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Abstract

The aim of this paper is to maximize the power-to-load ratio for asymmetric heave wave energy converters. Linear
hydrodynamic theory was used to calculate bounds of the expected time-averaged power (TAP) and corresponding
surge-restraining force, pitch-restraining torque, and power take-off (PTO) control force with the assumption of sinu-
soidal displacement. This paper formulates an optimal control problem to handle an objective function with competing
terms in an attempt to maximize power capture while minimizing structural and actuator loads in regular and irregular
waves. Penalty weights are placed on the surge-restraining force, pitch-restraining torque, and PTO actuation force,
thereby allowing the control focus to concentrate on either power absorption or load mitigation. The penalty weights
are used to control peak structural and actuator loads that were found to curb the additional losses in power absorption
associated with a nonideal PTO. Thus, in achieving these goals, a per-unit gain in TAP would not lead to a greater
per-unit demand in structural strength, hence yielding a favorable benefit-to-cost ratio. Demonstrative results for “The
Berkeley Wedge” in the form of output TAP, reactive TAP needed to drive WEC motion, and the amplitudes of the
surge-restraining force, pitch-restraining torque, and PTO control force are shown.

Keywords: Asymmetric heave wave energy converter; power absorption control; structural load mitigation; nonideal
PTO efficiency; “Berkeley Wedge”

1. Introduction

The Berkeley Wedge (TBW) [1, 2] is an asymmetric wave energy converter (WEC) that can also serve as a break-
water. It consists of an asymmetric floater, a power take-off (PTO) system, and a support structure. The particular
shape of the floater, depicted in Fig. 1, was designed to experience minimal effects from viscosity in heave motion.
The mounting structure limits the motion of the floater to heave only. The PTO system implemented in the design
is a linear permanent-magnet generator (LPMG) [3]. When the damping of the LPMG is matched with the heave
radiation damping of the floater at resonance, there will be almost no reflected or transmitted waves and almost all of
the incident wave energy will be absorbed by the LPMG. TBW can be used nearshore to provide electricity for local
communities and act as a breakwater (concurrently) to protect the harbor with very minimal environmental impact.
It can also be attached to offshore structures and floating platforms to provide electricity and protect the structure.
Additionally, TBW can be installed near the floating bridges to reduce the wave loads on the structure and generate
electricity or desalinate seawater. In a recent study [4], the particular asymmetric shape of TBW was implemented in
a coaxial wave energy converter (consisting of a fixed inner cylinder and moving outer cylinder) to reduce the viscous
effects on the heave motion of the outer cylinder. The experimental testing revealed that the shape of TBW reduced
the viscous damping on the heave displacement of the outer cylinder by 70%, resulting in an increase in the heave
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displacement of the outer cylinder by more than 300%.

The success of such or similar future WEC technologies will require the development of strategies to increase
their survivability in extreme waves (survivability condition) and control strategies to adapt device performance to
maximize energy generation while mitigating hydrodynamic loads to reduce the structural mass and overall cost in
operational condition [5]. Regarding survivability of WECs, a recent study [6] presents a novel and practical solution
to increase their survivability in extreme breaking waves. In this study, to reduce the effects of the extreme breaking
waves on TBW while maintaining its operational draft, a novel solution of using pressure-relief channel, allowing
water to flow through TBW, is presented and tested. Additionally, balancing the objectives of operational condition
offers an interesting design and control challenge. For example, these are in contrast to previous works that solved
the optimal control problem when focused solely on maximizing the time-averaged power (TAP). The application of
state-constrained optimization [7, 8] to WEC control has gained significant traction recently as it provides the abil-
ity to include linear and nonlinear constraints. This optimization has been pursued using calculus of variations [7],
model-predictive control [9-11], and pseudo-spectral methods [12—14]. If the PTO efficiency and structural loads
are not considered, the optimum WEC trajectory follows that of complex conjugate control [15], which requires a
substantial amount of reactive power when moving away from the resonance frequency. It is well known [16, 17] that
the gains in power absorption when utilizing complex conjugate control can be counterbalanced by losses in the PTO
accrued when reversing the energy flow to drive WEC motion and return energy to the wave system. It is possible that
neglecting the conversion efficiency can lead to reduced or a net loss in the output power from the PTO resulting in
a net flow of energy from the PTO to the WEC. Suboptimal strategies that eliminate reactive power, notably latching
[18] and declutching [19], have been proposed, yet still do not include a load metric in the optimization. It can be
expected that as the controller works to maximize the absorbed mechanical energy, the growth rate in structural loads
may exceed the growth in TAP. To address this concern, this work incorporates the PTO control force and restraining
loads in the objective function of the optimization routine. As a result, the optimizer must now balance the opposing
contributions in an attempt to obtain the largest power-to-load ratio.

This paper begins by reviewing TBW device concept and hydrodynamic properties that allow it to be a perfect
absorber. This is followed by constructing the heave time-domain equation of motion to provide the preliminaries
for extension into its spectral representation. The PTO unit is expected to have a limit on the stroke length, which
will have an effect on the maximum absorbed power; however, this work also considers the use of a nonideal PTO
unit, with a conversion efficiency less than 100%, and will discuss how the efficiency and PTO force coefficients
can be used to calculate the net power delivered to the grid. The upper and lower bounds on the output TAP, surge-
restraining force, pitch-restraining torque, and PTO actuator force are calculated while assuming that the WEC motion
was constrained but remains sinusoidal. The upper bound was calculated by solving for the PTO spring and damping
coefficient pair that maximized the output power, not absorbed power, while the lower bound assumes that the non-
ideal PTO system consists only of a linear-resistive damper, and in both cases the PTO force coefficients are constant
and continuous throughout the wave cycle. Next, pseudo-spectral control (PSC) theory is reviewed followed by incor-
porating the surge-restraining force, pitch-restraining torque, and PTO actuator force into the optimization problem.
Penalty weights are multiplied on the contributions to the objective function from the restraining and PTO loads to
adapt the performance as desired. The effect of including the restraining loads on balancing power absorption and load
shedding is first explored by varying the penalty weight magnitudes and comparing against the known performance
bounds. The time history of WEC motion and PTO control force are presented to illustrate how per-unit increases in
TAP can exceed the per-unit increase in restraining and PTO loads while having a minimal reactive power require-
ment. Finally, the analysis will be extended to irregular waves to study the fatigue loads on the TBW foundation and
PTO.

2. The Berkeley Wedge

TBW shape was designed to experience the smallest effect from viscosity when encountering incident waves and
in motion. The motion of the floater (shown in Fig. 1 with a cross-section constant over the entire width) is restricted
to heave only. The physical dimensions of the asymmetric floater were chosen to fit the model testing facility at the
University of California at Berkeley. A detailed theoretical and experimental study [1] confirmed the effectiveness of
the design in reducing the viscous effect on the motion of the device, thereby capturing almost all of the incident wave
energy and providing a calm water surface leeward of the asymmetric floater.

2



66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

—_— C ot )
Ael(ot ) A2g2el(at ) ) A+{

ei(m‘-kx)i

Wavemaker

Figure 1: The schematics of the problem with specified incident and radiated waves.

In this study, the authors examined TBW with a draft, d, of 0.7 m and a beam, b of 0.212 m at the water plane.
The particular shape of the front of the floater (Fig. 1) can be obtained from the following equation.

Z(5)=0.05926(5+1)*+3.88147(5+1)> -2.94074(5+ 1)* (1)

In Eq. (1), x = .%(9) is a shaping function, and ¥ = x/b and y = y/d are nondimensional scales. In this equation, j can
be shifted in height to obtain different drafts. The hydrodynamics coefficients for the asymmetric floater were obtained
assuming a water depth, A, of 1.5 m while using the two-dimensional (2-D) potential-flow code RWYADMXA [20]
and shown in nondimensional form in Fig. 2.

To analyze the optimal energy extraction efficiency of TBW, the relation between the heave wave-exciting force,
heave-radiated damping, and the far-field radiated wave amplitude is discussed. Far-field radiated waves are generated
as a result of heave displacement of the floater. They propagate away from the floater (Fig. 2(a)), facing the positive
(A} &) and negative (A;&e ) x-coordinate. It can be shown that the heave wave-exciting force can be
obtained from the far-field radiated wave amplitude in deep water by using the Haskind Relation (see Appendix C for
the derivation).

g’
Xy = z?A2 2)
We can denote the geometry-hydrodynamic radiation factor, 7y, to be the ratio of the left (A}) and right (A3) far-field
radiated wave amplitudes.

v=[Z] ®

At this point, if we equate the work done by an oscillator on the fluid and the energy propagation associated with the
far-field wave, we obtain the following expression (see Appendix C for details).

20¢> An

X, =
Xl o 1+92

“

With the above expression, we can obtain the optimal energy extraction efficiency for TBW, which will be discussed
in later sections.
3. Time-Domain-Heave Equation of Motion
The one-degree-of-freedom time-domain-heave equation of motion is given by the following equation.
méy (1) = for (O + frn (O + fu () + fa (0) + fu (1) (5)

where ¢ is time, m is the mass of the WEC, Zz is the heave acceleration, f; is the wave-exciting heave force caused by
the incident waves, f,2; is the wave-radiation force caused by heave motion, fj, is the hydrostatic restoring force, f; is
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Figure 2: Nondimensional 2-D hydrodynamic radiation and wave-exciting coefficients. The nondimensional values are defined as: &
oblg, 2 = pn/pb®, Do = Anfpb’o, Xo = Xa/pgh, 2 = ¢o/m, 2 = pi2/pb®, diz = Aia/pb*, X1 = Xi/pgh, $1 = $1/7, fin
uxn/pb’, Ay = An/pbPo, Xs = X3/pgh?, ¢s = ¢s/m

the drag force caused by viscous effects, and f,, is the mechanical force applied by the PTO system.
The heave hydrostatic restoring force is given by the following equation.

Ju@®) = =Cndr (1) , with Cy = pgb (6)

where p is the fluid density, g is the gravitational acceleration, b is the device beam length at the calm water line, and
{» is the time-varying heave displacement.

The linear hydrodynamic wave-radiation heave force will be represented in the time domain using the Cummins
equation [21] and is written according to the following equation.

Fro(t) = = (00) & (1) — fKrZZ (-1 () @)

where (1, (00) is the heave-added mass at infinite frequency, and K, is the heave radiation impulse response function,
also known as the memory function because it represents the wave radiation memory effect caused by past WEC
motions.

The wave-exciting heave force can be written in the time domain as follows.

Jea(t) = fKEZ t-mn@dr (3
where K,; is the heave wave-excitation kernel, which is noncausal, and 7 is the wave elevation.
The drag force can be represented by either of the following equations.
_/1\/ § (t)
fay =4 "2 )

~Anl2 (O |2 (1)

where A,; is the linear-drag coefficient caused by the presence of viscosity, and A,,, is the quadratic-drag coeflicient,
assuming they are not negligible. The final one-degree-of-freedom heave equation of motion can now be shown in the
following equation.
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1
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J (10)

o

+fKe2(l—T)77(T)dT+fm(l)

—00

where the linear form of the drag force has been used.

3.1. Time-Domain Solution in Regular Waves

It is common practice to begin analysis under regular wave excitation in which the incident wave elevation is
described using the following equation.

_w{_ 194
n(x, 1) = ‘R{ P

} =R {Aei(”"k")} = Acos (ot — kx) an
z=h

where ¢ is the incident wave potential, A is the wave amplitude, o is the wave angular frequency, k is the wave
number, and i = V-1 is the imaginary unit. The time-harmonic heave response is modeled as follows.

o0 = Ri6e™) (12)

where &; is the complex amplitude of heave displacement.
Under regular wave excitation, the radiation-convolution integral can be simplified to the following expression.

fir () = =R {| -0 (0) + i A | £267") (13)
The wave-excitation-convolution integral can be written according to the following equation.
for (0) = R{AX; () €] (14)
For the time being, the mechanical force from the PTO system will be described by the following equation.
fn(0) = =R{(C, + i B, ) £26) 15)

where C, is the linear PTO-restoring coeflicient and By, is the PTO linear-damping coefficient. The frequency-domain
expressions can be inserted into Eq. (10), leading to the heave displacement response amplitude operator as shown in
the following equation.

X
f2 _ 2 (16)
A [Cg + C22 — 02 (m + ﬂzz)] +io [/122 + Bg]
where A,; has been set to zero because results revealed in [1] saw minimal effects from viscosity.
3.1.1. PTO Absorbed Power
The TAP absorbed by the PTO can be calculated using the following equation.
Pr 1. &P
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Equation (16) can be inserted into Eq. (17) to calculate the optimal PTO damping at each wave frequency. The optimal,
unconstrained, time-averaged absorbed power and PTO damping for each wave frequency is given as follows.

Pr LX%P !
= = 2
A e (e
(e85!
- 57 1 +’)/2 CytC, 2(m+unn) 2 (18)
2 +Cy—02(m
1+ l+(T)
Cyp+C,—02(m+ :
B, = /122\/1+( =t ( MZ)) )
5]

where at resonance B, = A2, leading to the maximum time-averaged absorbed power [22]. Because these expressions
do not consider motion constraints, it may be necessary to increase the PTO damping to remain under a given motion
constraint. The required PTO damping is given as follows.

( AlXy| )2
B, = -
a—l‘f 2|max
where |£3nqx 1S the maximum amplitude of heave displacement [23]. The instantaneous power absorbed by a power-
take-off unit can be calculated as follows.

Cyp + Cg

112
—o(m+ /122)} } —An (20)

_ Blictl
P = ——
+ %[|i0'§2|2|Bg—ng/O'Icos(Z(a)t+go)+v)] @
C 2
PA, = 1% 1+(_g) 22)
oB,

where ¢ is the phase angle of ioé,, v is the phase angle of B, —iC, /o, and PA, is the peak-to-average power ratio [23].
As seen in Eq. (21), if C, # 0, the instantaneous power will fluctuate between negative and positive values, indicating
a bi-directional energy flow. When there is no reactive power, C, = 0, the peak-to-average power ratio is 2 and the
instantaneous power oscillates between 0 and 2P7. The reactive component is eliminated at the resonance frequency
of the isolated floating body and the peak-to-average power ratio is minimized at 2; however, when away from the
resonant frequency, the peak-to-average power ratio quickly increases, resulting in large swings in the bidirectional
energy flow. The time-averaged reactive power, defined as the power that the PTO returns to the oscillating body, can
be calculated as follows.

T
Pr = %fo min [P (¢), 0]dt 23)

To provide a measure of efficiency for a given device, the TAP contained within a propagating wave must be
known. The time-averaged wave power per-unit width, P,,, can be obtained from the following equation.

2
_PgA” g 2Uh TR 1 9 a0m 1 pgPA?
Py == 1/Etamhkh [1+ ] 7R Lpg?A’T = {2

where £ is the water depth.

We denote C,, as the ratio of TAP absorbed by the PTO per the incident wave energy flux. Substituting the
expression of heave wave-exciting force, Eq. (4), into the modulus of the expression for the heave-displacement
response amplitude operator, Eq. (16), and using the maximum TAP condition, B, = A, the expression for optimal
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energy extraction efficiency as a function of the geometry-hydrodynamics factor, y, is obtained using the following
equation.

1

- 2
1+92 (25)

Cw|opt =
To obtain maximum extraction efficiency (C,, = 1), y needs to be equal to zero. This is possible by having the right far-
field radiated wave amplitude equal to zero (A* = 0) and the left far-field radiated wave amplitude be finite (A7 # 0).
For symmetric floaters, both right and left far-field wave amplitudes will be equal (A]‘. = A;T), so y = 1, which results

in Cylope = 0.5 if the maximum time-averaged absorbed power condition is satisfied. The graph of C,,|op for TBW is
shown in Fig. 2(b).

3.1.2. Maximum Time-Averaged Absorbed Power Under Constrained Motion
The maximum time-averaged absorbed power under motion constraints, while assuming sinusoidal motion, was
explored in [24], which provides the following expression.

142 2
<A%|X A 0>1
PT zlg | 2| / 22 , , (26)
A0 max — A0 |Eolee 6 <]
max 2
5 O1é|max 2422 27

A |Xo

where 0 is the ratio between the constrained-to-optimal heave velocity, which is set by |£2],4x, the maximum heave
displacement amplitude. The associated PTO linear-damping coefficients are given as follows.

& - AlXo|
e —An 6<1
Cg = - [C22 - 0'2 (m + /122)] (29)

where the PTO spring coefficient cancels the dynamic force contribution from the hydrostatic body-restoring coeffi-
cient, mass, and hydrodynamic added mass, which is the basis of complex conjugate control [15].

The capture width, defined as the ratio between the TAP absorbed by the PTO, Pr, and the incident wave power
per-unit width, P,,, is a metric used to evaluate the absorption efficiency of the device. The incident wave power is
proportional to the incident wave amplitude squared, see Eq. (24). For unconstrained motion, which may also corre-
spond to a very small incident wave amplitude, the capture width will be invariant to the incident wave height; whereas
for a strongly constrained motion, which may also correspond to a very large incident wave amplitude, the capture
width will be inversely proportional to the incident wave height and become less efficient from the hydrodynamic
perspective.

3.1.3. Nonideal PTO Units

As discussed in [16, 17, 25], reactive control requires a two-way energy flow between the oscillating body and an
energy storage system that will have losses associated with the energy flux reversal process. Considering a nonideal
PTO unit, the peaks in the PTO instantaneous output power (P, ) and reactive input power (P_) are given as follows.

) 2]
B,li = C,
m—"‘l(zr§2| 1+ +/1+ ((rz;g)
P, = ’ (30)
.
| Blicés c
somel i e ()

where 7, is the PTO mechanical-to-electrical efficiency. The effect on the time-averaged output power is more com-
plex because of the time-varying integration. The results from performing the integration over time were performed

7
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Figure 3: The effect on the mechanical-to-electrical efficiency power multiplier, ¢*, the PTO coeflicient power multiplier, g*, and the PTO coefficient
ratio, G, for a range of 1,, and G* values.

in [17, 25].
Cg %
=|——| , G" =arctanG
oB,
Bilict|*
Po=m=5—
| =2 (26" - sin2G* - 2G (1 - cos® G*) G
1 m
i nZ, 2n
——

e* g

where Py is the time-averaged power that is sent to the grid. The effect of G on e* and g* can be found in Fig. 3.
The nonideal PTO peak-to-average power (to the grid) ratios can now be calculated using the following equation.

1+ VI+G?
[1 -2 (ZG*fsinZG*—ZG(lfcosz ') )]
Al e
PA,. =L ™ 2
NnE 1-V1+G? (3 )
12, (26 ~sin2G*-2G((1-cos2 G*)
R [ )

3.2. Foundation Restraining Force and Torque

The structural foundation must handle the surge force and pitch torque needed to restrain the WEC to move
only in heave. This will require a mounting structure to be designed to withstand the surge-restraining force and
pitch-restraining torque which can be achieved using vertical guides that are driven into the seabed or mounted to an
existing structure [1]. The restraining force in surge, X,;, and restraining torque in pitch, X,3, are given as follows.

AXy+ X)) = [—0'2/112 + l'O'/llz] & (33)
AX5 + X3) =07 (xgm + pza) + i | & (34)

where X; and X3 are the complex surge wave-exciting force and pitch wave-exciting torque coefficients per-unit wave
amplitude, y; is the surge-heave added mass, and A5 is the surge-heave wave radiation damping, ps, is the pitch-
heave added mass, A3, is the pitch-heave wave radiation damping, and x, is the horizontal center of gravity. The
surge and pitch foundation reaction force and torque is affected by the radiation forces that result from the heave

8
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motion of the WEC, which can be controlled by the PTO. The surge-restraining force and pitch-restraining torque
can theoretically be eliminated if the complex heave displacement and PTO force amplitude satisfy the following
equations.

e __ XN
A iz —0'2/,[12 + ia'/llz (35)
f_m = {[CQQ —w2 (m +,L122)] +l'0'/7.22}§2 - X5
Alf. Alf
? fae =0 (xgm + ) + i Az . (36)
m _ 2 ; S2 —
1 o {[sz —w (m +ﬂ22)] + 10'/122} Al Xo
The time-domain corollary of Egs. (33) and (34) is given as follows.
i == [ Kat-omear
- , (37)
@ &0+ [Knt-nhod
Jr3 (D) =—fKe3(t—T)77(T)dT
- (38)

1

+ (xgm + U3 (00)) bH)+ me (t-1) b @)dr

—00

3.3. Results from Fixed-PTO Coefficients

Maximizing the output TAP, as described in Sec. 3.1.3, involves the PTO coefficients to be fixed in time yet adapted
for a given wave amplitude and angular frequency. Performance bounds can be set for the TAP, surge-restraining force
amplitude, pitch-restraining torque amplitude, and PTO control force amplitude, which have been plotted in Fig. 4.
A benefit of the current design can be observed in the bottom plot of Fig. 4(c), where the heave amplitude and phase
required for elimination of the surge-restraining force and pitch-restraining torque are presented. The surge and pitch
components require a very similar amplitude and phase for elimination, which will lead to a reduction in both if
only one contribution is heavily penalized in the controller objective function. It is expected that time-varying PTO
coefficients might be able to assist in optimizing the time-averaged absorbed power while reducing loads, leading to
device performance that sits between the maximum constrained and passive curves.

4. Pseudo-Spectral Control (PSC)

The discretization of the control problem is completed by approximating the heave velocity and PTO force with
a linear combination of basis functions [13, 26]. The heave velocity, />, and PTO mechanical force, fim» are approxi-
mated by a zero-mean truncated Fourier series with N terms.

N/2

L)~ Y cos (joor) + ) sin (jerot) = @ () (39)
j=1
N/2

fu (D) ~ Z 74 cos (jorot) + 7 sin (jorot) = ® (1) # (40)
j=1

9
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T T
A C S C S
,T—[T],Tl,...,‘rﬂ,‘rﬁ] “41)
2 2

b=[vi v

QM) =[p1 (@), 20 ,....¢n-1 (1), N5 D]
. N . (N (42)
= [cos (oot),sin(opt),...,cos (ant) ,sin (50'01‘)]
with the fundamental frequency given by og = 27/T and T is the chosen time duration. The heave equation of motion

can be described as follows.

My =%+ &, (43)
where &, is the Fourier coefficient vector of the heave wave-exciting force. The matrix My, € RN s block diagonal
with the following structure.

i _ A Goo)  a(joo) .
I = g . for j=1,2,....,N/2
2 [—a (Joo) A2 (joro) J /
a (joo) = joo (m+ ux (joo)) — Can/ (joo) (44)

The heave velocity coefficients can then be determined explicitly from the control and heave wave-exciting force
Fourier coefficients. This representation allows the time-averaged absorbed energy, Pr, to be written as follows.

1 T 1.
Pr ?fo fz(f)fm(f)df=§l//T‘f'

% [%T (M) 2+ 6] (M53)" %]

which is in the form of a traditional quadratic problem.

(45)

4.1. Penalty Terms
Penalty weights will be used in a mixed objective function to control the PTO force, surge-restraining force, and
pitch-restraining torque.

4.1.1. Surge-Restraining Force

Load reduction will consist of limiting the forces on the WEC structure that are required to maintain the heave-
only constraint. The surge-restraining force has two contributions that arise from the surge wave-exciting force and
the radiation force that results from WEC heave motion. The equation for the surge-restraining force can be written
in a matrix form, similar to Eq. (43), as follows.

O (1) fr1 = —D ()21 + 12 (00) T + @ (1) (G2 — 12 (00) 1)
fa=—e1+ Gl = —21 + GuMy t + GaMy, (46)

where ¢, is the Fourier coefficients of the surge wave-exciting force, G, and I" are block matrices given in Appendix
B and Eq. (43) has been substituted in the last expression. To maintain the convexity of the quadratic problem,
the time-averaged squared ¢>-norm of the surge-restraining force vector was added to the objective function. The
surge-restraining force penalty measure is given as follows.

T
Y1 2 Y1 AT T S Y1 prp
=l == O () fudt = =1/
A Tfo T @) fude = 21
zﬂ(z
2

-+ (M) GszGleizI%)

.
e1G 1My - o] (M3,) GIZGIZM;;]% @7

where 7y is a penalty weight applied to the surge-restraining force. In the final expression for the surge-restraining
force contribution, there are three constant terms independent of the PTO control force, which are left out of the
optimization. See [14] for the full expression.
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4.1.2. Pitch-Restraining Torque

Similar to the surge-restraining force, the pitch-restraining torque has two contributions that arise from the pitch
wave-exciting torque and the radiation torque that results from WEC heave motion. As with the surge-restraining
force, the time-averaged squared ¢?-norm of the pitch-restraining torque vector was added to the objective function.
The pitch-restraining torque penalty measure is calculated as follows.

Y3 V3 N 1 A I\T 1] 4
7|fr3|2 ~ S (2 [63TG32M221 - &] (M) GstGanzl]T 48
(43)
-7 (M5)" ngszMEzI?)

where é; represents the Fourier coefficients of the pitch wave-exciting torque and y3 is a penalty weight applied to the
pitch-restraining torque.

4.1.3. PTO Control Force
The PTO force is the only control actuation, and in an effort to reduce computational time and force spikes, a
penalty weight was placed on the time-averaged squared ¢>-norm of the PTO force magnitude [9].

T
Py, p = B fo a0t = 22Tt (49)

where £3,, is a penalty weight associated with the control force magnitude and 7y is the identity matrix of size N.

4.2. Heave-Displacement Amplitude Constraint

Constraints on the heave-displacement amplitude reflect the physical limits of the system. These limits are mod-
eled as inequality constraints.

DT Myt < Livxyéalmar — @ (OT ' M5) 85 (50)
O (T "M+ < ~ L) léalmin + @O T ' M53 25 (51)

The constraints are enforced at specific time instants given by t; = kT /(N +1) fork = 1,2,... N [26]. The constrained
optimal control problem is now a convex quadratic program subject to linear constraints on the heave displacement
amplitude. The impact of device motion and force constraints have been discussed in [27]; however, in this work no
constraints were placed on the PTO control torque magnitude.

4.3. Final Objective Function

The objective function will be the sum of the time-averaged absorbed power, the squared £>-norm of the surge-
restraining force, pitch-restraining torque, and PTO control force. The four contributions to the objective function are
not of the same units, and the interrelationship between them is complex. Therefore, the final objective function will
consist of the following nondimensional quantities.

Pr ‘ fr '2 I | f3 '2

J = + + b 52
P, 7 pgbA P pgbA | | pgb?A 62
Cu fa Fon 7

5. Pseudo-Spectral Results

For the regular wave simulations, the number of Fourier coefficients, N, was set to 100 while the fundamental
frequency, o, was set as the wave frequency, and the electrical-to-mechanical efficiency, 7,,, was set at 85%.
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5.1. Effect of Penalty Terms

Figure 5 verifies that the pseudo-spectral controller is achieving the desired results when considering the extremes
of the tested penalty weights. As the control force penalty weight, 3,,, is increased the magnitude of the PTO control
force and reactive power is reduced. As shown for the lowest penalty weight values (y; — 0 and 8,, — 0), the
highest TAP input to the PTO is achieved; however, the greatest TAP input may not correspond to the greatest output
power when including nonideal efficiency (17,, = 85%); see Fig. 5(b). In this range the surge-restraining force and
pitch-restraining torque are slightly lower or equal to the values obtained when maximizing the WEC output power.
This is a result of the amplification in heave displacement required to eliminate the restraining loads when the wave
frequency does not coincide with the heave resonance frequency, refer to Fig. 4(c). However, the PTO control force
and standard deviation in the output power are at minimum 10% greater when neglecting the PTO efficiency. Inclusion
of the penalty weights in the optimization, not only reduce structural loads but are able to curb the additional power
losses when utilizing a PTO unit with nonunity efficiency. For the largest values of y; and 3,,, reduction in the surge-
restraining force and pitch-restraining torque, Fig. 5(c) and Fig. 5(d), is also followed by a corresponding decrease in
the TAP. It is also possible to see an increase in the PTO force and reactive power requirement as emphasis is placed on
reducing the surge-restraining force; see Fig. 5(e) and Fig. 5(f). The increase in PTO torque is a result of the amplitude
and phase difference between the unforced (no PTO) and zero surge-restraining force heave motion; refer to Fig. 4(c).
It can be observed that both above and below the resonance frequency the unforced heave amplitude of motion is lower
than required for elimination of the surge-restraining force and pitch-restraining torque. As more emphasis is placed
on reducing the surge-restraining force, the resulting increase in the PTO control force and reactive power imply that
complete elimination of the restraining loads may not be desirable. These contour plots provide a clear design space
that can be used to optimize power production, decrease structural loads, or achieve multiple combinations in between.

The left column of Fig. 5 plots a set of results for a wave frequency below resonance. In this frequency range the
contours follow nearly straight lines when viewing the y; and 3,, space. As shown in Fig. 4(b), the lowest structural
force and torque are obtained when maximizing for the output TAP, but this requires an increase in the PTO control
force. The penalty weights in the objective function are linear constants multiplied to the surge-restraining force and
pitch-restraining torque, therefore a reduction in structural loads is counteracted by a proportional increase in the PTO
control torque, leading to contours that are predominantly straight lines. In the right column of Fig. 5, results are
provided at a wave frequency above resonance, in which the constant value contours have greater curvature. In the
high-frequency region, the lowest structural loads are observed when TBW oscillates naturally (no PTO). A reduction
in restraint loads can first be achieved by decreasing the influence of the PTO control torque. This reduction can be
observed by moving vertically along a constant 3, line; refer to Fig. 5(f). For example, by moving vertically along
the 8, = 1.0, the PTO control torque will initially decrease, which also leads to a reduction in the restraint loads.
However, eventually the PTO control torque 0.8 contour swings back across the 3, = 1.0 line, therefore the controller
must now balance two load metrics that fight against one another.

5.2. Time History of WEC and PTO

Figure 6 plots the time history of the four points marked in the plots along the right column of Fig. 5. Near point 1,
the maximum output power absorption is nearly recovered; near point 2, the surge-restraining force is prioritized at the
expense of larger PTO forces and reactive power; near point 3, the controller attempts to maximize the output TAP with
reduced PTO forces at the expense of larger restraint loads; and near point 4, there is roughly a 50%-60% reduction
for all performance metrics compared to when the power output is maximized. As the penalty weights are reduced,
the PTO control torque moves the heave velocity closer in phase with the heave wave-exciting force. This phase shift
is accompanied by the greatest amplitudes in PTO control torque and pitch-restraining torque, but not for the reactive
power. Marker 2 has the greatest reactive power requirement as the amplitude of motion required to eliminate the
surge-restraining force is greater than the maximum power output heave profile. As the surge-restraining and PTO
control force penalty weights are increased, the controller will first maintain a near optimum phase while reducing
the amplitude of motion. However, eventually a greater phase shift is introduced by the controller to eliminate a
larger proportion of the surge-foundation force that can be observed by comparing marker 2 and marker 4 in Fig. 6(a).
Further reduction in the restraint loads will reveal an increase in the heave amplitude of motion and a corresponding
increase in PTO control torque and reactive power. A larger reduction in restraint loads and PTO force, compared to
the power output, can be achieved because of the ability of the controller to induce a phase shift in the heave velocity
at the expense of bidirectional energy flow.
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period of 1 s (& = 0.92). The superscript " denotes the resulting performance from selecting the C, and B, > 0 pair that maximizes Eq. (31). The

variable wy is the standard deviation of the instantaneous power output.
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superscripts 1, 2, 3, and 4 in the legend refer to the numeric markers in the right column of Fig. 5. The superscript 7* denotes the performance from
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5.3. Power-to-Load Ratio

To compare the results from PSC over a wider range of wave angular frequencies, a power-to-load ratio will be
introduced as follows.

: P
P = o)) (53)
i+ ful \@wo
Py
X o= (54)
P

where wy is the standard deviation of the instantaneous output power. The first term in Eq. (53) represents the net
output power to the grid that is directly related to the economics of operation; however, the second term is included
to temper the controller from allowing large structural loads, leading to greater steel thickness and higher capital
costs. The third term was introduced to limit the PTO peak instantaneous power and control actuation effort, thereby
minimizing the PTO power capacity requirements. The value of P"" is obtained by inserting the performance values
into Eq. (53) that result from using the PTO spring and damping coefficient pair that maximizes the output power
from a nonideal PTO (refer to Eq. (31)). In a similar fashion, the value of PfL is obtained by inserting the performance
values into Eq. (53) that result from calculating the PTO damping coefficient (C; = 0) that maximizes the output
power of the nonideal PTO.

Ideally, it is desired that y > 1 as this provides the greatest power-to-load ratio. Several y contours obtained from
varying the combination of penalty weights y; and 3, for the wave frequency of & = 0.92 are presented in Fig. 7(a).
For penalty weight values in the space defined by y; < 0.4 and 3, > 0.6, the contour values are favorable (y > 1).
Next, for all the points along the contour y = 1.6, the surge-restraining force, pitch-restraining torque, PTO force, and
energy capture were obtained and are plotted in Fig. 7(b). Although along the y = 1.6 contour the power-to-load ratio
does not change, the absorbed energy and structural loads can vary. Additionally, the maximum y contour for each
wave frequency and penalty weight combinations were analyzed as shown in Fig. 7(c). A greater PTO power input
requires frequencies lower than the resonance frequency to obtain the maximum power-to-load ratio.

To compare results across multiple wave frequencies, the maximum y contours were calculated such that the
enclosed areas were the same size but may differ in location in the y; and ,, domain. The performance metrics
along this y contour were averaged for each frequency and the results are plotted in Fig. 8. It can be observed
that the proposed PSC formulation is successful at providing power-to-load ratios that are equal to or greater than
the baseline strategies with the largest values occurring about resonance; see Fig. 8(c). For the frequencies near
resonance (0 = 0.74), the power performance metrics for all strategies converge towards one another. This is to be
expected—when oscillating at resonance, the spring and inertial terms cancel, which will not require a PTO spring
coefficient to maximize energy absorption. However, it is interesting to see that PSC sacrifices a greater portion of
power near resonance in return for greater reductions in the PTO torque and surge-restraining force; see Figs. 8(a)
and 8(b). The greatest increase in the power-to-load ratio is observed at frequencies above resonance, whereas below
resonance the power-to-load ratio from maximizing output power is nearly equivalent to PSC. The reason the power-
to-load ratios are nearly equal is because below resonance the lowest restraining loads occur in conjunction with
maximum output power (refer to Fig. 4), but requires the largest PTO force amplitude. The PSC optimizer concludes
that further increase in power capture and reduction of the surge-restraining force and pitch-restraining torque is
counteracted by the growth in PTO torque and the peak-to-average power ratios as shown in Fig. 8(d), which prohibits
PSC from recovering the maximum power output.

6. Time-Domain Solution in Irregular Waves

The extension of psuedo-spectral control into the irregular wave environment will help evaluate the ability of the
proposed control strategy to effectively reduce fatigue loads for both the WEC structure and PTO.

6.1. Wave Spectrum Characterization

The ocean water surface is exposed to variable winds and is typically very irregular. However, the surface can
be considered as a superposition of multiple regular harmonic wave components. This linear superposition principle
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Figure 7: Regular wave results for a wave amplitude of 0.02 m and wave period of 1.0 s (6 = 0.92). The left plot consists of the constant y contours
as calculated from Eq. (54). The middle plot includes the variation in power and load performance values along the y = 1.6 contour in Fig. 7a. The
right plot consists of the maximum y values for a range of wave angular frequencies.

was first introduced in hydrodynamics by St. Denis and Pierson [28], which allows an irregular wave surface to be
described as follows.

N
n(x,1) =2Ajcos(0'jt—ij+sj) (55)
=1

where N denotes the number of regular wave components used to describe the sea state and & is a random phase angle
between 0 and 27. The wave number is related to the wave angular frequency through the dispersion relation. In
this method the frequencies are chosen with a constant frequency step. As a result, the process will repeat after a
time, 7,, given by T, = 2rn/Ao [29]. Unless surface elevation measurements are available, irregular seas are generally
described by a wave spectrum. The wave spectrum is defined as follows.

St (o) do = %A (0)? (56)

For a given a wave spectrum, the wave amplitude associated for a specific wave frequency is given as follows.

A(o) = V25 (o) do (57)
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Figure 8: Regular wave results for a fixed wave amplitude of 0.02 m and varying wave period.

The Bretschneider spectrum [30] was chosen to apply PSC and is described by the following equation.

Nondimensional Surge-Restraining Force, f1, [-]

Negative Peak-to-Average Power Ratio, PA_,[—]

4
) (58)
where o, is the modal (peak) angular frequency of the wave spectrum and H is the significant wave height, tradition-
ally defined as the mean wave height of the highest third of the waves. Relationships with the irregular wave statistics
can be obtained by computing the spectral moments, m,, of the wave spectrum.

4

5 0 5 /0

+ -~ P2 _— (2
S (0)—160_5Hsexp 4(

o

my, = fo-”S+d0' (59)
0
The spectral moments can be used to calculate the following quantities of the irregular wave surface elevation.
5
Ho=dymg . Ho=SH, o= - (60)
m_
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as  where H is the significant wave height, H, is the average wave height, and o_; is the mean energy angular frequency.
a5 The TAP available for a given irregular sea state is calculated using the following equation.

P, =pg fo Ve (0)S™ (o) do

pg (7 [g 2kh | .
== = tanhkh |1 + S d (61)
2 fo Vi sinhkh] (@)do
kh—oo 1 2
X —pg myo-
ng 00 -1
aus  0.2. Pseudo-Spectral Optimal Control in Irregular Waves
7 Optimization of WEC performance in irregular waves requires a modification in calculating the Fourier coefficients

xus  of the heave wave-exciting force, surge wave-exciting force, and pitch wave-exciting torque. The surface elevation
as  described by Eq. (55) will be used to calculate the heave wave-exciting force as follows.

Jer(t) = D(D)er
=2V Ao [R {Xa(0))} cos (o 1 + &)
=3 {Xa(op)}sin (o7 1 + &) (62)
= 2" ) | (R {Xalop) cos g - T {Xa(o )} sine;)
cosojt— (‘R {Xz(o'j)} sing; + J {Xz(O’j)} cos sj> sino; t]
where the sum-difference trigonometric identities have been used in the second line. The above equation can be put
in matrix form as follows.

. . N . N
O(ne, = [cos oot, sinogt, ..., COS Ecrot, sin ant]

(1)

A(o0) (R {Xa(og)} cose; — T {Xa(0p)} singp)

—A(oo) (R {X2(0p)} sing; + T {X»(0p)} cos &) 63)

A(%O’o) (% {Xz(%O’o)} Cos <‘/:N/2 -3 {Xz(%O‘Q)} sin 81\//2)
—A(%o-o) (R {Xz(gao)} sineyp + 3 {Xz(%](ro)} cos EN/Q)

&

a0 which will have the same form for the surge wave-exciting force and pitch wave-exciting torque. The irregular wave-
st exciting Fourier coefficients can now be used in the controller routine; however, care must be taken in selecting o
sz and N.

353 The nondimensionalization of the objective function for the irregular wave case will need to be adjusted because
s the incident wave elevation is time varying. Therefore, the force and torque penalty measures will be nondimension-
s alized by the average wave elevation as follows.

Pr f | S P fs
J=—+y|—| + + - 64
Py VpgbH,/2 “ pgbH, 2| g H, 2 &)
we  0.3. Fatigue and Equivalent Load Calculations
357 The inherent nature of irregular waves will lead to a variable-amplitude cyclic time series of forces and torques.

s In terms of fatigue, a variable-amplitude cyclic time series may be decomposed into individual load cycles using a
s rainflow cycle-counting algorithm [31], and it is assumed these individual cycles may be superimposed upon one
a0 another, according to Miner’s Rule. For this analysis, the fatigue damage will be presented in terms of an equivalent
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fatigue load, which is the constant-amplitude force or torque range that would, over the same number of cycles, cause
an equivalent amount of damage as the original variable-amplitude stress time series [32]. The following definition
will be used to calculate the equivalent load or torque.

" C fm 1/m
= (65)
i=1

where C is the cycle count and m is a material property normally defined as the slope of the logarithmic S-N fatigue
curve. For this analysis, m will have a value of 3, which corresponds to fatigue properties of welded steel [33].

6.4. Irregular Wave Results

For the irregular wave simulations, the number of Fourier coefficients, N, was set at 180; the fundamental fre-
quency, o, was set at 0.1 rad/s; and the electrical-to-mechanical efficiency, 1,,, was set at 85%. The power-to-load
ratio used to evaluate PSC performance in irregular waves will be adjusted to account for the variable-amplitude force
and torque time series as follows.

C. \(Po
Py =C, |2
a2z ) (2

¢ (66)
Y= PfL f* _ f;‘elq f* A fmq
- m > Jrl T > JIJm T
Pl pgbH,[2 pgbH, /2

In the regular waves analysis, results were presented in terms of peak forces and loads because of the harmonic nature
of the waves. On the other hand, in irregular waves, peak power and peak loads is sea-state-dependent and can be
susceptible to the selection of the random phase angle &. Thus, it was decided to use the standard deviation per TAP
and fatigue-equivalent loads in the power-to-load calculations. The PSC power-to-load ratios, for a range of peak
wave frequencies is on average 50% higher than other methods as shown in Fig. 9(c). The location of the maximum
X contours in the y;, 8, domain for each peak frequency are shown in Fig. 9(d). These y contours are clustered in
the region bounded by y; < 0.06 and 0.3 < ,, < 1.6, which has significantly less spreading compared to the regular
wave simulations; refer to Fig. 7(c). Tighter clustering of the y contours is a result of the energy contained within
the sea state being spread across a larger number of wave frequencies. PSC must now account for a greater number
of components of varying amplitudes and frequencies when optimizing the objective function. Thus, the influence of
the wave frequencies above and below the peak frequency will have a greater influence on performance, resulting in
greater overlap in penalty weights that generate the greatest power-to-load ratios.

In contrast to the irregular wave case, PSC produces the greatest output TAP compared to the baseline strategies;
however, PSC has the largest reactive power requirement even when the peak period coincides with the resonance
period, as shown in Fig. 9(a). This is another consequence of the spreading of wave energy, which PSC is able to
exploit compared to the passive and active PTO efficiency-conscious baseline cases. The baseline cases solve for
the set of PTO coefficients that maximize the output power, but remain constant over the duration of the simulation
[34]. These baseline cases will not be as efficient at extracting the wave power at frequencies away from the peak pe-
riod, but do not require future wave forecasting. The larger reactive power requirement also increases the variance in
instantaneous power, but allows PSC to limit the fatigue-equivalent loads; see Fig. 9(b). In fact, the surge-restraining-
force-equivalent loads obtained from PSC are the smallest for most of the simulated peak wave frequencies. The PTO
control torque is largest for PSC when the peak wave frequency is near the resonant frequency; however, at the lower
and higher wave frequencies, the PSC PTO torque fatigue load is surpassed by the active PTO efficiency-conscious
baseline strategy. In these ranges, the optimizer will shed more of the available wave power as increasing the energy
capture will be counteracted by greater growth in the PTO and structural loads.

7. Conclusion

In this paper, pseudo-spectral optimal control was used to balance power absorption against structural loading for
anovel WEC and breakwater, The Berkeley Wedge. The analysis revealed that the power capture efficiency increased
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Figure 9: Irregular wave results for a fixed significant wave height of 0.1 m and varying peak period.

by more than 50% for lower and higher wave frequencies (& < 0.6 and & > 0.8), compared to results obtained
from a passive PTO with a constant linear damper. However, as the wave frequency moves away from resonance,
a greater reactive power component is required to achieve the highest power-to-load ratio. It was observed that for
wave frequencies below resonance, the surge-restraining force and pitch-restraining torque are significantly lower, in
the range of & < 0.7, when maximizing the PTO output TAP. Thus, when operating below the resonance frequency,
achieving the most favorable power-to-load ratios requires the use of a PTO unit that allows for bidirectional energy
flow. The magnitude of heave motion required to cancel the surge-restraining force and pitch-restraining torque were
shown to generally be larger than the natural body motion. As a result, a significant increase in the PTO control force
and reactive power may be required to eliminate the restraining loads.

The pseudo-spectral optimal control problem was extended by including the squared £>-norm of the surge-restraining
force, pitch-restraining torque, and PTO actuator force to create a multiterm objective function. The optimizer per-
formance was found to be adjustable based on the values chosen for each separate penalty weight placed on the three
load contributions. In addition, the penalty weights used in the objective function were observed to be successful at
representing the additional losses accrued with a PTO that has a non-unity efficiency. It was discovered that because

21



414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

of the WEC hydrodynamics, increasing the penalty weight associated with either the surge-restraining force or pitch-
restraining torque would lead to a corresponding decrease in the other. Thus, penalizing one of the contributions in
the objective function was sufficient to explore the power-to-load ratios. Simulations were first completed in regular
waves where sample wave periods above and below the resonance frequency, with a wave amplitude of 0.02 m and
maximum allowable heave displacement of 0.1 m, were presented to confirm the performance of PSC under a variety
of penalty weights. When y; — 0 and §8,, — 0, the maximum PTO absorbed power was recovered with minimal
reduction in system loads, but may not correspond to the location of greatest output power or power-to-load ratio. The
case of y; — oo will lead to significantly reduced restraining loads; however, at the expense of greater PTO forces
and reactive power requirements. In irregular waves, results from PSC provided an average 50% improvement in
power-to-load ratio across the range of simulated peak wave frequencies, but requires the greatest reactive power of
all the test cases. However, there was little growth in PTO and structural loads being comparable to or lower than the
baseline absorption strategies. Furthermore, as a result of the sea spectrum spreading wave energy across multiple
wave frequencies, the maximum power-to-load contours were more tightly packed than compared to regular waves.
This work has highlighted some of the issues that arise when WEC control focuses solely on maximizing power ab-
sorption as it is accompanied by proportionately greater structural and PTO loads that are likely to lead to a higher
levelized cost of energy. In the future, pursuit of moderate gains in TAP from control strategies may be more favorable
as the increase in power absorption may outpace the growth in structural loads.
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Appendix A. Time-to-Frequency Domain Relations

The relations between the time- and frequency-domain radiation coefficients were derived in [35].

[e5)

Ko (1) = 7_2r f/lzg (o)cos(ot)do (A.1)
0

2 [ee]
Ko (0= -2 f o[22 (07) = taa (09)] sin (o) dor (A2)
0

where Ly, (07) and Ay, (o) are the frequency-dependent hydrodynamic radiation coefficients commonly known as the
added mass and wave radiation damping.

The relationship between the time- and frequency-domain excitation coefficients is given by the following equa-
tion.

(e

1
Ko@=— f [R {X> ()} cos (o1)

X (A.3)

-3 {X, (0)}sin (o1)] do

where X; is the frequency-dependent, complex, wave-exciting heave-force coefficient, R is the real component, and
J is the imaginary component.
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Appendix B. Matrix Expressions

The time-derivative matrix, I' € RV is block diagonal with the following block structure.

sz[_](_)o_o ]8’0] for j=1,2,...,N/2 (B.1)

Using a change of variables, the surge-pitch radiation convolution integral can be represented in matrix form as
follows.

frio (@) = fKr12 (t-1) 6 (1) dr =D (1) (Gra — 12 (00) D) (B.2)

where G, € RV is block diagonal with the following structure.

for j=1,2,...,N/2 (B.3)

i | AnGoo)  oma(joo)
127 [=joopia (joo) A1z (joro)

Appendix C. Wave-Exciting Force and Far-Field Radiated Waves

To obtain a relation between the wave-exciting force and the far-field radiated wave amplitudes (shown in Fig. 1 as
A]i,), we examine the fluid domain shown in Fig. C.10 [36]. In this figure, 8, D, n, ¢, X, Z_, and X, denote the

=

Figure C.10: Fluid domain boundaries and coordinate system.

body boundary, fluid domain, normal vector, free-surface boundary, bottom boundary, and the left and right far-field
boundaries, respectively. By assuming small body motion, linearized water-wave theory, and time-harmonic flow, the
velocity potential can be decomposed into incident, diffraction, and the j-th mode radiation potentials: ¢y, ¢7, and ¢;
with j = 1,2, 3 for sway, heave, and pitch, respectively. With ;(1) = £;’" denoting the displacement of the body in
the j-th mode, the total potential can be written as follows:

D(x,y,1) =
3
' 7 (C1
R {A[lﬁo(x, y) + ¢7(x,»)]e + Z GHER y)[iofje"”]} )
=

The potential components ¢y, ¢7, and ¢; all satisfy the no-penetration boundary condition on ¥, and the linearized
free-surface boundary condition on the calm water surface Xy. Furthermore, the radiation potentials must satisfy the
far-field radiation condition which requires outgoing waves at the far-field boundaries X, and X_ located at x — +oo
and x — —oo, respectively:

g coshk(y+h)A+ Fikr  xoo
— T 5, Aje 5 X——00
o2  coshkh J *
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where A;—T is the far-field radiation wave amplitudes per unit body motion amplitude at £, and X_. The diffraction
potential ¢; must also satisfy the far-field radiation condition. On the body surface, the boundary conditions for the
radiation and diffraction potentials are

3,

| =nj.j=1.2.3 (C3)

B

and
9¢7
on

where n = (ny,n) is the unit normal vector and n3 = (r X n)3 with r being the position vector.
For an incident wave in the form of Eq. (11), the incident potential is known and is given by

_ %

. Em (C4

B

ig coshk(y + h) ik

= C5
07 & coshkh (€5)
The wave-exciting force on a fixed body can be obtained from the diffraction problem [37]:
X;= —ipO'f(qﬁo + ¢7)n;dS
” (C.6)

, 0p; .
= —ipo | (¢o + ¢7)a—dS ,j=1,2,3
B n

Because ¢; and ¢7 both satisfy the same free-surface, bottom, and far-field boundary conditions, Green’s second
identity can be applied to show that

Iy 0p; 0o o
XJ——IPO'L(QﬁO%—Q)j% dS ] = 1,2,3 (C7)

We have removed the unknown diffraction potential from the expression for wave-exciting force. Similarly, by taking
advantage of the fact that both ¢y and ¢; satisfy the same boundary conditions except on the body and far-field
boundaries, we can apply Green’s second identity again to show that

. 99, 9o o
Xj—lPO'\fz‘_U2+ (¢OE_¢j6_n ds ] = 1,2,3 (C8)

Finally, by using Egs. (C.2) and (C.5), the integration in Eq. (C.8) can be carried out to obtain the expression for
wave-exciting force:

pg?
X; =" A7 as ho oo, j=1,2,3 (C.9)
A

This relation is known as the Haskind relation for this problem, which relates the wave-exciting force to the left
far-field radiated wave amplitude. Thus, with forced oscillation of the body in calm water, we can obtain the wave-
exciting force on the body in the presence of incident waves. The wave-exciting force can also be related to the
radiation damping of the body. For heave motion (j = 2), the radiation force is in the following form:

Fa(t) = —pndo(t) — And(t) (C.10)

where py; is the heave added mass, Ay, is the radiation damping, and {>(¥) = fzei"’ is the heave displacement of the
body. Because of the orthogonality of £»(¢) and »(¢), only the damping part of the radiation force contributes to the
time averaged work done on the fluid by the body:

An &P o?

5 (C.11)

—_ 1 T .
W= f P06 di =
0
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Energy flux of the linear harmonic wave, per-unit wave front, is E= (1/2)pgAV,, where V, = g/20 in deep water.
Then, the combined energy flux of radiated waves through X, and X_ is given in terms of the far-field radiated wave
amplitudes (A3):
= 1 _
E=cpglé P (143 P +14;5 P)V, (C.12)
By equating Egs. (C.11) and (C.12), the relation between the radiation damping and far-field radiated wave amplitudes
can be established: )
A =55
203

Equations (C.9) and (C.13) together give the relation between the wave-exciting force and radiation damping:

(143 P +14; P) (C.13)

208> An

X, [P=
| Xa | o (0+79)

(C.14)

where y =| A /A7 | is the geometry-hydrodynamic radiation factor.
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