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Abstract

In this paper, we study the problem of pagsivity for uncertain neural
networks with interval time-varying delay.. Firstly, a suitable augmented
Lyapunov-Krasovskii functional (LKF)\containing two triple integral terms
is constructed and an auxiliary functionsbased integral inequality (AFBI) is
used to manipulate the augmented singlejintegral terms in the derivative of
LKF. Secondly, a special form ofthe AFBI is applied to deal with the delay-
product-type term, which was used.to be ignored in the time derivative of a
triple integral term. As a_result, less conservative delay-dependent passivity
criteria are derived for mormal delayed neural networks (DNNs) in the form
of linear matrix inequalities, (LMIs). In addition, with the same LKF, delay-
dependent passivity criteria’are obtained for normal DNNs without the delay-
product-type tefm. Subsequently, these criteria are extended to DNNs with
parameter umcertainties. Finally, four numerical examples and simulations
are provided to'illustrate the effectiveness of the proposed criteria.
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1. Introduction

In the past few decades, a few scholars have been devoted to the research
of neural networks (NNs) due to their potential applications in pattern recog=
nition, associative memories, optimization problem and other scientific fields
[1-3]. In the implementations of NNs, time delay is unavoidable due to'the fi-
nite switching speed of amplifiers and communication time, and its existence
may lead to instability, oscillatory or other undesirable system behaviors.
Recently, many interesting topics such as filter design [4], synchronization
[5, 6], state estimation [7] and dissipativity [8, 9] have been-undergoing rapid
development. Because such applications greatly rely on whether the equilib-
rium points of delayed neural networks (DNNs) are stable ormot, stability is
one of the most important dynamic properties of DNNs [10-13].

On the other hand, in many scientific and engineering problems, stability
issues are often related to the theory of dissipative systems. Dissipativity
theory was originally introduced by Willemssfl4]-from electrical network the-
ory, which indicates that the quantity of energy dissipated inside dynamical
systems is less than the one supplied from outside, and it plays a crucial role
in analysis and synthesis of dynamieal systems based on the input-output
energy-related consideration [154,16]) Passivity theory, as a part of dissipa-
tivity one, is a powerful tool for analyzing the stability of dynamical systems.
The reason is that the passiveproperties of the system can keep the systems
internally stable. As was"pointed out in [17], the passive system utilizes the
product of input and egutput as’energy provision and only burns energy with-
out energy production,‘and thus passivity embodies the energy attenuation
character. In this regard, the passivity theory is a great important subject
for analysis and synthesis of DNNs. Meanwhile, the network parameters of a
neural system depend on certain resistance and capacitance values, which are
subject t6 uncertainties. The parameter uncertainties are still the potential
sources of instability of systems and may result in difficulty or complexity of
pagsivity analysis [18-22].

Generally speaking, delay-dependent passivity criteria [17-33] are less
conservative than delay-independent ones [34, 35] especially when the size
of time delay is small. Until now, based on the Lyapunov stability theory,
there are two effective ways to improve passivity criteria for DNNs. One is to
construct a suitable LKF. Some techniques, such as augmenting the terms of
a simple type LKF [18, 24], using the idea of the relaxation on the positive-
definiteness of every Lyapunov-matrix [19, 25], and introducing triple integral



terms [26] or quadruple integral terms [27, 28], were employed to construct
LKF. While the other is to develop new inequalities to estimate the derivative
of LKF. The free-weighting matrix (FWM) technique [36] was applied to
deal with the derivative of LKF in [29]. In [20], Wirtinger-based integral
inequality (WBII) [37] was employed to handle the derivative of LKF, and the
refined Jensen-based integral inequality (JBII) [38] was used to manipulate
the derivative of LKF in [30]. Recently, the free-matrix-based<inequality
(FMBI) [39], which encompasses the WBII and the Jensen integral inequality
(JII), was utilized to derive less conservative passivity criteria [31] than those
of [20, 30]. However, the FMBI [39] involves more decision/variables than the
WBII, and some slack matrices in the FMBI do not seem to be helpful for
the reduction of conservativeness. Very recently, the, AFEBI, which contains
several existing integral inequalities as special cases, was/applied to derive
stability criteria of DNNs in [10].

However, it should be pointed that: (i) the JHwas employed to deal
with single integral terms with the augniented™vectors [10, 30, 31], which
may result in conservativeness to some,extent: In [30], the derivative of

f . ftﬂ (0) Ry (0)dfduds was estimated as § (5 —7)?@” (t) Ry(t) —

t—1 i ft g 0)Ryi(6)dOds — 0 ft " 2T (0)Ryx(0)dOds, but the term

t—7(t)

—(7(t) — 1) tt ;(t) T (s) Ry (s)dswas ignored, which may lead to conserva-
tiveness. (ii) The impact ofthe delay in system state has been fully consid-
ered in [24, 25|, but the“tmpact of the time delay in system output [26, 30]
was always ignored in’the previous literatures [18, 20, 21]. As we all know,
the existences of parameter/uncertainties in system models [18-22] and time
delay may cause  performance degradation even instability of NNs. To the
best of our knowledge; the problem of passivity analysis of uncertain neural
networks with ‘time-varying delay in both the system state and output has
not yet been completely investigated in the literature.

Based on the above analysis, this paper focuses on the problem of pas-
sivity. of uncertain NNs with time-varying delay in both the system state
and output, the main contributions of the paper are summarized as follows.
Firstly, delay-dependent passivity criteria for normal DNNs will be intro-
duced in Theorem 1 and Corollary 1 by constructing a suitable augmented
LKF with two triple integral terms. The AFBI is used to manipulate the
augmented single integral terms in the derivative of LKF. Secondly, different
from [30], the delay-product-type term —(7(t) — 1) [ ) 4 T (s) Ry (s)ds is

t—To
retained and Lemma 2 is applied to estimate its upper bound. The advantage



of such term lies in the fact that the relationship among the time-varying de-
lay, its upper bound and its lower bound is fully taken into account. In this
case, a nonlinear function with respective to 7(t) is induced which cannot be
handled directly by Matlab LMI toolbox. Inspired by [40], a new method
(Lemma 4) is employed to transform nonlinear matrix inequalities into IiMIs;
Thirdly, with the same LKF considered in Theorem 1 and Corollary 1, delay-
dependent passivity criteria for normal DNNs will be proposed in,Theerem
2 and Corollary 2 without the delay-product-type term. In addition, the
methods are extended to study the problem of passivity of unheertain-DNNs.

Notations: Let R™ and R™*™ denote the n-dimensional Euclidean space
with vector norm || - || and the set of n X m matrices, respectively. diag{---}
represents the block diagonal matrix. The transposed term in a symmetric
matrix is denoted by *. For any square matrix A, Sym{A} = A + AT. Let
S,' denote the set of symmetric positive define matrices in R"*". D means
the set of positive diagonal matrices. I (0) mean identity (zero) matrix with
appropriate dimension, respectively.

2. Problem formulation and preliminary

In this section, we will formulate the problem and provide related prelim-
inaries.

2.1. Problem formulation.

Consider a clags of uncertain NNs with interval time-varying delay

2(t) =~ Atz (E) + Wo(t) f(x(t)) + Wit) f(z(t — 7(t))) + u(t),

y(t)= Crf(x(t)) + Cof (x(t — (1)) + Csu(?), (1)
s(the oft) t € [=72,0],
whiere,z(t)/= [z1(t) xa(t) -+ z,(t)]7 € R™ denotes the neuron state vector.

n is the number of neuron in the network. y(t) € R™ and u(t) € R" are
the_output vector and the external input vector, respectively. ¢(t) € R"
is,the initial condition. f(-) = [fi(:) fa(:) --- fu(:)]' € R™ represents the
neuron activation function with f(0) = 0. A(t) = A+ AA(t), Wo(t) =
Wo + AWo(t), Wi(t) = Wy + AWA(L), A = diag{a1,as, - ,a,} € D and
Wy, Wy are the interconnection weight matrices. C;(i = 1,2,3) are given



real matrices. AA(t), AWy(t), AW, (t) are the time-varying structured un-
certainties, which are assumed to be of the form

[AA() AWo(t) AW ()] = HF ()[E) By By, (2)

where H and E; are known real constant matrices with appropriate dimen-
sions. F'(t) is the time-varying uncertain matrix and satisfies

FT(t)F(t) < I,vt > 0. (3)
7(t) is a time-varying delay and satisfies
0<7 <7(t) <, (4)

where 7, 75 are known constants and represent-the lower bound and the up-
per bound of delay, respectively.

The neuron activation functions are assumed to satisfy the following assump-
tion.

Assumption 1[12]. For any i € {1,2---\,n},fi(0) = 0, there exist constants
I, 17 such that

17

I < filow) = Jilaz) < U Vo, a0 € R, aq # ao, (5)
1~
where Ly = diag{l; 45 v+ W7}, Lo = diag{l{,l5,--- ,IF} and ay,ay are

constants.

2.2. Problem preliminary

To derive our results, it is necessary to introduce the following definition
and lemmas.
Definition 1 [18]. The system (1) is said to be passive, if there exists a scalar
v > 0, such that

2 [" et = — [ ooy 0

for all t; > 0 and all solution of (1) with z(0) = 0.
Lemma 1 [10, 11]. For amatrix R € S}, scalars «, 3 satisfying o < 3, vector



w : [a, ] — R™ and any matrices Ny, No, d1, 02 such that the integration
concerned is well defined, then, the following inequality holds

8 2 1 2
T T 1\ T
. Ruw(s)ds < (_ — N,R'NT+S Niéi),
[ Rty < (9 ) 3 gy RN Sumd 3 N
(7)
where y is any vector and 6,y = fﬁ T(s)ds, 6oy = —01X+55, afﬁ fﬁ w)duds.
Letting w(s) = @(s) in (7), we can easﬂy yield the following Lémma 2
Lemma 2. For a matrix R € S, scalars a, [ satisfying an<|, a differen-

tiable function z : [a, 8] — R™, and any matrices Ny, No, 81, 92, the following
inequality holds

g 2 2
_/ @7 (s)Ri(s)ds < XT<(5 —a) Z 2@_—1_1NZ-R—1NiT + Sym{ Z Nidi})x,

)
where Y is any vector and 0,y = z(8)—z(«), dsx = x(ﬁ)—kx(a)—ﬂ%a ff z(s)ds
Lemma 3 [38, 41]. For matrices R, Z € Shyscalars o, [ satistying oo < 3,
a differentiable function x : o, 5] == R", the following inequalities hold

B
—/ T (s)Ri(s)ds < —ﬁgT(x,a,ﬁ)FlTRflg(w,a,ﬂ), 9)

/ / wdils < —" (w0, )TT 2T sz, 0, 8),  (10)

where R = diag{R,3R,5R}, Z = diag{27,4Z}, and

s(z, o, BY= o) 27 (B) 5 i ” /j 27 (s)d ey / / u)duds]”

-I I 0 0
7F2:{OI—I 0]

)

Tv=|1 I =21 0 0 1 o1 _31l- (12)

-1 I 61 —61
Remark 1. It is noted that the auxiliary functions f;(s),7 € {0,1,--- ,n}
satisfy ff fi(s)fi(s)ds =0,(0 <1i,7 <mn,i#j), fo(s) =1 in inequality (10)
of Lemma 5 in [10], as a special case, inequality (10) of Lemma 5 in [10] can
change into inequalities (7)—(9) of Lemmas 1—3 by appropriately choosing
the auxiliary functions, which indicates Lemma 5 in [10] is more general.
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Specifically,

e by choosing fi(s) = B—ﬁa’ inequality (10) of Lemma 5 in [10] becomes ex-
actly the same as Lemma 5 in [11], namely Lemma 1 in this paper. Moreover,
Lemma 2 can be easily obtained by replacing w(s) with Z(s) in inequality

(7) of Lemma 1.

ey choosing f(5) = 2252, fls) = S-S5 x = sl b =
—B_LaégR, Ny = _a(STR N3 = ——(5TR do = [—1 I 00} 52
[ I —2[0], 03 = [—I I 61 — 61, and w( ) = #(s), inequality (10)

3

Lemma 5 in [10] is exactly the same as inequality (12) of Cérollary 1 in
and inequality (24) of Lemma 5.1 in [41], namely inequality (9),0f Lemma
in this paper.

Lemma 4 Let us consider a quadratic function f(z) =Fko2* + kix + ko, ks €
R, (i = 0,1,2), if the following inequalities hold

-
8]
3

(I) fla) <0, (IT) f(b) <0, (II]) —(b—a)’ky+ f(a) <O, (13)

then f(z) < 0,Vz € [a,b].
Remark 2. By employing a similar/proof’of Lemma 2 in [40], Lemma 4 can
be easily obtained. Lemma 4 is a generalized case of Lemma 2 in [40], in
which a can be zero, positive of negative.
Lemma 5 [42]. Let H, E and F(t) bereal matrices of appropriate dimensions
with

FrF(t) < I. (14)

Then, for any scalar.c 3 0,

FE + (HF(t)E)' <e'HH' +<E"E. (15)

3. Main results

3.1. [Passivity criteria for normal DNNs
If AAT) = AW (t) = AW4(t) = 0, system (1) is reduced to the following

normal system
i(t) = —Ax(t) + Wof (z(t)) + Wif(x(t — 7(£))) + u(t),

y(t) = Crf(x(t) + Cof (x(t — 7(1))) + Cau(t), (16)
z(t) = ¢(t) t € [—72,0],



In this section, we will develop some delay-dependent criteria which ensure

the passivity of the system (16). For simplicity of vector and matrix repre-
sentations, the following notations are necessary.

ei:[()nx(i,l)n] On><(15 in ] (i:1,2,-~~ ,15), €y = 00---0,
() =2t —=7@), )=z -n),  wn(t)=2(t—m)
fO) = f@), ) =flat=70), [0 =flal>nm),

)

[n() = fa(t=m)), o) =7(t) =1, as(t) = 1= T(E),
V(1) :Tll 5 x(s)ds, Uo(t) = 1 o (: x(s)ds,

)= 2 [0
t) = x(s)ds, / / w)duds,
’ Oé2<t) t—7o 71 t
9 t—11 t—71 t— T(t) t— T(t)
I5(t) = / / duds, J¢( / / u)duds,
s(f) o (t) t—7(t) Js #(u) ol 04% t

&u(t) = ["(t) 27, (t) 27 (1) 27, ()], £:(t) = fT() () [ O],
&(t) = [ () 95 (1) I35 (1)]" &a(t) = [194T( ) 95 (t) ﬁeT(t)]T,
() =& (t) & (1) & (1) & (1) wi (B

Theorem 1. For given scalars 0 < 7, < 75, DNNs (16) satisfying (4)
is passive, if there exist matrices P € S} . Q1,52 € S3,,, Q2,Q3, R1, Ry, S1 €
St Ag, D; € Df(ki=4,2)"--.,8,7 = 1,2), symmetric matrices Py, P, €
R™"  any matrices Ni, Ny, N3, Ny € R™*2" Ny Ng € R3*" and a scalar
~v > 0 such thatsthe following LMIs hold

V(E(t))]r(t)=r, — 71251 712G?]\_71 T12GE Ny |
¥ = * —T1252 0 | <0, (17)
* * —3T12.5 |

_\II(T(t)”T(t):n — T1252 TIQG?]YQI, T12G?N4—
Wy = * —T1252 0 <0, (18)
L * * —37'1282_

Wy 71Ny 712Ny
Us=|x —-Ry, 0 | <0, (19)
* * —3R,



3 10

U(r(t)) = ZTi(T<t)) + Zﬂi + iy + Sym{A}, 112 =170 — 7,
T1(7(t)) = Sym{G" (r(t)) PGy}, Tafr Zaz 2+ 1),

T3(7(t)) = au ()13,
I, = 6{(@2 + Q3)er — 65@262 - €4TQ3€4 + GlTQ1G1 > G2TQ1G2,
I, = Sym{[es — Llel]TD B + [Lye; — e5|" DyBY,

I, = BT (28, + L R1 n 7—12R2)B+712G [Nes

H4 = 62P1€2 — €3 (P1 — P2)63 — €4P2€4,
~GITTS I Gy, g = —GLI5 R{T, Gy,

H7 — —GgFgR2F2G5, Hg - —GgngQFQGG,

2 2
= Sym{z G7 NGy}, (o= Sym{z G7 NiyoGhiyil},

i=1 i=1

2 2
Iy, = Sym{z G?NiGgﬂ-}, I}y = Sym{z GgNi+2G13+z’}>

=1 =1

2
I3 = Sym{z G{6[N5 NG]GW}v

=1

Iy, = Sym{efs(Cres + Caeg)} + e15(v1, + Cf + Cs)es,
— 1 ~_
=1 F Z mG?NZSQ 1]\]-,L‘TG77

— 1
o = Z HGTNH—QS 1N£2G7,
2

E3 = Z Qi%lG{GNi+4R2_1N£_4G16,
i=1
A = GIgMGrg + GayAoGay + GaA3Gos + G AGos + GE A5Gy
+ GQTgA(;GQg + G§0A7G31 + G§2A8G33,
Sy = diag{S1,351,551}, R; = diag{2R;,4R;} (i = 1,2),

9



5, = 52+[0 ];1], S2=52+[2 Iﬂ,
B = —Ae; + Wyes + Wieg + €15,

Gr(0) = [ef mef anely+onely el

Go=[B" el —el el —el mel —med], Gi = [es et ]’

Gy =le; e7], Gs = lef BT, Gy =le; ej€g o]’
Gs = [eg eg 6{0 efg]T, Ge = [64 eg €1T1 6{4] )
Gr = [@g 63T €4T €1T0 e1T1 @f3 6?4]T7 Gs = [65 62 - eg}T,
Gy = [eoT 62 + 63 - 2610] ’ Gio= [eiro eoT}Ta

Gu = [—efp+er el Gozley e —eql’,
Gia=leg e5 +ei —2ef)]”, Gis = [ef; )T,
Gis=[—efi +en el Gre = [e3 e1 e,
Gir=led —el ei +el —2el]7, Gig = [er — el Lh]7,
Gio = [—ei + el Ly)7, Goo = [ef — el L1]7,
Go = [—eg +e3 Lo]", Gy = [e5 —e5 — (ef —e3) L],
Goz = [—e5 +eg + (ef —e3) Lot Gos=lef —eg — (ef —e3)La]",
Gos = [—e5 + e — (el ea o), Gog =e5 —ef — (ef —eq)L],
Gor = [—e5 +e7 —fer, —e)La)",  Gos=le7 —ef — (ef —e3) L],
Goog = [—e7 + ey~ (€ Fe5)Lo)",  Gyo=[eg —eg — (e5 —e3)La]",
Ga = [—eg tleg =(e5 —e3)Lo]",  Gyo=lef —eg — (ef —e3)La]”,
Gsz = [—eintelr — (el —ed)Lo)", N; = [N} G160 0], (i = 1,2)

ProofaConstruct the following LKF candidate

a?l(t) zi(t)
V(zt) - 7]1 Pnl + 22 (dh/ Z(S) — lZ_S)dS + dgl/ (lj_s
0

— fi(s))ds) + /t_

Qs ds+2 [ et

0 gt
—1—71/ / &7 (u) Sy (u)duds +/ / s (1) Sons(u)duds
—11 Jt+s —T2 t+s

10



/ // O)Ry2(0 d@duds—i—/ / / 0) Ry (0)dOduds,
—711 J s t+u t+u

(21)
with 7y (¢ ft W tt " 2T (s)ds ft . fs T (u)duds]?,
m(t) = [ ( ) fT( )N 773( ) 27 (¢) O'CT(t)]T-

Taking derivation of V'(x;) in ¢ along the solution of (16), we can obtain

Do

Vi) = €70 (Sym{Ta(r(@)} + DI )e) = D (S:(0) #ouft), (22

where

(23)

/ / NR,1(0)dbds,
t—71 Js

t—71
/ / 0)Roi(0)dOds.

Note that (1) = o1 (8)d Soa(t), ©2(t) = ©o1(t) + p22(t) + p23(t), where

a1 (B / () Sums(s)ds

-7(t)

t—7(t)
Sl = [ (St
t— T1
p21 / / R2x )d@ds, (24)
t—7(t)
t—7(t) pt— T(t)
P22 (t / / (0)Rya(0)dbds,
t—7(t)
pgg(t) = Oél(t)/ j?T(S)RQi'(S)dS.
t—To
Applying Lemma 3 yields
—S(t) < =/ (OTTSTi(t),  — pi(t) < =< ()T RiTi(t),

11



—901(t) < —¢5 ()15 RoTa6a(t), — paa(t) < —s5 (£)T5 Ralags(t), (25)
where I';, T’y are defined in (12), and ¢ (¢) = ¢(z,t — 71,1),%(t) = ¢(x,t —
T(t),t — 11),53(t) = s(x,t — 7o, t — 7(t)) with <(+,-,-) being defined in (11).
For symmetric matrices P;, P, the following zero-value term is obtained

t—T11

0=l (t)Pixs, (t) — zl (t) Pra.(t) — 2/ o' (s)Pri(s)ds + 2T (t) Poas ()
t—7(t)
t—7(t)

— L (t) Py (t) — 2/ 27 (5) Pyi(s)ds.
t—To
(26)
Substituting (25)—(26) into (22) yields
2

V(z) =&5(t) (Sym{T )}+ZH1> Zgh — (a3(t (27)

1

where Y1 (7(¢)),IL;, (1 = 1,2, -+ ,8) are defined in (20), and po3(¢) is defined
n (24), and

3 t—71 3 . t—7(t) .
S (f) = / 7 (5)Sams (s)ds.\ Bus(t) = / 1 (5) Satra(5)ds.
t

—7(t) t—To
For any matrices Ny, Ny, NgpiNy, € R™*2" letting x in (7) be x = G£(1),
and using Lemma 1 obtains
=1 () S22 () < €7(1) (Ta(7(8)) + Iy + o )E(2), (28)

where Yo(7(t)),IL;, (i.= 9, 10) are defined in (20).
Then, for anymatrices N5, Ng € R3*" letting y in (7) be x = G16£(t), using
Lemma 2,we can obtain

£ os(t) < E7(t) (on(t)aa(t)Zs 4+ Ts(7(1)))E(1), (29)

where =3 and Y3(7(t)) are defined in (20).
Since A; e DT, (i =1,2,---,8), it follows from (5) that

wi(s) = 2[Lox(s) — f(a(s)]"Nilf(2(s)) = Lrz(s)] > 0, (i = 1,2),  (30)
and

@i(s1, 82) = 2[La(x(s1) — 2(s2)) — (f (s1) = f(s2))]"As[(f (s1) — f(s2))
— Li(z(s1) —2(s2))] 2 0,(i = 3,4, ,8),

12



which imply

wi(t) + wa(t — 7(t)) + ws(t, t — 7(t)) + wa(t,t — 1) + ws(t, t — )

+ wg(t — 1o, t — 1) + w7t — 7(t),t — 1) + ws(t — 12, t — 7(¢)) > 0. (32)

Substituting (28)—(29) and (32) into (27), we can obtain
V(@) =yl (Hu(t) — 25" (u(t) < €7(1) (L (r(1)) + an (t)aa(t)Zg) ).
(33)

On the other hand, we should note that W(7(t)) + a1 (t)as(t) Z8s a.quadratic
function with respective to 7(¢) and can not directly be solyéd by Matlab LMI
toolbox. Combining Lemma 4 with the convex combination méthod [43], if
(17)—(19) satisfy, then W(7(t)) + a1 (t)aa(t)=3 < 0.
Hence, ‘

V(a) — T (B)u(t) — 247 (1)alt) 2. (34)

By integrating (34) over the time period from O:to £, we have
tp tp
2 [T a2 Vst 1) - V@0~ [ al (su(s)as
0 0
tp
>~y [l ()i,
0

which shows that DNNs (16)yis passive in the sense of Definition 1. The
proof is completed.

(35)

Remark 3. Instheproof of Theorem 1, slack matrices Py, P, are intro-
duced in the zerowalue FWM equation (26). In addition, different from

[10, 30, 31], the, AFBI is used to deal with — tt TT(lt) nT(s)Sams(s)ds and
"0 yPs)Sans(s)ds. The term (r(t) — 1) [ 7" @7 (s) Ryt (s)ds is re-

t—To

tained and. s handled by the AFBI. After the treatment with the AFBI,
more/matrix variables are introduced in LMIs, accordingly, Theorem 1 is less
conservativeness.

As considered in many existing works, when the rate of change of delay 7()
satisfies

7(t) < u, (36)

where p is a known constant, we slightly modify the LKF as follows

V) =Vio+ [ Qe Qiesh. @)

13



Similar to the proof procedure of Theorem 1, we can obtain the following
Corollary 1.

Corollary 1. For given scalars 0 < 73 < 7, 1, DNNs (16) satisfying (4) and
(36) is passive, if there exist matrices P € S}, Q1,Q4, So € S5, Q2, Q3, S1,41,
Ry €S}t Ay, D; € DY (k=1,2,---,8,5 = 1,2), symmetric matrices P, P, €
R™ " any matrices Ny, No, N3, Ny € R™*?" N; Ny € R3*" and 4 scalar
~v > 0 such that the following LMIs hold

U, + diag{Q4,0,0} < 0, (i =1,2), (38)

\IIS +dia9{Q470707070} < 07 (39>

where

Q1= G3,QuGa + (1 — 1)G35QuGss, Gaa = [éf e5]", Gas = [e5 eg]”,
(40)
and other notations are the same as given‘in Theorem 1.
Remark 4. Different from [30], it canybe seen.that the delay-product-type
term —ov (t) tt:;(t) @™ (s)Ryi(s)ds in V(a;) is retained in Theorem 1 and
Corollary 1. In order to clearly check,its-contribution to conservativeness,
the following Theorem 2 and Corellary 2, which just need to ignore the delay-
product-type term from Theorem Iand Corollary 1, are given as follows.
Theorem 2. For given scalars 0 < 73 < 75, DNNs (16) satisfying (4) is
passive, if there exist mattices’ P € S} Q1,59 € S;,,Q2,Q3,51, R, Ry €
St Ag, D; € Df (kA< 12y~ .8,j = 1,2), symmetric matrices Py, P, €
R™ " any matrice$ Ny, No¢' N3y, Ny € R™>?" and a scalar v > 0 such that the
following LMIs_hold

U, + diag{(i — 2)'1121113,0,0} < 0, (i =1,2). (41)

When'7(t) satisfies (36), we also obtain the corresponding result.

Corollary/2. For given scalars 0 < 71 < 79, u, DNNs (16) satisfying (4) and

(36) is passive, if there exist matrices P € S}, Q1, Q4,52 € S5, Q2,Q3, 51, Ry, Ry €
St . Ay.D; € Df(k = 1,2,---,8,j = 1,2), symmetric matrices Py, P, €
R" " any matrices Ny, Ny, N3, Ny € R™*?" and a scalar v > 0 such that the
following LMIs hold

U; + diag{Qa + (i — 2)'1151135,0,0} < 0, (1 =1,2), (42)

14



3.2. Passivity criteria for uncertain system

Now we extend Theorems 1—2 and Corollaries 1—2 to uncertain DNNs
(1), then the following theorems and corollaries can be derived.
Theorem 3. For given scalars 0 < 71 < 75, DNNs (1) satisfying (2)—=(4)
is passive, if there exist matrices P € S}, Q1,52 € ST, Q2, Q3, 51, RiuRo €
St Ag,D; € Dif(k = 1,2,---,8,7 = 1,2), symmetric matrices £y, P, €
R™ " any matrices Ny, No, N3, Ny € R™*2" Nz Ng € R3™ " and scalars
v >0, e > 0(:=1,2,3) such that the following LMIs hold

_(I)z' T1N3 T1N4 7'12N5 O(T(t))|7(t):7—3+(71)i71 giN6'
N nSTH 0
Qz‘ — * * —2R1 0 TlR{H 0 < 0’ (2' — 1’ 2)’
* * * —2R, TlgRgH 0
* * * * —ed 0
* * * * * —e;1
] ) (43)
(D1 XNy ToRe TRy NG mEmeNs O(7(0) = €3N6 |
x*  —Rs 0 0 0 0 0 0
* * —3Rs 0 0 0 0 0
* * * -5 0 0 nSTH 0
{5 = * * * * ~2R, 0 TlR{H 0 <0,
* * * * * —2R, 7'12R2TH 0
* * * * * * —e3l 0
* * K * * * * —e3l
) (44)
where

®; = VA diagi 113 — 75,GE S,G35, 0,0}, (i = 1,2),

Ny =SB 00)7, W, =[RITB00", X5=[RIBO00],

Re = [C 007, C = —FEey + Eqes + Eses, (45)
M) = GT(r(t))P[I 00 0" + el (LyDy — L1 D) — el (Dy — Dy),
B(r(t)) = [HT M (7(t)) 0 0],

and other notations are the same as Theorem 1.
Proof. Using Schur complement, it shows that (17)—(19) are equivalent to

15



(46)—(47),

O, 7Ny TNy T12N5

|« =5 0 0 3
\I}i — % —2R1 0 < OJ (Z - 17 2)7 (46>
* * —2R,
-(I)l T12N1 TN N3 TNy 7'12N5-
x —Rs 0 0 0 0
= * * —3R2 0 0 0
Vs = * * * -5 0 0 <0 (47)
* * * * —2R, 0
* * * * * —21s |

Replacing A, Wy, Wi in (46)—(47) with A + HF'(t)Ey,Wo + HF (t) Ey, W1 +
HF(t)Es3, we can obtain

U, + 04 F ()0, + 0LFL(1)0L < 0, (i =1,2), (48)
and B
\Ifg + @dgF(t)@e?, 4 @;FT(t)@gj < 0, (49)
with

@di = [OT (T(t)) |T(t)=7'3+(71)i*1

@dg = [UT<T(t))‘T(t):7-2 0 O TlHTsl TlHTRl T12HTR2]T,
O =[N 0000(:=1,2), O5=[RE000000].
Using Lemma 5¢fomany scalars ¢; > 0 (: = 1,2, 3), one can obtain

TlHTsl TlHTRl 7.12HTR2}T’ (Z =1 2),

)

\IIZ' + 5;1@011‘@3[; + Eieg@ei < 0, (’L =1, 2), (50)
and B
U3 + £50430% + 305,03 < 0. (51)

Based on Schur complement, (50)—(51) are equivalent to (43)—(44). The
proof is completed.

Similar to the proof of Theorem 3, we can obtain the following theorem 4
and Corollaries 3—4. Their detailed proofs are omitted here.

Corollary 3. For given scalars 0 < 73 < 7, u, DNNs (1) satisfying (2)—(4)
and (36) is passive, if there exist matrices P € S}, Q1, Q4, S2 € S5, Q2, Q3, S1,
Ri,Ry € St Ay,D; € Di(k = 1,2,---,8,7 = 1,2), symmetric matrices

16



P, P, € R™™ any matrices Ny, No, N3, Ny € R™*2% Ny Ng € R3*" and
scalars 7 > 0, g; > 0(z = 1,2, 3) such that the following LMIs hold

Q; + diag{Q4,0,0,0,0,0,0,0} <0, (i =1,2), (52)

Qs + diag{Q4,0,0,0,0,0,0,0,0,0} <0, (53)

where Qg is defined in (40) and other notations are the same a$ given in
Theorem 3.

Theorem 4. For given scalars 0 < 71 < 75, DNNs (1) satisfying.(2)—(4)
is passive,if there exist matrices P € S4n,Q1,SQ € S4,@5, Q3,85 Ry, Ry €
St Ag,D; € Df(k = 1,2,---,8,7 = 1,2), symmetric matrices P, P, €
R"X”, any matrices Nl,NQ,Ng,N4 € Rm“” and scalars-y > 0, ; > 0(i =
1,2, 3) such that the following LMIs hold

Q; + diag{ (i — 2)'1121115,0,0,0,0, 070, 0hs, (i = 1,2). (54)

Corollary 4. For given scalars 0 < 73 < 75, u, DNNs (1) satisfying (2)—(4)

and (36) is passive, if there exist matrices Ps€.S} , Q1, Q4, So € S5, Q2, Q3, S1,
Ri,Ry € St Ay,D; € Di(k = 142,---(8,7 = 1,2), symmetric matrices

P, P, € R any matrices N, No, NgaNVy € R™*2" and scalars v > 0, g; >

0(i = 1,2, 3) such that the following T.MIs hold

Q; + diag{ Q4 + (i £2)'7131115,0,0,0,0,0,0,0} <0, (i =1,2). (55)

Remark 5. In this paper; Theorems 1—4 and Corollaries 1—4 are presented
to guarantee passive stability for NNs with time-varying delay in the form
of LMIs, which éanhe easily solved by Matlab LMI toolbox [44]. The allow-
able maximuah upper bounds (AMUBs) 75 can be determined by solving the
following eOnstraint optimization problem (see Theorem 3)

max T2
P7Si7Ri7PiaD’i7Qj7Ej>vaAk:FY
(i=1,2;=1,231=12-,6k=12--,8) (56)
s.t. (43) — (44) hold

4. Numerical examples

In the section, four numerical examples are given to demonstrate the
effectiveness of the obtained results in this paper.
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Table 1: The AMUBs 7, with different 7 (Example 1)
T 0.5 1.5 2.0
(30] 2.3918 3.2386 3.7023

Theorem 1 3.9120 4.5899 5.0897
Theorem 2 3.2090 3.6200 4.1162

Example 1. Consider DNNs (16) with the following parameters [30]

_ 13 1 0 05
A = diag{2.5,2}, Wy = {_0_5 0.5} W= {—0-3 04} ’

u(t) = [5eos(2t) — 3sin(0.5)]7,C; = I (i #1,2,3),

The activation functions are given by f;(x).=0.5(a; + 1| —|z; — 1), (i =
1,2), which satisfies (5) with I; =0, I} = lg(i.=21,2). The delay 7(t) = 7, +
(19 — 11)|sin(wt)|, where 0 < 71 < 7, and w is.a positive scalar. Fig. 1 gives
the curve of 7(t) with w = 1,¢ € [0 47|, 7, =:0.5, and 75 = 3.2090, which indi-
cates that 7(t) is continuous but non-differentiable at ¢, = km, (k = 1,2, 3).
Thus, the results derived in [19, 20] ean not directly ensure passivity of
DNNs (16) satisfying (4). Based on Theorems 1—2, we calculate the allow-
able maximum upper boundsy(AMUBs) 7 for different 71, such that DNNs
(16) satisfying (4) is passive, which are given in Table 1. It shows that the
obtained results are cléarly better than those in [30], and Theorem 1 indeed
can produce much better results than Theorem 2.

When 7(t) = 0.542.7090|sint|, Fig. 2 shows the state trajectories of DNNs
(16) with zerodnput u(t) and 10 random initial states, which indicates DNNs
(16) is stable.

Example 2. Consider DNNs (16) with the following parameters

. 1.2 1 08 04
A= d’LCLg{Q.Q, 18}, WO = |:_02 03:| s W1 = |:_02 01:| ,Cl = ],
€= 0 (i = 1,2).The activation functions are given by f;(z;) = 0.5(|z; + 1| —
2 —10), G = 1,2).
This example has been extensively discussed in [30, 31, 33]. The AMUBs
Ty with various p are listed in Table 2 by using Corollaries 1—2. Table 2
also gives the improvements between Corollary 1 and the recent work [31].
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Table 2: The AMUBs 75 with different ¢ and 7 = 0 (Example 2)

W 0.5 0.9 1

[21, 23, 29] <1.8500  <1.7700  <1.7500
[20] 3.0430 2.8428 2.8036
(30] 3.1127 2.9415 2.9059
[33] 3.2019 3.0620 3.0612
[31] 3.2659 3.1300 3.0918
Corollary 2 3.2548 3.1277 371162
Corollary 1 4.7413 3.7219 3.7133

Improvements over [31]  45.18% 18.19% 20.10%

Table 3: The AMUBSs 7, with different p and 7, ='0 (Example 3)

1 0 0.5 07
[25] 0.7340 0.6831 0.6335
[19] 0.9722%0.9368  0.9109
8] 0 1.0760 1.0704

Corollary 2 0.9645, 0.9274 0.9263
Corollary 17174945 1.4089 1.3855

Corollary 1 is less conservative than those of [30, 31, 33].

To further compatison; when g is unknown, we calculate the AMUBs 73,
such that DNNs (16) is passive. Applying Theorems 1—2, the AMUBs 7, are
3.7113 and 3.1163, respectively, which are larger than 2.9068 by [30].

Example’3. Consider DNNs (16) with the following parameters

, 12 1.0 —02 05
A= diag{1.4,1.5}, Wy = {_1.2 1'3} , Wi = [ 0.3 - 0.8} ,

C;(1 =»172,3) and the activation functions are the same as described in
Example 2. For various p, we calculate the MAUBs 75 by using Corollaries
1—2. The obtained results in this paper and those in [8, 19, 25] are listed in
Table 3. It is clear that Corollary 1 is less conservative than others especially
when p = 0.5 and p = 0.7.
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Example 4. Consider DNNs (1) with the following parameters

A = diag{2.2, 1.5}, Wy = Bl %g} W = [81 _85] Oy = 0(i = 2,3)

F(t) = diag{sint,cost},Cy = 1,H = E; = 0.11, E; = 0.2], E5 = 0.31.

The activation functions are assumed to be f;(x;) = tanh(xz;), (& =1,2).

By applying Corollaries 3—4, we can obtain the AMUBs m.with warious
1, which are listed in Table 4, in which Th. indicates Theorem. Table 4 also
gives the improvements between Corollary 3 and the recent work.{20]. The
improvements over the existing best results in [20] are 7%.49%, for u = 0.3,
56.04% for p = 0.5, and 49.33% for p = 0.7, which ifmplies that Corollary 3
has significant improvements over [18, 20, 22].

In addition, we give a comparative result®en the total number of the
scalar decision variables (NDVs) to obtain AMUBs #esin Table 5. From Table
5, one can see that the NDVs of Corollariés 3*="4 are bigger than the ones
provided by [18, 20, 22].

To confirm one of the obtained results’in”Table 4 (7, = 0,4 = 0.5, 75 =

2.1287), the state trajectories and output \trajectories of DNNs (1) with and
without the input u(t) are depiéted in Figs. 3—6. From Figs. 3—4, we can
see that DNNs (1) with input u =1 + cos(2t) 1 — sin(2t)]” is passive in the
sense of Definition 1 and can keep internally stable. By adopting the product
of input and output as the'energy provision, it embodies energy attenuation
character. That is, passiye system (1) will not produce energy by itself. From
Figs. 5—6, it can be verified that DNNs (1) is stable.
Remark 6. As weycan see in (7) and (8), the AFBI needs more matrix
variables. THis means that more matrix variables are contained in LMIs.
In addition;" Tables 4 — 5 show that Corollaries 3 — 4 can significantly re-
duce conservativéness but need more decision variables, which increases the
calculation complexity to some extent.

5. Conclusion

The problem of robust passivity for uncertain NNs with time-varying de-
lay has been investigated in this paper. An AFBI is employed to manipulate
the augmented single integral terms and its special form is used to deal with
the delay-product-type term. Delay-dependent passivity criteria have been
derived for normal DNNs. Meanwhile, with the same LKF', delay-dependent
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Table 4: The AMUBs 7o with different ¢ and 7 = 0 (Example 4)

[ 0.3 0.5 0.7 0.9 1
18] (Th.3) 0.8171  0.7581  0.7029 0.6380  0.6059
[22] (Th.2, m=3) 11921 1.1590 1.1297 1.1081 1.1008
[20] (Th.2) 1.9091  1.9005 1.8956 1.8911 L&873
Corollary 4 21415 21287 21270  2.1265 42.1%65
Corollary 3 3.3884 29655 2.8307 2.7882% 27851

Improvements over [20] 77.49%  56.04% 49.33%  47.44% =47:57%

m is delay-partitioning number.

Table 5: The total number of the scalar decision variables(NDVs) (Example 4)

Methods NDVs

[18] (Th.3) 12.5n%%10.5n+2
22] (Th.2, m=3) 315n2+21.5n+2
20] (Th.2) 19n?+9n+2
Corollary 4 73.5n24-18.5n+4
Corollary 3 79.5n2418.5n+4

m is delay-partitioning numbers.

Figure 3: The state trajectories with u = [1 + cos(2t) 1 — sin(2t)]T (Example 4)
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passivity criteria have been obtained, without considering the delay-product-
type term. Moreover, the methodsware extended to deal with the problem
of passivity analysis of uncertain DNNs. Finally, the effectiveness of the
proposed criteria has been illustrated by four numerical examples.
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