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a b s t r a c t

The single photon transport through a one dimensional array of cavities is studied theoretically. Analytic
expressions of the reflection and transmission are given. The transmission shows an energy spectrum
with forbidden and allowed bands that depend on the detuning parameter of the system. We show that
the allowed mini band is formed due to the indirect coupling between the atoms in each cavity. In
addition, the band edges can be controlled by the degree of detuning of the level of the atoms. We
discuss the analogy between this phenomenon with the Fano and Dicke effects.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, there has been great interest, both theoretically
and experimentally, in the study of photon transport in quantum
circuits [1,2]. The advantage of photons, in comparison with other
kind of information carriers (e.g. electrons), is that they show
high-speed transmission and low dissipation in nonlinear media
(e.g. optical fibers). Photon transport in quantum circuits has many
possible realizations, as for instance in superconductor line reso-
nators [3–6] and semiconductor micro-cavities [7]. Additionally,
many efforts have been devoted in order to implement single
photon transport in one-dimensional wave-guides [8–18]. Besides
applications on optical quantum computing and quantum infor-
mation, the single photon transport has potential application in
optical communication and quantum devices as photon transis-
tors. The possibility of implementing photon transistors in analogy
to the electron transistor is a great challenge. In order to do that,
several kinds of wave-guides have been involved, such as metal
nano-wires [19], silicon wires [20], and quantum resonator arrays
[21,22]. It has been shown that the behavior of photons in quantum
resonator arrays is in analogy to the movement of electrons in
periodic potentials. The photon can feel the presence of the
quantum resonators and it can be transmitted through allowed
mini-bands and reflected by forbidden mini-bands [23]. The single
photon scattering properties in the coupled resonator array wave-
guide with individually embedded two-level or three-level atom in
each resonator, have also been explored recently [23–25].

In the above context, recently Chang et al. [25] considered new
quantum devices based on a quantum resonator array. In these works,

the authors have proposed a set-up based on the coupled-resonator
array with doped atoms, which is expected to exhibit perfect reflection
within a wide spectrum of frequencies. Thus it can perfectly reflect an
optical pulse, or namely a single photon wave-packet. They used a
thick atomic mirror, which is made of an array of two-level atoms
individually doped in some cavities arranged in a coordinate region of
the one-dimensional coupled-cavity wave-guide.

Quantum interference effects as Fano effect can play a crucial
role in single photon transport [26]. Very recently Li et al. [27]
have experimentally observed Fano resonances in a single toroidal
micro-resonator, in which two modes are excited simultaneously
through a fibre taper. By adjusting the fibre-cavity coupling
strength and the polarization of incident light, the Fano-like
resonance line shape can be controlled.

In this work we report further progress along the lines
indicated above. We study the single photon transport through a
system of a 1D array cavity. We obtain analytic expressions of the
reflection and transmission. We show that the transmission dis-
plays an energy spectrum with forbidden and allowed mini-bands
that depends on the detuning parameter of the system. We show
that by the indirect coupling between the levels of the atom in
each cavity an allowed mini-band is formed. In addition, the band
edges can be controlled by the degree of detuning of the level of
the atoms. We discuss the analogy between this phenomenon
with the Fano and Dicke effects.

2. Model

The system under consideration consists in a 1D coupled cavity
array with an embedded N cavity-atom array, with one V-type
three-level atom in each cavity as is shown schematically in Fig. 1.
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We denote by jg〉 the ground level and by ja〉 and je〉 the two
excited metastable levels. The atom is coupled to the cavity mode
of frequency ω through the transitions g–a and g–e. The total
Hamiltonian is composed by the sum of a free Hamiltonian of the
atomHa, which describes the propagation of a photon through the
cavities Hp, and the term which describes the atom–field interac-
tion represented by a Jaynes–Cummings Hamiltonian under the
rotating wave approximation HI:

H¼HpþHaþHI ; ð1Þ

Hp ¼ ∑
1

i ¼ �1
ωĉ†i ĉ iþ ∑

1

i ¼ �1
vðĉ†i ĉ iþ1þ ĉ†iþ1ĉ iÞ; ð2Þ

Ha ¼ ∑
N

j ¼ 1
ð ω0

ajaj〉〈ajjþω0
ejej〉〈ejjÞ; ð3Þ

HI ¼ ∑
N

j ¼ 1
½gaðĉ jjaj〉 〈gjjþ ĉ†j jgj〉 〈ajjÞ

þgeðĉ jjej〉 〈gjjþ ĉ†j jgj〉 〈ejjÞ�; ð4Þ

where ĉ†j and ĉ j are the creation and annihilation operators of one
photon in the j-th cavity, respectively, while v is the coupling
between the cavities, ω0

a;e are the energy transitions and ga (ge) is
the coupling constant between the field and transition jg〉-ja〉
ðjg〉-je〉Þ. In what follows we assume ga ¼ ge � ~g .

The stationary state of the system can be written as

jE〉¼ ∑
1

i ¼ �1
uij 1i; g 〉þ ∑

N

j ¼ 1
da;jj 0; aj 〉þde;jj 0; ej 〉
� �

; ð5Þ

where ui represents the amplitude to find a photon in the i-th
cavity and the corresponding atom in the ground state, da;j (de;j)
the probability amplitude to find no photon in the cavity array and
the atom in the j-th cavity in the excited state a (e), while the rest
of the atoms keep in the ground state.

From the eigenvalues equation HjE〉¼ EjE〉 it is obtained the
following linear system of difference equations:

ðE�ωÞuj ¼ vðujþ1þuj�1Þ; ð6Þ
for jr0 and j4N, and

ðE�ωÞuj ¼ vðujþ1þuj�1Þþ ~gðde;jþda;jÞ; ð7aÞ

ðE�ω0
eÞde;j ¼ ~guj; ð7bÞ

ðE�ω0
aÞda;j ¼ ~guj; ð7cÞ

for j¼ 1;…;N. From Eqs. (7b) and (7c) we obtain

de;j ¼
~g uj

E�ω0
e
; da;j ¼

~g uj

E�ω0
a
; ð8Þ

which inserted in Eq. (7a), it is reduced to the single equation:

ðE�ω� ~εÞuj ¼ vðuj�1þujþ1Þ; j¼ 1;…;N; ð9Þ

where

~ε ¼ ~g2 2E�ω0
a�ω0

e

ðE�ω0
aÞðE�ω0

eÞ

� �
; ð10Þ

is the renormalized energy. Thus, the problem reduces to solve a
linear chain of N sites with effective energies ~ε. In order to find the
solutions of Eq. (9), we assume open boundary conditions. This
means that the photon is described by a plane wave incident from
the far left, with unitary amplitude and a reflection amplitude r
while at the far right by a transmission amplitude t. That is,

uðkÞ
j ¼ eikjþre� ikj; jo1;

uðkÞ
j ¼ teikj; j4N: ð11Þ

Inserting Eqs. (11) in Eq. (6) we obtain the following dispersion
relation for the incident photon:

E¼ωþ2v cos ðkÞ: ð12Þ
From Eqs. (6), (9), and (11) we obtain an inhomogeneous system of
equations for the probability amplitudes uj (j¼ 1;…;N), r and t,
leading to the following expression for t:

t ¼ 2ie� ikN

Δ
sin k; ð13Þ

with Δ given by

Δ¼ e� ik sin ðNþ1Þq
sin q

þ2
sin Nq
sin q

þeik
sin ðN�1Þq

sin q
; ð14aÞ

if jðE�ω� ~εÞ=2vjr1 and

Δ¼ e� iksinhðNþ1Þκ
sinh κ

þ2
sinh Nκ
sinh κ

þeik
sinhðN�1Þκ

sinhκ
; ð14bÞ

if jðE�ω� ~εÞ=2vjZ1.
The reflection and transmission probabilities are R¼ jrj2 and

T ¼ jtj2. Then if jðE�ω� ~εÞ=2vjr1 we have

R¼ sin 2ðNqÞð cos qþ cos kÞ2
sin 2ðNqÞð cos k cos qþ1Þ2þ½ sin k sin q cos ðNqÞ�2

;

T ¼ 1
cos 2ðNqÞþ½ sin ðNqÞð1þ cos q cos kÞ=ð sin q sin kÞ�2; ð15aÞ

where q¼ cos �1½�ðE�ω� ~εÞ=2v�. We note that these probabil-
ities oscillate as a function of both N and q. In this energy region,
the system should show allowed mini-bands in the transmission.

On the other hand, if jðE�ω� ~εÞ=2vjZ1 we get

R¼ sinh2ðNκÞðcosh κþ cos kÞ2
sinh2ðNκÞð cos k cosh κþ1Þ2þ½ sin k sinh κ coshðNκÞ�2

;

T ¼ 1

cosh2ðNκÞþ½sinhðNκÞð1þcosh κ cos kÞ=ðsinh κ sin kÞ�2
; ð15bÞ

where κ¼ cosh�1½�ðE�ω� ~εÞ=2v�. Then in this energy region
T � e�2Nκ tends to zero while R tends to unity, when N is large.
This means that a mini-band gap in the transmission should be
formed.

3. Results

To avoid the profusion of free parameters and for the sake of
clarity we set Ω¼ E�ω, the energies of the atoms as, ω0

e ¼ ω0�Δω,
and ω0

a ¼ω0þΔω. In what follows, we express all energies in units
of γ with γ ¼ g2=2v, hereafter.

In first place, we consider the degenerate case, Δω¼ 0, for
different values of N. Simple expressions for the transmission and
reflection can be readily obtained for N¼1. For N¼1, the reflection

Fig. 1. 1D coupled cavity array with an embedded N cavity-atom array with one
V-type three-level atom in each cavity.
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reduces to a Breit–Wigner line shape of semi-width γ

R¼ γ2

ðΩ�ω0Þ2þγ2
; ð16Þ

and the transmission takes the form of a symmetrical Fano line
shape

T ¼ ðΩ�ω0Þ2
ðΩ�ω0Þ2þγ2

¼ ðϵþqÞ2
ϵ2þ1

; ð17Þ

with q¼0 and ϵ¼ ðΩ�ω0Þ=γ. Notice that T vanishes just at Ω¼ω0.
This result can be interpreted as follows. The photon has two
possible paths when going from left to right, a direct and indirect
one. In the latter the photon is absorbed and emitted by the atoms.
The destructive interference between these two paths gives rise to
the Fano effect.

Fig. 2 shows the transmission and reflection probabilities
versus the detuning Ω�ω0 for different values of N. As N grows
(Fig. 2b–d) a forbidden mini-band (gap) is formed in T. It is
apparent that R (T) tends to unity (zero) within a range ½�2γ;2γ�,
and the system behaves as a quantum mirror within this interval
of energies.

Now, let us consider the situation with Δωa0. Fig. 3 displays
the reflection and transmission vs detuning for different values of
N. We note that an allowed mini-band develops at the center of
the gap and the system becomes transparent. Moreover the
transmission becomes always unity at the center of the allowed
mini-band, independently of the value of N. This behavior is
analogue of the electromagnetically induced transparency (EIT)
which has recently been studied theoretically and experimentally
for the structures based on micro-ring resonators and photonic
crystal cavities [28,29].

Fig. 4 displays a zoom of the transmission at the center of the
band for Δω¼ 0:5γ, for two values of N, N¼1 (upper panel) and
N¼7 (lower panel). We note the dramatic change of the width of
the mini-band as Δω decreases. In fact, for N¼1, it is straightfor-
ward to show that for Δω5γ the width of this allowed transmis-
sion band is Δω2=2γ, the reflection can be written as a difference
between two Breit–Wigner line-shapes with widths γ and δ,

respectively, while the transmission can be written as a super-
position of a symmetrical Fano line-shape and a Breit–Wigner
line-shape:

R� γ2

ðΩ�ω0Þ2þγ2
� δ2

ðΩ�ω0Þ2þδ2
; ð18Þ

T � ðΩ�ω0Þ2
ðΩ�ω0Þ2þγ2

þ δ2

ðΩ�ω0Þ2þδ2
; ð19Þ

with δ¼Δω2=2γ.
The above phenomenon resembles the Dicke effect, which

takes place in the spontaneous emission of a pair of atoms
radiating a photon with a wavelength much larger than the
separation between them [30,31]. In this effect, the luminescence
spectrum is characterized by a narrow peak and a broad peak,
associated with long and short-lived states, respectively. The
former state, coupled weakly to the electromagnetic field, is called
subradiant, and the latter, strongly coupled, superadiant state. In
the present case this effect is due to indirect coupling between the
atom states through the common cavity. The states strongly
coupled to the continuum gives a forbidden mini-band with width
4γ, while the states weakly coupled to the continuum gives an
allowed Dicke mini-band with width δ. This effect can be con-
sidered a special case the Fano–Feshbach resonances in the
systems exhibiting more than one resonance [32].

A possible physical realization of this present set up may be
made in a metal nano-wire coupled to quantum dots. The metal
nano-wire plays the role of 1D continuum and the region where
the quantum dots are coupled to the nano-wire.

4. Summary

In this work, we have studied the transport of a single photon
through a system of a 1D array of cavities. We have obtained
analytic expressions of the transmission and reflection. We have
shown that the transmission displays an energy spectrum with
forbidden and allowed bands that depend on the detuning para-
meter of the system. We have shown that the allowed mini-band

Fig. 2. Transmission (blue solid line) and reflection (red dash line) as a function of the detuning Ω�ω0 for Δω¼ 0 and (a) N¼1, (b) N¼3, (c) N¼5 and (d) N¼7. (For
interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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is formed by the indirect coupling between the levels of the atom
in each cavity. In addition, the band edges can be controlled by the
degree of detuning of the level of the atoms. We have discussed
the analogy between this phenomenon with the Fano and Dicke
effects. This set-up seems a suitable system to study these effects
in experiments on single photon transport.
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