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Abstract

We consider a dynamic framework frequently used to model gene regulatory.and signal transduction networks:
monotonic ODEs that are composed of Hill functions. We derive conditions under which activity or inactivity
in one system variable induces and sustains activity or inactivity in another. Cycles of such influences
correspond to positive feedback loops that are self-sustaining and control-robust, in the sense that these
feedback loops “trap” the system in a region of state space from which it cannot exit, even if the other
system variables are externally controlled. To demonstratesthe utility of this result, we consider prototypical
examples of bistability and hysteresis in gene regulatory networks, and analyze a T-cell signal transduction
ODE model from the literature.

Keywords: biomolecular networks, network control, feedback, Boolean models, ODEs

1. Introduction

Feedback loops determinge the dynamics of many biological systems (Albert and Othmer, 2003; Angeli
et al., 2004; van Dassowy/G. et al.;2000; Wittmann et al., 2009; Yao et al., 2014). The pioneering work of
René Thomas and colleagues,(Glass and Kauffman, 1973; Snoussi and Thomas, 1993; Thomas and Kaufman,
2001a,b) showed_thati€ertain qualitative features of a system’s attractor repertoire are closely linked to the
presence of positive or megative feedback loops. By considering the logical relationships between variables, as
determined by the"sign of entries in the Jacobian, René Thomas demonstrated that positive feedback loops
are necessary for multistability. The question of whether multistability is realized in a system is reduced
to the, question of whether its positive feedback loops are “functional” (Snoussi and Thomas, 1993). René
Thomasrintroduced the paradigm in which feedback loops, rather than individual elements, constitute the
fundamental components of a system.

More recent work on the role of feedback loops in dynamical systems includes the method of feedback
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vertex set (FVS) control (Fiedler et al., 2013; Mochizuki et al., 2013). The key result of FVS control
highlights the importance of feedback as a determinant of system fate: control of at least one variable in each
feedback loop is sufficient to drive a continuous and bounded system into any of its attractors. Chemical
reaction networks have also been analyzed in the context of feedback loops, and conditions for feedback loop
functionality are known (Craciun and Feinberg, 2006; Shinar and Feinberg, 2010). The dynamical flexibility
imparted by feedback loops has inspired a large body of research (e.g., Alves et al., 2014; Agpeitia et al.,
2017; Bhalla and Iyengar, 1999; Pfeuty and Kaneko, 2009; Tian et al., 2013; Yeger-Lotem etial., 2004).

Such results are especially useful in modeling biological systems because these are often high-dimensional
and subject to large uncertainties in parameter and variable values. Fortunately, there is inereasing evidence
that the connectivity of the system components and the sign of the influence amongthese components plays
an important role, or even determines, the system’s long-term dynamics.[ This insight, enabled in part
by Thomas and Kaufman (2001a,b), encourages the implementation of simplified models, such as discrete
models, that can draw broad, qualitative conclusions without involving'many parameters. Discrete dynamical
models have successfully modeled many biological systems, such asphengtypic changes in cells, metabolism,
and population dynamics (Albert and Othmer, 2003; Collombet etval., 2017; Robeva and Murrugarra, 2016;
Steinway et al., 2014; Veliz-Cuba and Stigler, 2011).

In Boolean models, certain positive feedback loops correspond to control-robust subsystems that maintain
a steady state independent of the rest of the system (Zafiudo and Albert, 2013, 2015). For the purposes of
system control, these subsystems are viewed as fundamental units, in the spirit of Thomas’ pioneering work
on feedback (Thomas and Kaufman, 20017a;b). These results have been generalized to multi-level discrete
systems (Gan and Albert, 2018), andawe have recently generalized these Boolean results to continuous-valued
systems (Rozum and Albert, 2018)3Here, we apply this subsystem methodology to feedback loops in ordinary
differential equations (ODEs) composed of Hill function regulation, with the aim of elucidating the shared
role of positive feedback loops in Boolean and ODE systems.

We focus our attentionen Hill function ODEs in particular for several reasons. First, they have well-
established parallels with Boolean discrete-time systems (Krumsiek et al., 2010; Wittmann et al., 2009), which
makes adaptation of Beolean results more straightforward. More generally, Hill functions have desirable
analytical/properties: they are continuous, bounded, and strictly monotonic. Furthermore, these ODEs have
clear biomolecular motivations in gene regulatory networks (see e.g., Karlebach and Shamir, 2008; Mackey
et al.}, 2016)x Even when Hill functions are not directly motivated from a biological perspective, they may
still be ‘a-reasonable choice for generic sigmoidal responses. Indeed, Hill function ODEs are frequently chosen
as a first approximation for biomolecular systems when detailed dynamics are not known (e.g., Laslo et al.,
2006; Wittmann et al., 2009).

We consider relationships between statements about the values of variables relative to certain thresholds.

When these relationships form a cycle of compatible statements, the cycle describes a cyclic stable motif. A
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cyclic stable motif is a subsystem that self-sustain its variables above or below their thresholds, independent
from the rest of the system. We will show that cyclic stable motifs are always associated to positive feedback
loops and describe state-space “trap” regions, that is, regions of state space that once entered, cannot be
exited. Because cyclic stable motifs are self-sustaining, they must be directly controlled in order to drive the
system into a desired state. Practically, this means that effective therapeutic interventions in biomolecular
networks must target at least one member of every cyclic stable motif.

We will show, using toy examples, how cyclic stable motifs can be used to study multistability, hysteresis,
and signal cross-talk in the context of system control and drug intervention in biomolecular networks. We
will also demonstrate the identification of a cyclic stable motif in a T-cell signal transduction model from the

literature (Wittmann et al., 2009).

2. Sufficient Positive Feedback in Boolean Models

Many systems are effectively modeled as Boolean networks, inavhich ‘each system variable can take one of
two values (1 for “on” or “active” and 0 for “off” or “inactive” J\at any-given time. At each time step, a set
of variables is selected for update according to a specified update schedule. Each variable, X;, in the update
set attains a new value X given by its regulatory functionyf; ="f; (X1, X2, ..., Xn).

An exhaustive search of the state space in thése Boolean models is often impractical, as the number
of states that must be considered scales exponentially, with the number of variables. Several techniques
have been proposed to identify important dynamical properties of Boolean systems without the need for a
comprehensive search of the state spacé (Wang et al., 2012). We will focus on a special case of the methods
presented by Zanudo and Albert (2013) and.éxpanded upon by Gan and Albert (2018), which we will show
generalizes to provide insights about positive feedback in continuous-valued systems.

Following Zanudo and Alberty(2013), we can consider an expanded version of a given Boolean system by
constructing negated variables. Each variable X; in the original system has a corresponding negated variable
X, in the expanded(system that is constrained to obey X; = —X;, where — is the Boolean “Not” operator.
We then constridct a network with all X; and X; as “virtual” nodes and with directed edges from a (regular

or negated)/mode A t0 B whenever B* =1 (i.e., when A = 1 implies B* = 1). In this network, all

lazt
cycles that do ngt contain both a variable and its negation are so-called “stable motifs”. (See Figure 1 for
a brief example.) The simplified definition presented here is a special case of stable motif (also considered
by Malieshwari and Albert (2017)), which we call a “cyclic stable motif” when discussing results that do
not apply to the more general concept (see Zaitudo and Albert (2013) for details). Stable motifs represent
self-sustaining subsystems that are characterized by positive feedback among the variables involved in the
motif and a steady state in which non-negated variables are “active” and negated variables are “inactive”.

The subsystem steady state persists independent of the states of other variables in the system. Therefore,

stable motifs represent subsystems that cannot be externally controlled.
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Figure 1: Example of a stable i M system. The top panel shows the network diagram and regulatory (update)
functions for this system. S ows resent activation, and the white barred arrow represents inhibition. In the bottom
panel, the two states for

sufficient for D* = 0

ch variable are represented as virtual nodes, with arrows representing sufficiency (e.g., C = 1 is

ence of the cycle ABC in the bottom panel implies that if A is active, then B will activate,
which is sufficient to activ. , which can stabilize A. Because this cycle does not contain both a node and its negation, it is

a cyclic stable matif that implies that the activity of the positive feedback loop ABC in the upper panel is self-sustaining.
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3. Generalization to Continuous-Valued Systems

Gan and Albert (2018) generalize the concept of stable motifs to discrete multi-level systems, and Rozum
and Albert (2018) discuss stable motifs in the context of more general dynamical systems. Here, we present
a generalization of cyclic stable motifs that applies to monotonic ODEs constructed of Hill functions, which

are of the form H (z) = Such ODEs are often used to model gene regulatory networkssand signal

transduction networks and are motivated by considering the kinetics of protein binding (Karlebach and
Shamir, 2008; Mackey et al., 2016). These ODEs also have a close relationship with.Boolean dynamics,
and there are algorithmic approaches to converting Boolean systems into Hill function © DEsythat preserve

all Boolean steady states (Krumsiek et al., 2010; Wittmann et al., 2009). The prescription for such a

transformation is to replace update rules X; = f; (X1, Xo, ..., Xn) with the dérivative equation

Tdi= Y e Y fi(X1, Xa, o X H [Hij (27) Xj + (L= (7)) (1 — X;)] — 2. (1)

X1=0X2=0 Xx=0

Here, each z; is the real-valued analogue of the Boolean variable X;jand decays at a constant rate 1/7; if fully
deactivated. Each Hill function, H;;, in Equation 1 has independent parameters. Krumsiek et al. (2010) and
Wittmann et al. (2009) motivate the form of Equation 1 by its correspondence with Boolean behavior and
experimental results. We provide a kinetic motivation for\this functional form in the Supporting Information.

We replace the notion of “active” versus “inactive”ywith that of being above or below certain thresholds,
which are not specified a priori. For an ODE systém, i’ = R’ (x), we construct an expanded network with
virtual nodes z* > T and z' < T}, and edges between nodes if the sustained truth of the parent statement
implies that the child statement will become true in a finite time and remain true while the parent statement
is true. We will have three tasks: 1)“choose appropriate values for T% and T}, 2) identify when edges
between virtual nodes are warranted, and 3) identify and interpret cycles that that do not have contradictory
virtual nodes. The first two) tasksrare the most difficult and are inseparably linked, and so we approach

these tasks for ODE systems of a particular form, as tabulated in Table 1. For instance, consider the ODE

. ™ y"™ . . I _ y" _
Té = mtgm t ke n+kn xn_ch + a — z. By identifying F' (z,y) = o n_ch £n+kn + «, which is

bounded below by «, we can read from the table that an edge from virtual node & > T to virtual node

z > TF isspresentuin‘the expanded network if TF is no more than o + ((T)#Jrk This relationship between
x > T§ and z >/TF holds regardless of the value of y. We have thus constructed one edge of the expanded

network:'the edge from « > T% to z > a + (T(LT;% which is a valid edge between nodes for any choice of
H

T} between zero and one.

The properties of Table 1 illustrate an important fact about the relationship between Boolean and con-
tinuous modeling. Observe that the effects of additional regulators, encapsulated in the functions F, are

positive and bounded above by one (in the normalized scheme here). In practice, these additional regulatory



115

120

125

130

135

r = z Boolean rule ODE F' constraints

>TH >TfH 2z=azVvV.. 71i=Hpp(x)+F—z F>Tf — Hpy (TF)
<TF >T; 2°=%V.. téi=l1-Hy(@)+F—2z F>Th—1+Huy (TP
. - . _ TF
>TH <T; 2zZ=TA.. Ti=1—-Hpp(x)F—2z F< 7171%;(3[)
z * — — 7TI
<Ty <T} zt=zN.. 7Ti=Hyy(x)F—z F< an;kI(Tf)

Table 1: Variables above Ty are considered “active”, while variables below Ty, are “inactive”. The fitst two,columns indicate
a relationship between two threshold statements that is analogous to the Boolean rule given in.the third.column. The ODE
column specifies the form of the ODE in which the relationship is realized, with F' = F' (x) an arbitrarysfunction, subject to the
constraints in the “F' constraints” column. Note that these imply constraints on the thresholds in pretotypical cases in which

x is the only regulator of z (i.e., when F (x) is zero or one). In all cases, H,j () = % is a normalized Hill function.

functions, F, will not attain their extreme values. Therefore, the presence-ef’additional regulators will tend
to increase the activity of the “OR” rule ODEs (first two rows of Table 1)/while decreasing the activity of the
“AND” rule ODEs (last two rows of Table 1). In general, defianding.agreement between Boolean models and
continuous systems on the boundaries of state space causes the Beolean approximations to underestimate the
activity of variables governed by “OR” rules and overestimate the activity of variables governed by “AND”
rules.

By analogy with the Boolean concept, we call eycles consisting of compatible threshold statements “cyclic
stable motifs” (Maheshwari and Albert; 2017 Zanudo and Albert, 2013). As in the Boolean case, cyclic
stable motifs correspond to self-sustaining, subsystems. These motif subsystems are associated with “trap
spaces” given by the region in state space/in which all cycle statements are true. Once the system trajectory
enters this region, it cannotdeave, even if variables outside the motif subsystem are externally manipulated.

Furthermore, motif subsystems are always positive feedback loops in the monotonic Hill function ODEs
under consideration here, asiwe will now prove. There are two statement types x > T% (active type) and
z' < T} (inactivetype). Am edge between statements of the same type indicates an activating, or positive,
effect between nodes in" the motif subsystem; this is because there are initial conditions for which forcing
the parent variable to cross its threshold causes the child variable to cross its threshold from the same
direction. “Similarly, edges between statements of different types correspond to an inhibitory effect of the
parent, variable on the child variable. We may divide the statement cycle into maximally long sequences of
nodes of the same type. In following the cycle from an arbitrary starting node, we may enter a region of
different type, indicating an inhibitory effect, and an additional inhibitory effect is indicated upon exiting
that region. Because the cycle ends on the starting node, we must exit every region of different statement
type that we enter. Therefore, there is an even number of inhibitory effects in the motif subsystem cycle,

i.e., the motif subsystem is a positive feedback loop.
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This result indicates a close relationship between control-robust, self-sustaining subsystems and positive
feedback loops. Furthermore, it allows us to prescribe a search procedure for identifying cyclic stable motifs.
We search the system for positive feedback loops in which each regulatory relationship is of one of the forms
tabulated in Table 1. By inspection, we can place lower or upper bounds on the “F” functions in Table
1 because each Hill function is bounded. This results in a system of inequalities in the thresholds. These
inequalities can be written in the form 0 < G; (Ti,Ti+1) for each variable in the positive feedback loop
(where T is the upper or lower threshold for the variable z¢). By iteratively composing these inequalities,
we can eliminate all but any one variable threshold, 7', which gives an inequality 0 < ¢ (). Solving this
inequality (perhaps numerically) and then back substituting gives the thresholds for-all variables in the cycle.

This procedure is closely related to a special case of the monotone system techniques of Angeli et al.
(2004) and Angeli and Sontag (2004); here, rather than identify steady states, we, find trap spaces in the
dynamics. This is a weaker restriction on the dynamics, but it can be @achieved in cases when the methods
of Angeli et al. (2004) and Angeli and Sontag (2004) do not apply: Namely, our approach applies even
when variables in a positive feedback loop have additional mediators that introduce negative feedback loops
or incoherent feed forward loops. Furthermore, our metheds are still applicable when parameter values
are uncertain (but bounded). By incorporating the parameter bounds as additional inequalities in the
system of inequalities to be solved, solutions for thresholds will correspond to cyclic stable motifs that are
valid throughout the parameter space. This approach has the computational benefit of examining small
subsystems at the boundaries of parameter space, rather than requiring integration of the entire system for
each combination of parameters. The computational time is determined primarily by the number of positive

feedback loops and the desired precision of the virtual node bounds.

4. Example Applications

In this section, we present several prototypical subnetworks common to gene regulatory networks. We
analyze these examples,)within our framework presented above, to illustrate its utility in the study of multi-

stability, hysteresis, signal’cross-talk (feedforward loops), and system control.

4.1. Simple feedback loop and multistability

We consider” the multistability of a simple gene regulatory feedback loop (Figure 2A):

Ny
Tk = ynzy_'_wfszz(y)fx

j o = 2
Y = m*y: y (@) —v. (2)

To do this, we ask whether  and y can be maintained above as-of-yet unspecified thresholds, = > T
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Figure 2: Network structures representing prototypical ODEs common in gene regulatory networks. In panel A, we present the
topology of Equations 2. In panel B, we depict the topology of Equations 4. In pamel"Cj we present the shared topology of
Equations 5 and 6. Panel D depicts the topology of Equations 7. In all panels, solid,black-arrows represent positive regulation,

and the white barred arrows represent inhibition.

and y > T};. This would require the following to hold:

Tir

A

H.\(Tp)

T

IN

Hy(Ty) - 3)

Composing these gives TF < H, (T}) <Hp(H, (T%)). The marginal case, 0 = H, (H, (Thy)) — Thy, can
be solved numerically or graphically,.Similarly, we can determine whether x and y can be maintained below
thresholds, z < T§ and y > T} . Bysthe same argument, this requires T¢ > H, (H, (T¥)). Thus, the existence
of multiple roots of H, (H, (I")),— T on'the interval (0,1) indicates multistability.

4.2. Mutual Inhibition,in Establishing Drosophila Segment Polarity

To illustrate the method in the case of mutual inhibition in a model from the literature, we consider the
sloppy-paired /éngrailed féedback loop of the Drosophila melanogaster segment polarity network, as modeled
by Ingolia/(2004)u,The full model describes the gene regulation underlying the formation of embryonic seg-
ments in Drosophila, and this feedback loop is modulated by the averaged saturation fraction of extracellular
winglessyprotein on neighboring cells ([E,-]). We have previously conducted an analysis of the full network
(Rozum and Albert, 2018); here we focus on one feedback loop in particular (shown in Figure 2B), and es-
pecially on how it responds to the level of expression of wingless in the neighboring cells. The subsystem we

will study here is given in Equations 4.
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= H([Eny]) (1= H([SP])) = [en]

~ [en] - [EN]

= 1-H([EN]) - [sp]

= [sp] = [SP], (4)

where H is the Hill function defined by H (z) = ﬁf/m' Capitalized variables representiengrailed ([EN])
and sloppy-paired ([SP]) protein saturation fractions, and lower case variables ([en]sand [sp]) represent the
corresponding mRNA saturation fractions. We have chosen parameters arbitrarily/within the biologically
plausible region. To begin our analysis, we assume that [E,;.| is fixed (i.el, the neighboring cells are in a
steady state). We will relax this assumption when we apply our new methods toranalyze the system.

The system is the closure of a monotone system (i.e., it has no incoherent feedforward or negative feedback
loops). We leverage this fact to apply traditional approaches in addition to our less precise, but more general
methods to study the effect of varying the input parameter [E,;.Jvon the steady states of the system. Note
that any steady state of the system is uniquely determined by the steady state value of any of the four
variables (e.g., if the system is at steady state with [sp] = 2, then it follows that [SP] must take the value
as well, and further that H ([Enp-]) (1 — H (2)) is the'steady state value of both [en] and [EN]). Therefore,
we can characterize the steady states of the system\ by the steady state values of [sp]. Furthermore, by
applying theorem 3 of Angeli and Sontag«(2004), we can identify all such steady states and determine their
stability by considering the roots of the function « ([sp]) = H ([Enpr]) (1 — H ([sp])) — [sp] for any fixed [E,p].
The slope of  ([sp]) at any of itsxoots determines the stability of the steady state: negative slope implies
stability, positive slope implies,instability. We numerically construct the bifurcation diagram of Figure 3,
which shows that a low value of [$p] can only be maintained at steady state for sufficiently high value of
[Enpr], larger than abeut 0:5125. In addition, our analysis reveals that the steady states with the lowest and
highest values of [spliate stable. Thus the system is monostable when [E,;,| is below 0.5125, and bistable
above this value.

Next, we expand”upon the classical analysis of Equations 4 using the concept of cyclic stable motifs to
determine what information about the system generalizes to the case in which [E,;,] is not held fixed.

We tramslate the regulatory functions of Equations 4 into causal relationships between virtual nodes. For
example, if [en] is less than or greater than some threshold for sufficiently long, this will drive [EN] above
or below the same threshold. In the language of virtual nodes, this statement implies that any virtual node
[en] < T has an edge to [EN] < T in the expanded network. The same argument applies to [sp] and [SP].
Furthermore, note that [EN] inhibits [sp], and [SP] inhibits [en]. It is therefore reasonable to guess that
cyclic stable motifs of the forms [en] S T7 — [EN]| S T1 — [sp] 2 T> — [SP] 2 T> might exist. Note that the

direction of the inequalities is opposite for the sloppy-paired variables as compared to the engrailed variables;

10
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any fixed value of [E,,
field provides a qu epresentation of the steady state stability, but not necessarily of the actual system trajectories, as

these depend upon the initial values of the other three system variables (Angeli and Sontag, 2004).
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this is a general feature of cyclic stable motifs supported by mutual inhibition feedback loops.

We consider that [E,;,] varies between 51.25% and 100% of its maximum value, one. Biologically, this
corresponds to the case in which neighboring cells are expressing wingless, but the precise expression level
varies, perhaps stochastically. Mathematically, this interval corresponds to the region of bistability in the
case of constant [E,;.], as represented in Figure 3. We can analyze this case by considering the “worst-case”
system for each of our two candidate cyclic stable motifs (one candidate has [en] > T1 and [sp}.< T%, while
the other has the inequalities reversed). The construction of the worst-case sytem relies onthe observation
that an increase (decrease) in [Ep.-] results in an increase (decrease) of [en] and [ENV], while decreasing
(increasing) [sp] and [SP)].

In one cyclic stable motif candidate, [sp] is bounded below while [en] is bounded above. A decrease in
[Enpr] perturbs [sp] and [en] toward violation of these bounds. Therefore; the worst-case system for the
first candidate cyclic stable motif is characterized by % = H (0.5125)((1 — H([SP])) — [en] (and the other
equations as in Equations 4). The steady state of this worst-case system with the lowest value of [sp] (and
thus the highest value of [en]) is given by [sp] = [SP] ~ 0.16 and [en] = |[EN] =~ 0.58. Therefore, one cyclic
stable motif for this system is [sp] < 0.16 — [SP] < 0.16,=[en},> 0.58 — [EN] > 0.58. Note that this
corresponds to the uppermost solid line of Figure 3 at [E,;.] =.0.5125. In the other candidate stable motif,
[sp] is bounded below and [en] is bounded above. In thiscase; the worst-case system is characterized by a
fixed large value of [Eppy|, i-e., we set [Enpy| to its maximum value, one. We then find the cyclic stable motif
[sp] > 0.96 — [SP] > 0.96 — [en] < 0.052 — [BN]<.0.052 from the steady state of this worst-case system
with the largest value of [sp] (and thus lowest,value of [en]). These two cyclic stable motifs describe positive
invariant sets (i.e., trap spaces) that are valid for as long as [E,,;,] remains in the interval [0.5125, 1]. We may
uncover less restrictive (i.e., bigger) trap $paces by considering the other steady states of the two worst-case
systems we have already constructed; any steady state of a worst case system provides valid bounds for a

candidate cyclic stable motif.

4.3. Hysteresis

Hysteresis has been extensively studied in biological models and captures the tendency for the effects of
a process to persist-after the process is reversed (e.g., Angeli et al., 2004; Laslo et al., 2006; Robeva and
Murrugarra, 2016). Because hysteresis often occurs when one steady state transitions into another, it is
tightly linked to multistability, and therefore to positive feedback loops. We consider this relationship by
applying our method of cyclic stable motifs in two toy examples of gene regulatory networks.

In both examples, we consider a gene, x, positively regulated by genes y and z. We suppose that z
up-regulates y and that z is regulated by some upstream or external processes that we will not explicitly
consider. The two examples differ in the nature of the cooperation between y and z and will serve to highlight
the benefit of applying Boolean reasoning to continuous models.

In our first example, we consider the following model (Figure 2C):

12
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When z is saturated (z () = 1), we observe that x and y are potentially involved in cyclic stable motifs
z2T*—>y2TY= % Indeed, by composing inequalities, we find that T ~ 0.73 and TF= 0.53 are
valid thresholds for z, while T ~ 0.76 and T =~ 0.54 are valid thresholds for y. In this simple example, these
thresholds correspond to the two steady states of the system, but by interpreting these inequalities as Boolean
statements regarding the “worst-case” system behavior, we can gain deeper insight into the/controllability of
the system. For example, decreasing z will always serve to decrease x and, eyéntuallypy; specifically, when z
is absent,  will approach zero and so too will y. If z < T} and y < T} both held at any given time, then they
will continue to hold forever, regardless of the value z takes (provided ~ remains less than its saturation value
of one). We can interpret this to mean that low values of x anddy are‘self-maintaining and the regulatory
effect of z on x is insufficient to overcome this self-sustained inaetivity:

To see the impact of this observation, consider z, y, and\z initially at their saturation levels, and let z
be maintained at z = 1. Then z and y will approach theirwupper thresholds T} ~ 0.73 and T}, ~ 0.76. If z
is then removed (perhaps due to a loss-of-function{mutation),  and y will approach zero. If the system is
later rescued (e.g., by ectopic expression of z).then z and y, being below their low thresholds, remain below
TF =~ 0.53 and T} ~ 0.54, respectively. This uppeér bound on z and y remains enforced even if z is held at
its saturation value of one.

In the above example, genes y and,z were both required for activation of x; now we consider the case in

which either gene is sufficient t6 activate/z (Figure 2C):

Y2+ Yt /A + 224

* Y222 +y?/4+22/4+1/16 -
x
) = —— . 6
4 zr1/2 Y (6)
As before; we, consider the cases in which z(t) = 1 or z is fully absent (z(¢t) = 0). In the latter
2

2
case, we find & = yQiiiM —zand y = =575 —y. By considering T 2 (%1/2) /<<T+T1/2) + 1/4>7
we seéthat v = 1 — y = l—>3cz%holdsinthiscase, as does z = i—>y2%

2 2 10
y2+1/5
y2+1/4

2 2
((T+T1/2) + 1/5> / ((T+T1/2) + 1/4). Now there is only one solution, z Z 0.93 — y = 0.65.

These threshold values are merely the steady states of the system for particular fixed values of z. Never-

z = 1, however, & becomes = =

— z, and thresholds can be found as before by considering 7" =

theless, because we have considered extremal values of z, we are provided with an interpretation that holds
for all values of z. Because an increase in z will increase x and y, the lower bounds in the z = 0 case are

valid for all values of z. In particular, if =,y > 1/2 holds at any time, then it holds for all times.
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To put this in the context of hysteresis, we consider that x and y determine the rate of cell proliferation,
and high, uncontrolled proliferation is an abnormal state such as that of cancer cells. The system has a
“healthy”, non-proliferative state in which x, y, and z are suppressed (z < 1—10, y < é, z =0) and a “disease”
state in which z is fully active, driving « and y toward the expression levels 0.93 and 0.65, respectively,
corresponding to uncontrolled cell proliferation. Knowing that over-expression of z is the cause of the disease
state, one might attempt to treat the disease by suppressing z. However, because z and y hayé been driven
above the values x = y = 1/2, they are trapped in that region of state-space, independent“of z. Therefore,
even complete elimination of z can only achieve a modest reduction in the over-expression of x and y, which
remain expressed at levels several times greater than their “healthy” values, maintaining an unhealthy level

of cell proliferation.

4.4. Effects of Cross-Talk and Ezternal Control

In more complex systems, incoherent feedforward (cross-talk) complicates the process of identifying steady
states by recursively composing the steady state equations of each variable. Further complications arise in
the presence of oscillations or noise, which might eliminate steady states. Nevertheless, positive feedback
loops can still sustain trap spaces and cyclic stable motifs may, still exist. We illustrate this point first with

a toy example, and then in the T-cell signal transduction network model used in Wittmann et al. (2009).

4.4.1. A Prototype for Ignored Cross-Talk andelneffective Therapy

We will consider a gene regulatory system in which four genes, w, x, y, and z participate in a positive
feedback loop (Equation 7). The expression of z is also inhibited by a fifth gene, u, which is activated
by x. Thus, the system consists of intersecting positive (w, x,y, z) and negative (z,u, z, w) feedback loops
(Figure 2D). We choose a simple firstyapproximation for this system in which the evolution of each variable

is described by Hill functions and, parameters are chosen for convenience (but within biologically relevant

ranges):

w = H(z)—w

t = H(w)—z

y = H(x)-y

w = H(z)—u

P 1-H@(-Hy) -
N - []?

HO = @)

We are interested in whether or not the positive feedback loop can maintain the activity of its members

despite the inhibitory effect of u on z.
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To answer our hypothetical question, consider the positive feedback loop (w, z,y, z) and the case in which
these genes are simultaneously active. If there is a cyclic stable motif for this feedback in which the genes

are active, it must take the following form:
(w>Ty) = (@>Ty) = (yY>T,)) = (2>T12) = (w>Ty). (8)

The inhibition of z by u means that we cannot simply solve a steady state equation as we‘have done in
previous examples. Nevertheless, we may consider a “worst-case” effect of u on z to determine whether or
not the positive feedback loop is able to sustain the system behavior. The variable wwill net attain values
larger than one if the system evolves without intervention. If u is externally manipulated,showever, it may
become quite large. Because we do not know in advance how large u can be made, we consider that it might
be driven to arbitrarily large values. Because the response of z to u saturates, this does not allow the rest of
the system to diverge, and simplifies the calculations to follow. Thus, we take our “worst-case” value of u to

be infinity. These considerations lead to the following system of inequalities:

T, < H(T)
T. < H(T,)
T, < H(T,)
T. < 1-H{0)(1-H(y))=H(y). (9)

This system of inequalities has the marginal solution T, =T, =T, =T, = % We interpret this result as
follows. If w,z,y,z > % holds at_any time, then it will continue to hold for all time, even if u is externally
controlled. This means that the effect_of the cross-talk mediated by u is bounded, and can never disrupt
activity above 50% in the feedback loop.

To further illustrate thejimplications of this observation, consider that activation of a gene, v, is associated

with some disease and governed by

w4

Cwtr

We are interestedin the prospect of using the product of v as a drug to be delivered in order to disrupt

(10)

the expression of v via the regulatory pathway through z and w. We consider our goal accomplished if
the agtivation fraction of v is below 50%. However, we have seen that arbitrary manipulations of u are
insufficient to decrease the activation fraction w below 50% once the (w,z,y, z) feedback loop has become
active. If w is above 1/2, then the activation fraction of v will eventually become and remain larger than
% ~ 0.94. The implication is that the effectiveness of u as a therapeutic option is extremely

limited.
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Figure 4: Network representation of the T-cell signal transduction networksimodel of Wittmann et al. (2009). Black arrows
represent activation, and white arrows represent inhibition. Bold, labeledwedges represent regulatory effects that contribute to
the cyclic stable motif that is indicated by the edge labels. Dotted linesiyrepresent regulatory effects that do not participate in
the cyclic stable motif. The cyclic stable motif edges (bold) form a positive cycle, as we have proved must be the case. Blue
nodes (TCRb, Fyn, PAG) are maintained above thresholds in thecyclic stable motif, while red nodes (Lck, ZAP, cCbl) are
maintained below thresholds. The yellow node (TCRp) issthe only member of the network core that does not participate in the
cyclic stable motif. As such, external manipulationyef this variable is insufficient to disrupt the behavior characterized by the

cyclic stable motif.

4.4.2. T-Cell Signaling Network Ezample

To illustrate how cross-talk ean be ignored in real systems, we consider the T-cell signal transduction
network model of Wittrhann et al. (2009). This model describes how T-cells process signals from external
ligands binding to receptors.”This ODE model is also interesting to consider because it represents an ex-
plicit attempt to replicate’the behavior of a Boolean model, allowing us to compare the stable motif results
for the two.modeling /approaches. For simplicity, we consider the case of high input signals and we disre-
gard biomolecules downstream of the strongly connected core of the system, as these do not play a role in
determining the system dynamics. The resulting system is depicted in Figure 4.

To'search for cyclic stable motifs, we first identify the positive feedback in the system. We focus on the
positive feedback loop (TCRb, Fyn, PAG, Lck, Z AP, cCbl). We can then attempt to identify thresholds such
that TCRb > THCEY — Fyn > TII;y" — . = cCbl < TEY — TORb > TECE? is a cyclic stable motif. We
treat each threshold pair in isolation, so that when considering, for example, TC' Rb > T}_;CRZ’ — Fyn > Tgy",

TCRb
TH

we do not assume anything about the value of Lck, which also activates F'yn. Therefore, must be large

enough that TCRb > TR — Fyn > Tgy" holds even when Lck is as small as possible (Lck = 0). Similarly,
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because PAG is activated by Fyn and inhibited by TCRb, Fyn > THY" — PAG > THAS must hold even
when T'C Rb is maximal (TCRb = 1). Considering each relationship in this pairwise and independent manner
yields a system of inequalities that can be solved by composition. The resulting solution is depicted along
the network edges in Figure 4. Note that this result is in agreement with Schwieger et al. (2018), who have
identified an analogous trap space in this ODE model by considering the relationship between the Boolean
and ODE models of Wittmann et al. (2009). Our method does not rely on any associated Booléan model for
the ODEs under consideration.

Note that all variables are constrained by the cyclic stable motif except for TC' Rp. We interpret this
to mean that the cyclic stable motif conditions are maintained independent of T:@Rp. Indeed, numerical
simulations support this conclusion and demonstrate that the system threshold behavior cannot be altered
by external manipulation of TCRp (Rozum and Albert, 2018). Instead, direct disruption of the constrained
variables is required to disrupt their collective behavior.

We can compare the ODE model considered above to its Boolean,counterpart (Wittmann et al., 2009)
using the stable motif methods of Zafiudo and Albert (2013). If-welexamine the same feedback loop we have
considered above (but now in the Boolean system), we see that each variable in the cycle (or its negation) is
sufficient for activation or deactivation of the next, i.e., Fiyn ="l is sufficient for PAG = 1, which is sufficient
for Lck = 0, which is sufficient for ZAP = 0, and so,on. This pattern is such that the configuration in which
TCRb = Fyn = PAG =1 and Lck = ZAP = cChl'= 0Jis stable and independent of the value of TC Rp,
in analogy with the result we have presented abeve for the ODE model. This highlights the important fact

that positive feedback in discrete and continuous systems can be analyzed in a similar manner.

5. Discussion

We have shown that cyclic relationships between comparisons of Hill functions to their arguments allows
for the identification of eyclic stable motifs, a concept analogous to the stable motifs of discrete systems
introduced by Zanudo and, Albert (2013) and generalized by Gan and Albert (2018). Cyclic stable motifs
are subsystems/with anjassociated region of state space that is a “trap space” for the subsystem, i.e., once
the subsystem enters this region of state space, it does not leave. A cyclic stable motif is constructed in such
a way that this property holds regardless of the values of variables not in the subsystem, allowing for the
identification of control-robust behavior of subsystems, such as stability with respect to specified thresholds.
Our netion of cyclic stable motifs is closely related to the concept of feedback loop characteristic states
(Snoussi and Thomas, 1993), but with emphasis placed upon identification of explicit variable thresholds
that characterize system trap spaces.

Using our approach, we have analyzed prototypical gene regulatory models exhibiting hysteresis, bistabil-
ity, and control robustness (resistance to therapeutic intervention). We have also analyzed the T-cell signal

transduction network model of Wittmann et al. (2009) (which is further explored by Rozum and Albert
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(2018)). We have also compared our method of cyclic stable motifs to traditional techniques in the analysis
of mutual inhibition in the Drosophila segment polarity gene network model of Ingolia (2004) (Equations 4).
We comment that traditional visual methods, such as phase portraits and bifurcation diagrams (in the spirit
of Figure 3) become cumbersome as the system dimension becomes large. In this example, we were able
to leverage powerful properties of monotone systems (using results of Angeli and Sontag (2004)) to enable
visualization of this five-dimensional system in a two-dimensional figure. Many biological systems, however,
are not amenable to such a simplification. The crux of the method of cyclic stable motifstis to identify a
“worst-case” subsystem that can be analyzed using these simplifications, and to pickOut properties of the
worst-case subsystem that are preserved within the real system. In this way, we camstudy,a large, complex
system by bounding the behavior of its simpler constituent subsystems.

In all examples considered here, cyclic stable motifs have characterized the roles of positive feedback loops
in the system. This is not a coincidence, and indeed we have proved that/cyclic stable motifs always arise from
positive feedback loops, as is the case for Boolean and other discreferdynamical systems (Gan and Albert,
2018; Zafiudo and Albert, 2013). The complexity of identifying eyclic stable motifs in a system depends
primarily upon the difficulty of finding positive feedback loops.in the regulatory graph, a task for which fast
software implementations are already developed. Determining whether or not a given positive feedback loop
supports a cyclic stable motif involves holding additional\regulatory effects constant and numerically finding
the root of a function constructed by composing regulatory functions; the complexity of this process scales
linearly with the number of variables in the feedback loop. Furthermore, the methods described here need
not be applied to an entire system; the additional regulation functions (F in Table 1) can be of arbitrary
form. Thus, even in situations in which our methods are not generally applicable, they may still be used to
glean useful information about keyisubsystems.

Our results illustrate the importantinsights about positive feedback loops in biological systems put forth
by René Thomas and his”colleagues (Glass and Kauffman, 1973; Snoussi and Thomas, 1993; Thomas and
Kaufman, 2001a,b). /Building upon these paradigms, investigators of biological systems have increasingly
highlighted the fundarental role of feedback in determining dynamical repertoires (Albert and Othmer,
2003; Angeli et al., 2004; van Dassow, G. et al., 2000; Wittmann et al., 2009; Yao et al., 2014). For example,
Shinar and Feinberg”(2010) relate feedback loops in mass action networks to maintained values of individual
variables. Our_main result is analogous; while Shinar and Feinberg (2010) consider the maintained truth
of an'equality statement about a variable, we consider the maintained truth of inequalities about multiple
variables. Snoussi and Thomas (1993) have previously shown the utility of a logical framework for the
analysis of ODE systems. Here, we have extended this notion by applying our recent generalization (Rozum
and Albert, 2018) of techniques developed for discrete dynamical systems (Gan and Albert, 2018; Zafiudo
and Albert, 2013). The concept of a cyclic stable motif represents an explicit connection between Boolean

and ODE systems, in the spirit of Snoussi and Thomas (1993). We have shown that such connections can
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provide a conceptual framework for studying hysteresis and multistability in biomolecular circuits.
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