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Abstract

In this paper we revisit the theory of _i . .ivC reflection from a dilute va-
por cell. A self-consistent theory is deve.~ned for reflection spectrum for
Fabry-Perot interferometer. Formula~ 10 ..agle and multiple reflections are
obtained. We also obtain the effe~tive efractive index for a single selective
reflection. The results of the pape: « 2 n a good agreement with existing
experimental results.

Keywords: Laser spectroscopy, Reticction and refraction, Line shapes,
widths, and shifts, Interfer nce
PACS: 42.62.Fi, 42.25.Gy, 32.70 Jz, 42.25.Hz

1. Introduction

Reflection of rediat.c » from the boundary between a dielectric and atomic
vapor, when lase 1 ld is detuned in the vicinity of atomic transition frequen-
cies, is termed . ~lec.ive reflection (SR) [1-3]. SR has many applications, such
as locking a c.ode 1a.or frequency to atomic resonance lines [4-6], retrieval of
group refra tiv: incex [7], marking atomic transition resonance lines [8, 9],
study of the vo~ der Waals interaction of atoms with a dielectric surface
[10-12], letern ‘nation of the homogeneous width and the shift of resonance
lines [12-'5] ar.d cross-sections of resonant collisions [16], study of coherent
and "aagneto-optical processes [17-22].

S 'nce many decades, and until now, the theory of SR is investigated by
many auwnors [3, 23-30]. Schuurmans in his paper [3] developed a theory,

En.ail address: khachatryan.ipr@gmail.com (Davit N. Khachatryan)

Preprint submitted to Optics Communications November 27, 2018




O©CoO~NOOOITAWNPE

where he obtained the spectral narrowing of a SR signal. 1. 24| a theory of
frequency modulated SR was developed, that allows o’.e > obtain Doppler
free spectral lines. The problem of different frequen. - slifts existing in a
SR signal was discussed by [25-27] (e.g. caused F, loca: field correction,
atom-wall interaction and etc.) while in [28-30] t eories are developed for
the dilute thin vapor cells.

The sub-Doppler reflection spectrum in a SR/ si ...l is due to atom-wall
collisions. After a collision atoms leave the wa.. in t'.e ground state. This
creates a spatial transient region, where the poi. ization has dependence on
the spatial coordinate. The existence of .his traisient region was experi-
mentally demonstrated by several authors (21, .| by using evanescent wave
fluorescence spectrum from the atoms *h~* -~ near the dielectric wall.

In [33] it was shown that by changing .he thickness of the cell’s sapphire
window with highly parallel surface ™ v.. ~an change the SR signal shape,
because of the Fabry-Perot interferom. er effect. Also, one can change the
SR signal shape by changing the 1 ngh of the thin (nanometric) vapor cell
[9]. In the present paper we wi'' demoustrate that the SR line shape can be
changed also for a thicker (cm ora.+) cell.

The present paper is an evtension of the theoretical model discussed in [7].
We develop a self-consister ¢ theo y by using the density matrix formalism. In
the calculations we use [.api. ~e t- ansformation that let us obtain formulas for
single and multiple sele :tiv : reflections. Also, the effective complex refractive
index for a single selec'i 7e r flection was obtained. We assume that after
atom-wall collisionc all ato.ns lose their polarization [28, 30]. Since light
is directed norma.ly to *he cell boundary, it is enough to consider a one-
dimensional pro'sei.

In the next » ~t'on, after recalling elements of our study concerning the re-
flection from a Fabry Perot interferometer by taking into account the steady-
state soluti.n. *nen we will take into account the transient behavior of polar-
ization of ~ dilu.~ vapor cell. We obtain new formulas for single and multiple
reflectio | spect -a and discuss the considered approximations. Additionally,
we will ccmp2 e the new formulas with the classical ones. In section 4 we
will Jreser* the effective refractive index and discuss its properties. In the
last . ~ction we compare our results with existing experimental ones.
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2. Basic concepts

In this section we are going to focus mainly on basic con  ep.. and classical
formulas in order to compare them with our obtained . sults. Firstly, we
recall the interaction properties between light an « a vi»or modeled by a
two-level system. The cell consists of three layers olass. vapor, glass). All
boundaries are parallel to each other and light 1s directed normally to the
first boundary. The magnetic field is set to z  anc the cw laser field is
assumed to be weak enough to neglect the ass. ~iat_ . nonlinear effects.

We describe light-medium interactions by Ma -well equations using the
Liouville-von Neumann density matrix fcrmaa. ™

)

d°E

w +/€2E: 47T]€2P,

d T, 1
d—?:—:\[f‘l,_,|+A, ( )
P =NT:p.,

where E is the amplitude of the ~lectric field, P is the polarization of the
medium, N is the density of atoms, d is the dipole moment of resonant
atoms, H is the Hamilton’ «n ot "he system, and A is the dissipation matrix,
which describes all the re.. vaticn processes, as well as the laser radiation
linewidth. In the presrace of spatial dispersion, P also is a function of the
spatial coordinate x. .™i, cace will be discussed in the next section.

The continuity »f the (ectromagnetic field at the borders x = 0 and

x = L of the medi im . ads

E(0) = E; + Ek,
E'(0) = ikn,(E; — ER),
E(L) = Er,
E'(L) = iknyEr,
where E_ is the amplitude of the incident light, Ey is the amplitude of the
reflec’cd liguy, Ep is the amplitude of the transmitted light, n,, are the
refre ~tive 1 dexes of the windows, & = w/c is the wave vector, w is the
freque..~- of the field and c is the speed of light in vacuum.

11 ¢ 91 density matrix component of the two-level system in the linear
app. ximation obeys the equation

(2)
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0 .
uﬂ — Qe Hwi=p) _ (T + iwg) pa- (3)
Ox
where () = |% is the Rabi frequency, I' = v/2+ T+ 7.+ ... is the transverse

decay rate, fy, is the natural decay rate of the exc ted st.te, I'; is the laser
spectral width, I'. is a phenomenological decay rate t..~t n 1dels the collisions,
u is the velocity of atoms, wy is the resonant fre quer _ - and ¢ is the phase of
the field.

For a very dense vapor, we can assume that ."e nomogeneous width I' >
kur , where kur is the Doppler width anc -+ is t . most probable thermal
velocity of atoms. Therefore, the u% ter.~ in (J) can be neglected [28]. So,
from equations (1), (3) one obtains clas<ic=! #2+ julas for susceptibility x and
refractive index n

Iy 4)
2
where A = w — wy is the detuning f1.m the resonance frequency wy, ¢ = Mg |

is a parameter of the medi» ...
From (1), (2) and (4) one ob ains the well known formulas for the field
within media

1:’7’) y 4 EIAefikmc + E]Beikmc,

 R-—n
 20(m +n)’ (5)
1-— ﬁrl
- 2n(ny +n)’
with the Fa. ~v Peroy interferometer reflection coefficients

. ry— Tg@QanL

R=1TT0
1 —rr esznL’
172 (6)

|2
Wi ere n = ‘R‘ is the reflection coefficient for the Fabry-Perot interferometer.

If we set ny = ny = ng (and, therefore, 11 = ry = r), we find the classic
formula for R:
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) 2
R r— TesznL .
T — r2e2iknL ( )

The formulas presented in (6) and (7) are well kr own fi ym classical theory
of the Fabry-Perot interferometer [34]. For a more rigor jus solution of (3)
one should not neglect u% and find a solutio’. tha* takes into account the
transient behavior of the medium. This proble > will be solved in the next
section. It will allow to compare the approxin. ‘e surution (7) with rigorous

one.

3. Spatial Dispersion

We assume now that the atoms lnse tucir polarization after atom-wall
collisions, thus leave the wall in the g1 “u-.d state. Taking this in account, the
boundary conditions for the medi .~ pclarization (see for example [28, 30]):

Pz =0,u>0)- u, Pz =L,u<0)=0. (8)

From equations (1) and (R) one can derive

P(x) = / " EB( e — g))wsody + / "B — 9)ucody,  (9)

where y(z) = %e*T%Ax is che linear susceptibility for the medium with a
spatial dispersion and | ), denotes averaging over velocities supposed to
verify a Maxwe'nai distribution. Note that when x > L then P(z) = 0
(N =0).

We dont weed to .olve (1) with the polarization (9) because it is sufficient
to find onl, tb: asymptotic solution when = — L. Obviously, the second

integral v-_ishes vhen x — L. It results the differential equation

d*7.(z)

da?

L RE(r) = —4mk? / "B @ — ) eody. (10)

Donotivg X(s) and E(s) the Laplace transforms of (x(z — y))uso and
L., ~~mation (10) leads to
~ sE(0) + E'(0)
E(s) = 5773 =
s2 + k2(1 4 4mXx(s))

(11)

>
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X(s) = <1“+52—q—m>“>0’ (12)

where we have used the property of the Laplace tr~nsto. mation from the
convolution of object functions.

Here we will do the following approximation. '’ w'.l assume that the
denominator of (11) admit two roots s; and sy thv-

2+ (14 47X(8)) = (5 — 5, (5 — 59), (13)
where s; and s, are given by the followine 1 -atin procedure (sgo) and sgo)

are the roots of denominator of (11) when x () = 0)

s&o) = —ik, séo) =1k,
s = —ik(1 4+ 27%(s," ) = —ikn(s\"), (14)

s = k(14 27x(s" ) = ikn(s8Y),

here n is the iteration step. Auv ~acu step of iteration we will obtain more
precise values for sy 5. The procedu.e converges when 47r’§€(3172)’ < 1 and
gives the approximate roof, o1 ‘he denominator of (11). The convergence of
the iteration procedure is lemon trated in Fig.1.

From Fig.1 one can see the' only three iterations are needed in order to
find s; and sy. We shc 11d not . that for densities N > 10"cm ™3 the iteration
procedure doesn’t wrk, b~ .use 47r|§2(3172)| < 1 relation is not true for these
densities. The der en-nce of 47|X(s12))| on the density of atoms is shown
in Fig.2.

With the ey ores sion (13), we can rewrite (11) as follows:

- sE(0) + E(0)

E(s) = . 15
(5) (s —s1)(s — $2) (15)
Inver se Laj lace transformation leads to:
E0)+ E'(0 E0)+ E'(0
E(LU) — Sl ( ) + ( )681;1: _ 82 ( ) _'_ ( )682$. (16)

51— 82 51— 82

Heio .ve should remember that (16) is an approximative solution, hence,
it 's correct only for  — L. With the use of (16), we get E(L) and E'(L):
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Figure 1: The convergence of the iteration procedure. a) and b) correspond to real and
imaginary parts of s; and ¢) a .d d) « wrespond to real and imaginary parts of so. In all
four plots the red solid lines . respor 1 to 10th iteration from (14), blue solid horizontal
lines correspond to n = 0 it .ation . - p, and the rest blue solid lines correspond to n = 1,2
iterations. The density of stor sis N = 10%cm™2 and ', = 27 - 53MHz.

5B+ 5(0) op _ 5250) + B (O) s

E(L> ~§ )
S1 — So S1 — S2 (17)
e SCEO) + 51 2(0) L s2B0) +5:E(0)
S1 — 82 §1 — 52 '

Fromw (17) ogether with the conditions from (2), one deduces an expres-

sion for .> = F;/Ep:
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4 Iy(s)

Iteration approximation
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Figure 2: Dependence of 47
a) and b) on the density of atoras. 'Lne red lines correspond to A = 0, the yellow lines to
A = 0.5GHz and the bluc e, to 1 = —0.5GHz.

Density ~ 10 (cm'3)

V(s (v aere k = 1,2 corresponds respectfully to sub-figures

r1(s1) — Dro(ss)e?

= 1 — Dri(s9)ra(se)e?’
_ (n1 + n(sg))(ng + n(sq)
(n1 +n(s1))(n2 +n(s1))’ (18)
g —n(Sm)
ATEEn)
¢ = 2ikngyg L,

where «, ... = 1,2 are integers and n,,, = (n(s1) + n(s2))/2.

Ir (1J) one can notice two exponential expressions, one of which is in-
crea. 'ng (Re(s;) > 0) and the other one is decreasing (Re(ss) < 0), when
xr — 00. So, a natural question arises: when L — oo and, consequently, x
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can increase to infinity, can the first term become infinite? 1. "0, tuis solution
will be non physical (the field should be zero at infinity'. 1> show that there
is no problem with the first term, we rewrite (16) by us'ag the conditions
from (2) in the following way:

E(z) = EjAe®™ + E;Be®",
_ E — 7’1(81) 7
(n(s1) +n(s2))(n1 = n(s:) (19)
1-— ET1(82) )
(n(s1) +n(s2),n1 - m.82))

By substituting the expression of F fiows (18) into the first term of (19)
we obtain the behavior

EjAe®? x ¢ Lms1ll—o), (20)

From (20) one notices that when L —. oc it tends to zero for every z € (0, L).
So, when we have only the first © araer (or the second border is far enough)
we can neglect the exponentially increasing term in (19). Therefore, there
are no problems with infin cies.

If we set ny = ny = ny, n the expression for R from (18) we get a more
2

simpler expression for he eflection coefficient R = ‘E

r(s1) — Dr(sq)e? ’

R =
1 — Dr?(sg)e?

(21)

In the next ~ect.on we compare this result with the classical formula (7)
and we discus s phys. ~al meaning of n(s;) and ng,,. Note that all our previous
calculations do not imply any restriction on the length, thus equation (21)
can be used for M _her thicknesses than those discussed in [28-30] (see, Fig.8
here aftcr).

4. F dect: 7e refractive index

Dii._Zve atom collisions with the wall create a transient spatial region
ne r “ue boundaries of the cell. In this transient region we do not have
one ‘niform vapor, thus, we can not describe our medium with a “simple”
linear refractive index [35]. From (9) one observes nonlocal dependence of the
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polarization on the spatial coordinate x. Thus, the refraci. = index should
depend on z. Although, it is difficult to derive the expre s101 of tae refractive
index for this kind of medium, we are able to attribute .« » oncept of effective
refractive index to the medium.

First of all, let us compare our formula (21) vith th. classical formula
(7) for the reflection coefficient. In (21), instead ¥ » we have r(s;) and
r(s2) and we have an additional term D. D like .1 other terms of (21)
have a dependence on the detuning A, but D is wiway s close to one and can
be neglected. Notice that the refractive index . in (7) and n4,, from (21)
appear both in the phase of exponents in “he cor -esponding formulas. So,
Navg I (21) plays the same role as n in (v, Thus comparison can lead to an
assumption that n,,, can play the role ~* +»~ =< ractive index in our medium.
The real and imaginary parts of n,,, are pvesented in Fig.3.

Thereal and imag. > «y parts of n av

1.0004 9
a)
~ /\
i
5 1.0000 |
[0
0.9996 ' —
_/ W A
b)
<t
o
—
X
4 W5+
g
E
0 n n n
-1 -05 0 05 1

Detuning (GHz)

Figur 3: The spectra of a) real and b) imaginary parts of nq,e. The density of atoms is
N = 1-10%2¢ 173,

A, one can see from Fig.3, the curve of the real part of n,,, has an
dispe sive profile and the curve of the imaginary part of ng,, has a absorptive
profile, like the refractive index in the conventional theory [36]. This is

10
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another argument that n,,, has the physical meaning of the “efractive index
inside the medium.

From (21) we can derive another interesting relati. n, .f we assume that
the cell is long enough (L — o). Notice that ¢* — v, when L — oo
(Im(nawg) > 0) and we deduce the following formu a:

‘2 _{To —n( ’1)‘2

Rs - - - .
|r(81) n0+n(b1/|

(22)

In this relation only the first reflection from tu. cell is taken into account,
thus, it represents the formula for the single elect.ve reflection. Notice that
(22) is similar to the Fresnel equation for noi.~al incidence. Therefore, we can
say that n(s1) plays the role of the refr. vive wdex. So, we will call n(s;) the
effective complex refractive index for a sing’~ reflection. Also, by analogy to
the Fresnel equation, we will attribut 17 :.(s1)) as the effective absorption,
and Re(n(s1)) as the effective rea’ efra. tive index. Moreover, n(s;) can also
be referred to as the surface admit.an.c> M = E'(0)/(ikE(0)) as defined in
[3]. In Fig.4 we show the dep ~w.c» > of Im(n(sy)) and Re(n(s1)) on the
detuning from the resonance line.

In the effective absorpti~.. ~irve in Fig.4b one can see that the absorption
curve is red-shifted. This neans hat the atoms with positive velocities have
dominant contribution i1 the ~tsorption curve. It is interesting to recall the
experimental results cota’ned by Burgmans et al. [31], where the authors
observed fluorescenc & ra.iat’on from the transient region of the Na vapor.
They showed that .. = spectrum of fluorescence of atoms near the wall has
a decrease in the blue-s. ifted sides of resonance lines. The reason is the
possibility for t} ¢ at »ms being polarized and moving towards the boundary to
lose their polariz *.on non-radiatively by quenching to the wall. In Fig.4 one
can notice t}at the eiiective absorption curve is different from the absorption
curve descri. . by the conventional theory [36]. The difference, like in [31]
experime ., is 1 the blue-shifted side from the resonance line. So, in this
sense, w: can ¢ aim that our result is consistent with that experiment. The
steep d=op _“*lie line in the effective absorption profile is due to the conditions
giver. by ('), where we stated in first approximation that all atoms after
collis. n lor e their polarization non-radiatively.

11
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The real and imaginary parts of n(i)

1.001
a
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[
Q
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—_4y & B . |

|
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-1 -0.5 L 0.5
Dotuny, g (GHZ)

[EnY

Figure 4: The spectra for a) the effective real refractive index and b) the effective absorp-
tion. The density of atoms is 7 =4 - *02cm™3.

5. Selective reflectic.»

In Fig.5 we sho v 1. » dispersion of the single selective reflection calculated
from (22).

The result - resr ated in Fig.5 is similar to the well known profile of the
selective refle stion ‘for instance, see Fig. 8 in [37]). Of course, it is a rough
simplificatic. tr ascume that we have only a single resonance line. In real
experiments 1. 1lti’evel systems are considered. Thus if one wants to gen-
eralize t, mul‘ilevel systems, one need to make the assumption that the
light-me'ium i teraction is linear. In this case, all the previous calculations
rema‘.. ancuanged, but we need to change the expression for x(s) presented
n (12). For instance, the susceptibility of the D; line of rubidium vapor will
be as .. "~ wing:

iqy,
su+I'y — i\,

0
M ®

X(s) = Yus0, (23)

k=1

12
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Selective reflection

6.86
6.8
S
Iid
6.74 |
6.68 : :
-1 -0.5 0 0.5 1
Detuning (Gh.}
Figure 5: The selective reflection spectrum = ‘' __inity of the resonance line. The

density of atoms is N = 10"3cm 3.

where ¢, = N|dk|2 /his a paramete. «, are the dipole moments, Ay, = w—wy,
are the detunings from the co :mo1.ding resonance frequencies wy, 'y are
the homogeneous widths of the co. esponding F' — F’ hyperfine transitions
for rubidium atomic vapor The constants (e.g. dipole moment, resonance
frequency) that we use he 2 are t. ken from [38, 39]. The calculated spectrum
of the rubidium D; line is si.~wr in Fig.6.

Selectivereflection

6'd| — - - - - - - - -

o 1 2 3 4 5 6 7 8
Detuning (GHz)

Figur. 6: Th selective reflection spectra from all Rb’s Dy lines (including both 85Rb and
8TRh). "L e density of atoms is N = 10"3cm 3.

In Fig.6 we assume natural abundance for rubidium atoms (72.2% **Rb

13
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and 27.8% ®*"Rb). Here we also should mention that in (23) w. don t take into
account the depopulation of levels by assuming that it aas a small effect on
our model. The result can be compared to the experin. nt .l results obtained
by Wang et al. [14] and Badalyan et al. [40] present ! in .2 corresponding
figures for rubidium D1 lines. Our result is consistc nt wit, the experimental
curves presented there, although in these two papers “he rder of the density
of the vapor is N ~ 10"cm™3.

Another interesting spectrum can be obtaincu by ncreasing the scale of
detuning for the selective reflection. In this casc we can see from Fig.7 that
we have oscillations in the "wings” of the . <onance line.

Ref) ~nti~=

-1.5 -1 -0.5 0
Detuning (GHz)

Figure 7: The multiple retic * on s pectrum from the Fabry-Perot interferometer in the far
wings of the resonance "me. In u. ¢ insert we show the zoomed image of the horizontal line
from the reflection sp .cti. . The density of atoms is N = 3 - 10"3cm 3.

In Fig.7 the sc ~ctive reflection profile presented in Fig.5 also exists. Se-
lective reflec .ior profile is “hidden” in the region where we have a horizontal
line in Fig.r. "o s:e this one should zoom in this region and a picture like
in Fig.5 wil emerge (see the zoomed image). Fig.7 is interesting, because
from thi. spect’ um it is easy to straightforwardly obtain the group refractive
index {.ee, iu. example [7]).

I\ regio 1s near the resonance in Figs.5, 6 and in the horizontal region of
Fig.7 .= h-.ve only a single reflection from the first boundary. For the multiple
r e, o spectrum the light should be able to reach the second boundary, to
refle t from it and, finally, to be able to reach and to pass the first boundary of

the ced. If this doesn’t happen, because the absorption is high in the vicinity

14
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-
~

of the resonance line, there will be only a single reflection. .~ se¢ a multiple
reflection one should either decrease the length of the cei. or decrease the
density of the vapor. In Fig.8 we show the selective rc.'ec 1on trom the cells
with different lengths and fixed density N = 10" cm ™, caic -lated from (21).

3 ) 25 b) —
2 20
S
x

1 15 \

O ’II'\|

15 9 : 10 |-d)
10 |
S 5
X |

5 V4

/

0 0

20 ) — = 20 )

15 \ 15
S 10 10
o .

> 5

(¢} 0

1 05 0 05 1 -1 -05 0 05 1
Detuning (MHZz) Detuning (MHZz)

Figure 8: [he se. ctive reflection spectrum for different cell lengths. For subfigures a)-d)
respective 7 cell 1 ngths are L = 0.2;0.3;0.6;0.65;0.7;0.8cm. The density of atoms is
N=1""em "

In F1g.8 one can see different profiles of the selective reflection that corre-
spunr. to different lengths of the medium. The differences arise from the fact
that -eflection is not generated from a single reflection, but from multiple
reflections from the cell. Consequently, we will have interference picture due

15
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to all these reflections. When we vary the length of the celi, “he 1aterference
pattern changes and the profile of reflection also chan es hv its shape and
amplitude.

6. Conclusion

In this paper we developed a self-consisten, the -y for the selective re-
flection from a dilute vapor. We determined for.. .las or single and multiple
reflections. We obtained the spectrum for the «%ecuive refractive index that
is also known as the surface admittance. C 'r resul s are well consistent with
the above mentioned experimental results in t... case of a dilute vapor. For
a dense medium, we have to take into acconnt  Fects like radiation trapping,
the Dicke narrowing [41] etc.

Our developed model can be app! .. "~ = wide range of physical problems.
For example, it can be used for determ ' ation of the density of unwanted (or
desired) vapors by the selective ren.~"ion spectrum. If unwanted atoms have
high enough density, the Fabr-Per¢" interferometer signal will be a single
selective reflection that can be co. nared with the spectrum calculated from
(22) and used to find the density of unwanted atoms. In the case when Fabry-
Perot interferometer has a ;mall .ngth and the density of atoms is low enough
that there will be multiple ~efles cions from the boundaries of the cell, (21)
can be used. Also, wita this technique one can change the spectral profile
of radiation by manip.'a ing che length and the density of the dilute vapor
cell, as presented ir Fig.8. [his theory can be generalized for multiphoton
interactions that “vill . -ovide an opportunity to address problems like, for
example, selectir ¢ . ~flection in EIT configuration [42].
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