation (Sr1, Sr2, Sr3) 0.96

Pipeline characteristics
Young’s modulus (Ep) 6.8�1010 (N/m2) Density (ρp) 2700 (kg/m3)
Pipeline thickness (tp) 0.1 (m) Pipeline outer diameter (D) 2 (m)
Poisson ratio (νp) 0.32 Buried depth of pipeline (e) 2(m)
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cnoidal wave theory can be solved by using Taylor series expan-
sion and the precise integration method. The seabed is treated as a
porous medium and characterized by Biot’s theory (u–p model).
The effects of wave and seabed characteristics on the seabed
response within the seabed and around the pipeline circumfer-
ence are investigated. Based on the numerical results, the follow-
ing conclusions can be drawn:

(1) The soil permeability is an important concern in seabed
response. The pore pressure p=P0 for kz¼1�10�1 m/s (gravel)
indicates a relatively slow decrease versus soil depth, and for
kz¼1�10�4 m/s (fine sand), pore pressure attenuates very
rapidly near the seabed surface.

(2) The degree of saturation is another important parameter in
determining the seabed response. The pore pressure p=P0

increases and the vertical effective stress σ0
zz=P0 decreases as

the degree of saturation Sr increases.
(3) The wave period plays an important role in simulating the

wave pressure of a cnoidal wave. The shapes of the troughs of
pore pressure become longer and flatter as the wave period
increases. The maximum value of pore pressure increases
when the wave period increases.

(4) The liquefaction depth and region increase as the soil perme-
ability or the degree of saturation decrease. Putting a gravel or
coarse sand with high permeability on top of the seabed may
serve to reduce the liquefaction potential. On the other hand,

Fig. 12. Liquefaction depth for different soil permeability kz1.

Fig. 13. Liquefaction depth for different degrees of saturation Sr.
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modifying the degree of saturation of the soil can also reduce or
inhibit liquefaction in a porous seabed.
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