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In this paper, an adaptive tracking control scheme is proposed for a class of switched nonlinear systems
with state and input unmodeled dynamics. The unmodeled dynamics are dealt with by introducing a
first-order filter and a dynamic signal. K-filters are used to estimate the unmeasured states, and the
dynamic surface control (DSC) technique is employed to construct the controller to avoid the explosion
problem of complexity. By choosing an appropriate common Lyapunov function, the boundedness of all
closed-loop signals is proved, and the tracking error can converge to a small neighborhood of zero in
finite time under arbitrary switchings. Finally, a simulation example is provided to show the feasibility
and validity of the proposed method.

& 2016 Elsevier B.V. All rights reserved.
1. Introduction

Over the past years, switched systems have become an emer-
ging hot research topic due to their board applications in control
fields, such as spacecraft control [1] and vehicle control [2,3].
Switched system means a hybrid system that is composed of a
family of continuous-time and discrete-time subsystems and a
rule orchestrating the switching between the subsystems. Stabi-
lization and tracking are fundamental problems in the research
field of switched nonlinear systems [4–20]. Many significant
methods have been proposed to solve these problems, such as
common Lyapunov function method, multiple Lyapunov function
method and dwell-time approach [6,14,15,17,18,20]. For example,
common Lyapunov function method was employed to solve the
tracking control problem of switched nonlinear systems in strict
feedback form [14,17,18]. Adaptive tracking control for switched
nonlinear systems in lower-triangular form was investigated in [6]
by exploiting multiple Lyapunov function method. By using the
dwell-time approach, adaptive control for uncertain switched
nonlinear systems was studied in [15,20], where fuzzy sets [21,22]
and neural networks [19,23–25] are used to approximate
unknown nonlinearities.

As is well known, unmodeled dynamics widely exist in many
practical nonlinear systems, which can severely degrade the sys-
tem performance. Therefore, how to handle unmodeled dynamics
g).

l., Adaptive finite-time tra
2016), http://dx.doi.org/10.1
is a meaningful topic when one investigates the system stability.
Generally speaking, unmodeled dynamics include state unmo-
deled dynamics [5,6,15,20,25–32] and input unmodeled dynamics
[33–38]. State unmodeled dynamics denote the parts of invalid
modeling during the parameterization, a few approaches were
proposed to handle the adverse effects caused by them. In
[5,6,20,26,27,29–32], the state unmodeled dynamics were domi-
nated by introducing available dynamic signals. In [15,28], several
specific Lyapunov functions were selected to remove the state
unmodeled dynamics. On the other hand, input unmodeled
dynamics mean modeling errors or external disturbances act upon
the controller. In [33–38], a first-order filter was introduced to
generate a dynamic signal to overcome the input unmodeled
dynamics, which were of relative degree zero and minimum-
phase.

In recent years, finite-time stabilization and finite-time track-
ing have drawn considerable attention due to theirs practical
importance [1,16–18,39–42]. The aim of finite-time stabilization or
tracking is to design the control law to make system states or
tracking errors converge to the origin or the small neighborhood of
it in finite time. In [39], the problem of global finite-time stabili-
zation for a class of stochastic nonlinear systems was solved. In
[16–18], finite-time stabilization was studied for several classes of
switched nonlinear systems in strict feedback form. Finite-time
tracking and stabilization control for spacecraft systems were
respectively investigated in [1] and [40]. In [41,42], adaptive finite-
time tracking and stabilization control schemes were respectively
proposed for multi-agent and autonomous systems. However,
finite-time tracking control for switched nonlinear systems with
cking control for a class of switched nonlinear systems with
016/j.neucom.2016.02.035i

www.sciencedirect.com/science/journal/09252312
www.elsevier.com/locate/neucom
http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035
mailto:xiangzr@mail.njust.edu.cn
http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035


(

J. Mao et al. / Neurocomputing ∎ (∎∎∎∎) ∎∎∎–∎∎∎2
unmodeled dynamics was not investigated until now, which
motivates the present study. The main contributions of this paper
are summarized as follows:

(i) An adaptive finite-time tracking control scheme is proposed
for a class of switched nonlinear systems with unmeasured
states and unmodeled dynamics. K-filters are used to estimate
the unmeasured states, and a filter is introduced to counteract
the influence of input unmolded dynamics. Moreover,
dynamic surface control (DSC) is used to overcome the
limitation of “explosion of complexity”.

(ii) Compared with previous results [29–31,33–35], the restric-
tions on the control coefficients and the reference signals are
relaxed. In this paper, the upper bound of control coefficient is
unknown and the second derivative of the reference signal is
not required to be bounded.

iii) An output feedback controller and adaptive laws are con-
structed to guarantee that the tracking error can converge to a
small neighborhood of zero in finite time rather than in infi-
nite time presented in [20,29–31,33–35].

The rest of this paper is organized as follows. In Section 2, the
problem statement and preliminaries are given. In Section 3, sys-
tem parameterization and K-filters design are presented. In
Section 4, a control scheme is developed for switched systems by
using the DSC technique. Section 5 gives stability analysis. Simu-
lation results are presented in Section 6. Section 7 summarizes the
main conclusions.

Notations: Rþ denotes the set of all non-negative real numbers;
Rn denotes the real n-dimensional space; Rm�n denotes the real
m� n dimensional matrix; Rþ

odd9fqAR : q40 and q is a ratio of
odd integers}; ei; i¼ 1;2;…;n, denotes the n-dimensional vector
with the ith element being one, and other elements being all
zeros; K function denotes the set of all continuous functions which
are strictly increasing and vanishing at zero; K1 function denotes
the set of all functions which are class K functions and unbounded,
Ci stands for a set of functions with continuous ith partial deri-
vatives, J � J represents the Euclidean norm.
2. Problem statement and preliminaries

Consider the following switched nonlinear system with state
and input unmodeled dynamics:

_z ¼ qðz; yÞ;
_x1 ¼ x2þ f 1;σðtÞðyÞþΔ1;σðtÞðz; y; tÞ;
_x2 ¼ x3þ f 2;σðtÞðyÞþΔ2;σðtÞðz; y; tÞ;
⋮
_xρ ¼ xρþ1þ f ρ;σðtÞðyÞþΔρ;σðtÞðz; y; tÞþbm;σðtÞv;

⋮
_xn�1 ¼ xnþ f n�1;σðtÞðyÞþΔn�1;σðtÞðz; y; tÞþb1;σðtÞv;
_xn ¼ f n;σðtÞðyÞþΔn;σðtÞðz; y; tÞþb0;σðtÞv;
y¼ x1:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð1Þ

The minimal realization of input ummodeled dynamics is
represented as

_ξ ¼ AΔ;σðtÞðξÞþbΔ;σðtÞu;

v¼ CΔ;σðtÞðξÞþdΔ;σðtÞu;

(
ð2Þ

where x¼ ½x1; x2;…; xn�T ARn and uAR are the unmeasured system
states and input respectively. yAR is the measured system output;
σðtÞ : ½0; þ1Þ-M ¼ f1;2;…;mg is the switching signal and all
system states do not jump at each switching instant, t0 ¼ 0; For
any i¼ 1;2;…;n; k¼ 1;2;…;m, f i;kð�Þ is the unknown smooth
Please cite this article as: J. Mao, et al., Adaptive finite-time tra
unmodeled dynamics, Neurocomputing (2016), http://dx.doi.org/10.1
nonlinear function; zARn0 is the state unmodeled dynamics;
Δi;kðz; y; tÞ; i¼ 1;2;…;n, is the external dynamic disturbance, which
is an unknown smooth nonlinear function; qðz; yÞ is the unknown
continuous function; vAR is the unmeasured signal which acts
upon the nonlinear system; ξa0ARq is the input unmodeled
dynamic; AΔ;kð�Þ, bΔ;k are unknown vectors; CΔ;kð�Þ is an unknown
function and dΔ;k is an unknown constant. bi;ka0; i¼ 1;2;…;n, is
the unknown control coefficient; ρþm¼ n.

Remark 1. It should be emphasized that switched system (1) and
(2) does not have strict feedback or pure feedback structures
studied in [10,15–18]. Furthermore, due to the existence of the
state and input unmodeled dynamics, finite-time tracking control
for switched system (1) and (2) becomes more difficult.

The objective is to design a controller and adaptive laws for
switched system (1) and (2) such that the output y follows the spe-
cified desired trajectory yr, and the tracking error can converge to a
small neighborhood of zero in finite time under arbitrary switchings.

Assumption 1 (Zhang and Xia [29,30], Xia and Zhang [31]). The
external disturbance Δi;kðz; y; tÞ; i¼ 1;2;…;n, is an unknown
smooth function satisfying

Δi;kðz; y; tÞ
�� ��rϕi1;kðJzJ Þþϕi2;kðJyJ Þ;
where ϕi1;kð�ÞZ0 is an unknown increasing function and ϕi2;kð�ÞZ
0 is an unknown smooth function.

Assumption 2 (Xia et al. [33], Chen et al. [34,35]). The input
ummodeled dynamics (2) has relative degree zero, that is, dΔ;ka0,
and there exists an unknown positive constant Ck40 such that
CΔ;kðξðtÞÞ
�� ��rCk JξðtÞJ .

Assumption 3 (Zhang and Xia [29,30], Xia and Zhang [31]). The
system _z ¼ qðz; yÞ is exponentially input-state-practically
stable (exp-ISPS), that is, there exists a C1 function V0ðzÞ such that

α1ðJzJ ÞrV0ðzÞrα2ðJzJ Þ; ð3Þ

∂V0ðzÞ
∂z

qðz; yÞr�cV0ðzÞþγðJyJ Þþd; ð4Þ

where α1ð�Þ;α2ð�Þ and γð�Þ are the class K1 functions, c40; dZ0
are constants.

Assumption 4 (Xia et al. [33], Chen et al. [34,35]). For input
unmodeled dynamics (2), there exists a C1 function V ðξÞ satisfying
β1 JξJ

2rV ðξÞrβ2 JξJ
2;

∂V ðξÞ
∂ξ

AΔ;kðξÞr�2δ0;kV ðξÞ;

∂V ðξÞ
∂ξ

�����
�����
�����rβ3 JξJ ;

�����
where β140;β240;β340 and δ0;k40 are constants.

Assumption 5. The desired trajectory xr ¼ ½yr ; _yr�T AΩr is known,
where Ωr ¼ fxr : y2r þ _y2

r rD0g, and D0 is a constant.

Remark 2. In [10,29–31,33–35], the upper bounds of control
coefficients should be known, and the second derivative of track-
ing signals was required to be bounded, which are somewhat
strict. In this paper, we relax these restrictions, and do not require
any information about the second derivative of tracking signals.

Lemma 1 (Krstic et al. [26]). If V0 is a C1 function for a system _z ¼
qðz; yÞ such that (3) and (4) hold, then, for any constant cnAð0; cÞ, any
initial instant t0Z0, any initial condition z0 ¼ zðt0Þ; γ040, any
continuous function γ ðJyJ Þ satisfying γ ðJyJ ÞZγðJyJ Þ, there exist a
finite constant T0 ¼maxf0; lnðV0ðzÞ=γ0Þ=ðc�cnÞgZ0, a function Dðt0
; tÞZ0 and an unmeasured dynamic signal described by
cking control for a class of switched nonlinear systems with
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_υ ¼ �cnυþγ ðJyJ Þþd;υðt0Þ ¼ υ0;υ0Z0;

such that V0ðzÞrvðtÞþDðt; t0Þ, where Dðt; t0Þ ¼maxf0; e� cðt� t0ÞV0ðzÞ
�e� cnðt� t0Þγ0g, Dðt; t0Þ ¼ 0 for tZT0þt0. Without loss of generality,
we assume γ ðJyJ Þ ¼ γðJyJ Þ.

Lemma 2 (Krstic et al. [26]). For any continuous function f ðx; yÞ,
there exist smooth functions φ1ðxÞZ0;φ2ðyÞZ0, such that the fol-
lowing inequality holds:

f ðx; yÞ
�� ��rφ1ðxÞþφ2ðyÞ; 8x; yAR:

Lemma 3 (Lu and Xia [40]). Consider a switched nonlinear system
_x ¼ f ðxÞ, if there exist a positive definite function V : Rn-R, and
constants 0oαo1; c40; dZ0, such that, for any x0AΩ0 � Rn, the
following inequality holds:

_V ðxÞr�cVαðxÞþd;

then,

VαðxÞr d
cð1�ηÞ; 8 tZTn ¼ 1

cηð1�αÞðVðxðt0ÞÞÞ
1�αþt0;

where 0oηo1, and t0 is the initial time.

Lemma 4 (Wang [43]). For any unknown continuous function h(z),
a neural network can be constructed as the following form to
approximate it:

hðzÞ ¼WnTTðzÞþDðzÞ; 8zAΩz;

where TðzÞ ¼ ½T1ðzÞ; T2ðzÞ;…; TlðzÞ�T ARl is the basic function vector
with the node number lZ1, Wn ¼ ½Wn

1;W
n

2⋯;Wn

l �T ARl is the ideal
weight vector, and D(z) is the approximate error. The basic function
TiðzÞ is taken as the Gaussian function, which has the following form:

TiðzÞ ¼ exp �ðz�ciÞT ðz�ciÞ
μ2
i

 !
; i¼ 1;2;…; l; ð5Þ

where ci is the center of the radial basic function and μi40 is the
width of the Gaussian function. The value of the ideal weight vector
Wn is determined by W that minimize the approximate error D(z) for
all zAΩz:

Wn ¼ arg min
WARl

sup
zAΩz

hðzÞ�WTTðzÞ
��� ���

)
:

(
ð6Þ

Proposition 1 (Qian and Lin [44]). Let xAR; yAR and given any real
numbers c40; d40; γ40, the following inequality holds:

xj jc y
�� ��dr c

cþd
γ xj jcþdþ d

cþd
γ� c

d y
�� ��cþd

:

Proposition 2. Consider the input unmodeled dynamics satisfying
Assumption 4 and the following first-order filter:

_m ¼ �δ0mþ uj j; ð7Þ
the following inequality holds:

JξðtÞJrcn1ðJξð0ÞJþ mð0Þ
�� ��Þe�δ0tþcn2 mðtÞ

�� ��;
where δ0 ¼minkAM δ0;k

� �
; cn1 ¼ 1ffiffiffiffi

β1

p max
ffiffiffiffiffiffi
β2

p
;β4

n o
; cn2 ¼ β4ffiffiffiffi

β1

p , and
β4 ¼ β3

2
ffiffiffiffi
β1

p maxkAM JbΔ;k J
� �

.

Proof. According to Assumption 4, we obtain

_V ðξÞr∂V ðξÞ
∂ξ

½AΔ;σðtÞðξÞþbΔ;σðtÞu�r�2δ0;σðtÞV ðξÞþβ3 JξJ JbΔ;σðtÞ J uj j:

Setting WðξÞ ¼
ffiffiffiffiffiffiffiffiffiffi
V ðξÞ

q
, we have

_W ðξÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffi
V ðξÞ

q _V ðξÞr�δ0;σðtÞ
V ðξÞffiffiffiffiffiffiffiffiffiffi
V ðξÞ

q þβ3 JbΔ;σðtÞ J JξJ
2

ffiffiffiffiffiffi
β1

p
JξJ

uj j: ð8Þ
Please cite this article as: J. Mao, et al., Adaptive finite-time tra
unmodeled dynamics, Neurocomputing (2016), http://dx.doi.org/10.1
From (8), we obtain

WðξÞrWðξð0ÞÞe�δ0tþβ4

Z t

0
e�δ0ðt�τÞ uðτÞ

�� ��dτ: ð9Þ

Since e�δ0ðt� τÞð _m ðτÞþδ0mðτÞÞ ¼ d
dτ½e�δ0ðt� τÞmðτÞ� , we obtainZ t

0
e�δ0ðt� τÞ uðτÞ

�� ��dτ¼mðtÞ�mð0Þe�δ0t : ð10Þ

According to Assumption 4 and substituting (10) into (9) yields

JξðtÞJr
ffiffiffiffiffiffi
β2

p
ffiffiffiffiffiffi
β1

p Jξð0ÞJþ β4ffiffiffiffiffiffi
β1

p mð0Þ
�� ��" #

e�δ0tþ β4ffiffiffiffiffiffi
β1

p mðtÞ: ð11Þ

Then, (11) can be rewritten as the following form:

JξðtÞJrcn1ðJξð0ÞJþ mð0Þ
�� ��Þe�δ0tþcn2 mðtÞ

�� ��: ð12Þ

The proof of Proposition 2 is completed.□

Remark 3. In Proposition 2, the first-order filter (7) plays a critical
role in dealing with input unmodeled dynamics. With the aid of
the filter (7), the state of the input unmodeled dynamics can be
restricted by (12), which will be used for controller design in the
later section.

Proposition 3 (Qian and Lin [44]). Let xAR; yAR , and pZ1 be a
constant, the following inequality holds:

ð xj jþ jyj Þ1=pr xj j1=pþ y
�� ��1=pr2ðp�1Þ=pð xj jþ y

�� ��Þ1=p:

3. System parameterization and K-filters design

In this section, the parameterization of switched system (1) and
(2) is given to construct the state observer.

Substituting (2) into (1), we have

_z ¼ qðz; yÞ;
_x1 ¼ x2þ f 1;σðtÞðyÞþΔ1;σðtÞðz; y; tÞ;
⋮
_xρ ¼ xρþ1þ f ρ;σðtÞðyÞþΔρ;σðtÞðz; y; tÞþbm;σðtÞCΔ;σðtÞ þbm;σðtÞdΔ;σðtÞu;

⋮
_xn�1 ¼ xnþ f n�1;σðtÞðyÞþΔn�1;σðtÞðz; y; tÞþb1;σðtÞCΔ;σðtÞ þb1;σðtÞdΔ;σðtÞu
_xn ¼ f n;σðtÞðyÞþΔn;σðtÞðz; y; tÞþb0;σðtÞCΔ;σðtÞ þb0;σðtÞdΔ;σðtÞu;

y¼ x1:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð13Þ
In order to facilitate the parameterization, we let

A¼

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 0

2
6664

3
7775; Fσ tð Þ ¼

f 1;σ yð Þ yð Þ
f 2;σ yð Þ yð Þ

⋮
f n;σ yð Þ yð Þ

2
66664

3
77775;Δσ tð Þ ¼

Δ1;σ tð Þðz; y; tÞ
Δ2;σ tð Þðz; y; tÞ

⋮
Δn;σ tð Þðz; y; tÞ

2
66664

3
77775

Then, (13) can be rewritten as follows:

_z ¼ qðz; yÞ;

_x ¼ AxþFσðtÞðyÞþΔσðtÞðz; y; tÞþ
Xm
r ¼ 0

en� rbr;σðtÞCΔ;σðtÞ þ
Xm
r ¼ 0

en� rbr;σðtÞdΔ;σðtÞu;

y¼ eT1x:

8>>>><
>>>>:

ð14Þ
Since f i;kðyÞ is a continuous function, we adopt radial basic

function neural networks f̂ i;kðyÞ ¼ θT
i;kGiðyÞ to approximate it on the

compact set yAΩy � R, θi;k ¼ ½θi1;k;…;θiNi ;k�T ARNi represents the
weight vector, Ni41 is the number of neuron nodes, GiðyÞ ¼
½Gi1ðyÞ;Gi2ðyÞ;…;GiNi

ðyÞ�T ARNi is the basic function vector and it is
chosen as the commonly used Gaussian function with the
cking control for a class of switched nonlinear systems with
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following form:

GijðyÞ ¼ exp �ðy�κijÞ2

b2ij

 !
; i¼ 1;2;…;n; j¼ 1;2;…;Ni;

where κij is the center of the receptive field and bij40 is the width
of the Gaussian function. θn

i;k represents the unknown ideal weight
vector defined as follows:

θn

i;k ¼ arg min
θi;k ARNi

sup
yAΩy

θT
i;kGiðyÞ� f i;kðyÞ

��� ���
)
;

(

then, we have

f i;σðtÞðyÞ ¼ θnT
i;σðtÞGiðyÞþδi;σðtÞðyÞ; ð15Þ

where δi;σðtÞðyÞ denotes the approximation error.
In view of (14), (15) can be represented as the following form:

_z ¼ qðz; yÞ;

_x ¼ AxþST ðyÞθh;σðtÞ þδσðtÞ þΔσðtÞðz; y; tÞþ
Xm
r ¼ 0

en� rbr;σðtÞCΔ;σðtÞ þ
Xm
r ¼ 0

en� rbr;σðtÞdΔ;σðtÞu;

y¼ eT1x;

8>>>><
>>>>:

ð16Þ
where

GT ðyÞ ¼

GT
1ðyÞ

GT
2ðyÞ

⋱
GT
nðyÞ

2
66664

3
77775; θn

h;σðtÞ ¼

θn

1;σðtÞ

θn

2;σðtÞ
⋮

θn

n;σðtÞ

2
666664

3
777775;

δσðtÞ ¼

δ1;σðtÞðyÞ
δ2;σðtÞðyÞ

⋮
δn;σðtÞðyÞ

2
66664

3
77775:

Further, (16) can be expressed as follows:

_z ¼ qðz; yÞ;

_x ¼ AxþFT ðy;uÞθ1;σðtÞ þδσðtÞ þΔσðtÞðz; y; tÞþ
Xm
r ¼ 0

en� rbr;σðtÞCΔ;σðtÞ;

y¼ eT1x;

8>>>><
>>>>:

ð17Þ
where

FT ðy;uÞ ¼
0ðρ�1Þ�ðmþ1Þ

Imþ1

" #
u;GT ðyÞ

" #
;θ1;σðtÞ ¼

bm;σðtÞdΔ;σðtÞ
⋮

b1;σðtÞdΔ;σðtÞ
b0;σðtÞdΔ;σðtÞ

θn

h;σðtÞ

2
66666664

3
77777775
:

Since the states of system (1) are unavailable, the following filters
are employed to reconstruct the states:

_ξ0 ¼ A0ξ0þLy; ξ0ARn;

_Ω
T ¼ A0Ω

T þFT ðy;uÞ;ΩT ARn�ððmþ1Þþ
Pn

i ¼ 1
NiÞ;

8<
: ð18Þ

where

A0 ¼ A�LCT ¼

� l1
� l2 In�1

⋮
� ln 0 ⋯ 0

2
66664

3
77775; L¼

l1
l2
⋮
ln

2
66664

3
77775;

sI�A0
�� ��¼ snþ l1sn�1þ⋯þ ln�1sþ ln is a Hurwitz polynomial,
AT
0PþPA0 ¼ �hI, h40 is a design constant, P ¼ PT 40.
Denote the first ðmþ1Þ columns of ΩT by μm;…;μ1;μ0, then,

we get ΩT ¼ ½μm;…;μ1;μ0;Ξ�. According to (18), the vectors μm;
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…;μ1;μ0 are generated by only one input filter

_μr ¼ A0μrþen� ru; r¼ 0;1;…;m; urARn�ðmþ1Þ: ð19Þ
It is easy to show that Ar

0en ¼ en� r ; r¼ 0;1;…;m. Let

μr ¼ Ar
0λ; r¼ 0;1;…;m; μrARn�ðmþ1Þ:

Then, (19) can be rewritten as the following form:

_λ ¼ A0λþenu: ð20Þ
Let μr;i; r¼ 0;1;…;m; i¼ 1;2;…;n, be the ith element of the vector
μr , and λk be the kth element of the vector λ respectively. Based on
the discussion of [26], we have

μr;i ¼ ½n; n;…;1�

λ1
λ2
⋮

λrþ i

2
66664

3
77775; λk ¼ 0; k4n; ð21Þ

where n is the polynomial consisting of l1; l2;…; ln. Since l1; l2;…; ln
are design parameters, the polynomial which n represents is
bounded.

According to (18)–(20), K-filters used for state estimation can
be described as follows:

_ξ0 ¼ A0ξ0þLy; ξ0ARn;
_λ ¼ A0λþenu; λARn;

_ξ ¼ A0ΞþGT ðyÞ; ΞARn�
Pn

i ¼ 1
Ni :

8>><
>>: ð22Þ

The nominal state estimate is x̂ ¼ ξ0þΩTθ1;σðtÞ and the observe
error is ε¼ x� x̂. Therefore, the states can be rewritten as
x¼ΩTθ1;σðtÞ þξ0þε, and we have

x¼ ξ0þ
Xm
r ¼ 0

μrbr;σðtÞdΔ;σðtÞ þΞθn

h;σðtÞ þε: ð23Þ

Further, according to (22), the observer error equation can be
expressed as

_ε ¼ A0εþδσðtÞðyÞþΔσðtÞðz; y; tÞþ
Xm
r ¼ 0

en� rbr;σðtÞCΔ;σðtÞðξÞ: ð24Þ
4. Adaptive dynamic surface controller design

In this section, a tracking control scheme based on DSC tech-
nique will be developed for switched system (1) and (2), which
makes that the tracking error can converge to a small neighbor-
hood of zero in finite time under arbitrary switchings. The whole
design procedure needs ρ steps based on the following coordinate
transformations: S1 ¼ y�yr ; Si ¼ μm;i�wi; i¼ 2;3;…;ρ, wi is the
output of a first-order filter.

Step 1: Taking the derivative of S1, and combining (1) with (23),
we have

_S1 ¼ x2þ f 1;σðtÞðyÞþΔ1;σðtÞðz; y; tÞ ¼ μm;2bm;σðtÞdΔ;σðtÞ þωTθ1;σðtÞ
þδ1;σðtÞðyÞþΔ1;σðtÞðz; y; tÞþε2� _yr ; ð25Þ

where ω ¼ ½ξ0;2;0;μm�1;2;…;μ1;2;μ0;2;Ξð2Þ þGT
ð1ÞðyÞ�, Ξð2Þ and GT

ð1ÞðyÞ
denote the second and first rows of the matrices Ξ and GT ðyÞ
respectively. θ1;σðtÞ ¼ ½1;θT

1;σðtÞ�T .
Choose a Lyapunov function candidate for the first step as fol-

lows:

Vε ¼ BL
0

γε
εTPε; ð26Þ

VS1 ¼
1
2
S21; ð27Þ
cking control for a class of switched nonlinear systems with
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V1 ¼ VS1 þ
γ0
2
BL
0
~θ
2
0þ

γ1
2
BL
0
~θ
2
1þ

γH
2
BL
0
~H
2þ υ

λn
þVε; ð28Þ

where ~θ0 ¼ θ0� θ̂0;
~θ1 ¼ θ1� θ̂1; ~H ¼H�Ĥ , θ̂0 is the estimate of

θ0 ¼ Lð1þτÞ=2
0 JWn

0 J1þ τ . L0; τ;Wn

0;θ1;H will be given later. γ040; γ1
40; γH40; γε40; λn40 are design parameters. B0;σðtÞ ¼ bm;σðtÞ
dΔ;σðtÞ;B

L
0 ¼minkAMfB0;kg.

Differentiating VS1 with respect to time t, and combining
Assumption 1 with (25), we have

_V S1 ¼ S1μm;2bm;σðtÞdΔ;σðtÞ þS1ωTθ1;σðtÞ þS1δ1;σðtÞðyÞ
þS1Δ1;σðtÞðz; y; tÞþS1ε2�S1 _yr : ð29Þ

According to Assumption 3, α1ð�Þ is a class K1 function, therefore,
α �1

1 ð�Þ is a non-decreasing function. From Lemmas 1 and 2, we
have

S1j j Δ1;σðtÞðz; y; tÞ
�� ��r S1j jϕ11;σðtÞ○α

�1
1 ðυðtÞþDðt; t0ÞÞþ S1j jϕ12;σðtÞð y

�� ��Þ
r S1j jφ11;σðtÞðυðtÞÞþ S1j jφ12;σðtÞðDðt; t0ÞÞþ S1j jϕ12;σðtÞð y

�� ��Þ;
ð30Þ

where φ11;kð�ÞZ0 and φ12;kð�ÞZ0; k¼ 1;2;…;m, are two unknown
smooth functions.

According to Lemma 1, one can show that Dðt; t0Þ is a bounded
function, thus, there exists a constant θ

n

1;k40; k¼ 1;2;…;m,

satisfying φ12;kðDðt; t0ÞÞrθ
n

1;k . Noting (30), we obtain

S1j j Δ1;σðtÞðz; y; tÞ
�� ��r S1j jφ11;σðtÞðυðtÞÞþ S1j jφ12;σðtÞðDðt; t0ÞÞ

þ S1j jϕ12;σðtÞð y
�� ��ÞrBL

0S
2
1φ

2
11;σðtÞ þBL

0S
2
1θ

n 2
1;σðtÞ þBL

0S
2
1ϕ

2
12;σðtÞð y

�� ��Þþ 3
4BL

0

:

ð31Þ
Furthermore, in view of (29), and using the inequality as shown in
Proposition 1, we have

S1ωTθ1;σðtÞr S1j jJω J Jθ1;σðtÞ Jr
τ

ð1þτÞaτð1þτÞ
11 ðBL

0Þ1=τ

þaτð1þ τÞ
11

1þτ
S1j j1þ τωnθ1B

L
0; ð32Þ

where τARþ
ood is a constant satisfying 0oτo1. ωn ¼ Jω J1þ τ and

θ1 ¼ fmaxkAMfJθ1;k Jgg
1þ τ

are two unknown positive constants.
a1140 is a design parameter.

Remark 4. According to (32), we just need to estimate the scalar
θ1 rather than the vector θ1;k, which makes that the number of
adaptive parameters is greatly reduced and the burdensome
computation is alleviated.

Substituting (31) and (32) into (29), we obtain

_V S1 rS1μm;2bm;σðtÞdΔ;σðtÞ þ
aτð1þτÞ
11
1þτ

S1j j1þ τωnθ1B
L
0þBL

0S
2
1φ

2
11;σðtÞ

þBL
0S

2
1θ

n 2
1;σðtÞ þBL

0S
2
1 _y

2
r þBL

0S
2
1ϕ

2
12;σðtÞðjyj ÞþBL

0S
2
1δ

2
1;σðtÞðyÞþBL

0ε
Tε

þ 5

4BL
0

þ 1

BL
0

S21þ
τ

ð1þτÞaτð1þ τÞ
11 ðBL

0Þ1=τ
: ð33Þ

Taking the derivative of Vε, and combining Assumptions 1 and
2 with Lemma 2, we have

_V ε ¼
BL
0

γε
½εT ðAT

0PþPA0Þε�þ
2BL

0

γε
εTPδσðtÞðyÞþ

2BL
0

γε
εTPΔσðtÞ

þBL
0

γε
εTPBσðtÞCΔ;σðtÞr�BL

0

γε
ðh�3ÞεTεþBL

0

γε
JP J2 JδσðtÞðyÞJ2

þ2BL
0

γε
JP J2ϕ0;σðtÞðvðtÞÞþ

2BL
0

γε
JP J2θn

0;σðtÞ þ
2BL

0

γε
JP J2

Xn
i ¼ 1

ϕ2
i2;σðtÞðjyj Þ

þ2BL
0

γε
JP J2 JBσðtÞCΔ;σðtÞðξÞJ2; ð34Þ
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where ϕ0;kð�ÞZ0 is an unknown smooth function and θn

0;kZ0 is an
unknown constant.

Further, using Proposition 2, we obtain

CΔ;σðtÞðξðtÞÞ
�� ��
1þ mðtÞ
�� �� rCσðtÞcn1ðJξð0ÞJþ mð0Þ

�� ��Þe�δ0tþCσðtÞcn2 mðtÞ
�� ��

1þ mðtÞ
�� ��

rmaxfCσðtÞcn1ðJξð0ÞJþ mð0Þ
�� ��Þ;CσðtÞcn2g ¼Hm;σðtÞ; ð35Þ

where Hm;k40 is an unknown constant.
Let HσðtÞ ¼ JP J2 JBσðtÞ J2H2

m;σðtÞ;H ¼ fmaxkAMfHkgg1þτ , then we
have

JP J2 JBσðtÞ J2 CΔ;σðtÞðξÞ
�� ��2 ¼ 1þ mj jð Þ2 JP J2 JBσðtÞ J2

CΔ;σðtÞðξÞ
�� ��
1þ mj j

 !2

r PmHð Þ1=ð1þτÞ; ð36Þ
where Pm ¼ ð1þjm j Þ2ð1þτÞ.

Taking the derivative of V1 and substituting (33)–(36) into it
leads to

_V 1rS1μm;2bm;σðtÞdΔ;σðtÞ þ
aτð1þ τÞ
11
1þτ

S1j j1þ τωnθ1B
L
0þBL

0S
2
1φ

2
11;σðtÞ

þBL
0S

2
1θ

n 2
1;σðtÞ þ

5

4BL
0

þ 1

BL
0

S21þBL
0ε

Tε�BL
0

γε
ðh�3ÞεTε

þBL
0

γε
JP J2 JδσðtÞðyÞJ2þ

2BL
0

γε
JP J2ϕ0;σðtÞðvðtÞÞþ

2BL
0

γε
JP J2θn

0;σðtÞ

þ2BL
0

γε
JP J2

Xn
i ¼ 1

ϕ2
i2;σðtÞð y

�� ��Þþ2BL
0

γε
ðPmHÞ1=ð1þ τÞ �γ0B

L
0
~θ0

_̂
θ 0

�γ1B
L
0
~θ1

_̂
θ 1�γHB

L
0
~H _̂H �cn

λn
υþγðJyJ Þ

λn
þ d

λn
þ τ
ð1þτÞaτð1þ τÞ

11 ðBL
0Þ1=τ

þBL
0S

2
1 _y

2
r þBL

0S
2
1ϕ

2
12;σðtÞð y

�� ��ÞþBL
0S

2
1δ

2
1;σðtÞðyÞ: ð37Þ

Taking the virtual control law for the first step as follows:

α1 ¼ �Sτ1
aτð1þτÞ
11

1þτ
ωn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ θ̂

2

1

r
þaτð1þ τÞ

12

1þτ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ θ̂

2

0

r
þ 1
1þτ

 

þ2S1þτ
1 aτð1þ τÞ

13 Pm

γεεn2ð1þτÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þĤ

2
q !

�c1S1; ð38Þ

where c140; a1240; a1340 and εn40 are four design
parameters.

A first-order filter is designed as follows:

τ2 _w2þw2 ¼ α1; w2ð0Þ ¼ α1ð0Þ;
where τ240 is a constant. Let y2 ¼w2�α1, then _w2 ¼ �y2

τ2
.

Since μm;2 ¼ y2þα1þS2, we obtain from (37) that

_V 1r
1
2
S22þS1α1B0;σðtÞ þ

aτð1þτÞ
11
1þτ

S1j j1þτωnθ1B
L
0þBL

0 S1j jϕ0ðX1Þþ
1
2
y22

þ 5

4BL
0

þ2BL
0a

τð1þτÞ
13 PmHS

2ð1þτÞ
1

γεεn2ð1þτÞ þ 1� S21
εn2

 !
2BL

0

γε
ðPmHÞ1=ð1þτÞ

�BL
0

γε
ðh�3�γεÞεTε�γ0B

L
0
~θ0

_̂
θ 0�γ1B

L
0
~θ1

_̂
θ 1�γHB

L
0
~H _̂H �cn

λn
υ

þ τ
ð1þτÞaτð1þτÞ

11 ðBL
0Þ1=τ

þ d

λn
þ 2τBL

0

εn2γεð1þτÞaτð1þτÞ
13

þ 1� S21
εn2

 !
Qðy; υÞBL

0;

ð39Þ

where ϕ0ðX1Þ ¼maxkAM S1j jðφ2
11;kðυðtÞÞþθ

n2
1;kþϕ2

12;kð y
�� ��Þþ 1

ðBL0Þ2
þ 1

εn2Q ðy;υÞ
n

þðBM0 Þ2
BL0

þ _y2
r þδ21;σðtÞðyÞÞg, X1 ¼ ½y; υ; yr ; _yr �T , Q ðy; υÞ ¼maxkAM

1
γε
JP J2 JδkðyÞJ2þ

n
2
γε
JP J2ϕ0;kðυðtÞÞþ 2

γε
JP J2θn

0;kþ 2
γε
JP J2

Pn
i ¼ 1 ϕ

2
i2;kð y
�� ��Þþγð Jy J Þ

λn

o
, BM

0 ¼maxkAMfB0;kg.
Since the neural network is used to approximate the unknown

continuous function in this paper, ϕ0ðX1Þ can be further rewritten
as the following form:

ϕ0ðX1Þ ¼WnT
0 ψ0ðX1ÞþB1ðX1Þ;
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where Wn

0 represents the unknown ideal weight vector. ψ0ðX1Þ
represents the basic function vector and its dimension is L0. B1ðX1Þ
denotes the approximate error.

Using the inequality as shown in Proposition 1 and noting
ψ T

0ðX1Þψ0ðX1ÞrL0, we obtain

BL
0jS1jϕ0ðX1Þr

BL
0a

τð1þ τÞ
12

1þτ
S1j j1þ τθ0þ

BL
0τ

ð1þτÞaτð1þ τÞ
12

þ BL
0

1þτ
S1j j1þ τ

þ BL
0τ

1þτ
B1ðX1Þ
�� ��1þ τ

τ : ð40Þ

Thus, there exists a continuous function K1ðy;υ; yr ; _yrÞZ0
satisfying

BL
0τ

1þτ
B1ðX1Þ
�� ��1þ τ

τ rK1ðy;υ; yr ; _yrÞ: ð41Þ

Substituting (38) into (39), and combining (40) with (41), we
have

_V 1r
1
2
y22þBL

0
aτð1þ τÞ
11
1þτ

S1j j1þ τωn ~θ1þBL
0
aτð1þ τÞ
12
1þτ

S1j j1þτ ~θ0

þ2BL
0a

τð1þτÞ
13 PmS

2ð1þτÞ
1

γεεn2ð1þτÞ
~HþK0ðy;υ; yr ;mÞ�BL

0

γε
ðh�3�γεÞεTε

�γ0B
L
0
~θ0

_̂
θ 0�γ1B

L
0
~θ1

_̂
θ 1�γHB

L
0
~H _̂H þ d

λn
þ 5

4BL
0

�c1S
2
1B

L
0þ

τ
ð1þτÞaτð1þ τÞ

11 ðBL
0Þ1=τ

þ 2τBL
0

εn2γεð1þτÞaτð1þτÞ
13

þ1
2
S22þK1ðy;υ; yr ; _yrÞ�

cn

λn
υþ τBL

0

ð1þτÞaτð1þ τÞ
12

; ð42Þ

where K0ðy;υ; yr ;mÞ ¼ BL
0 1� S21

εn2

� �
ðQ ðy;υÞþ 2

γε
ðPmHÞ1=ð1þ τÞÞ.

The parameter adaptive laws are updated as follows:

_̂
θ 0 ¼

aτð1þ τÞ
12

γ0ð1þτÞS
1þτ
1 �λ0

γ0
θ̂0; ð43Þ

_̂
θ 1 ¼

aτð1þ τÞ
11

γ1ð1þτÞS
1þτ
1 ωn�λ1

γ1
θ̂1; ð44Þ

_̂H ¼ 2S2ð1þ τÞ
1 aτð1þ τÞ

13

γεεn2ð1þτÞ Pm�λH

γH
Ĥ ; ð45Þ

where λ040; λ140 and λH40 are three design parameters.

Remark 5. Unlike those adopted in [18,27–32], the adaptive laws
(43)–(45) are not dependent upon the dynamical signal υ, which
means that the dynamical signal introduced is not required to be
measured in this paper.

Substituting (43)–(45) into (42), we obtain

_V 1r
1
2
y22þ

1
2
S22�

BL
0

γε
ðh�3�γεÞεTεþBL

0λ0
~θ0θ̂0þBL

0λ1
~θ1θ̂1þBL

0λH
~HĤ

�c1B
L
0S

2
1�

cn

λn
υþC1þK1ðy;υ; yr ; _yrÞþK0ðy;υ; yr ;mÞ; ð46Þ

where C1 ¼ d
λn
þ τ

ð1þ τÞaτð1þ τÞ
11 ðBL

0Þ1=τ
þ BL

0τ
ð1þτÞaτð1þ τÞ

12

þ 2BL
0τ

γεεn2ð1þ τÞaτð1þ τÞ
13

þ 5
4BL

0
.

Further, there exists a continuous function B2ðS2; y2; ε; ξ0;Ξ;

λmþ2; θ̂0; θ̂1; Ĥ ;m; yr ; _yrÞZ0 such that

_y2þ
y2
τ2

����
����rB2ðS2; y2; ε; ξ0;Ξ; λmþ2; θ̂0; θ̂1; Ĥ ;m; yr ; _yrÞ; ð47Þ

y2 _y2r�y22
τ2

þ y2
�� ��B2ðS2; y2; ε; ξ0;Ξ; λmþ2; θ̂0; θ̂1; Ĥ ;m; yr ; _yrÞ
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r�y22
τ2

þy22
2
þB2

2

2
; ð48Þ

where S2 ¼ ½S1; S2�T and λmþ2 ¼ ½λ1; λ2;…; λmþ2�T .
Step i ð2r irρ�1Þ: Define the ith dynamic surface

Si ¼ μm;i�wi, then

_Si ¼ � liμm;1þum;iþ1� _wi: ð49Þ
Choose a Lyapunov function candidate for inductive step as the

following form:

VSi ¼
1
2
S2i : ð50Þ

Select the virtual control law as follows:

αi ¼ �ciS
τ
i þ liμm;1þ _wi�

3
2
Si; ð51Þ

where ci40 is a design parameter.
Similar to the first step, a first-order filter is designed as fol-

lows:

τiþ1 _wiþ1þwiþ1 ¼ αi;wiþ1ð0Þ ¼ αið0Þ;
where τiþ140 is a constant. Let yiþ1 ¼wiþ1�αi, then
_wiþ1 ¼ �yiþ 1

τiþ 1
.

Since μm;iþ1 ¼ Siþ1þyiþ1þαi, taking the derivative of VSi and
substituting (51) into it, we have

_V Si r�Siliμm;1þSiαi�Si _ωiþS2i þ
1
2
S2iþ1þ

1
2
y2iþ1

r�ciS
1þ τ
i þ1

2
S2iþ1þ

1
2
y2iþ1�

1
2
S2i : ð52Þ

Further, there exists a continuous function Biþ1ðSiþ1; yiþ1; ε; ξ0
;Ξ; λmþ2; θ̂0; θ̂1; Ĥ ;m; yr ; _yrÞZ0 such that

_yiþ1þ
yiþ1

τiþ1

����
����rBiþ1ðSiþ1; yiþ1; ε; ξ0;Ξ;λmþ2; θ̂0; θ̂1; Ĥ ;m; yr ; _yrÞ;

ð53Þ

yiþ1 _yiþ1r�y2iþ1

τiþ1
þ yiþ1

�� ��Biþ1ðSiþ1; yiþ1; ε;ξ0;Ξ; λmþ2; θ̂0; θ̂1;

Ĥ ;m; yr ; _yrÞr�y2iþ1

τiþ1
þy2iþ1

2
þB2

iþ1

2
; ð54Þ

where yj ¼ ½y2; y3;…; yj�T and Sj ¼ ½S1; S2;…; Sj�T ; j¼ 2;3;…;ρ.
Step ρ: Define the last dynamic surface Sρ ¼ μm;ρ�wρ. The

derivative of Sρ is represented as

_Sρ ¼ � lρμm;1þμm;ρþ1þu� _wρ: ð55Þ

Choose the following Lyapunov function candidate:

VSρ ¼
1
2
S2ρ: ð56Þ

Select the control law as follows:

u¼ �cρS
τ
ρþ lρμm;1�μm;ρþ1þ _wρ�

1
2
Sρ: ð57Þ

Taking the derivative of VSρ and substituting (57) into it, we
have

_V Sρ ¼ �cρS
1þ τ
ρ �1

2
S2ρ: ð58Þ
5. Stability analysis

In this section, we will state our main results.
Define some compact sets as follows:

Ω1 ¼ ½S1; εT ;υ; θ̂0; θ̂1; Ĥ �T : V1rp
n o

� Rp1 ;
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Ωi ¼ ½STi ; yT
i ; ε

T ;υ; θ̂0; θ̂1; Ĥ �T : Virp
n o

� Rpi ; i¼ 2;3;…;ρ:

where p40 denotes an arbitrary given constant, pi ¼ ρþnþ
iþ3; i¼ 1;2;…;ρ, and

Vi ¼ V1þ
Xi
j ¼ 2

VSj þ
1
2

Xi
j ¼ 2

y2j :

Theorem 1. Consider the closed-loop system consisting of (1) and
(2) under Assumptions 1–5, control law (57), and adaptive laws (43)–
(45). For any bounded initial conditions, there exist constants h; cl; τi
; γε; γ0; γ1; γH satisfying Vðt0Þrp and

hZ3þγεþ ~cλmaxðPÞ;
1
τi

Z
~c
2
þ1; i¼ 2;3;…;ρ;

8><
>: ð59Þ

such that the tracking error converges to a small neighborhood of zero
in finite time under arbitrary switchings, where ~c40 is a parameter
satisfying ~crminl ¼ 1;2;…;ρfclg.

Proof. Consider the following Lyapunov function candidate:

V ¼ V1þ
Xρ
i ¼ 2

VSi þ
1
2

Xρ
i ¼ 2

y2i : ð60Þ

If Vrp, then Virp. From the aforementioned compact sets, we
obtain that Sρ; y; yρ; ε;υ; θ̂0; θ̂1 and Ĥ are all bounded. Further, the
boundedness of the other signals will be proved on this basis.
According to (44) and (45), we have that ωn and m are bounded.
Noting (22) and (25), we obtain that ξ0;Ξ;μm�1;2;…;μ1;2;μ0;2 are
also bounded. In view of (19), we have _μ0;1 ¼ � l1μ0;1þμ0;2, thus,
μ0;1 is bounded. Furthermore, we have

μ0;1

μ0;2

μ1;2

μ2;2

⋮
μm�1;2

2
6666666664

3
7777777775
¼

1 0 0 0 ⋯ 0
0 1 0 0 ⋯ 0
� l2 0 1 0 ⋯ 0
n � l2 0 1 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
n n n n ⋯ 1

2
666666664

3
777777775

λ1
λ2
λ3
λ4
⋮

λmþ1

2
6666666664

3
7777777775
: ð61Þ

According to (61), λ1; λ2;…; λmþ1 are all bounded. From (21),
we obtain that μm;1 is bounded. Noting (19), we have
_μm;1 ¼ � l1μm;1þμm;2, which implies μm;2 is bounded. Since
μm;2 ¼ S2þα1þy2, it yields α1 that is bounded. In view of the first-
order filters, we obtain that _w2; _w3;…; _wρ are all bounded. Further,
αi; i¼ 2;3;…;ρ�1, is also bounded. Because μm;iþ1 ¼ Siþ1þyiþ1þ
αi; i¼ 1;2;…;ρ�1, μm;3;μm;4;…;μm;ρ are all bounded. From (21),
we obtain that λmþ2;λmþ3;…; λm are also bounded, that is,λ is
bounded. In view of K-filters (22), we obtain that μ0;μ1;…;μm are
bounded. Noting (4), (18), (23) and (57), we have that u;Ω; x̂; z, and
x are all bounded. Therefore, all closed-loop signals are bounded.

Furthermore, it is easy to know that Ω1 � Rpρ�p1⊃Ω2�
Rpρ�p2⊃⋯⊃Ωρ�1 � Rpρ�pρ� 1⊃Ωρ. Due to the boundedness of λ;m,
continuous functions K1ð�Þ and K0ð�Þ

�� �� have maximums K1
M and N1

on the compact set Ωr �Ω1 respectively. Bið�Þ; i¼ 2;3;…;ρ, has a
maximum Bi

M on the compact set Ωr �Ωi.
Taking the derivative of (60) and using (46), (52), and (58), we

obtain

_V r� ~cBL
0S

2
1�

Xρ
i ¼ 2

~cS1þτ
i �BL

0

γε
~cεTPεþBL

0λ0
~θ0θ̂0þBL

0λ1
~θ1θ̂1

þBL
0λH

~HĤþKM
1 � ~c

2

Xρ
i ¼ 2

y2i þC1þN1�
cn

λn
υ�2ð1þ τÞ=2 ~c

1
2
S21

� 	ð1þτÞ=2

þ2ð1þ τÞ=2 ~c
1
2
S21

� 	ð1þ τÞ=2
þ2ð1þ τÞ=2 ~c

υ
λn

� 	ð1þτÞ=2
Please cite this article as: J. Mao, et al., Adaptive finite-time tra
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�2ð1þ τÞ=2 ~c
υ
λn

� 	ð1þ τÞ=2
þ1
2

Xρ
i ¼ 2

ðBM
i Þ2�2ð1þτÞ=2 ~cðεTPεÞ

þ2ð1þ τÞ=2 ~cðεTPεÞ�2ð1þτÞ=2 ~c
Xρ
i ¼ 2

1
2
y2i

� 	ð1þ τÞ=2

þ2ð1þ τÞ=2 ~c
Xρ
i ¼ 2

1
2
y2i

� 	ð1þ τÞ=2
: ð62Þ

Using the inequality as shown in Proposition 1, we have

2ð1þτÞ=2 ~c
1
2
S21

� 	ð1þ τÞ=2
¼ ð~cBL

0S
2
1Þð1þτÞ=2 ~cð1�τÞ=ð1þτÞ

BL
0

 !ð1þ τÞð1� τÞ
2ð1� τÞ

r ~cBL
0S

2
1þ

1�τ
2

~c
1

BL
0

 !1þ τ
1� τ

;

2ð1þτÞ=2 ~c
υ
λn

� 	ð1þ τÞ=2
¼ cn

λn
υ

� 	ð1þ τÞ=2 2~c2=ð1þ τÞ

cn

 !ð1þ τÞð1� τÞ
2ð1� τÞ

rcn

λn
υþ1�τ

2
2~c2=ð1þ τÞ

cn

 !1þ τ
1� τ

;

2ð1þτÞ=2 ~c
Xρ
i ¼ 2

1
2
y2i

� 	ð1þ τÞ=2
¼
Xρ
i ¼ 2

1
2
~cy2i

� 	ð1þτÞ=2
2~c

1�τ
1þτ

0
B@

1
CA

ð1þ τÞð1� τÞ
2ð1� τÞ

r1
2

Xρ
i ¼ 2

~cy2i þ
1�τ
2

2
1þ τ
1� τ
Xρ
i ¼ 2

~c;

2ð1þτÞ=2 ~cðεTPεÞð1þ τÞ=2 ¼ BL
0

γε
~cεTPε

 !ð1þτÞ=2
2~cð1þτÞ=ð1�τÞ

BL
0

 !ð1þ τÞð1� τÞ
2ð1� τÞ

rBL
0

γε
~cεTPεþ1�τ

2
~c

2

BL
0

 !1þ τ
1� τ

: ð63Þ

Further, substituting (63) into (62), we obtain

_V r�2ð1þτÞ=2 ~c
Xρ
i ¼ 1

1
2
S2i

� 	ð1þτÞ=2
þBL

0λ0
~θ0θ̂0þBL

0λ1
~θ1θ̂1þBL

0λH
~HĤ

þC�2ð1þ τÞ=2 ~c
Xρ
i ¼ 2

1
2
y2i

� 	ð1þ τÞ=2
�2ð1þτÞ=2 ~cðεTPεÞð1þ τÞ=2

�2ð1þ τÞ=2 ~c
υ
λn

� 	ð1þ τÞ=2
; ð64Þ

where C ¼ C1þN1þ1
2

Pρ
i ¼ 2 ðBM

i Þ2þ1�τ
2

~c 1
BL
0

� �1þ τ
1� τþ 1� τ

2
2 ~c2=ð1þ τÞ

cn

� �1þ τ
1� τþ

1� τ
2

~c
Pρ

i ¼ 2 2
1þ τ
1� τþ1� τ

2
~c 2

BL
0

� �1þ τ
1� τþKM

1 .

Employing Proposition 1, one gets

BL
0λ0

~θ0θ̂0rBL
0λ0 � ~θ

2
0þ

1
2c

~θ
2
0þ

c
2
θ2
0

� 	

r�λ0B
L
0ð2c�1Þ
2c

~θ
2
0þ

λ0c
2

BL
0θ

2
0; ð65Þ

where c is a design parameter satisfying c41
2.

Furthermore, we have

BL
0λ1

~θ1θ̂1r
�λ1B

L
0ð2c�1Þ
2c

~θ
2
1þ

λ1c
2

BL
0θ

2
1;

BL
0λH

~HĤr�λHB
L
0ð2c�1Þ
2c

~H
2þλHc

2
BL
0H

2: ð66Þ
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Applying Proposition 1 again, we obtain

2ð1þ τÞ=2 ~c
γ0
2
BL
0
~θ
2
0

� 	ð1þτÞ=2
¼ λ0ð2c�1Þ ~θ2

0B
L
0

2c

0
@

1
A

ð1þτÞ=2

2cγ0 ~c
2=ð1þτÞ

λ0ð2c�1Þ

 !ð1þ τÞð1� τÞ
2ð1� τÞ

r ð2c�1Þλ0B
L
0
~θ
2
0

2c
þ1�τ

2
2cγ0 ~c

2=ð1þ τÞ

λ0ð2c�1Þ

 !1þ τ
1� τ

:

ð67Þ
Similar to (67), we have

2ð1þ τÞ=2 ~c
γ1
2
BL
0
~θ
2
1

� 	ð1þτÞ=2
r ð2c�1Þλ1B

L
0
~θ
2
1

2c
þ1�τ

2
2cγ0 ~c

2=ð1þ τÞ

λ1ð2c�1Þ

 !1þ τ
1� τ

;

2ð1þ τÞ=2 ~c
γH

2
BL
0
~H
2

� 	ð1þ τÞ=2
r ð2c�1ÞλHB

L
0
~H
2

2c

þ1�τ
2

2cγH ~c
2=ð1þ τÞ

λHð2c�1Þ

 !1þ τ
1� τ

: ð68Þ

Further, substituting (65)–(68) into (64), we get

_V r�2ð1þτÞ=2 ~c
Xρ
i ¼ 1

1
2
S2i

� 	ð1þ τÞ=2
�2ð1þ τÞ=2 ~c

BL
0

γε
εTPε

 !ð1þ τÞ=2

�2ð1þ τÞ=2 ~c
γ0
2
BL
0
~θ
2
0

� 	ð1þτÞ=2
�2ð1þ τÞ=2 ~c

γ0
2
BL
0
~θ
2
1

� 	ð1þτÞ=2

�2ð1þ τÞ=2 ~c
γH
2
BL
0
~H
2� �ð1þτÞ=2

�2ð1þ τÞ=2 ~c
υ
λn

� 	ð1þ τÞ=2

�2ð1þ τÞ=2 ~c
Xρ
i ¼ 2

1
2
y2i

� 	ð1þ τÞ=2
þdn; ð69Þ

where dn ¼ Cþ1� τ
2

2cγ0 ~c
2=ð1þ τÞ

λ0ð2c �1Þ

� 	1þ τ
1� τ

þ1�τ
2

2cγ0 ~c
2=ð1þ τÞ

λ1ð2c �1Þ

� 	1þ τ
1� τ

þ1�τ
2

2cγH ~c2=ð1þ τÞ

λH ð2c �1Þ

� 	1þ τ
1� τ

þ
λ0c
2 BL

0θ
2
0þλ1c

2 BL
0θ

2
1þλHc

2 BL
0H

2.

Combining (69) with Proposition 3, we have

_V r�c0V
ð1þτÞ=2þdn; ð70Þ

where c0 ¼ 2ð1þτÞ=2 ~c .
Since 0o1þτ

2 o1, according to Lemma 3, θ̂0; θ̂1; Ĥ ; Sρ;υ; ε and
yρ can converge to a small neighborhood of zero in finite time
under arbitrary switchings, and we have

V ð1þ τÞ=2r dn

c0ð1�ηÞ; 8 tZTn ¼ 2V ð1� τÞ=2ðt0Þ
c0ηð1�τÞ ; ð71Þ

where 0oηo1.
When VðtÞ ¼ p, we have p0 ¼ pð1þ τÞ=2 ¼ V ð1þ τÞ=2ðtÞ. Select c0

satisfying c04 dn

ð1�ηÞp0, then, we obtain from (70) that
_V r0; 8 tA ½t0; TnÞ. Since Vðt0Þrp, we get VðtÞrp; 8 tA ½t0; TnÞ.
Since c04 dn

ð1�ηÞp0, it follows from (71) that V ð1þτÞ=2op0, i.e.,
VðtÞop; 8 tZTn.

The proof of Theorem 1 is completed.□

Remark 6. It can be seen from (59) that ~c is independent of cn.
Since cl; l¼ 1;2;…;ρ, is freely selected by the designers, ~c can be
taken arbitrary large, which makes the tracking error and para-
meter estimation errors arbitrary small.

Remark 7. According to (59) and (69), we know that positive
constants c0; d

n are determined by these parameters
τ; γε; γ0; γ1; γH ; λ0; λ1; λH ; εn; cl; l¼ 1;2;…;ρ, and τi; i¼ 2;3;…;ρ. In
what follows, we will give some suggestions in choosing these
parameters:

(i) Choosing τ close to 1 helps to reduce dn.
(ii) Increasing τi; cl helps to increase c0.
iii) Decreasing λ0; λ1; λH ; γ0; γ1 and γH helps to reduce dn.
Please cite this article as: J. Mao, et al., Adaptive finite-time tra
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(iv) Increasing γε; ε
n helps to reduce dn.

In practical cases, choosing appropriate design parameters will
make the system show better performance. But the valid para-
meters can only be obtained after several attempts.

6. Simulation example

In this section, the effectiveness of the control scheme pro-
posed in this paper will be expressed. Consider the switched
nonlinear systems with state and input unmodeled dynamics
consisting of two subsystems:

Subsystem 1:

_z ¼ �4zþx21 sin ðx1Þ;

_x1 ¼ x2þ
x1�x31
1þx21

þz2 sin ðx1Þþ sin 2ðx1Þ;

_x2 ¼ x21 tanhðx1Þ�ðx21þ2x1Þ sin ðx1Þþz2 arctanðx1Þþx31 sin 2ðx1Þþv;

y¼ x1:

8>>>>>>><
>>>>>>>:

_ξ ¼ arctanðξÞ cos 2ðξÞþu;

v¼ 3ξarccot2ðξÞþ2u:

(

Subsystem 2:

_z ¼ �4zþx21 sin ðx1Þ;

_x1 ¼ x2þ
2ðx1þx21Þ
1þx41

sin ðx1Þþtanhðx1Þx31þz2þx21 sin 2ðzÞ;

_x2 ¼ x1 sin ðx1Þþsinhðx1Þcoshðx1Þþz2 sin ðzÞþ cos 2ðx1Þ sin 2ðx1Þþv;

y¼ x1:

8>>>>>>><
>>>>>>>:

_ξ ¼ ξarc cotðξÞ sin 2ðξÞþ3u;
v¼ 2ξ arctan3ðξÞþ3u:

(

Furthermore, the desired tracking trajectory is taken as
yr ¼ 0:25 sin ð0:5tÞ cos ð0:5tÞ, and the dynamic signal is taken as
the following form:

_υ ¼ �3υþ0:2 sin ð y
�� ��2Þþ10�3:

From (22), the filters are designed as follows:

_ξ1 ¼ � l1ξ1þ l2ξ2þ l1y;
_ξ2 ¼ � l1ξ1þ l2y;
_Ξ ð1Þ ¼ ½� l1;1�Ξþ½GT

1ðyÞ 01�15�;
_Ξ ð2Þ ¼ ½� l2;1�Ξþ½01�15 G

T
2ðyÞ�;

_λ1 ¼ � l1λ1þλ2;
_λ2 ¼ � l2λ1þu:

8>>>>>>>>>><
>>>>>>>>>>:

The finite-time controller for simulation object is designed as
the following form:

u¼ �c2S
τ
2þ l2μ0;1þ _w2�1

2 S2:

In this example, the design parameters are chosen as τ¼ 3=7;
c1 ¼ 0:1; c2 ¼ 0:2; l1 ¼ 4; l2 ¼ 4; τ2 ¼ 15; a11 ¼ a13 ¼ 0:35; a12 ¼ 0:25;
γ0 ¼ 0:3; γ1 ¼ 0:4; γH ¼ γε ¼ 0:2; λ0 ¼ 0:3; λ1 ¼ λH ¼ 0:2; εn ¼ 5, the
initial conditions are selected as x1ð0Þ ¼ 0:2; x2ð0Þ ¼ �0:2; ξ0ð0Þ ¼
½1;1�T ; λ ð0Þ ¼ ½0;0�T ;Ξð0Þ ¼ ½1;⋯1�T AR60; θ̂0ð0Þ ¼ Ĥð0Þ ¼ 0:2; θ̂1ð0Þ
¼ 0:3; zð0Þ ¼ 0:2; ξð0Þ ¼ 0:2;υð0Þ ¼ 0:4;m ð0Þ ¼w2ð0Þ ¼ 0:2. Then,
combining K-filters (22), adaptive laws (43)–(45), and control
input (57), the simulation results are shown in Figs. 1–8.

Simulation results show that the tracking error converges to a
small neighborhood of zero in finite time under arbitrary switchings.
Thus, the validity of the proposed control strategy is demonstrated.
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Fig. 2. Trajectories of x1 (solid line) and x2 (dotted line).
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Fig. 1. Tracking error S1.
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Fig. 3. Estimated parameter θ̂0.

0 5 10 15 20
0

0.05

0.1

0.15

0.2

0.25

0.3

t/s

Fig. 4. Estimated parameter θ̂1.
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Fig. 5. Estimated parameter Ĥ .
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Fig. 6. Dynamic signal υ.
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Fig. 7. Control law u.
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Fig. 8. Switching signal.

J. Mao et al. / Neurocomputing ∎ (∎∎∎∎) ∎∎∎–∎∎∎ 9

Please cite this article as: J. Mao, et al., Adaptive finite-time tracking control for a class of switched nonlinear systems with
unmodeled dynamics, Neurocomputing (2016), http://dx.doi.org/10.1016/j.neucom.2016.02.035i

http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035
http://dx.doi.org/10.1016/j.neucom.2016.02.035


J. Mao et al. / Neurocomputing ∎ (∎∎∎∎) ∎∎∎–∎∎∎10
7. Conclusions

Combining DSC with K-filters, finite-time tracking control pro-
blem for a class of switched nonlinear systems with state and input
unmodeled dynamics has been solved in this paper. By introducing a
dynamical signal and a specific filter, unmodeled dynamics have
been effectively dealt with. During the controller design, neural
networks are used to approximate unknown continuous functions.
Finally, it is proved that the tracking error converges to a small
neighborhood of zero in finite time under arbitrary switchings, and a
numerical simulation is presented to show the feasibility and validity
of the proposed method. In our further work, with the aid of the
existing results [45–47], fault-tolerant control for switched nonlinear
systems with unmodeled dynamics may be considered.
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