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Abstract10

Placing a diffuser around a wind turbine can increase its power output, but11

not all mechanisms by which the diffuser alters the aerodynamics have been12

investigated thoroughly. Here, we concentrate on one such mechanism: the13

effect of the finite number of blades. In nearly all blade element analyses14

of wind turbines, finite blade effects are approximated by Prandtl’s “tip loss15

factor” which goes to zero at the blade tip. We argue that this limiting16

behaviour cannot be correct for the axial velocity in the presence of a dif-17

fuser. We provide alternative “finite blade functions” which preserve the18

finite limit on the axial velocity, but do not alter the conventional limit of19

zero for the circumferential velocity. In maximizing the power output of a20

diffuser-augmented wind turbine, the change in the finite blade function for21

the axial velocity has a large impact on the power-producing region near the22

tip: it increases both the chord and the power output of an optimized blade.23

Further, the change appears to make diffuser-augmented turbine power out-24

put less sensitive to tip speed ratio than for a bare turbine.25

Keywords: Tip loss, DAWT, Diffuser, Blade Element Theory.26
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1. Introduction27

It is well-known that diffuser augmentation of a wind turbine can increase28

the power output, e.g Jamieson [1]. This increase is proportional to the flow29

rate of air induced through the rotor by the diffuser, e.g. Hansen et al.30

[2], showing the importance of the diffuser design, a subject that has been31

studied extensively, e.g. Hjort & Larsen [3]. No large diffuser-augmented32

wind turbines (DAWTs) have been commercially successful, but there is a33

strong potential for small DAWTs in urban areas, where the wind conditions34

and the specific needs for safety favour the concept, e.g. Anup et al. [4] and35

Dilimulati et al. [5]. Diffuser-augmented hydrokinetic turbines (DAHKTs)36

also have promise for rivers and tidal flows, e.g. Silva et al. [6]. Even for37

these applications, however, there is some doubt as to whether the increase38

in total mass, size, and cost over a bare turbine is beneficial, e.g Lubitz &39

Shomer [7]. It follows that DAWTs need to be aggressively optimized.40

Adding a diffuser is simple in concept, but often complex to analyze,41

even when using basic blade element momentum theory (BEMT), the main42

workhorse for the study of bare turbines, e.g. Hansen [8]. The diffuser can43

be modeled using computational fluid dynamics (CFD), e.g, [3] and Kesby44

et al. [9], and, clearly, its performance is influenced by interaction with the45

blades. If CFD is not used, it is often assumed that the diffuser is perfectly46

efficient, although methods to include finite efficiency have been available for47

a long time, e.g. Fletcher [10], who ignored diffuser thrust, and Vaz & Wood48

[11] who included it.49

This paper concentrates on an aspect of BEMT for DAWTs that has50

received little attention: the accounting for the finite number of blades, N .51

This is routinely done in BEMT for any turbine by using Prandtl’s “tip52

loss factor”, FP , in the form developed by Glauert [12], see also Sørensen53

[13]. Finite N causes the induced velocities at the blades to differ from the54

streamtube averages. Following the paragraph before Eq. (5.3) in Glauert55

[12], the axial, Fu, and circumferential, Fw, “finite blade functions” can be56

written in terms of the induced axial and circumferential velocities, a, and57

a′ respectively, as58

Fu = a/ab and Fw = a′/a
′

b, (1)

where the subscript “b” denotes a value at the blade and a symbol without59

“b” denotes a streamtube average. The calculation of the induced velocities is60

described in Section 3. The standard approximation is Fu = Fw = FP , where61
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FP ≤ 1. For bare turbines, a difference between Fu and Fw was considered,62

but not used, by Shen et al. [14], while Wimhurst & Willden [15] determined63

Fu and Fw using a three-dimensional computational simulation. As N →∞,64

FP , Fu, Fw → 1 because there is no difference between a and ab, or between65

a′ and a′b, for an actuator disk. Further, FP goes to zero at the blade tip and66

has a strong influence on the torque and thrust acting on the blade elements67

in the outer part of a blade.68

We believe that “tip loss factor” is not a good name for Fu and Fw, and69

will continue to use the more general “finite blade functions” which covers70

the following situations. If the blades have “pre-bend” or are “coned”, that is71

they do not lie entirely in the radial plane, then the velocity at each element72

is influenced by the bound circulation of every other element, e.g. Wood73

[16]. If the blades are unequally loaded, due to wind shear or yaw, there are74

“cascade” effects from the other blade elements at the same radius, Wood75

[17]. These cases, which cannot be modeled by FP , are not considered here76

because FP has an even more important deficiency for DAWTs: it is zero77

at the tip for both the axial and circumferential flow. A diffuser, however,78

induces an axial velocity through the rotor that may vary radially, but not79

circumferentially. This situation does not correspond to the idealized vortex80

sheet model that was probably used by Prandtl to derive his tip loss formula,81

see Glauert [12] and Sørensen [13]. Since all induced velocities must be82

included in Eq. (1), Fu cannot be zero at the blade tip in a DAWT, but83

Fw can be zero. The tip region of a DAWT has some similarities to the tip84

regions of a gas turbine which have much more complex flow, but the presence85

of the end wall prevents complete unloading at the tip. Figure 11 of Passman86

et al. [18], for example, shows the blade loading for a simplified blade model87

at 95% span is not significantly reduced from the value at midspan. The88

secondary vortex formation that is associated with tip effects must occur for89

DAWTs of sufficiently small tip clearance but we are unaware of any detailed90

study of them. Ironically, these tip effects are not captured by the “tip loss91

factor”. The present analysis using a simple model for Fu and Fw can be92

viewed as a small step in the direction of improved tip modeling.93

We consider a DAWT with the simplest configuration of straight, un-94

coned, equally-loaded blades, because then only the trailing vorticity can95

change the blade element velocities from the streamtube averages. We de-96

velop the analysis of Wood & Okulov [16] and [19] for bare turbines. They97

used Okulov’s [20] approximations to the Kawada-Hardin (KH) equations98

for the velocity field induced by a semi-infinite helical vortex of constant ra-99
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dius and pitch, see Fukumoto et al. [21]. The equations are applied to the100

vortices trailing from the junctions of all blade elements, as well as the hub101

and tip, to compute the velocities at the centre of each element. Because102

of the restriction to vortices of constant radius and pitch, the KH equations103

are undoubtedly simplistic. In principle, the resulting finite blade functions104

are less accurate that could be obtained numerically, e.g. [15]. On the other105

hand the equations are analytic and are straightforward to combine with a106

BEMT computation.107

The KH equations and Okulov’s approximations have the important char-108

acteristic that [16] and [19] called “Kawada cancellation”; the velocity varia-109

tions in the circumferential direction due to N equally-spaced helical vortices110

of the same strength, Γ, tend to zero as N →∞ so that Fu and Fw tend to111

unity in the same limit. The results in [16] and [19] show that Fu and Fw112

increasingly differ from FP as tip speed ratio, λ is reduced. Although it is113

not the primary reason to study finite blade functions for DAWTs, we note114

that their typical λ is lower than for bare turbines.115

In this paper, we describe for the first time the determination of Fu and116

Fw for a DAWT, and their use in a blade element analysis to determine117

thrust and power. The BEMT method of Vaz & Wood [11], which includes118

the diffuser efficiency and thrust, is modified by replacing FP by Fu or Fw119

where appropriate. We also adjust their expression for the axial velocity at120

the rotor. The next Section summarizes vortex theory for DAWTs. The121

following Section describes the integration of Fu and Fw into a BEMT opti-122

mization. Section 4 details the calculation of the finite blade functions, and123

then Section 5 describes the simulated DAWT. Section 6 gives the results.124

The last Section, 7, contains the conclusions.125

2. Vortex Theory for DAWTs126

Fig. 1 depicts a DAWT with N = 2; this number is used in the figure127

only for convenience as the following analysis holds for any N . A vortex sheet128

continuously sheds from each blade with an induced axial velocity of w. V0129

is the freestream velocity, and Ω is the angular speed of the rotor. In the130

absence of the rotor, the diffuser induces an extra flow whose axial velocity131

at the rotor position is Vd, which may be a function of radius, r, but not132

of the circumferential co-ordinate. When the turbine is operating, the axial133

velocity at the rotor is V1. Therefore, the diffuser maximizes Fu at the tip134

relative to Fp. V1, however, will differ from its value when there is no rotor,135
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V0 + Vd, in a manner similar to the difference between V0 and the velocity of136

the rotor of a bare turbine.137

Figure 1: Simplified illustration of the helical surface of an ideal wake of a diffuser-
augmented wind turbine, adapted from Okulov & Sørensen [22].

The following exposition of geometric aspects of vortex theory for a138

DAWT is a straightforward development of that in Okulov & Sørensen [22]139

for a bare turbine. The major addition is Vd, which may be calculated simply140

by applying the momentum equation to the control volume shown in Fig. 2141

for an empty diffuser. Hence, the energy balance downstream of the diffuser142

exit, denoting the losses as ∆H, gives:143

1 = cp3 + β2

(
V1
V0

)2

+
∆H
1
2
ρV 2

0

, (2)

where β is the diffuser area ratio, and the pressure coefficient, cp3, at the144

diffuser outlet is145

cp3 =
p3 − p0
1
2
ρV 2

0

, (3)

in which p0 is the static pressure in the external flow, [11]. Introducing the146
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diffuser efficiency, ηd, the losses are computed through147

∆H =
1

2
ρV 2

0

(
V1
V0

)2

(1− ηd)
(
1− β2

)
, (4)

so that ∆H = 0 if ηd = 1. The total velocity at the rotor plane of the empty148

diffuser is V0 + Vd, yielding in normalized form:149

vd =
Vd
V0

=

√
1− cp3

β2 + (1− ηd) (1− β2)
− 1. (5)

Thus Vd is independent of r but dependent on the pressure coefficient at the150

diffuser exit, area ratio, and the diffuser efficiency.151

     

V         1       V         4                     V         3       

310 4

V         0       

Energy loss through

 the diffuser

Diffuser

               

Td

2

Figure 2: Control volume of an empty diffuser.

According to the velocity diagram in Fig. 3, the total axial velocity of152

the vortex sheet is V0 − w + Vd = V1 − w. Vd influences the pitch, p, of the153

helicoidal wake because the dimensionless form of p(r) is154

p

r
= tanφ =

V0 − w + Vd
Ωr

, (6)

where φ is the angle between the vortex sheet and the rotor plane defined in155

6
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Fig. 3. For completeness, we note that p can also be written as156

p =
1

λ̃
(1− w̃) , (7)

where the “modified tip speed ratio” λ̃ = ΩR/V1 and w̃ = w/V1. This157

equation is not used in the present analysis.158

ϕ

Ωr

V0 - w + Vd

ϕ

uc

ua

wcosϕ

w

Figure 3: Velocity diagram for the vortex sheet of a DAWT, adapted from Okulov &
Sørensen [22].

The axial and circumferential velocity components induced by the sheet159

are the same as for a bare turbine. As given by Okulov & Sørensen [22], the160

axial velocity, ua, induced by the helix is161

ua = w cos2 φ =
wr2

p2 + r2
. (8)

Similarly, the equation for the circumferential induced velocity, uc, is162

uc = w sinφ cosφ =
wrp

p2 + r2
. (9)

Extending Eq. (24) of Okulov & Sørensen [22], φ is also given by163

tanφ =
V0 − ua + Vd

Ωr + uc
=
V1 − ua
Ωr + uc

. (10)

The bound circulation of each element, Γ, needed later to determine ua164

7
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and uc, comes from the torque acting on the blade element:165

Γ =
1

2
UT cCl

(
1− Cd

Cl tanφ

)
, (11)

where c is the chord, Cl and Cd are the lift and drag coefficients, respectively,166

and the total blade element velocity is167

UT =

√
(V1 − ua,b)2 + (Ωr + uc,b)

2, (12)

where subscript “b” indicates, as before, the velocities are at the blades and168

not the streamtube averages.169

For the development of BEMT for DAWTs, the important results of this170

section are Eqs. (11) and (12). p will also be shown to be dynamically171

important for reasons directly connected to the vortex geometry. For bare172

turbines, w is usually taken as a parameter that can be optimized to maxi-173

mized turbine output power, e.g. [16], [19], and [22]. It has been found that174

w → 1/3 as λ→∞, that is, the vortex sheet moves with the velocity of the175

remainder of the wake.176

3. Blade Element Theory for DAWTs177

The inclusion of Fu and Fw in the blade element equations for DAWTs is178

straightforward. Vaz & Wood [11] derived these equations, but they used FP .179

All that is necessary here is to substitute Fu for FP in the thrust equation180

and Fw for FP in the torque equation. Eq. (16) of [11] gives the elemental181

thrust, CT , and torque coefficients, CM , on the blade elements intersecting182

an annular control volume at radius r, which hereinafter is normalized by R,183

as184

dCT
dr

+
dCTd
dr

= 4ε1 (1− ε4) r, (13)

where CTd is the thrust coefficient of the diffuser, and ε4 is the streamtube185

average diffuser exit velocity given by Eq. (18) of [11], and186

dCM
dr

= 4ε1ucr
2, (14)

with the normalized velocity at the rotor plane ε1 given by187

ε1 = V1 (1− a) /V0 = (1 + vd)(1− a), (15)

8
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where a, the streamtube average axial induction factor, is defined in the same188

way as for a bare turbine, as V1 would be the velocity at the location of the189

rotor if it was removed. After the change from using FP to Fu and Fw, Eq.190

(15) is the main difference from the analysis of [11]. ε4 is given by191

ε4 = ε1,b −
√

(1− ε1,b)2 + CTd − ε21,b(1− β2)(1− ηd). (16)

with ε1,b = (1 + vd) (1− abFu), and Fu replacing FP . Combining Eqs. (13)192

and (16) gives193

dCT
dr

+
dCTd
dr

= 4ε1

[
1− ε1,b +

√
(1− ε1,b)2 + CTd − ε21,b(1− β2)(1− ηd)

]
r,

(17)
which is the new form of Eq. (19) of [11], and194

dCM
dr

= 8a′bFwλ (1 + vd) (1− ab) r3, (18)

where λ = ΩR/V0 is the conventional tip speed ratio. This is the new form195

of Eq. (20) of [11]. Note that for a bare turbine (ηd = 1 and CTd = 0),196

Eq (17) reduces to Eq. (5) of Wood & Okulov [19], while Eq. (18) matches197

their (6), when the missing λr is included in the latter. The element power198

is obtained from199

dP = ΩdM = 4ρa′bFwV0 (1 + vd) (1− ab)Ω2r3πdr. (19)

By integrating this expression across the rotor, the power coefficient is given200

by201

CP =
P

1
2
ρAV 3

0

=
8 (1 + vd)

λ2

λ∫
0

a′bFw(1− ab)x3dx, (20)

where x = Ωr/V0 is the local-speed ratio.202

From the lift and drag acting on an element, the contributions to the203

thrust and torque coefficients are204

dCT
dr

= 2 [(1 + vd) (1− ab)]2
σCnr

sin2 φ
(21)

9
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and205

dCM
dr

= 2
(1 + vd) (1− ab) (1 + a′b)σCtλr

3

sinφ cosφ
, (22)

where σ = Nc/(2πr) is the local solidity. The elemental normal and tan-206

gential force coefficients Cn and Ct, respectively, at any r have the same207

definition as for a bare turbine, see Eqs. (16) and (17) of Vaz & Wood [26].208

Cn and Ct are a convenient way of using the element lift and drag coefficients.209

The flow angle, φ, is given by Eq. (25) of Vaz & Wood [11]. An extended210

formulation for the axial and tangential flow velocities can be obtained by211

combining Eqs. (17) and (18) with Eqs. (21) and (22) respectively, yielding212

1− ε1,b +
√

(1− ε1,b)2 + CTd − ε21,b(1− β2)(1− ηd)−
1

4ε1r

dCTd
dr

=
ε1σCn
2 sin2 φ

(23)
and213

a′b
1 + a′b

=
σCt

4Fw sinφ cosφ
. (24)

Section 4 describes the calculation of Fu and Fw.214

3.1. Blade Element Optimization for DAWTs215

The optimum value of ε1opt is determined by maximizing CP according216

to the description in [11], which is done using217

6ε31opt
[
β2 (1− ηd) + ηd

]
−CTd∆ + 4ε1opt (1 + CTd + ∆)− 2ε21opt (5 + 3∆) = 0,

(25)
where218

∆ =
√

1 + CTd + ε1opt {−2 + ε1opt [β2 (1− ηd) + ηd]}. (26)

which are Eqs. (29) and (3) of [11]. Once ε1opt is obtained, the optimized aopt219

may be easily calculated through abopt = 1− ε1opt. a′ as a function of ε1opt is220

found using conservation of energy, resulting in optimum element power:221

dPopt =
1

2
ρV 3

0

[
ε1opt

(
1− ε24opt

)
− ε21opt

(
1− β2

)
(1− ηd)

]
dA. (27)

10
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Also, applying the angular momentum equation at a blade section,222

dPopt = 2ρV0a
′
bε1optΩ

2r2dA. (28)

Equating (27) and (28) gives223

a′bopt =
2ε1opt (1− ε4opt)− CTd

4x2
, (29)

with ε4opt given by224

ε4opt = ε1opt −
√

(1− ε1opt)2 + CTd − ε21opt(1− β2)(1− ηd). (30)

In this case, Fu is included in ε4opt through ε1opt = (1 + vd)(1 − aboptFu).225

Hence, the optimum flow angle, φopt, can be determined through226

φopt = tan−1

[
(1 + vd)(1− abopt)

x(1 + a′bopt)

]
. (31)

To calculate the optimum twist angle, θopt, and chord, copt, the following227

expressions are used:228

θopt = φopt − αopt (32)

and229

copt = 4πr (1− ε4opt)
sin2 (φ)

NCnε1opt
. (33)

Note that Eq. (33) comes directly from (21).230

4. Calculation of the Finite Blade Functions for DAWTs231

The procedure developed in [16], [17], and [19] calculates the mean in-232

duced velocities from their simple dependence on Γ, given by Eq. (11). The233

major difference is that Γ and p(r) are calculated through BEMT expres-234

sions, which are dependent on ηd, β, and CTd. Thus, for the streamtube235

whose centre is at radius r, a and a′ in Eq. (1) are given by236

a =
NΓ

4πpV0
and a′ =

W

Ωr
=

NΓ

4Ωπr2
, (34)

11

Jo
urn

al 
Pre-

pro
of



where W is the induced circumferential velocity. Note that the terms involv-237

ing Γ are consistent with Eqs. (8) and (9). Further238

ab = a+ δa and a′b = a′ + δa′, (35)

where δa and δa′, the difference between the values at the blades and the239

means, are due entirely to the trailing vortices. They are found using Okulov’s240

approximation to the KH equations. The BEMT implementation of these241

equations, including the use of Kawada cancellation, is described in Section242

2 of Wood [16], especially Eqs. (6) and (7), so the details will be omitted243

here. The only significant alteration to that method is including ηd, β, and244

CTd in Fu and Fw through Eqs. (11) and (36). The finite blade functions245

are then computed using Eq. (1). The presence of ηd, β, and CTd in the cal-246

culation of U , W , and the values at the blade requires Fu and Fw to remain247

finite at the blade tip unless vd = 0 for a bare turbine.248

The final requirement is a value of p. Following [17], [19], and [16], this249

is given by250

p = dCM/dCT , (36)

and so it is easily obtained from Eqs. (21) and (22). The use of Eq. (36)251

removes the need to compute an optimum w for the vortex sheet in Eq. (7).252

The iterative algorithm for the calculation of optimum chord and twist253

angle, starting at the tip, is described below, using the following as input:254

r, ηd, β, CTd, CL(αopt), CD(αopt) and V0 for a given λ. Note that there are255

two iterations over Ns, the number of blade sections: the first is the blade256

element calculations and the second is to determine Fu and Fw. Conventional257

BEMT algorithms use only the first. For all calculations in this paper, Ns =258

30.259

12

Jo
urn

al 
Pre-

pro
of



Set initial values: Fu = Fw = 1;
while error > TOL do

for i = 1 to Ns do
iter = iter + 1;
Compute abopt, making abopt = 1−ε1opt using Eq. (25), and a′bopt using
Eq. (29);
Compute φopt using Eq. (31);
Compute Cn = CL(αopt) cosφopt + CD(αopt) sinφopt and Ct =
CL(αopt) sinφopt−CD(αopt) cosφopt, respectively, where αopt is obtained
from maximum CL/CD;
Compute θopt and copt, using Eqs. (32) and (33), respectively;
Compute UT using Eq. (12);
Compute dCT and dCM using Eqs. (17) and (18), respectively;

end for
Compute Cp = λ

∑
dCM ;

Compute Γ using Eq. (11);
Compute p using Eq. (36);
for i = 1 to Ns do

Compute new Fu = a/abopt and new Fw = a′/a′bopt using Eq. (34). It
is important to note that Fu and Fw are implemented in the algorithm
through ε1,b = (1 + vd) (1− abFu), and Fw in Eq. (18);

end for
Compute error =

∣∣Citer+1
p − Citer

p

∣∣.
end while
Compute blade geometry.

5. The Simulated Diffuser-Augmented Wind Turbine260

We consider the diffuser of Hansen et al. [2], made by deforming the261

NACA 0015 airfoil, for which the parameters are shown in Table 1. To262

evaluate Fu and Fw, it is necessary to find vd through Eq. (5). The difference263

for vd between the present model and the CFD results of Hansen et al. [2]264

is about 0.012%, for the same values for β, ηd, and cp3. This implies the265

validity of Eq. (5) for the induced velocity, vd.266
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Table 1: Comparison between the proposed model and CFD [2].

β ηd cp3 vd
Hansen et al. [2] 0.54 0.83 -0.38 0.83
Present work, Eq. (5) 0.54 0.83 -0.38 0.8301

A DAWT optimization was done for N = 3 using the symmetrical NACA267

0012 airfoil, with Cl and Cd obtained experimentally by Sheldahl and Klimas268

[50]. The main parameters for the optimization procedure are shown in Table269

2. The NACA 0012 is one of the most studied airfoils, so there are extensive270

experimental data available in the literature. The NACA 0012 airfoil is271

used here for convenience: it is not the objective of this work to evaluate272

the effect of the airfoil on DAWT performance. The angle of attack of 8◦273

gave the maximum Cl/Cd around 44, for a Reynolds number of 1.6×105.274

The parameters listed in Table 2 are input data for the present procedure,275

through which the blade is designed. In the optimization, Fu and Fw are276

calculated from the contribution to the blade element velocities induced by277

the vortices trailing from each element junctions, as well as the hub and the278

tip.279

Table 2: Design parameters used in the simulation of the DAWT.

Parameters Values
Turbine Diameter (D) 2.0 m

Hub Diameter (d) 0.2 m
Lift coefficient (Cl) 0.8274

Drag coefficient (Cd) 0.0185
Optimum angle of attack (α) 8◦

Number of blades (N) 3
Tip-Speed Ratio (λ) 2.0 and 7.0

Air density (ρ) at 25◦C 1.2 kg/m3

6. Results and Discussion280

Fig. 4 shows the behavior of the finite blade functions, Fu, Fw, and Fp at281

λ = 2.0. For vd = 0.0 (Fig. 4a), indicating that for a bare turbine, Fu and282

Fw are coincident, as they must be if p is constant, which is an optimality283

condition, e.g. Wood [16]. As in previous analyses, e.g. Wood [16], the284
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calculated Fu and Fw exceed unity near the hub. It is not clear whether285

this behaviour is correct, but, fortunately, the contribution to the power and286

thrust from the hub region is small. The finite blade functions, therefore,287

were constrained so that Fu 6 1 and Fw 6 1 along the entire blade. Thus,288

near the hub, Fu and Fw remain equal to unity with and without the diffuser,289

Fig. 4. Over the whole blade, Fu and Fw change substantially compared to290

Fp when there is a diffuser as shown in Fig. 4b. Also, Fu > Fw close to the291

tip, where vd becomes the dominant contribution to the streamtube average292

as well as the velocity at the blades. Such a behavior does not occur for Fp.293

Fig. 5 shows Fu, Fw, and FP for λ = 7.0. Note that Fu, Fw and FP are more294

nearly equal for the bare turbine (Fig. 5a). This occurs because FP becomes295

more accurate as λ increases, as pointed out in [51]. For vd = 0.82, indicating296

a DAWT with CT,d = 0.8, Fu remains equals to Fw at this higher λ, but larger297

than Fp, as shown in Fig. 5b. As shown by the insert in Fig. 5b, Fu ≈ Fw at298

the tip, despite the diffuser contributing to the axial flow only. We interpret299

this result to mean that the blade bound circulation stays positive due to vd300

and this causes Fw to be non-zero. The difference between FP and Fu and Fw301

is further reflected in Fig. 6, which shows Γ, with and without the diffuser.302

Clearly, the diffuser increases the circulation along the entire blade, making303

Fu = Fw > Fp when λ increases. This increase in circulation increases the304

power extraction, but it also may increase the effect of cavitation. This is305

a very important phenomenon for hydrokinetic turbine blade optimization,306

which is intensified when operating at low λ.307
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Figure 4: λ = 2.0: (a) vd = 0.0 (b) vd = 0.82.
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Figure 5: λ = 7.0: (a) vd = 0.0 (b) vd = 0.82.
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Figure 6: (a)λ = 2.0. (b) λ = 7.0.

We now discuss the effect of the finite blade functions on the optimal308

c and θ distributions, which depend on them through Eqs. (32) and (33).309

From the results of the previous section, we expect the impact of using Fu310

and Fw in relation to FP to be greater at the lower λ. Fig. 7a shows the311

chord and twist angle distributions for λ = 2.0. Using Fu and Fw, even for312

the bare turbine, gives a very different distribution of c to that using FP ,313

while θ remains the same as for Fp, but sensitive to the diffuser as shown in314

Fig. 7b. At low λ, c from Fu and Fw is close to the Prandtl distribution,315
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being different only close to the blade tip. As the diffuser causes a finite vd,316

c near the tip remains slightly larger when using the finite blade functions,317

agreeing with the result in Fig. 4b, where Fu and Fw are directly affected318

by vd. For λ = 7.0, Fig. 8a, c and θ are the same as that obtained using319

FP . Even with the diffuser, Fig. 8b, c and θ distributions are only slightly320

different very close to the blade tip, but all of them are very sensitive to the321

diffuser. The optimized power extraction is listed in Table 3; using Fu and322

Fw the power is almost equal that using Fp for λ = 2.0. However, for λ = 7.0323

the power is about 6.6% higher than for Fp mainly because vd increases Fu324

and Fw. These results demonstrate that to optimize DAWTs it is necessary325

to consider the axial induced velocity, vd, of the diffuser, which alters the326

finite blade function mainly close to the tip.327
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Figure 7: λ = 2.0: (a) vd = 0.0 (b) vd = 0.82.
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Figure 8: λ = 7.0: (a) vd = 0.0 (b) vd = 0.82.

Table 3: Comparison between optimized power coefficients (vd = 0.82).

λ = 2.0 λ = 7.0
CP using Fp 0.63 0.76
CP using Fu and Fw 0.64 0.81

We now compare the present analysis with the experimental data of328

Hoopen [48] for a 3-bladed DAWT of 1.5 m rotor diameter at λ = 5.6.329

[48] gives all parameters needed for the present simulation, making his work330

an important DAWT source. Table 4 shows the present results compared331

with Hoopen’s measurements and other methods available in the literature.332

Note that the power output (530.04 W) obtained using Fu and Fw is close333

to the experimental value (531 W), while using Fp the difference is slightly334

larger. The same occurs with the turbine torque. The thrust on the rotor335

using Fu and Fw also shows good agreement with the measurements, as well336

as that value using Fp. Fig. 9a shows the behavior of Fu, Fw, and Fp for337

V0 = 10 m/s. As λ = 5.6 in this case, Fu, Fw, and Fp are almost the same.338

Fig. 9b shows the augmentation factor, Af , in relation to the wind velocity,339

V0. Af is defined in [11]; Af = 27ηt/16, with ηt = ηpηgCP , where ηp = 0.85 is340

the drivetrain efficiency and ηg = 0.74 is the generator efficiency. The results341

in Fig. 9 were obtained for constant Ω, so λ = 56/V0. Clearly, the results342

using Fu and Fw, and also Fp are consistent with the measurements. This343

occurs because to calculate Fu, Fw, and Fp it is necessary to include vd in the344

18

Jo
urn

al 
Pre-

pro
of



BEMT calculations. As before, the differences between FP and Fu and Fw345

increase with decreasing λ. For the results in Fig. 9, vd = 0.85, which was346

calculated for cp3 = −0.49, β = 0.5785 and CTd = 0.135 as described in [48].347

Fig. 9b suggest the intriguing possibility that maximum DAWT and348

DAHKT performance is much less dependent on λ than for a bare turbine.349

This would allow consideration of factors other than the maximization of350

power in turbine design. These other factors include: high λ performance351

usually allows more efficient and cheaper generators, but lower λ is likely352

to reduce cavitation in DAHKTs and the lower blade rotation would reduce353

the likelihood of damage to fish and other river life. Further, the high c/R354

shown in Fig. 7 implies high solidity and possibly higher lift:drag on the355

blade elements.356

Table 4: Comparison between the present study and experimental data (V0 = 10m/s).

Angular speed Power output Torque Thrust
(rad/s) (W) (Nm) coefficient

Experimental [48] 75 531.00 7.10 0.80
Rio Vaz et al. [32] 75 526.00 6.10 -
Present work using Fp 75 536.26 7.15 0.77
Present work using Fu and Fw 75 530.04 7.07 0.77
CFD [48] 137 545.00 4.00 -
CFD [48] 155 246.00 1.60 -
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Figure 9: (a) Finite blade functions in relation to the radial position for V0 = 10 m/s. (b)
Augmentation factor in relation to V0 (experiment obtained from [48]).
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7. Conclusions357

The present study considered an issue in blade element modeling of dif-358

fuser augmented wind and hydrokinetic turbines that has not received suf-359

ficient attention: the effects of the finite number of blades on the turbine360

power and thrust. These are usually modeled by Prandtl’s well-known tip361

loss factor which asymptotes to zero at the blade tip. The diffuser, however,362

induces an additional flow through the rotor causing finite blade loading at363

the tip. Finite blade effects are measured by the ratio of the velocity at the364

blade to the streamtube average. A diffuser has equal effect on the axial365

velocities, so their ratio cannot reach zero. There is no corresponding con-366

straint on the circumferential velocity, but Fw as well as Fu was found not367

to go to zero at the tip.368

Fu and Fw were modeled using a simple modification of the analysis of369

Wood & Okulov [16] and Wood [19] for bare turbines to determine the finite370

blade functions for the axial and circumferential velocities. As it is not clear371

whether Fu and Fw can exceed unity, we limited the calculated values to372

unity. This had only a small effect on the analysis because the exceedence373

occurred only near the hub. The new analysis gave 6% increased power for374

a computationally-optimized blade at the higher value of tip speed ratio of375

the two that were analyzed.376

By comparison to the limited experimental data for a diffuser-augmented377

wind turbine, we could not distinguish between FP and Fu and Fw in terms378

of accuracy, as shown in Tab. 4. In addition, this work suggests that diffuser-379

augmented wind turbines have much flatter power curves than bare turbines.380

Some of the possible advantages of this behaviour were given. These results381

show that the new finite blade functions can be implemented in BEMT anal-382

ysis, in order to contribute for a more accurate BEMT model for DAWTs.383
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Nomenclature
Latin Symbols
a, a′ Streamtube average axial and tangential induction factors
ab, a

′
b Axial and tangential induction factors at the blade

A, A3 Area of the disc and the cross section at the diffuser outlet
B Number of blades
c Chord (m)
CD Drag coefficient
CL Lift coefficient
CM Torque coefficient
Cn Normal force coefficient
cp3 Pressure coefficient at the diffuser outlet
CP Power coefficient
Ct Tangential force coefficient
CT Thrust coefficient
CTd Diffuser thrust coefficient
dM Elementary torque (Nm)
dP Elementary power (W)
F Prandtl Tip-loss factor
Fu, Fw Finite blade functions for axial and circumferential flow, respectively
H Losses through the diffuser in terms of pressure (Pa)
p0 Pressure in the external flow (Pa)
p2 Pressure at the turbine upstream (Pa)
p3 Pressure at the diffuser outlet (Pa)
P Power output (W)
Q Flow rate (m3/s)
r Radial position at the rotor plane (m)
R Radius of the rotor (m)
T Thrust of the rotor (N)
Td Thrust of the diffuser (N)
uθ Swirl velocity in the near wake (m/s)
V0 Freestream wind velocity (m/s)
V1, V2 Axial velocity at the rotor (m/s)
V3 Axial velocity at the diffuser outlet (m/s)
V4 Axial velocity in the wake (m/s)
x Local-speed ratio

Greek Symbols
α Angle of attack (rad)
β Area ratio
ε1 Velocity ratio
ε4 Far-wake velocity ratio
ηd Diffuser efficiency
θ Twist angle (rad)
λ Tip-speed ratio
ρ Density of the fluid (kg/m3)
σ Solidity of the turbine
φ Flow angle (rad)
Ω Angular speed of the turbine (rad/s)
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Highlights 

 

- A new model for the finite number of blades in diffuser-augmented wind turbines; 

- The blade loading is finite at the tip in contrast to bare turbines; 

- Finite blade functions to optimize chord and twist angle of shrouded blades; 

- Diffuser-augmented turbine power output seems to be less sensitive to tip speed ratio; 

-Good agreement is demonstrated with available experiments. 
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