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a b s t r a c t

Carbon–manganese steel A48 (French standards) is used in steam generator pipes of the nuclear power
plant where it is subjected to the cyclic thermal load. The Dynamic Strain Aging (DSA) influences the
mechanical behavior of the steel in low cycle fatigue (LCF) at favorable temperature and strain rate. The
peak stress of A48 steel experiences hardening–softening–hardening (HSH) evolution at 200 °C and
0.4% s�1 strain rate in fatigue loading. In this study, isotropic and kinematic hardening rules with DSA
effect have been modified. The HSH evolution of cyclic stress associated with cumulative plastic de-
formation has also been estimated.

& 2015 Elsevier B.V. All rights reserved.
1. Introduction

Low Cycle Fatigue (LCF) loading produce damage in the service
life of steam generator feed water lines of the Pressurized Water
Reactor (PWR) [1,2]. The insufficient killed steel A48 used in these
reactors is sensitive to the loading with different strain rates. Due
to this, the metallurgical instabilities like Lüders bands, Portevin-le
Chatelier bands [3–5] and DSA under tensile and fatigue loading
are common in the alloy. DSA appears due to the interaction of
strong solute atoms pinning and dislocations. The solute atoms are
capable of diffusing over the short distance and arrest mobile
dislocations at specific strain rate and temperature range. The
strain rate sensitivity coefficient becomes negative due to DSA
which helps in development of localized deformation bands
(Portevin – Le Chatelier) in the monotonic tensile loading [5]. In
low cycle fatigue, double cyclic hardening is observed in the peak
tensile stress evolution [6].

Though multi-scale approaches have made great progress in
the past 20 years, the existing macroscopical model of the con-
stitutive framework is still widely used in the structure simulation
and needs further improvement at continuum scale. The use of the
yield surface in macroscopic cyclic plasticity theories ensures the
accurate description of the Bauschinger effect. The Armstrong and
.

Frederick (A–F) [7] model, improved by Chaboche [8], Cailletaud
[9], Macdowell [10], Ohno [11], Kang [12] and Khan [13] is suitable
for the description of cyclic kinematic hardening. The splitting of
the back stress into several parts was found to be successful for
kinematic hardening in the LCF. The memory surface was in-
troduced to well estimate the strain amplitude and loading se-
quences effects for the cyclic plasticity [14–15]. Recently, the cyclic
viscoplastic modeling of the combustion chamber of aircraft en-
gine material was investigated with DSA effect at elevated tem-
perature [16].

This article focuses on the DSA effect on the LCF kinematic and
isotropic hardening for the low carbon manganese steel. An im-
proved constitutive model with DSA effects is proposed based on
the thermodynamic framework and dislocation theory. The strain
rate dependent rules of kinematic and isotropic hardening con-
sider the interaction of the interstitial atoms with the gliding
dislocations for stress – strain hysteretic response. The experi-
mental results have been validated by implicit numerical in-
tegration method.
2. Material and testing

A48 steel is a kind of low carbon manganese steel (AFNOR NFA
36205 French Standard) which is used in the feed water line of
French nuclear power plants [17]. A 40 mm thick plate undergoes
a prior normalization and austenitising heat treatment at 870 °C
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Fig. 1. Microstructure of A48 steel.

Fig. 2. Schematic illustration of low cycle fatigue specimen.

Fig. 3. Peak stress evolutions of A48 at 0.8%, 0.6% and 0.4% strain amplitudes in LCF
with 0.4% s�1 strain rate at 200 °C.
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followed by air cooling. This forms a banded ferrite and pearlite
grain distribution in the microstructure (Fig.1). Table 1 shows the
chemical composition in weight percentage for the steel.

Low cycle fatigue specimen was designed as shown in Fig. 2.
Low cycle fatigue tests were conducted under strain control mode
in the hydraulic fatigue test machine (Instron 8501) at 0.4, 0.6 and
0.8% strain amplitude at 200 °C and 0.4% s�1 strain rate.

The peak tensile stress curves are shown in Fig.3 at the strain
amplitudes of 0.4, 0.6 and 0.8% at 200 °C. The cyclic stress response
was dependent on the testing temperature and strain rate as
shown in Fig. 4. It can be seen that there was an initial cyclic
hardening after several loading cycles. This followed by a weak
softening resulting in a secondary hardening at 200 °C in Fig.3.

Fig. 5 shows the LCF hysteresis loops for A48 at a strain rate of
0.4% s�1 and 0.8% strain amplitude and 200 °C. The cyclic yield
stress was obtained by the LCF test data (Fig. 5). It was found that
the increase in cumulative plastic deformation change the stress–
strain hysteretic response. The tangent slopes of the stress–strain
hysteresis loops at the strain amplitude have been measured from
the experimental data and shown in Figs. 6 and 7. The slopes grow
significantly with increase in the number of cycles. However, the
cyclic yield stress remained stable and showed the similar HSH
behavior as shown in Fig. 8. This will be further discussed later in
the article.
Fig. 4. A48 stress amplitude evolutions for ε =a 0.8% at room temperature at dif-
ferent strain rates.
3. Modeling

3.1. Thermodynamic framework

In LCF, the plastic deformation forms hysteresis loop at the
macroscopic scale. The thermodynamic potential ( ψ ) and the
dissipation potential (ϕ*) functions are given by:

ψ ψ ε α= ( ) ( )T, , 1e
i

ϕ ϕ σ ε* = *( ) ( )A T a, , , , 2j
e

j

Table 1
Chemical composition (wt%).

C S P Si Mn Ni Cr

0.140 0.0057 0.016 0.225 0.989 0.024 0.021
ψ ϕ*, are the functions which are assumed as follows [8]:

ρψ ε ε= + + ( ) ( )h W r Ta a
1
2

D : :
1
3

: , 3
e e

e

Mo Cu Sn Al N O

0.002 0.027 0.003 0.045 0.0082 0.0006
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Fig. 5. Hysteresis loops for A48 at 200 °C, 0.8% strain amplitude.
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Fig. 6. Tangent slopes measured from 0.8% strain amplitude test results for A48 at
200 °C and 0.4% s�1.

Fig. 7. Tangent slopes at the end of loops measured from 0.6% strain amplitude test
results for A48 at 200 °C and 0.4% s�1.
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Fig. 8. Cyclic yield stress evolution obtained from test results for A48 steel at
200 °C and 0.4% s�1, 0.8% amplitude.
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where T is the temperature; εe is the elastic strain tensor; aj is the
family of internal variables to describe the current state of the
material.

The mechanical variables are deduced from the functions based
on the second law of thermodynamics which leads to:

ρ ψ ψ ρ ψσ
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where a is the internal “strain variable” associated with the center
α of the elastic domain, r is the isotropic variable, related with R. De

is the elastic matrix.

3.2. Isotropic hardening with DSA effect

The isotropic hardening of A48 steel can be divided into pri-
mary hardening, softening and secondary hardening. The dis-
location density in the ferrite grains increases in the initial phase
of cyclic hardening as shown in Transmission Electron Micrograph
(TEM) analysis [18]. For the two phases (ferrite and pearlite) steel
[18], the deformation seems to appear mainly in the ferrite grains.
Hence, the pearlite grains can be considered as of high strength in
the ferrite matrix. The interstitial atoms in the solid solution can
accumulate around the dislocations and develop into the so called
Cottrell clouds [5]. Due to DSA, the interaction of the interstitial
atoms with the gliding dislocations changes the arrangement and
a different wall structure develops and the dislocations show veins
and tangles.

In Fig. 4, the first isotropic hardening at 200 °C with 0.4% s�1

strain rate is higher than that at room temperature with 3.2% s�1

and 0.032% s�1 might be induced by the dislocations multi-
plication and DSA effect. With increase in the thermal activation,
the mobility of dislocations would increase. However, the dis-
locations mobility decrease because of the interaction with the
solute atoms at a certain temperature range where diffusion of the
solute atoms is sufficiently high. Some dislocations at nucleation
sites such as dislocation forest and the grain boundary can be ar-
rested and form the obstacles of the mobile dislocation during LCF
strain loading.

The following cyclic softening behavior observed at 200 °C in
Fig.3 shows that the plastic deformation occur easily at high
temperature under the relative lower flow stress due to the re-
organization process of dislocations at a certain strain rate. The
Transmission Electron Microscopy (TEM) observation from an
earlier study [19] showed that the dislocation density and the



Z.Y. Huang et al. / Materials Science & Engineering A 654 (2016) 77–8480
micro structure formation (dense dislocation veins/walls) process
due to the insufficient mobile dislocation locked by the interstitial
atoms at cell wall leading to the cyclic softening.

The most significant consequence of the higher dislocation
density and the veins/walls structure formation is the second
cyclic hardening which is more pronounced than the first one. The
secondary hardening is observed even at room temperature (RT)
and low strain rate (0.032% s�1), as shown in Fig. 4. This may be
attributed to DSA effect in which a stronger interaction between
the higher dislocation with dense wall/vein structure and solute
atoms in LCF takes place. The dislocation motion glides and shows
pile up against the wall. The dislocations are arrested and move to
the opposite wall with change in the stress direction. The walls
serve as obstacles in arresting the dislocations during the waiting
time tw. In an earlier study as well [12], the secondary hardening
in low carbon steel due to the DSA effect was observed.

Initially, the onset cycle for each period need to be determined.
The primary hardening starts from the beginning of the test
through the observation of the curves in Fig. 3.

A total time of the dislocations movement between the walls in
the ferrite grains is considered as [6]:

= + ( )t t t 7t w f

Where, tw is the waiting time at the wall and tf is the flight time
between the walls. The time required for dislocations to lock at the
walls is termed as the waiting time (tw) by the diffusion atoms.

For the secondary isotropic hardening, the dislocation accu-
mulation at a certain critical cycle (NC), the aging time ta becomes
equal to tw and the dislocations can be arrested largely at the walls
[19]. The ta is the aging time required to lock the shuttling dis-
locations at the wall and may decrease with increase in the
loading cycles at the DSA favorable temperature for secondary
hardening. At high temperature, with the diffusion of interstitial
atoms increasing and the fatigue cycles growth, the aging time ta

decreases to lock the mobile dislocations. However, at room
temperature, the diffused solute atoms may lock the mobile dis-
locations at slow dislocation movement at some low strain rate.
The aging time ta is inversely proportional to the diffusion coef-
ficient of solute atoms Da and the density of dislocation ρd at cell

walls, such as: ∝
ρ

ta D
1

d a
, where, ρ ρ∝ Nqd 0 . ρ0 is the initial dis-

location density.
For the A48 steel, the diffusion of interstitial atoms such as

carbon and nitrogen strain rate may get sufficient energy to follow
and lock some dislocations with shuttling motion between the
dislocation walls at 200 °C and 0.4% s�1. The aging time is esti-
mated as:

=
( )

t k
L

NqD 8
a

a

2

Where, Δε=q p
1
2 max is the plastic deformation amplitude [16]; N is

the number of cycles; k is the proportionality constant and L is the
average length of the walls in the secondary cyclic hardening
process. At the secondary hardening, when the waiting time sa-
tisfies the aging time ( =t tw a) at the appropriate temperature,
strain rate conditions and the critical cycle, the onset of the sec-
ondary hardening is determined as:

=
( )

N K
L

qD t 9
c

a a

2

The diffusion coefficient Da is:

= −
( )

⎛
⎝⎜

⎞
⎠⎟D D

Q
R T

exp
10

a
g

0

D0 is temperature independent constant; Q is activation energy
of the solute atoms diffusion process; Rg is the molar gas constant
[20,21]; T is the test temperature.

When the isotropic hardening is considered to a smooth spe-
cimen, the uniaxial stress is composed as [16]:

∑ ∑σ σ α= + +
( )

( ) ( )R
11

y
i

i

k

k

Where, α( )i is the back stress; σy is the cyclic yield stress; ( )R k is the
isotropic hardening stress with the sum of 3 parts [22]:

∑=
( )=

( )R R
12k

k

1

3

Each of them shares a unified expression:

̇ = ( − ) ̇ ( )( ) ( ) ( ) ( )R b R R p 13k
c
k

c
k k

Where, ( )bc
k is the isotropic hardening/softening rate which is

variable in different isotropic hardening period. According to the
analysis of the HSH process (Fig. 8), a simple power function with
threshold is proposed for the hardening rapidity:

= − ( )
( ) ( )

( )
b b p p 14c

k
s
k n

0

k

Where, ( )ps
k is the threshold which is used to control the appear-

ance time for different hardening/softening behavior with accu-
mulated plastic deformation. Parameter ( )n k is used to manage the
variation of the hardening rapidity with accumulated plastic de-
formation increasing

In the first cyclic hardening (k¼1), the hardening rapidity
parameter ( )bc

1 is set equal to b0 with =( )p 0s
1 and ( )n 1 ¼0.

In the next cyclic softening period (k¼2), the softening rate ( )bc
2

is proposed as:

= − ( )( ) ( )
b b p p 15c cs

n2
0

2

The origin of the secondary hardening is variable and can be
attributed to the accumulated mobile dislocations in the nuclea-
tion sites.

In the third period (k¼3), ( )bc
3 is expressed as:

= − ( )( ) ( )
b b p p 16c as

n q3
0

/23

( )bc
3 is used to describe the DSA hardening speed. As it lasts for a

long time, the parameter is closely related to the accumulated
plastic deformation with a threshold pas defined as the accumu-
lated plastic strain at the onset of aging NC :

∑ Δε
=

( )

( )=

p
n

4
2 17

as
n

N
p

1

C

Owing to the influence of the load amplitude in LCF, ( )Rc
k (Eq.18)

is considered as a function of q (the plastic strain amplitude), a
memory variable introduced in the references [14,15] for the cyclic
hardening period before considering the DSA effect.

μ= − ( − ) ( − ) ( = ⋅ ) ( )( ) ( ) ( ) ( ) ( )R R R R q kexp 2 1, 2 18c
k

M
k

M
k k k

1 0

Where, ( )RM
k , ( )R k

0 and μ( )k can be considered as constant.
If k¼1 or 3, the DSA hardening process in LCF can be calculated

by the method [16] with the aging time:

̇ = −
( )

̇
( )

t
t

w p
p1

19
a

a

The expression for ( )Rc
1,3 in the primary and secondary hard-

ening period with DSA effect is:

= + ( ) ( = ) ( )( ) ( ) ( )R R R R t, k 1, 3 20c
k

c
k

as
k
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Table 2
Parameters of prediction for the second hardening model for A48 at 200 °C.
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Fig. 9. Secondary hardening prediction and experimental results for A48 at 200 °C,
0.4% s�1.

Table 3
Parameters for prediction the first hardening and softening model for A48 at
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where, ( )Rc
k
1 is the cyclic hardening part caused by the accumulated

plastic deformation given by Eq. (18). ( )( )R R t,as
k

a is the DSA hard-
ening part and is expressed as:

( ) = ( + )[ − ( − )] ( )( ) ( )R R t P C C R P t, 1 exp 21as
k

a
k

a
m

1 1 2 2

The impact of DSA effect on different hardening stage can be
introduced by the parameter ( )P Ck

1 1 and ( )P Ck
1 2.

When the accumulated plastic deformation reaches the sec-
ondary hardening threshold (pas), the rule with the DSA effect is:

̇ = [ ( ) − ] ̇ ( )( ) ( ) ( ) ( )R b R R t R p, 22c c a
3 3 3 3

4. Kinematic hardening with DSA effect

The kinematic hardening model is a nonlinear law formulated
by a series of differential equations. The deformation in the low
cycle fatigue can be divided into:

ε = ε + ε ( )23e p

λε
σ

̇ = ̇∂
∂ ( )

f
24

p

The back stress is the superimposed to be independent vari-
ables:

∑α α=
( )

( )

25i

i

The kinematic hardening is influenced by the isotropic hard-
ening [16] through the parameter β . In Figs. 6 and 7, it can be
observed that the increase of the tangent slope of the hysteresis
loops in the plastic deformation period is faster than the yield
stress with the increase in the loading cycles. The isotropic hard-
ening due to the DSA affects the kinematic hardening and is pre-
sented by the interaction parameter β . The back stress can be de-
scribed as:

β
α ε α̇ = ̇ −

+ ( )
̇

( )
( ) ( )

( )
( )C

D
R p

p
2
3 1 26

i i p
i

i

( )R p is considered to be constant in a cycle where the value of
( )C i or

β+ ( ) ( )

( )D
p q R p1 ,

i
governs the form of the hysteresis loops of LCF.

Parameter β does not remain constant in the cyclic process. In
Fig.6 and Fig.7, the tangent slope increases rapidly after several
hundred loading cycles due to the DSA effect. β is assumed to
contain a threshold of the aging (pas) which is used to improve the
capabilities of the A–F multi-kinematic hardening model to re-
produce the isotropic hardening with DSA effects. It has a loga-
rithmic proportionality relation with the number of cycles in re-
gard to the coefficient of dynamic recovery term:

β β( ) =
−
−

+
( )

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟p q

p p

p p
p
q

, log 1
2 27

as

as
0

A successive substitution algorithm is applied according to the
work of Hartmann and Haupt [23] with a convergence condition
for solving the nonlinear equations. Considering an interval from a
state n to nþ1 from Eq. (23) to Eq. (27), the backward Euler
method allows them to be discretized and the detail information is
given in the appendix of the article.
200 °C.

bch ( )n 1 ( )n 2 pcs ( )RM
1 (MPa) ( )R0

1 (MPa) μ( )1 ( )RM
2 (MPa) ( )R0

2 (MPa) μ( )2

13 0 1.2 0.3 135 10 80 55 2 20
5. Identification and verification

The given model includes the nonlinear isotropic and kinematic
hardening rules applied to cyclic loads for the A48 steel with DSA
effect. The cyclic yield stress can be considered as the sum of the
initial yield stress σ0 and the variation of the elastic domain size
(R) in LCF due to the isotropic hardening. According to the test
results (Fig.3), when the number of cycles reaches about 20
( pcsE0.3), the isotropic hardening attains the first peak stress
point and starts to decline later.

The onset cycle of secondary hardening (NC) is determined as
the time of cell shuttling for the dislocations equals to the aging
time. The parameters are listed in Table 2 [16,17,19]. The propor-
tional parameter K is determined by the test results. The NC pre-
diction is shown and compared with the test results at 200 °C in
Fig.9.

Eqs. (13), (15) and (18) are used to describe the cyclic hardening
and cyclic softening for A48. The parameters are determined ac-
cording to the peak tensile stress evolution from the test results as
shown in Table 3. The stress ( )Rc

1,3 in Eq. (20) used to reflect the
DSA effect on the isotropic hardening, can be determined by var-
ious strain rate test. The DSA aging time in Eq. (19) is closely re-
lated with the plastic strain rate ̇p and the accumulated plastic
strain p. As shown in reference [16], the exponent parameter m
defines the size of the negative strain rate sensitivity domain
while P2 and w show similar effect to delay DSA in Eq. (21). The
evolution of the aging stress (Ras for 0.8%, 0.6%, 0.4% strain am-
plitude) against the plastic strain rate for the primary and sec-
ondary DSA hardening is shown in Fig. 10 and Fig. 11 (the para-
meters are listed in Table 4).

Simulation parameters for A48 kinematic hardening are de-
termined by the uniaxial LCF tests of A48 steel at RT and 200 °C.
The stress–strain hysteresis loop in the beginning of the tests was
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Table 4
DSA hardening parameters for A48 at 200 °C.

C1 C2 m ( )P1
1 P2 ( )P1

2 ( )n 3

8 0.8 0.9 0.45 0.6 0.7 0.0028
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Fig. 12. A48, 0.8%, 0.032% s�1, RT, stress versus strain.
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Fig. 13. A48, 0.8%, 3.2% s�1, RT, stress versus strain.
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Fig. 14. A48, 0.8%, 0.4% s� 1200 °C, stress versus strain.
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used. Only cyclic hardening was considered to obtain the material
parameters as mentioned in the report [11].

The hysteresis loops for A48 at 0.032% s�1 and 3.2% s�1 (RT)
are simulated in Figs. 12 and 13. It can be seen in Figs. 14–16 that
the prediction of the modified A–F model with DSA effect for 0.8,
0.6 and 0.4% strain amplitude and different isotropic hardening
stages showed fair agreement with the experimental values. The
peak stress evolutions in the LCF tests for the strain amplitude
were well estimated at RT and 200 °C as shown in Figs. 17 and 18
(Table 5).
6. Conclusions

This study investigates the LCF cyclic behavior of A48 steel in
the steam generator pipes of nuclear plant with the DSA effect at
200 °C. The HCH cyclic stress evolution in the LCF is caused by the
effects of cumulative plastic deformation and DSA at 200 °C and
0.4% s�1 strain rate. Based on the framework of thermodynamic,
the kinematic and isotropic rules have been modified with con-
sidering the DSA effect. The DSA stress dependency on the strain
rate was also evaluated to describe the secondary hardening of the
peak tensile stress in LCF. The plastic deformation and cyclic stress
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Fig. 15. A48, 0.6%, 0.4% s� 1200 °C, stress versus strain.

-0.004 -0.003 -0.002 -0.001 0.000 0.001 0.002 0.003 0.004

-450

-300

-150

0

150

300

450  Exp.,  0.6%,1000cycles
 Num.,  0.6%,1000cycles
 Exp.,  0.6%,1000cycles
 Num.,  0.6%,1000cycles
 Exp.,  0.6%,1000cycles
 Num.,  0.6%,1000cycles

S
tre

ss
 (M

P
a)

Strain

Fig. 16. A48, 0.4%, 0.4% s� 1,200 °C, stress versus strain.

Fig. 17. Evaluation of stress amplitude versus cycle in LCF for A48 at room tem-
perature (RT) and 200 °C with stain rates.
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Fig. 18. Evaluation of stress amplitude versus cycle in LCF for A48 200°C.

Table 5
Kinematic hardening parameters of A48 at room temperature.

ζ1 ζ2 ζ3 ζ4 ζ5 r1(MPa) r2(MPa) r3(MPa)

4500 850 321 217 163 57 46 35
r4(MPa) r5(MPa) β0
20 7 0.0015

Z.Y. Huang et al. / Materials Science & Engineering A 654 (2016) 77–84 83
were calculated by the modified model with the help of the return
back implicit integration method and showed agreement with the
experimental data.
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Appendix A. Discretization and integration

All constitutive variables in Eqs. (23–27) at step n combining
with Δε +n 1 are used to find σ +n 1 in order to satisfy the discretized
constitutive relations in Eqs. (A-1)–(A-13).

ε ε ε= + ( )+ + + A-1n n
e

n
p

1 1 1

Δε ε ε= + ( )+ + A-2n
p

n
p

n
p

1 1

σ ε ε= ( − ) ( )+ + +D : A-3n n n
pe

1 1 1

Δ Δε =
( )+ + +p n

3
2 A-4n

p
n n1 1 1

α= −
( )+
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+Y
n

s3
2 A-5n

n n

n
1

1 1

1

α α= ( − ) ( − ) − ( )+ + + + + +F Ys s
3
2

: A-6n n n n n n1 1 1 1 1 1
2
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Where,

β β= ≤ ( )+i p p; f A-12n0 1 0

β β= > ( )+N i p plog ; f A-13n0 1 0

The return mapping method is applied here, including an
elastic predictor and a plastic corrector [24,25]. An elastic tentative
stress σ*+n 1 is given to predict the next stress step before plastic
correction:

σ ε ε* = ( − ) ( )+ +D : A-14n n n
pe

1 1

The yield condition is:

α α* = ( * − ) ( * − ) − ( )+ + +F Ys s
3
2

: A-15n n n n n n1 1 1
2

Where, *+sn 1is the deviatoric part of σ*+n 1. If * ≥+F 0n 1 , σ +n 1 is on the
yield surface and the stress is:

Δσ σ ε= * − ( )+ + +D : A-16n n n
pe

1 1 1

The term Δε +D : n
pe

1 is the plastic corrector and can be rewritten
as Δε +G2 n

p
1with the elastic isotropy and plastic incompressibility

assumption. The stress in Eq. (24) is substituted by the deviatoric
part of σ +n 1:

∑Δα ε α− = * − −
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+ + + +
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( )Gs s 2

A-17
n n n n
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n
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1 1 1 1
1
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( + ) ( )

G
E

v2 1 A-18

G represents the plastic shear modulus. The plastic poisson’s
ratio v is assigned 0.5 in the above equation when plastic flow
occurs. α +

( )
n
i

1 is obtained from equation (A-8) as:

θ Δα α ε= ( + ) ( )+
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where θ +
( )
n

i
1 is defined by the following equation and satisfies
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Using Eqs. (A-3), (A-4) to eliminate Δε +n
p

1in Eqs. (A-16), (A-17),
we can obtain:

θ

θ Δ
α

α
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Eq. (A-21) is then applied to the yield condition =+F 0n 1 , and a
non-linear scalar equation Δ +pn 1 can be found:

( )
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θ θ
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where, θ +
( )
n

i
1and +Yn 1 are function of Δ +

( )pn
i

1 and Δ +pn 1, respectively.
All internal variables corresponding to the end of increment

nþ1 can use the above nonlinear algebraic equations in
calculations.
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