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ARTICLE INFO ABSTRACT

We investigate the dynamics of two interacting two-level systems (qubits) having one of them isolated and the
other coupled to a large number of modes of the quantized electromagnetic field (thermal reservoir). We
consider two different models of system-reservoir interaction: (i) a “microscopic” model, according to which the
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Rese;"‘)ir corresponding master equation is derived taking into account the interaction between the two subsystems
ng:n elree ;(e:it (qubits); (ii) a naive “phenomenological” model, in which such interaction is neglected in the derivation of the
Discorgd master equation. We study the dynamics of quantities such as bipartite entanglement, quantum discord and the

linear entropy of the isolated qubit in both the strong and weak coupling regimes of the inter-qubit interaction.
We also consider different temperatures of the reservoir. We find significant disagreements between the results
obtained from the two models even in the weak coupling regime. For instance, we show that according to the
phenomenological model, the isolated qubit would approach a maximally mixed state more slowly for higher
temperatures (unphysical result), while the microscopic model predicts the opposite behaviour (correct result).

1. Introduction

The investigation of the coherent interaction between quantum
subsystems is of fundamental importance in the field of quantum
information processing. As quantum systems are normally susceptible
to their environment, quantum behaviour may be substantially affected
by unwanted couplings to their surroundings. It is therefore of
relevance to be able to describe the environmental influence as
accurately as possible. Several methods have been developed in order
to treat such non-ideal quantum systems; for instance, models [1,2]
involving the coupling of a system of interest with a thermal reservoir,
e.g., a large number of modes of the electromagnetic field, may account
for phenomena such as the irreversible loss of quantum coherence
(decoherence) [3,4]. Besides, the concept of decoherence is of central
importance to the field of quantum information [5] as well as for the
understanding of the emergence of the “classical” world [6]. An
example of practical (perturbative) approach is the one based on
master equations for the reduced density operator [2,4], being largely
employed to describe the dynamics of quantum systems weakly
coupled to reservoirs. The system of interest may be constituted by a
single or multiple quantum subsystems. We have observed that simple
ad hoc models have been routinely used in the investigation of the
dynamics of quantum coupled systems (such as interacting two-level
systems) under the action of an environment. In such phenomenolo-
gical models, the dissipative term of the master equation is normally

* Corresponding author.

http://dx.doi.org/10.1016/j.0ptcom.2016.10.017
Received 15 September 2016; Accepted 8 October 2016
Available online 25 November 2016

0030-4018/ © 2016 Elsevier B.V. All rights reserved.

derived by assuming the coupling of a thermal reservoir to a single sub-
system.

Notwithstanding, derivations of master equations which include the
subsystems’ interactions have appeared in the literature since the early
seventies [7—9]. Moreover, recent studies [10—-16] show that phenom-
enological approaches may fail to give a proper evolution of the
system's density operator. In our opinion, though, there is still a lack
of works devoted to the discussion of the validity of system-reservoir
interaction models describing composite quantum systems under the
influence of a finite temperature bath.

In this contribution we are going to consider two interacting two-
level systems, being one of them (qubit 1) isolated from its environ-
ment, and the other (qubit 2) in contact with a large number of modes
of the quantized field (thermal reservoir). We will not make the rotating
wave approximation for the qubit-qubit interaction, so that we are able
to investigate the behaviour of the system in both the weak and strong
coupling regimes. As a first step we will derive (closely following
references [17,18]) a microscopic master equation for our two-qubit
system, by taking into account the interaction between them. We will
then compare the results with the ones obtained from a naive
phenomenological model, according to which the dissipative term of
the master equation is derived by assuming the existence of a sole sub-
system (qubit 2). Calculations are performed for a wide range of values
of qubit—qubit coupling constants as well as for different temperatures
of the reservoir. We also study this model from a different point of
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view; we consider qubit 1 as being coupled to a “composite reservoir”
constituted by the thermal bath plus qubit 2, i.e., we perform the trace
over the qubit 2 variables and focus on the evolution of qubit 1. Our
paper is organized as follows: in Section 2 we present the derivation of
the microscopic master equation and its analytical solution. In Section
3 we address the strong coupling regime for the qubit—qubit interac-
tion; we discuss several features of the solutions, such as the steady
state of the two-qubit system, as well as the evolution of the bipartite
(qubit—qubit) entanglement, quantum discord and the linear entropy
associated to qubit 1. In Section 4 we present a study of the system in
the weak coupling regime. In Section 5 we summarize our conclusions.

2. Microscopic master equation for the two-qubit system
2.1. Interacting qubits: unitary evolution

Our system of interest consists of two (dipole) coupled two-level
systems (qubits 1 and 2), whose dynamics, without making the rotating
wave approximation, is governed by the following Hamiltonian (in
units of #)

A
Hg = Qmi“o{” + 926_5_2)69) + E(af)afz) + o‘f”af) + oﬁl)af) + oW @),

®
where ¢{’ = [19)(09| and ¢ = |0@)(1?| (with i = 1, 2) are the raising
and lowering operators for qubits 1 and 2, respectively. Here ; is the
frequency of the i-th qubit and /2 is the coupling constant between the
two qubits. The Hamiltonian above may be diagonalized in the
uncoupled basis {|0, 0); |1, 0); |0, 1); |1, 1)}, with eigenenergies and
eigenstates (dressed states), in the resonant case, 2, = 2, = 2, given
by

2 2
E, = 9—4”;49] la) = a,l0, 0) — all, 1)
2 1 1
E=lo-2 by = ——11, 0) — —1I0, 1
= (e-2) )= 51.0) = 0. )
p 1 1
E=|o+2 le) = ——11, 0) + —10, 1
‘) )= <1 0)+ =)
2 2
E, = .Q+7M+4“Q] \d) = al0, 0) + a1, 1),
2 @)
witha, = |1+ -2
VA2 4402

2.2. Derivation of the microscopic master equation

Now we assume that qubit 1 is isolated from its environment
(although it is coupled to qubit 2) and that qubit 2 is in contact with a
thermal bath at temperature T. The bath itself consists of independent
modes of the quantized electromagnetic field with Hamiltonian

Hp = Z a)na,jan.

n 3
We consider the qubit 2-reservoir interaction as being dissipative, with
effective interaction Hamiltonian of the form

Hy =0 ® B, “

where B is the bath operator B = Y, ,(a, + 4,), a, and a,, are the
creation and annihilation operators of photons corresponding to the
n — th mode of the field (frequency @,,), ¢ = 6® + 6@ (relative to
qubit 2), and &,, is the coupling constant of qubit 2 to the n-th mode of
the field. The total Hamiltionian, system of qubits plus bath is then
H = Hy + Hg + Hy,.

The master equation for the density operator, p, of the two qubit
system in the Born—Markov and rotating wave approximations is
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p(1) = —i[Hs, pO)] + D(p (). (5)

The dissipative term may be written as [18]

(6)

The rates y are given by y(w) = f_ +mdw:’""’(BT(ﬂ:)B(O)), where B(r) is
the bath operator in the Tnteraction representation, or
B(7) = eHB"Be~HBT = 2, En (ape™iont 4 qf e*iont) and (BT (z)B(0))
=Ti[B(r)B(0)py] is the trace over variables of the field. Here

D)=y y(w)(A(w)p(t)A“‘ @) - %{A“' @A), p(z)}).

exp(—Hp/kT)

P8 = Tuy(exp(—Hy/KT) } @)

is the thermal state for the field bath at temperature 7. The jump
operators A(w) are defined as A(w) = Ze'—e:m I1 (e)AII (¢'), where 11 (¢)
is the projector acting on the sub-space associated to the energy
eigenvalues ¢ of the Hamiltonian Hg, and the summation is over the
eigenstates having fixed energy difference equal to @ (in units of #). In
our case, A = 6. The first Bohr frequency is

w; = (A2 + 492 — D)2

for the transitions |b) — |¢) and |d) — |c) and is related to the jump
operator

o (@) = (alo@b)la)(b| + (clo|d)lc)(dl, ®

while the second Bohr frequency

oy = (22 + 4Q% + D)2

for the transitions |c) — |a) and |d) — |b) is related to

o (wn) = (aloPle)la)(cl + (blo®|d)b)(d]. 9

After identifying each term in Eq. (6), we may rewrite it as

D(p (1) = i v (w»(a;”(w,-)p(r)a?)*(wl-> - %{aﬁ”(wi)o;zkwf), p () }]
i=1 ”
+ ZIJ 7(0»)(0,&”"‘ (@)p (1o (@) ~ %{oﬁ”(m;)aﬁz”(mo, p(z)})

, (10)
with the Kubo—Martin—Schwinger relation [18]
7 (@) = exp(—w;/kT)y (@), 1n

and 62" (@) = 6P (—wy).

Now, working out the master equation above using the expressions
(2) for the eigenstates of Hg as well as the jump operators (8) and (9),
the microscopic master equation will finally read

p0) = =ilHs, pO] + cra)Bipb)(al = 3 16D, p))
+ c,,(la}(clplc)(al - %{Ic}(cl, p}) + c,,(lb)(dlpld)(bl - %{Id)(dl, p})
+ c,(lc)(dlpld)(cl - %{Id}(dl, p}) + E,(Ib}(alpla)(bl - %{Ia}(al, p]]
¥ EI(Id><prIc>(d| - %{Ic)(cl, p}) ¥ E,,(Id)(blplb)(dl - %[Ib)(bl, p}]

+ E,,(IC)(aIpIa)(cI - %{Ia)(al, p}]

— c;(la)(blpld){cl + Ic){dplb){al) + cy (|la){clpld){bl + Ib){dlplc){al)
= c(Ib)alple)(d| + |d){clpla)(bl) + Eu (d){blpla){cl + |c){alplb){dD). (12)

where the decay constants are given by

q = a’y(wp) ar = %y (wyr) g = a’7 (wyp) ey = n*¥ (o),

(13)
with
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0
N [ \/,12 ¥ 492 \/ 2 ¥ 402 ]

14
p=L \/1+L _\/I_L
2 NFLET,Y JZ a2 | (15)

and 7 (w;) = y (e P,
The functions y(w;) are related (see, for instance [18]) to the
spectral density of the reservoir (J (»;)) through

y (@) =J(@)[1 + n(w)]

where the index i = I, I corresponds to the Bohr frequencies of the
model. Here 7 (w;) is the mean photon number associated to the mode
of frequency w; of a thermal state at temperature T,

1
em,’/kT 1 :

(16)

(w;) =

a7
We have chosen a Lorentzian function for the spectral density, or

}’or2

J(w) = —(wi ot I

(18)
where yj is the single qubit decay rate, Q is the central frequency, and
I is the half-width of the distribution.

The sets of coupled differential equations for the matrix elements of
the two qubit density operator in the microscopic model, as well as
their analytical solutions, may be found in Appendix A.

2.3. Phenomenological master equation

We now consider the phenomenological approach, according to
which the reservoir is coupled to a single qubit (qubit 2) neglecting the
fact that such a system is in interaction with a second qubit (qubit 1).
We assume the same (qubit 2-reservoir) interaction Hamiltonian as
employed in the microscopic case [see Eq. (4)] and follow the
procedure developed in Section 2.2. However, in order to build the
Lindblad operators, we use here the (one qubit) bare states rather than
the (two qubit) dressed states employed in the microscopic master
equation, or

A©) = 10)(0le11)(1] = 10){0l(e” + o @) [1)(1] = 6* (19
Analogously, we obtain Af(Q) = ¢
Thus, the phenomenological master equation will read
p@0) = —ilHs, p()] + y(ﬁmp(t)ﬁ(z) ~ —{ Do /J(t)})
1
@) @52
+ 7( ()o@ 2{6_ oy ,ﬂ(f)}), ©20)

where Hg is the two-qubit Hamiltonian in Eq. (1). Here, similarly to
the microscopic case, the function y = y (€2) and the spectral density
J () are related through y(Q) =J(Q)[1 + 7(2)]. The quantities
7=7(2), n(2) and J(2) are just the same expressions as in Egs.
(11), (17) and (18) respectively, but having Q as argument, instead. In
order to make a trustworthy comparison between the two models, we
have assured that J (w;) =~ J (), with 77 (w;) = ().

The resulting differential equations for the relevant matrix elements
of the two qubit density operator in the phenomenological model may
be found in Appendix B. In this case the differential equations have
been numerically solved.

3. Comparison between microscopic and phenomenological
models: strong coupling regime

Now we consider the strong coupling regime for the qubit-qubit
interaction, or A > Q. Before addressing some general features of the
system evolution, we would like to discuss the behaviour of the two-

368

Optics Communications 387 (2017) 366—-376

qubit steady state. In order to compare the predictions obtained from
the microscopic and phenomenological models, we first calculate
explicitly the stationary state of the reduced density operator for the
two qubit system.

3.1. Steady state analysis
3.1.1. Microscopic model

In the microscopic approach, the steady state is given by
Poo = Pual@)al + pyylb)] + prcle){cl + pyyld){dl,

with the elements

o= qcay 0 = qacar

aa — _ —_ N FPbb — _ — N\
(g + a@)ar + @) (g + a)a + ar)
_ acn acy

lDCL‘ -

. - Pu=T T -,  _—.
(a + o) + an) (a + ) + an)

The coefficients c;(c;) are defined above, in the relations (13). From
the relations ¢ and ¢ it is possible to show that p,, may be written as

1
1+ e—/}m[ + e—/ia)]] + e—/f(u)1+a)[[) ’

where w; = (VA2 + 42> — )2 and wy = (VA% + 4Q?% + 1)/2 are the
Bohr frequencies, which are related to the relevant energy differences,
E, wy=E.—E, w;+ wy=E;— E, Thus we obtain the

as

following expression for the matrix element p,q

1
| + ePEEa) 4 o PEED) 1 P E—Ea)

Paa =

wy =E, —

Paa =

—PEa 1
TP \1 1 ePEEa) 4 o PEEa) 4 gPEaEa |
ePEa

T PEa 4 o PEb 4 o PEe 4 o PEd

21)

The other matrix elements may be obtained from pg,, or

Py =€ Pp  p.=ePp  p,=eP@rrony, o owhich, together with
(21) gives
_ e PEb _ e~PEc
Pop = e PEa 4 ¢PEb 4 o~PEc 4 o~PEd’ Pec = e PEa 4 o PEb 4 o~PEc 4 o—PEd’
e~ PEd
Paa =

ePPa 4 e7PEb 4 o~PEe 4 o~PEad” (22)

Thus, the resulting steady state corresponds to a state which is in

thermal equilibrium with the reservoir.

3.1.2. Phenomenological model
The density operator in the phenomenological approach is given by

= 110, 0)(0, O + ppl0, 1)40, 1] + p3]1, 0)L, O] + pyy 1, 11, 1]

+ pl0, 1)(L, O + pJIL, 00, 1] + p1l0, 0)(1L, 1] + pI1, 1)(0, 0,
(23)

/)oo,p

with populations and coherences

GBr7 + 72G72 4+ 22 + 162 + y 2127 + 7)) + 2272 + Y

P = 207 + 7P((7 + ) + 247 + 822
(7 7 + 7237 + 4D + iy G724 2(4* + 822) + 72 (7 + 4)
207 + (7 + 7)* + 222 + 829
oy = Gr7 + G2+ ) + 7 72+ 2(4% + 82%) + 272 + ¢4
® 207+ (G + 1) + 222 + 82
, @7+ 72G72 + D) + 72 G + 22 + 1602%) + y (227 + 377))
Pay = 207 + 727 + r)? + 22* + 822
_ A7 —v)
P = = 2 2 2
2((@F + y)* + 24° + 8Q27)
_ 2024 —7) Ay =7)
P1a =

FT+G+7)2+22+8QY)  2((F + y)* + 242 + 803
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The density operator in (23) may be rewritten using

10, 0) = a4la) + a_ld),

Ic) — Ib) Ic) + Ib)
10, 1) = ———, 11, 1) = ad) — ala), 11,0)=—x—,
) N ) = aild) ) ) N
where a., = LI —
- 27 2 van?

Thus, in the dressed state basis the phenomenological steady state
density operator reads

P2

Prop = (@py + alpy — 2a40_Re [p])la)al + (7 + % - Re [p23]]|b)(bl

+ (% + % + Re [/)23]]|c)(c|

+ (@2py, + alpy + 2a.a_Relp,)Id){d]

+ (@sa(py = p) + aipy — aZpl)la)(d

P Pn .
+ (% - % —ilm [p23]]lb)(c|
+ (asa(py = py) + alply — ap)ld)al
P33 Pun | .
—_ - = 1 le){bl
+ ( 5 5 +i m[ﬂz3]) c){(bl, 24)

which is certainly not a thermal equilibrium state. Therefore our results
are a clear indication of the inadequacy of the phenomenological model
when applied to a two qubit system in contact with a thermal reservoir.
This is in accord to the discussions found in references [10,12], in
which similar conclusions are drawn from the analysis of the dis-
sipative Jaynes—Cummings model.

We consider now the thermal bath in its (multimode) vacuum state,
i.e., T=0 K. In this specific situation, energy is irreversibly transferred
from the two-qubit system to the reservoir, and we expect the system to
relax to its minimum energy state. As we have already seen, the ground
state of the two qubit system is |¢) = a4|0, 0) — a_|1, 1), which is in
general an entangled state. Note that the state |¢) becomes a product
state only in the limit of very weak coupling, or 1<, for which a_ — 0.
However in this section we are considering the strong coupling regime
(4 > 2), instead. The predictions of the microscopic and phenomen-
ological models are very different in this case: according to the
microscopic model, the asymptotic two-qubit density operator is

Prom = la)al = (4]0, 0) — a1, 1))(a4(0, 0] — a(1, 1)), (25)

which coincides with the ground state of the system, while according to
the phenomenological model we have the density operator in equation
(24) above, a very different state. This is another evidence of the
inadequacy of the ad hoc model.

3.2. Degree of bipartite entanglement

The concurrence [19], an entanglement monotone employed to
quantify quantum entanglement, is defined as

C () = max[0, & (1) — V&) — Y& — J&a®],

where & (1) are the eigenvalues of the matrix M (1) = p(¢)p (¢) placed in

decreasing order in Eq. (26), with p(t) = o, ® 6,p* ()0, ® 0, and

where o, is the usual Pauli matrix. Now we are going to calculate the

concurrence as a function of time, for different temperatures of the

reservoir in both the microscopic and the phenomenological model.
For the microscopic model, the concurrence is given by

C(t) = 2max[0, [Q14 ()] = JVOn () 033(), Q13 @) — YO (1) Qua(®) ],

27)

(26)

where
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1
0@ = alp, + alpy, 02 (1) = —(pyy + 2 = Repyo),

1
Os3(t) = E@hb + 00 + Re(p)  Qut) = a’p, + alpy,

1 .
Q14 (1) = 0404y = faa) 0x3(1) = 5('0“ = Pp) — im(py,).
The corresponding concurrence in the phenomenological model is
given by the same expression as Eq. (27) but having the elements Q;;
being replaced by the matrix elements themselves, p;;.

3.3. Quantum discord

More general quantum correlations may be described by the
quantum discord [20]. The discord is defined in terms of the mutual
information shared by two quantum subsystems (qubit 1 and qubit 2,
for instance), or

1(0) = S(o) + S(p) = S(p), ©28)

where we have made p,,,, =p and S(p) = —Tr(plog,p) is the von
Neumann entropy. Consider a measurement over subsystem qubit 2,
{11}, with p, = Tr(IL;p) being the probability of the i-th measurement
outcome and pl;l = Tr,»(I1;p)/p; the post-measurement state. The classi-
cal correlations are defined as J,(p) = maxy,Jig(p), where
(@) = S(p) — XS (p;l). The maximization is over all measure-
ments and £p = Tralpl. The quantum discord O is defined as the
difference between the mutual information 7 (p), which represents the
total correlations, and the classical correlations J, (p), or

Dap) =1(p) = L(p) = S(pp) — S(p) + min )" p;S (o).
! () Z ! 29)
Note that we may have D, # D;.
As the calculation of discord involves an optimization procedure,
analytical results are rare. Nevertheless, in our case we may employ an
approximate expression for two qubit states [21]

Da(p) % S(pp) = S(p) + min(N, No), (30)
where the von Neumann entropies are
S(pp) = —(Qu + O33)logy (Qn1 + 033) = (22 + Qaa)logy (0 + Qua),
(E30)]
and
4
Sp) = - A;log,A;,
j:Zl j 108,44 (32)
with
A = %[(Qn + 0u) + Qi1 — Qu)? + 41014 ]
A = %[(Qll + Q) — V(@11 — Qu)* + 4101l ).
1
A = E[(sz +039) + (0 — 039 + 41055 ]
Ay = E[(sz + 03) = (0 — 033)° + 4[0x 1.
Also
Ny = —ylog,y — (1 — y)log,(1 - y), (33)
where
_ 1+ \/(Q“ — Qu + 00 — Q33)2 + 41014l + |Q23|)2
y= 5 ’ (34

and
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Fig. 1. Concurrence between qubits 1 and 2 as a function of time in the very strong coupling regime for an initial two qubit state [¥),1,42 = |1, 0) according to (a) the microscopic model;

(b) the phenomenological model. In both plots 2 = 4 x 108571, 2 = 102, y) = 0.01 x 5 x 101%~!, ' = 5 x 10'%~, @y =22 and T ~ 0 K.

Ou O
Ny = -0y log,| — 21| = 0y log, | —52
: Qn ng(Qn + Q33) 0 ng(sz + Q44)
033 Qa4
~ Onlogy| —£B | - 04 log,| 24|,
Qs 0g2(Q33 + Qll] Qus ng(QM + sz) (35)

3.4. Linear entropy of qubit 1: composite reservoir

We may regard the system considered here from a different
perspective: while keeping exactly the same configuration, we may
view qubit 1 as a single quantum subsystem coupled to a more
complex, “composite reservoir”, constituted by qubit 2 plus the thermal
bath. In other words, we trace over the qubit 2 variables and analyse
the behaviour of the qubit 1 dynamics. The coherence properties of
qubit 1 may be described by its linear entropy, defined as
St)=1- Tr[pqz1 (#)]. The linear entropy relative to qubit 1, according
to the microscopic model, is

Sm (1) = 2R (O[1 — Py(1)],

with Py(t) = Q11 (1) + O (0).
For the phenomenological model, the linear entropy is given by

Sp(1) =1 = [p) (1) + pp (O = [p33() + pyy DT (36)

3.5. Numerical results: strong coupling regime

Before showing some numerical results related to dynamics of
entanglement, discord and the linear entropy, we would like to recall
the discussion of the previous subsection, about the steady state of the
two-qubit system. The striking differences between the predictions of
each model become more evident if we consider the very strong
coupling regime for the qubit—qubit interaction, e.g. A = 102, for
which a, % a_~ 1/4/2, ie., the state p_, becomes a maximally
entangled state. This may be illustrated if we calculate the concurrence
corresponding to the steady states; in Fig. 1a we have a plot of the
concurrence relative to the steady state in Eq. (25), given by the
microscopic model, as a function of time showing how the two-qubit
state evolves to a maximally entangled state. On the other hand, as
shown in Fig. 1b, the state in Eq. (24), given by the phenomenological
model is a stationary state having zero concurrence.

Now we take 1 = Q, i.e., strong coupling regime for the qubit—
qubit interaction. In Fig. 2a we have the concurrence in the micro-
scopic case, while in Fig. 2b we show the concurrence in the
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phenomenological case with initial conditions [y (0) )41, = |1, 0) for
the two qubit system and a low temperature reservoir. We note an
oscillatory pattern and a steady state value of entanglement (although
with some differences) being attained in both cases. The phenomenon
of stationary entanglement between the qubits has been already
reported in the literature in similar systems [17,22] and it is
confirmed here. We also note that for a higher temperature of the
reservoir, as shown in Fig. 3, the steady state values of entanglement
decrease, as one would expect.

We would like to remark that the dynamics of quantum entangle-
ment according to the descriptions of both models may have a similar
qualitative behaviour, as shown in Fig. 2; e.g., both models predict
stationary entanglement. However, the values of stationary concur-
rence may be significantly different. Thus, despite of the fact that some
results arising from the phenomenological model may look as being
physically acceptable, they should not be regarded as being correct.
Entanglement has been shown to be a valuable resource for performing
quantum information tasks. In reference [23], for instance, it is
presented a protocol of teleportation of quantum entanglement, for
which a “critical value of minimum entanglement” is required. Thus, it
would be interesting to know the amount of entanglement available at a
given temperature of the reservoir. We note that entanglement is
underestimated according to the phenomenological model, compared
to the microscopic approach; e.g., at 7 = 1.5 x 10~2 K [see (Fig. 3)], the
phenomenological model predicts a stationary value for the concur-
rence 51% smaller than the microscopic model. For lower tempera-
tures, T =5 x 107* K [see (Fig. 2)], the relative difference is smaller,
around 33%. Thus, according to the more realistic microscopic model,
a fixed amount of entanglement (e.g., needed for a specific task), could
be reached at a higher temperature.

Discrepancies are also observed in the dynamics of the quantum
discord, as seen in Fig. 4. The discord reaches stationary values which
are not the same according to each model. However, this may be
qualitatively different from what we have found for the concurrence.
We have that for lower temperatures [see (Fig. 4)], the steady state
value of the discord is larger in the microscopic model, compared to the
phenomenological model, but for higher temperatures the situation is
the opposite. For instance, if 7= 1.5 x 102K, the discord [see
(Fig. 5)], differently from the concurrence [see (Fig. 3)], is actually
overestimated according to the phenomenological model. Here we have
relative differences of 42% (below the correct value) at T =5 x 107K,
and 20% (above the correct value) at 7 = 1.5 x 102 K.

Furthermore, we note that the evolution of the qubit 1 linear
entropy is somehow associated to the concurrence, although it
cannot be used to quantify entanglement in case of a mixed global
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Fig. 2. 1 Concurrence between qubits 1 and 2 as a function of time in the strong coupling regime for an initial two qubit state [¥),1.42 = |1, 0) according to (a) the microscopic model; (b)
the phenomenological model. In both plots 2 = 4 x 10%~!, 4 = 2, 5, = 0.001 x 5 x 10!%~1, =5 x 101%~!, Q) = 22 and T = 5 x 10~*K.
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Fig. 3. Concurrence between qubits 1 and 2 as a function of time in the strong coupling regime for an initial two qubit state |¥),1,42 = |1, 0) according to (a) the microscopic model; (b)
the phenomenological model. In both plots 2 = 4 x 10%~!, 4 = 2, 5, = 0.001 x 5 x 10!%~1, =5 x 101%~!, Q) = 2Q and T = 1.5 x 102 K.
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Fig. 4. Quantum discord between qubits 1 and 2 as a function of time in the strong coupling regime for an initial two qubit state [¥),1,42 = |1, 0) according to (a) the microscopic model;
(b) the phenomenological model. In both plots 2 = 4 x 10%~!, 2 = 2, = 0.001 x 5 x 101%~!, ' =5 x 100571, Qy =2Q and T = 5 x 10~*K.

state. As shown in Fig. 6, the linear entropy also attains steady state
values according to both models. For higher temperatures of the
reservoir (more thermal photons are injected into the system), the
steady state value of the linear entropy of qubit 1 increases, which
corresponds to a higher degree of mixedness of qubit 1, as shown in
Fig. 7.
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4. Comparison between microscopic and phenomenological
models: weak coupling regime

Now we turn our attention to the situation of very weak coupling
regime, i.e. A<Q. In this case the qubit—qubit interaction plays a less
important role, and one would expect smaller differences between the
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Fig. 5. Quantum discord between qubits 1 and 2 as a function of time in the strong coupling regime for an initial two qubit state [¥)41,42 = |1, 0) according to (a) the microscopic model;
(b) the phenomenological model. In both plots 2 = 4 x 10%~!, 1 = 2, = 0.001 x 5 x 101%~!, ' =5 x 10071, Qp =2Q and T = 1.5 x 1072K.

(a)

(b)

S S
0.0 ‘ ‘ ‘ ‘ 0.0 ‘ ‘ ‘ ‘
0 1 2 3 4 5 0 1 2 3 4 5
Time (x107 s) Time (x107 s)
Fig. 6. Linear entropy of qubit 1 as a function of time in the strong coupling regime for an initial two qubit state [¥),1 42 = |1, 0) according to (a) the microscopic model; (b) the
phenomenological model. In both plots 2 = 4 x 10%~!, 2 = @2, 1, = 0.001 x 5 x 10'%~1, =5 x 101%~1, Q) =22 and T = 5 x 107*K.
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Fig. 7. Linear entropy of qubit 1 as a function of time in the strong coupling regime for an initial two qubit state [¥),1,42 = |1, 0) according to (a) the microscopic model; (b) the
phenomenological model. In both plots 2 = 4 x 10%~!, 4 = Q, 1, = 0.001 x 5 x 101%~, ' =5 x 101%~!, Q) =2Q and T = 1.5 x 1072 K.

results obtained from the two models. However, as we are going to see
below, the phenomenological approach may lead to incorrect results in
this situation as well.

4.1. Numerical results: weak coupling regime

In Fig. 8 we have plots of the concurrence; C,,, in Fig. 8a and Cp, in
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Fig. 8b as a function of time for an initial two-qubit state
[¥(0))g1,42 = |1, 0). We note that for the reservoir at a temperature T
very close to zero, the concurrence curves show an oscillatory pattern
as well as decay in both cases. As a matter of fact, despite the
differences between the two models, the curves for 7~ 0 K virtually
coincide. However, as the temperature of the reservoir is raised, we
observe that the maxima of the concurrence are lower in the micro-
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Fig. 8. Concurrence between qubits 1 and 2 as a function of time in the weak coupling regime for an initial two qubit state [¥),1 4,2 = |1, 0) according to (a) the microscopic model; (b) the

phenomenological model. In both plots 2 = 5 x 10571, 75 = 0.001 x 5 x 10%~!, ' = 5 x 10571, 2 = 4 x 10471, and 2 = 2. The continuous (blue) curves correspond to a thermal bath
at T=0.005 K; the dashed (green) curves to 7=0.05 K and the dot-dashed (red) curves to T=0.15 K. (For interpretation of the references to color in this figure caption, the reader is

referred to the web version of this paper.)

scopic model compared to the curves obtained in the phenomenological
model. We should point out that we have a typical pattern of
entanglement sudden death in both cases, i.e., the concurrence
vanishes for finite times.

A similar behaviour is observed for the quantum discord. The
curves of this quantity are very close at 7 ~ 0 K but they become more
discrepant for higher temperatures, as shown in Fig. 9. However,
differently from the concurrence, the quantum discord does not present
sudden death, displaying damped oscillations, instead [24].

Regarding the linear entropy of qubit 1, though, we find that the
microscopic and phenomenological models may yield contradictory
time evolutions. In Fig. 10 it is shown the linear entropy as a function
of time for different temperatures of the reservoir. For a bath at
T ~ 0K, the linear entropy curves are virtually the same in both
models: for the set of parameters chosen, they show oscillations and
tend to the maximum value of S,,,, = 0.5. Nevertheless, the situation is
very different if the reservoir is at finite temperature. Considering the
microscopic model [see (Fig. 10a)], we notice that linear entropy
increases at a faster rate if the temperature of the reservoir is higher.
This is of course an intuitive and physically acceptable result, given that
by increasing the temperature of the bath, a larger amount of noise is
injected into the quantum system, and this should have a more
destructive effect on the quantum coherence of qubit 1. On the other
hand, according to the phenomenological model, the linear entropy
increases at a faster rate if the temperature of the reservoir is lower, as
shown in Fig. 10b. This is in our opinion not realistic, as we would have
coherent behaviour being induced in qubit 1 by a noisier bath. We note,
though, that in both cases qubit 1 is eventually driven to a maximally
mixed state, i.e., its linear entropy approaches the (equilibrium)
expected asymptotic value of S, = 0.5.

5. Conclusions

We have made a comparison between two distinct models (micro-
scopic x phenomenological) which describe the evolution of a system of
two coupled two-level systems (qubits) in interaction with a thermal
bath. We have studied the evolution of quantities such as entangle-
ment, quantum discord and the linear entropy relative to the two-qubit
system. We concluded that the results obtained from the ad hoc
(phenomenological) model are in general not in accord with the ones
obtained from the microscopic model, in both the strong and weak
(qubit—qubit) coupling regimes.

Firstly we have analyzed the case of strong coupling regime, for
which we expect a more significant disagreement between the results
from each model. We have shown analytically that according to the
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phenomenological model, the two-qubit system evolves to a steady
state whose corresponding density operator is not a thermal equili-
brium state, while the microscopic model gives the correct prediction.
Moreover, in the strong coupling regime (for 7 # 0 K), the qualitative
behaviour of entanglement of the system is somewhat similar in the
framework of both models, but the steady state values may be
considerably different, as shown in Fig. 2. This should be relevant for
the implementation of quantum information tasks requiring a mini-
mum amount of entanglement, as discussed in [23]. Besides, the values
of the steady states of both the quantum discord and the linear entropy
of qubit 1 are also different for each model.

Yet, by assuming a weak coupling between the qubits, one could
expect the predictions from both models to be in better agreement with
each other. This is true if T=0K, but we have found important
differences if the reservoir is at finite temperature. Concerning the
entanglement between the two qubits, the differences are small
although they are more noticeable at higher temperatures; the micro-
scopic model predicts a more destructive action of the thermal noise
compared to the phenomenological construct, as we note in Fig. 8. This
may be readily understood because contrarily to what happens 7=0 K,
if the bath is at finite temperature, photons are injected from the
reservoir into the system. As a consequence, in the realm of the
microscopic model, those thermal photons will be inducing transitions
between the dressed levels of the two qubit system, and we expect a
more disordered evolution for higher temperatures of the reservoir.
Interestingly, the discrepancies are more evident if one focuses on the
evolution of the state purity of qubit 1 despite being weakly coupled to
qubit 2. Even though the curves of the linear entropy (state purity) are
the same (according to each model), if the bath is at =0 K, for higher
temperatures the phenomenological and microscopic models lead to
conflicting results. While according to the microscopic model qubit 1
evolves more rapidly to a mixed state for higher temperatures of the
reservoir, the phenomenological model predicts the opposite beha-
viour, as seen in Fig. 10.

Thus, we have demonstrated here that oversimplified phenomen-
ological models used to describe the evolution of a two-qubit system
asymmetrically coupled to an environment, may lead to misleading
results even in the weak (qubit-qubit) coupling regime, and therefore
there is need of a more appropriate modeling procedure. We should
point out that, as microscopic master equations may be hard to
construct, perturbative methods as discussed in [25] could be very
useful to treat such quantum open composite systems.
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Fig. 9. Quantum discord between qubits 1 and 2 as a function of time in the weak coupling regime for an initial two qubit state [¥);1,42 = |1, 0) according to (a) the microscopic model;
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reader is referred to the web version of this paper.)
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Fig. 10. Linear entropy of qubit 1 as a function of time for an initial two qubit state in the weak coupling regime [¥),1,42 = |1, 0) according to (a) the microscopic model; (b) the
phenomenological model. In both plots 2 = 5 x 10%~1, 7, = 0.01 x 5 x 10%~1, ' =5 x 10%~!, 2 = 4 x 10%~!, and 2 = 2. The continuous (blue) curves correspond to a thermal bath
at 7=0.005 K; the dashed (green) curves to 7=0.05 K and the dot-dashed (red) curves to 7=0.15 K. (For interpretation of the references to color in this figure caption, the reader is
referred to the web version of this paper.)
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Appendix A. Equations for the matrix elements and their solutions in the strong coupling regime—microscopic case

From the master equation (12) we may obtain a set of coupled differential equations for the dressed state populations of the two-qubit system.
Populations:

P = =@ + T () + apy, () + crp (1),

Py () = Cp, () — (c + Cr)py, () + cpyg (1),

P (®) = C1 () = @ + i) o (O) + 1y (0),

P () = Ty, ) + Gp.. () — (o + cr)pgy (D), (A1)

and coherences
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_,[\//12 + 407 - /1) (a+a+2a)

@) =i 5 5 ]PM,(I) + arpy (1),

fue®) = :

[ (VP+42° +1) Qa+a+a
{ : ]—(“ N Wq%m—qgmx

R . g+ + G+ G
b () =i VA + 402 — M]p{‘d(ﬂ,

| 2
. . +ar+G+3q

Pre(D) = | id = (CICHZ—CIC”):Ipr(t),

_ [ (V232 +1) Qo+ea+5 _

Ppa (1) = { 5 ]—-(’ > "{Fwﬂ)—q%Aﬂ,

2 2

ht) = [i[\uz T4 - /1] @+ 2+ @)

:lﬂcd(t) + G py, (0.

The corresponding solutions are:

kpa (1) = ¢ e + e DG e [0, (0) + ()] = ey [Py, 0) + pga (01} + e {6811, (0) + Py, O] = creu [ (0) + 4 (0)1}
+ eTlararrarant (g g, p ,(0) = ¢ upy, 0) = Geup..0) + ceup 0},

kpy, (1) = Grap + e D=5 [p,,0) + (0] + e [Py (0) + 4y (01} + e W+ (G &1 [, (0) + py, )] = & 2, (0) + 1y (0]}
+ e~rartarant {—g g p (0) + ¢ TPy, (0) + Geup(0) — eupy (0)},

kp(0) = &y + e TG 8 [0, (0) + (O] = ¢ [Py (0) + g (O]} + e+ {—¢; [, (0) + ppy (O] + & el (0) + 4, (0)1}
+ emlararrarant{—ggyp , (0) + q8upy, 0) + Geup,0) = ceup (0},

kpyg (1) = ey + e D -5 [p,,(0) + .. O] + 1[0y (0) + 21y (O]} + e~ U+ { -7 5[, 0) + pyp (O] + & cu [, 0) + 24y (0)]}
+ e~rartarant (g e p (0) — q8rpy, (0) — Garp,. (0) + qarp, )},

where k = (¢ + ¢)(cy + &) and the coefficients ¢; are defined in (13).
And the coherences are:

; V24402 -4 | _(a+a .
2 2
e

() = - {ley + e~tn+aigy]p, (0) + [1 — e~“+adi]g;p ,(0)},
ar + <

. V‘“/12+4!22+A e+
=z I

Do) = ¢ {[g + e D1 g]p, (0) — [1 — e~ @+ gp, ,(0)},
aq+q
_(errenravan —NW]I
=1 ua ©:
_( cr+en+e+an -u]t
P =€\ 2 P60
e ’ i
Pra(t) = — {=[1 — e @*Dg p (0) + [ + e"@+Dig]p, ,(0)},
aq+q
[(#)1)]
el ’ i
Prg(t) = — {[1 — ewranig, p, 0) + [g + e~ w+aDic]p ,(0)}.
cr + ¢y

Appendix B. Equations for the matrix elements in the strong coupling regime—phenomenological case

(A.2)

(A3)

Set of coupled differential equations for the matrix elements of the two-qubit system in the strong coupling regime obtained from the

phenomenological master equation. Populations:
. _ il il

P = =7p; (@) + ypyy () + 517140) - 5/)4.(0

. _ il il

P (8) = 7py () = ¥pxn (1) + Ep23(t) - ?/’32(’)

. _ ir il

p33() = =7p33(0) + 7oy () + ?Pn(f) - 3/’23(0

. _ iA il

Pia (1) = 7p33(t) — 7py (1) + ?/’u([) - ?/714([)’

and for the coherences,
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r+7

pra(t) = [m -

iA i
]plzm + 5P = Top®
. il . = il
(D) = Zpip(0) + (2 = P)pi3 () + 1924 (O) = =i (1)

Pra(t) = [ZIQ - (},;—7)]1014 @® + %/’11(1) - %/744(1)

. iA +7 iA
Py (t) = %Pzz ®) - %/’230) - %P33 )

pra(t) = —%mn + (2 = D)ooy () + Tora(0) + %pu(z)

. , +7 il il
Paa(0) = [I-Q - %]/’34(’) - %ﬂu(f) + %ﬂ13(’)~
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