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Effects of non-glide stresses on the plastic flow of single
and polycrystals of molybdenum

V. Vitek a,∗, M. Mroveca, R. Grögera, J.L. Bassanib, V. Racherlab, L. Yin b

a Department of Materials Science and Engineering, University of Pennsylvania, Philadelphia, PA 19104, USA
b Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania, Philadelphia, PA 19104, USA

Received 26 September 2003; received in revised form 5 April 2004

Abstract

The Schmid law, which has been ubiquitously utilized in large-scale continuum computations, asserts that only the shear stress acting in
the slip plane in the slip direction controls the plastic deformation. This rule is accurate for fcc metals but it does not apply in bcc metals
owing to the spacial spreading of the core of screw dislocations that control their plastic deformation. In this paper we present resulsts of
atomic-level simulations of the effect of externally applied stresses on 1/2[1 1 1] screw dislocations in molybdenum. We concentrate on the
effect of other components of the applied stress tensor than the Schmid stress in the slip plane(1̄ 0 1). These are shear stresses parallel to the
Burgers vector in other{1 1 0} planes of the [1 1 1] zone as well as shear stresses perpendicular to the Burgers vector acting in{1 1 0} planes.
We thus identify three distinct non-glide shear stresses that affect the glide of 1/2<1 1 1> screw dislocations and formulate single crystal yield
criteria that include the effects of these stress components. This forms a basis for multislip yield criteria and flow relations for continuum
analyses. Using this approach we demonstrate that the effects of non-glide stresses that originate at the level of individual dislocations have
significant influence on plastic yielding of polycrystals.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Continuum mechanics simulations of large plastic defor-
mations are now becoming integral parts of both the design
of components and the development of the manufacturing
processes. The precursor of such calculations is a yield cri-
terion that needs to be based on the physical understanding
of the deformation properties of a given material. In crys-
talline materials such criterion has to be defined for each
slip system,α, and in a rate-independent formulation it can
be written as:

Φα(σ) = Φα
critical (1)

whereΦα is a yield function that depends, in general, on
all the components of the applied stress tensorσ. The yield-
ing commences when this function attains a critical value
Φα

critical.
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In most simulation codes the yield criterion has been
based on the Schmid law[1–3] which asserts that glide on a
given slip system is controlled solely by the resolved shear
stress on that system, the Schmid stress, defined as:

τα = nασmα (2)

wherenα is the slip plane normal andmα the slip direc-
tion [4]. In this case the yield function isΦα(σ) = τα and
the yield criterion (1) states that glide on a slip systemα

commences when the Schmid stressτα reaches a critical
value. Implicitly, other components of the stress tensor and
the sign of stress, play no role in the deformation process.
However, it was pointed out already by Taylor and Elam
in 1926 [5] that in metals like iron, which crystallizes in
the body-centered-cubic structure (bcc), ‘the mechanism of
distortion is subject to laws which are quite different from
those which govern the slip phenomena in any metal hitherto
investigated’. The most prominent difference is the break-
down of the Schmid law manifested by the fact that the crit-
ical resolved shear stress (CRSS) for slip does not depend
only on the Schmid stress but also on other components of
the applied stress tensor.
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This aspect of the plastic behavior has been observed in
a broad variety of bcc based metals and alloys[6–8] but
not in close-packed crystals such as fcc metals. The most
prominent difference between bcc and close-packed crys-
tals is that in the latter case the crystal symmetry guaran-
tees metastability of stacking faults on close-packed planes
(see e.g.[9,10]), while the symmetry does not suggest any
metastable stacking faults in bcc structure. Hence, in fcc
and many hcp metals dislocations dissociate into Shockley
partials connected by metastable stacking faults which keep
the dislocations confined to the close-packed planes. In con-
trast, no such planar splitting exists in the bcc structure and
the fact that [1 1 1] is the direction of a three-fold screw
axis suggests that 1/2[1 1 1] screw dislocations retain such
symmetry and are thus intrinsically non-planar, as first sug-
gested by Hirsch[11]. It is now generally accepted that the
non-planarity of the cores of screw dislocations is responsi-
ble for the dominant characteristics of the plastic deforma-
tion of bcc metals, in particular for the breakdown of the
Schmid law[6–8].

Atomistic studies of screw dislocations that employed a
wide variety of descriptions of interatomic interactions are
the principal source of our understanding of the atomic
structure of dislocation cores. These calculations all con-
firmed the non-planarity and the three-fold screw symmetry
of the core[7,12–14]. However, two types of the core of
the 1/2[1 1 1] screw dislocation were discovered. The first
is spread asymmetrically into the(1̄ 0 1), (01̄ 1) and(1̄ 1 0)
planes that belong to the [1 1 1] zone and is not invariant
with respect to the [1 0̄1] diad. Another energetically equiv-
alent configuration related by this symmetry operation then
exists and for this reason this core is called degenerate.
The other core is invariant with respect to the [1 01̄] diad,
spreads symmetrically into the(1̄ 0 1), (01̄ 1) and (1̄ 1 0)
planes and is non-degenerate. Which aspects of bonding de-
termine whether the former or the latter core structure is
preferred has been discussed in a recent paper[14].

The atomistic studies revealed not only the structure of
the core of 1/2[1 1 1] screw dislocations but also the main
reason for the breakdown of the Schmid law. Owing to the
non-planar spreading, the core has to transform prior to the
dislocation motion and this transformation may be affected
by shear stresses in the slip direction acting in planes other
than the slip plane, as well as by shear stresses in the di-
rection perpendicular to the Burgers vector[13,15,16]. The
break-down of the Schmid law then results from the impact
of these non-glide stresses upon the dislocation motion via
their influence on the dislocation cores. The most impor-
tant outcome of atomistic studies is then finding the correct
tensorial nature of stress-state dependence of the motion of
dislocations. Using this result we can establish the depen-
dence of the yield function on the applied stress tensor and
project in this way the stress dependencies of the glide of
individual dislocations into flow relations[14,17].

In this paper we present the results of atomistic studies
of the glide of 1/2<1 1 1> screw dislocations in molybde-

num performed using the recently developed bond-order po-
tentials (BOP) that include physically correctly the mixed
metallic and covalent character of bonding in this transition
metal[18–20]. From the calculated dependence of the crit-
ical resolved shear stress (CRSS) on the orientation of the
maximum resolved shear stress plane (MRSSP) we deter-
mine the shear stresses parallel to the Burgers vector that
control the dislocation motion and enter the yield function.
The next step is investigation of the dislocation glide when
applying tensions and compressions with various loading
axes. This, linked with the study of the combined effect of
shear stresses perpendicular and parallel to the Burgers vec-
tor, determines the shear stresses perpendicular to the Burg-
ers vector that have to be included into the yield.

Using these results we construct the yield criterion that re-
produces accurately the stress-state dependence of the yield
stress (Peierls stress) found in the atomistic calculations fol-
lowing refs. [21,22]. For the case of pure shear, this crite-
rion is then applied in a Taylor-type calculation[23] which
demonstrates that a significant non-Schmid effect, including
a tension–compression asymmetry, results not only in single
crystals but also in polycrystals.

2. Motion of screw dislocations in molybdenum under
the effect of shear stresses parallel to the Burgers vector

The computer modeling of the 1/2[1 1 1] screw disloca-
tion and its glide was performed in the same way as in ear-
lier calculations[13,16]. Periodic boundary conditions were
imposed parallel to the dislocation line while perpendicular
to the dislocation the block consisted of an active region,
in which all the atoms were fully relaxed, and an inactive
region where the atoms are permanently displaced in accor-
dance with the anisotropic elastic field of the dislocation.
When an external stress is applied, strain field correspond-
ing to this stress is linearly superimposed. The active region
contained 720 atoms and the inactive region 860 atoms.

The core structure found in this calculation is non-
degenerate which is in agreement with recent DFT based ab
initio calculations[24,25]. However, it the stress-state de-
pendence of the Peierls stress that is of principal importance
for physically correct formulation of the flow rules. When
applying the shear stress parallel to the Burgers vector, the
orientation of a MRSSP is defined by the angleχ which this
plane makes with the slip plane(1̄ 0 1). Owing to the crystal
symmetry it is sufficient to consider−30◦ ≤ χ ≤ +30◦. In
the following, we always give the shear stress acting in the
[1 1 1] direction as the stress in the MRSSP. Its value when
the dislocation starts to move, denotedτM, is identified with
the CRSS for the dislocation glide at 0 K, i.e. the Peierls
stress.

The calculated dependence ofτM on χ is displayed in
Fig. 1. Interestingly, this dependence is not very differ-
ent from that found for the degenerate core[16]. In both
cases the Schmid law, according to which this dependence
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Fig. 1. Calculated dependence of the CRSS in the MRSSP,τM, on the
angleχ (circles). The dashed curve represents the Schmid law and the
solid curve the yield criterion (3).

should have the form 1/cosχ (the dashed curve in this
figure), does not apply andτM is larger for positive than
for negative anglesχ; this corresponds to the so-called
twinning-anti-twinning asymmetry[6]. Following the sug-
gestion of Qin and Bassani[21,22] the effects of non-glide
stresses may enter the flow rules for slip at the single crystal
level by introducing an effective yield stress,τ∗α, which is a
linear combination of the Schmid stress and other non-glide
components of the stress tensor, that has to attain a critical
valueτ∗α

cr [17,26]. For the pure shear in the direction of the
Burgers vector, when the slip plane is(1̄ 0 1), the non-glide
stress component can be identified with the shear stress
acting parallel to the Burgers vector in the(01̄ 1) plane.
The full curve inFig. 1 is based upon the yield criterion:

τ∗ = τ(1̄ 0 1) + a τ(01̄ 1) = τ∗
cr (3)

with a = 0.25 andτ∗
cr/C44 = 0.027; τM = τ(1̄ 0 1)/cos(χ).

3. Application of tensile and compressive stresses

The study of the motion of the 1/2[1 1 1] screw dislocation
in molybdenum under the effect of applied tensions and
compressions was performed analogously as in the case of
pure shear (see also[16]). In each case the orientation of the
loading axis within the standard triangle corresponds to an
orientation of the MRSSP that can again be characterized
by the angleχ defined above; of course, other components
of the stress tensor than the shear stress in the direction
of the Burgers vector are now present. If the dislocation
motion were controlled solely by the shear stress parallel to
the Burgers vector, theτM would be the same for a given
χ, independent of the form of loading. This is not the case,
similarly as in ref.[16], τM varies with the orientation of
the loading axis for a givenχ and is different for tension
and compression. This suggests that other components of

the stress tensor than the shear parallel to the Burgers vector
affect the CRSS significantly.

4. Combined shear stresses parallel and perpendicular
to the Burgers vector

In order to decipher which stress components affect
CRSS, it was proposed in[16] to investigate the influence
of shear stresses perpendicular to the Burgers vector in a
manner useful for understanding tension and compression.
For a given MRSSP this is achieved by applying the stress
tensor with the componentsσ11 = −τ2, σ22 = τ2, σ33 =
σ12 = σ13 = σ23 = 0 in the right-handed coordinate system
with the x1 axis in the MRSSP,x2 axis perpendicular to
the MRSSP andx3 axis parallel to [1 1 1]. In this way we
attain shear stresses in the{1 1 0} planes of the [1 1 1] zone
perpendicular to the Burgers vector and a direct link with
the studies of tension and compression can be made. For
example, for the loading axes [2̄ 3 8] and [0 1 2] for which
χ = 0, there is no shear stress perpendicular to the Burg-
ers vector in the(1̄ 0 1) plane,−τ2

√
3/2 in the(1̄ 1 0) and

τ2
√

3/2 in the(01̄ 1) plane.
Fig. 2 shows the calculated dependence of the CRSS

(τM) on τ2 for χ = 0 when the stress tensor giving the shear
stresses perpendicular to the Burgers vector was applied to-
gether with the shear stress parallel to the Burgers vector. It
is important to note that changing the sign ofτ2 corresponds
to the rotation of the coordinates by 180◦ around the [1 1 1]
axis. However, the core structure is not invariant with respect
to this transformation and thus the effect ofτ2 upon the dis-
location behavior will, in general, be different for positive
and negative values. The values ofτM corresponding to ten-
sile and compressive loadings along [2̄ 3 8] and [0 1 2] axes
are also shown in this picture; for each uniaxial loading the
value ofτ2 is uniquely related to the loading stress at which
the dislocation started to move. These values are obviously
in close agreement with those obtained in the calculation

Fig. 2. Dependence of the CRSS (τM) in the (1̄ 0 1) plane (χ = 0) on τ2

that defines the shear stress perpendicular to the Burgers vector.
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combining the stresses parallel and perpendicular to the
Burgers vector independently. A similar result was obtained
for loading axes that correspond to different orientations of
the MRSSP and thus different anglesχ. This result demon-
strates that the variation ofτM found for uniaxial loadings is
governed by the shear stresses in the direction perpendicular
to the Burgers vector that are represented by the deviatoric
stress tensor defined above, which can then be expressed in
terms of shear stresses perpendicular to the Burgers vector
acting in two{1 1 0} planes of the [1 1 1] zone.

5. Continuum modeling of the plastic flow in
molybdenum

The results of the atomistic calculations presented in
Sections 2 and 4suggest that the glide of 1/2[1 1 1] screw
dislocations is governed by four distinct shear stress com-
ponents. First two are the Schmid stress in the slip plane
(1̄ 0 1) and the shear stress parallel to the Burgers vector in
another{1 1 0} plane of the [1 1 1] zone. The other two are
shear stresses perpendicular to the Burgers vector acting in
two different{1 1 0} planes of the [1 1 1] zone. Following
the same philosophy as when deriving the yield criterion
given by Eq. (3), the yield function can be written as a
linear combination of these four shear stresses. The yield
criterion for a slip systemα is then:

τ∗α = τα +
3∑

η=1

aα
ητα

η = τ∗α
cr (4)

where τα is the Schmid stress andτα
η = nα

ησmα
η are the

non-glide stresses;nα
η is the normal to the{1 1 0} plane

η, andmα
η is the direction in this plane, either parallel or

perpendicular to the Burgers vector, depending on which
type of the shear stress is considered. In the case of the
1/2[1 1 1] dislocation studied here the slip plane is(1̄ 0 1). η

= 1, related to a shear stress parallel to the Burgers vector,
can be taken as corresponding to the(01̄ 1) plane, similarly
as in Eq. (3). η = 2 and 3 then correspond to the shear
stresses perpendicular to the Burgers vector in the planes
(1̄ 0 1) and(01̄ 1), respectively.

Calculation of the plastic deformation of a molybdenum
single crystal loaded by an arbitrary applied stress requires
consideration of all twelve slip systems of the{1 1 0}<1 1 1>
type. Since they are crystallographically equivalent they all
obey the same yield criterion (4) but for a given slip system
a distinction must be made between positive and negative
stresses (and/or Burgers vectors). Using the Taylor homoge-
nization procedure[23] we can analyze the plastic flow in a
polycrystal where the yield criterion (4) is applied to every
system in every grain.

We have studied uniaxially loaded random polycrystal but
only shear stresses parallel to the Burgers vector were con-
sidered at this stage. In this case the yielding of each sys-
tem is defined by an equation of the formEq. (3), with τ∗α

cr

Fig. 3. Tension–compression asymmetry factor(σ̄t − σ̄c)/[(σ̄t + σ̄c)/2] for
a random bcc polycrystal as a function of the ‘strength’ of the non-glide
stress effect at the slip system level characterized by the coefficienta
defined byEq. (3).

taken to be the same for each slip system. The most interest-
ing is the tension–compression asymmetry that results from
the effect of non-glide stresses upon the motion of individ-
ual dislocations and percolates to the plastic behavior of the
random polycrystal. This is seen inFig. 3 which shows the
dependence of the tension–compression asymmetry factor
(σ̄t − σ̄c)/[(σ̄t + σ̄c)/2], whereσ̄t and σ̄c are macroscopic
uniaxial tensile flow stresses in tension and compression re-
spectively, upon the non-glide-stress parametera, defined
by Eq. (3). For molybdenum, studied in this paper,a = 0.25
and the flow stress in tension is about 10% higher than the
flow stress in compression.

6. Conclusions

Atomistic modeling of the effect of applied stresses of
the 1/2[1 1 1] screw dislocation revealed that there are four
shear stress components that affect its glide. The first is the
Schmid stress in the glide plane(1̄ 0 1) that drives its motion.
However, the critical stress at which the glide commences
also depends on the shear stress parallel to the Burgers vector
acting in another{1 1 0} plane of the [1 1 1] zone, e.g.(01̄ 1),
as well as on shear stresses perpendicular to the Burgers
vector in the planes(1̄ 0 1) and (01̄ 1), respectively. The
reason is that the core of the screw dislocation undergoes
significant changes prior to the movement of the dislocation
that are affected by the above mentioned non-glide stresses.

Using the results of these atomistic studies we proposed
a physically-based continuum analysis of bcc crystal plas-
ticity that incorporates the effects of non-glide shear com-
ponents of the stress tensor via a generalized yield criterion
employing the concept of an effective yield stress. This cri-
terion has been incorporated into a full, three-dimensional
continuum theory of multiple slip. The implications are not
only striking at the single crystal level, but significant effects
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are also predicted at the polycrystalline level, specifically a
prominent tension–compression asymmetry in a polycrystal
with randomly oriented grains. Such effects are expected to
be even more pronounced in textured polycrystals as well as
in other materials with open structures in which dislocations
are likely to possess non-planar cores.
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