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The diffuse reflectance (albedo) and transmittance of a Raman random gain medium are derived from a
diffusion equation with power dependent gain. The results show good agreement with the experimental data
for barium nitrate powder. Both the Raman albedo AR and Raman transmittance TR diverge at a critical gain γc,
interpreted as the threshold for diffusive Raman laser generation. The parametric dependence of the albedo
and threshold gain on the scattering characteristics of the randommedium is analysed and the feedback effect
of Fresnel reflection at the gain boundaries evaluated. The addition of external mirrors, particularly at the
pumped surface, significantly reduces the generation threshold.
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1. Introduction

A number of non-linear optical effects have been observed in
random laser media via the enhanced interaction arising from
multiple scattering and gain, namely second and higher harmonic
generation [1–3], anti-Stokes random lasing [4], up-conversion lasing
[5], stimulated Raman scattering [6] and surface plasmon enhanced
Raman scattering [7] and random lasing [8]. Raman random lasing has
been reported in SiC nanorods [9] and the Raman random laser
threshold evaluated for a cloud of cold atoms [10], while the feasibility
of Raman laser generation in powder media is supported by current
developments in CW solid state Raman laser technology [11]. Raman
gain has indeed been observed in optically pumped barium nitrate
powder via the enhanced reflectance and transmission gain of a
Raman probe beam [12]. Unlike conventional random lasers, which
function by optical excitation via the absorption bands, Raman
random laser media require no intrinsic absorption, but operate by
non-linear conversion of the pump light. As such they are ideally
lossless, any residual absorption arising from impurities and surface
contamination, thereby enabling the pump flux to reachmuch greater
depths than in optically pumped random lasers. Raman gain observed
in mono-crystalline barium nitrate powder has been modelled as a
radiative transfer process in a scattering medium with non-uniform
gain using Monte Carlo methods, the gain profile being determined
from the observed variation of pump intensity with optical depth
[12]. The pump radiation penetrates to a depth ~2 mm, equivalent to
~20 scattering lengths in a layer of randomly packed cubic crystals
~0.2–0.3 mm in size. A linear analysis of the propagation of light in
powdered laser media has previously been made using the Kubelka–
Munk two-flux equations with constant coefficients [13] and the
dynamics of dye and powder random lasers modelled using time-
dependent diffusion equations [14,15]. Diffusion analysis has also
been applied to model two-photon absorption in a random medium
[16] and the distribution of second harmonic light in porous GaP [2].
Here we apply diffusion theory to analyse Raman gain in a random
medium, finding quantitative agreement with the experimental data
for the diffuse reflectance and transmittance gain of barium nitrate
powder [12]. Having validated the diffusion analysis, we apply it to
determine the parametric dependence of the Raman albedo and
Raman random laser threshold on the scattering characteristics of a
random gain medium, with feedback provided by Fresnel and
specular reflection of diffuse light at the gain boundaries [17,18].

2. Diffusion theory

In the original experiment, a laser pump beam and a Raman shifted
probe beam were coincident on a sample of mono-crystalline barium
nitrate powder, the interaction of the strong pump radiation diffusing
into the sample with the diffuse Raman probe radiation providing
Raman gain via non-linear conversion of the pump radiation [12]. The
process is modelled here via coupled diffusion equations in a 1D
planar geometry, with the spatial distribution of the Raman gain
determined by the diffuse pump flux distribution.

The diffusion equation for the scalar pump flux φp is

∂2φp + Sp τð Þ = κ2φp ð1Þ

where ∂2φp=d2φp/dτ2, dτ=κedz, κe is the extinction coefficient, z
is the spatial coordinate, Sp(τ) the source function (attenuated
pump beam) and the diffuse attenuation parameter κ is defined by
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Fig. 1. Raman albedo AR and Raman transmission gain TR of barium nitrate powder vs.
thickness L of the powder layer for ϖ=0.995, g=0.7. The theoretical curves are
matched to the experimental data points ●, ♦ by adjusting the gain parameter γ0. The
albedo saturates at smaller depths than the transmission gain, as observed.
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κ2=3(1−ϖ)(1−ϖg), where ϖ=κs/κe is the particle scattering
albedo, κs is the scattering coefficient, the extinction coefficient
κe=κs+κa, κa is the absorption coefficient and g the scattering
asymmetry [19]. The equation for the diffuse Raman radiation flux
φR in the Raman gain medium is

∂2φR + SR τð Þ + B2
R τð ÞφR = 0 ð2Þ

where SR(τ) is the source function (attenuated Raman probe beam)
and BR

2(τ)≈3γ(τ)(1−ϖg) for ϖ≈1 [20]; γ(τ)=γR(τ)λs is the
dimensionless Raman gain parameter, γR(τ) is the spatially varying
Raman gain coefficient, the scattering length λs=1/κs and γR(τ)
=ΓRφp(τ), where ΓR is the intensity dependent Raman gain [12]
and φp(τ) the pump flux distribution. Eqs. (1) and(2) are coupled
diffusion equations describing Raman diffusion in the random gain
medium. Setting SR(τ)=0 in Eq. (2) yields the diffusive Raman
laser threshold equation [21]

∂2φR + B2
R τð ÞφR = 0: ð3Þ

Eq. (1) can be solved analytically for a planar, normally incident
pump beam, equivalent to an exponentially decaying source in the
scattering medium [2], to yield the diffuse pump flux distribution

φp τð Þ = φ0 e−κτ−αe−κ 2Λ−τð Þ−βe−τ
h i

ð4Þ

from which the spatially varying Raman gain profile γR(τ) is derived.
The second term in Eq. (4) accounts for reflection of the diffuse flux at
the rear boundary, where Λ=L/λs, L is the physical thickness of the
randommedium, λs is the scattering length and the coefficientsα and
β are determined from the boundary conditions. When applied to
diffusion in the powder layer, the fluxes φp and φR are extrapolated to
zero a distance τe (extrapolation distance) beyond the boundary,
determined by the refractive index n (τe=2.42 for n=1.5 [16,22]).
For anisotropic scattering, τe is expressed in terms of the transport
length λtr=λs/(1−ϖg) [22]. For a perfectly reflecting boundary τe is
infinite and the slope zero: ∂φ|τ=0=0. A diffusing layer with one
perfectly reflecting boundary is mathematically equivalent to a slab of
twice the width, with identical boundaries and a scalar flux
distribution φ(τ) symmetric about the mid-plane.

Eq. (2) is used to determine the diffuse Raman reflectance (Raman
albedo) AR and Raman transmittance TR of the powder layer from the
diffuse emission (radiance) at the boundaries: JR(0, Λ)=−D∂φR|τ=0,

Λ (D is the diffusion coefficient), which can be expressed in terms of
the scalar fluxes φR(0, Λ) via the boundary conditions [23]

τe∂φR jτ=0;Λ = � φR 0;Λð Þ ð5Þ

The observed gains in Raman albedo and diffuse Raman transmit-
tance [12] are found from the ratios of the boundary fluxes evaluated
with and without the pump source i.e. with and without Raman gain,
for a fixed Raman probe intensity, on applying Eq. (5)

G ARð Þ = JR 0;γRð Þ= JR 0;0ð Þ = φR 0;γRð Þ=φR 0;0ð Þ ð6aÞ

and

G TRð Þ = JR Λ;γRð Þ= JR Λ; 0ð Þ = φR Λ;γRð Þ =φR Λ;0ð Þ ð6bÞ

3. Results

3.1. Raman albedo

Calculations were made for planar pump and Raman probe beams
incident on barium nitrate powder sandwiched between glass plates,
for sample thicknesses in the range L=10–100 λs, as described in
[12]. Raman gains were obtained from the ratios of transmitted and
reflected Raman fluxes with and without Raman gain (Eqs. (6a, 6b)).
The contribution of the diffuse pump flux reflected at the rear
boundary was included in the gain profile (Eq. (4)). For the barium
nitrate powder samples used in the experiment, the inferred
scattering parameters were λs≈110 μm and g≈0.7; the Raman
gain coefficient ranged from γR=0.5 cm−1 to 2.2 cm−1[12]. A small
but positive enhancement of the Raman albedo of the powder at the
lowest Raman gain sets a lower limit on the particle scattering albedo
viz. ϖ≥1−γRλs≥0.995. For high particle scattering albedoes, both
pump and probe beams penetrate further into the diffusive medium,
sampling relatively large gain volumes, the diffuse Raman radiation
flux reaching its maximum value ~10–20 scattering lengths from the
pumped surface. Thus quite modest Raman gain can result in
significant amplification of the multiply scattered Raman radiation,
as shown by the enhanced diffuse reflectance and transmittance
observed for barium nitrate powder [12]. Calculations of the Raman
albedo gain G(AR) and diffuse Raman transmission gain G(TR) vs. L
generate profiles with closely similar characteristics to those observed
(Fig. 1), except for the quasi-exponential rise observed for thin
powder layers (L≤2 mm). However, the value of the gain parameter
γ0 required to fit the data points is lower than the experimental value
as a result of the one-dimensional nature of the analysis, which
neglects lateral diffusion of scattered light within the finite gain
volume [12].

Increasing the Raman gain by further increasing the incident pump
intensity causes the diffusely reflected and transmitted fluxes to rise
rapidly, the albedo gain G(AR) and transmittance gain G(TR) diverging
as the Raman gain parameter γ approaches a critical value γc,
interpreted as the threshold gain parameter γth for diffusive Raman
laser generation. Fig. 2 shows plots of the albedo gain GAR vs. gain
parameter γ0 for several values of scattering asymmetry g. However,
the gain ratio G(TR)/G(AR) remains finite, reaching a limiting value
when γ=γth.

3.2. Raman laser threshold

The Raman laser threshold condition (Eq. (3)) is satisfied for a
specific value of the Raman gain parameter γ0=γth given by the
eigenvalue B02≈3γ0(1−ϖg) [21]. The dependence of γth on the
depth of the powder layer and the boundary conditions e.g. reflecting
boundaries, is found by numerical solution of Eq. (3), with the gain
profile γ(τ) determined by the diffuse pump flux distribution φp(τ).
For uniform gain BR

2=B02 constant, B0=π/(Λ+2τe) and γ0≈π2/3
(1 −ϖg)(Λ+2τe)2[21], where we have included the extrapolation
distance τe at the boundaries [17,22,23].



Fig. 2. Raman albedo AR vs. Raman gain parameter γ0 for selected values of the
scattering asymmetry g, the albedo increasing without limit as γ0 approaches the
threshold gain γth (indicated by vertical dotted lines). Plane layer (L=20λs, ϖ=1)
with 100% reflector at rear boundary.

Fig. 4. Threshold gain parameter γth=γRλs vs. powder layer thickness L/λs expressed
in units of scattering length λs (ϖ=0.995, g=0.7). The curves compare the influence
of boundary reflectance on threshold gain: (a) powder layer between glass slides,
(b) 100% reflector at rear boundary, and (c) 100% reflectors at both boundaries.
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For random gain media with high particle scattering albedo (low
absorption loss), the diffuse pump flux φp extends further into the
gain medium. This is illustrated in Fig. 3, which shows the pump flux
profiles for a powder layer with total reflection at one boundary, the
profile becoming flat i.e. uniform gain, whenϖ=1 (zero absorption).
However, the threshold Raman flux profiles span a rather narrow
range, approximating the ideal constant gain case, although the
threshold gain varies by a factor≈3 (Fig. 3 inset).

The Raman laser threshold is significantly reduced with feedback
provided by external mirrors, as observed for optically pumped
random lasers [18,24]. A 100% reflector at the rear boundary reduces
the threshold for the thinner layers, the lowest threshold (~50%
reduction) being reached when L/λs=20, but its effect disappears
when L/λsN50 (Fig. 4). A 100% reflector situated at the pumped
surface has the maximum effect [25], halving the threshold for the
thick powder layers (L/λsN50). The lowest threshold occurs for the
thinner layers with 100% reflectors at both boundaries, where both
contribute to the feedback.

The dependence of the threshold gain parameter γth=γRλs on
particle scattering albedo ϖ and scattering asymmetry g is shown in
Fig. 5, γth decreasing rapidly as ϖ increases i.e. as the loss per
scattering diminishes; it shows a weaker dependence on scattering
asymmetry g, slowly decreasing as g increases, except for ϖ=1
(perfect scattering), when the boundary reflectance is dominant. The
threshold gain parameter γth=γRλs is plotted against the diffuse
attenuation parameter κ=κdλs for the pump flux in Fig. 6, showing
the monotonic increase in threshold gain with increased attenuation
of the diffuse pump radiation. The dashed curves are power law fits to
Fig. 3. Pump flux profiles φp(z) for a layer with perfectly reflecting boundary, showing
the convergence to a flat profile (uniform gain) forϖ=1. Curves labelled with values of
ϖ=0.995–1.000. Lower curves: Raman threshold flux profiles φR(z) (L/λs=20,
g=0.7). Inset: threshold gain parameter γth vs. scattering albedo ϖ.
the data points of the form y=a+bxn, where a, b, n are constants and
x=κdλs. The exponent n lies in the range 1.76≤n≤1.96, consistent
with diffusion theory (n=2), for which the threshold gain parameter
scales as γth∝(λs/λd)2, where λd=1/κd is the diffusion length.

4. Discussion

Given the simplicity of the diffusion analysis, it is satisfying that
good qualitative agreement is found between the experimental and
theoretical characteristics of the Raman albedo and transmission gain
of barium nitrate powder. By adjusting the value of the single particle
scattering albedo ϖ, the z-dependence of the pump flux profile is
reproduced [12]; this value of ϖ is then used to calculate the Raman
gain profiles, with appropriate re-scaling to account for the narrow
forward diffraction lobe of the particle scattering pattern (phase
function). As a result of the high scattering albedo (ϖ≥0.995), both
pump and probe light diffuse into the depths of the powder layer, such
that for the thinner layers Fresnel reflection of the diffuse flux at both
boundaries has to be taken into account. An obvious refinement of the
analysis would be to include the effect of the radial gain profile
corresponding to the Gaussian profile of the incident pump beam,
which diffuses laterally with increasing depth [12], and radial
diffusion of the Raman radiation in the ‘tear-drop’ gain volume, as
in a recent diffusion model of a dye random laser [26]. In addition, we
note that a gain threshold for diffusive Raman laser action in barium
nitrate powder is predicted by the analysis, analogous with laser
generation via feedback scattering in random media [14,21].

The Raman laser threshold equation (Eq. (3)) is equivalent to
Letokhov's threshold equation for random lasing, which derives from
Fig. 5. Dependence of the threshold gain parameter γth on particle scattering albedo ϖ
and scattering asymmetry g, showing the threshold reduction as ϖ⇒1. The constant
gain case is indicated by the lowest (dashed) curve [21].
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Fig. 6. Threshold gain parameter γth=γRλs vs. diffuse attenuation parameter κdλs for a
range of boundary reflectance: Rb=0, 0.57, 0.80, 1.00, showing the monotonic increase
in threshold with increasing attenuation. Power law curves with exponents n in the
range 1.8≤n≤2 (consistent with diffusion theory) provide good fits to the calculated
data points.
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the criticality condition for diffusive neutron transport [21]; it is
applied here for non-uniform gain (corresponding to the non-uniform
pump flux profile). Noginov et al. analyse exponentially decreasing
gain, but rely on numerical solution of the laser equation [14]. The
source-free solution applies to the diffusive Raman laser threshold;
for the albedo analysis the Raman probe beam is represented by
including a source term in the non-linear Raman diffusion equation
(Eq. (2)), the solution of which diverges (becomes infinite) as the gain
approaches a critical gain γc, equal to the threshold gain γth found
from Eq. (3).

The nature of laser generation in random media and its correct
theoretical description is a topic of ongoing research [14,27], such
that a Raman random laser could best be demonstrated by
experiment [9,10]. However, the success of the diffusion model in
analysing the Raman gain probe data for barium nitrate powder is
encouraging and suggests it should be further tested against the
experimental data for other non-linear media. The parametric
dependence of the Raman random laser threshold is of particular
interest, as this tends to bemodel-dependent. The reduction in gain
threshold predicted for powders with near-perfect scattering
(ϖ≈1), and a significant reduction with reflecting boundaries,
particularly at the pumped surface, augur well for low threshold
Raman powder lasers. The gain threshold also decreases for
particles with higher scattering asymmetry i.e. larger particles,
which could be tested by experiment [28]. The quasi-exponential
increase in Raman albedo with depth observed for the thinner
powder layers (L≤2 mm) is not explained by the diffusion analysis
(nor by theMonte Carlo simulation) of stimulated Raman emission,
suggesting that an alternative interpretation may be required in
this regime, perhaps optical coupling via internal resonances in
individual crystallites [29,30].
5. Conclusion

Diffusion analysis of the diffuse reflectance (Raman albedo) and
transmittance of a Raman random gain medium gives good
agreement with the experimental data for laser pumped barium
nitrate powder [12]. A gain threshold for diffusive Raman laser
generation in a random medium is predicted on the basis of the
analysis, which could be tested by experiment. The parametric
dependence of the Raman laser threshold on particle scattering
albedo ϖ, scattering asymmetry g and diffuse attenuation parameter
κ=κdλs has been determined and the reduction in gain threshold
achieved by the addition of external reflectors evaluated. The low
intrinsic absorption loss associated with Raman random gain media
allows order of magnitude increased penetration depths and
interaction lengths compared with conventional optically pumped
random lasers. As such, they enable stimulated Raman studies to be
extended to mesoscopic random media, as is the case for second and
higher harmonic generation [2,3].
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