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Repeated games are useful models to analyze long term interactions of living species and complex social
phenomena. Zero-determinant (ZD) strategies in repeated games discovered by Press and Dyson in 2012
enforce a linear payoff relationship between a focal player and the opponent. This linear relationship can
be set arbitrarily by a ZD player. Hence, a subclass of ZD strategies can fix the opponent’s expected payoff
and another subclass of the strategies can exceed the opponent for the expected payoff. Since this discov-
ery, theories for ZD strategies are extended to cope with various natural situations. It is especially impor-
tant to consider the theory of ZD strategies for repeated games with a discount factor and observation
errors because it allows the theory to be applicable in the real world. Recent studies revealed their exis-
tence of ZD strategies even in repeated games with both factors. However, the conditions for the exis-
tence has not been sufficiently analyzed. Here, we mathematically analyzed the conditions in repeated
games with both factors. First, we derived the thresholds of a discount factor and observation errors
which ensure the existence of Equalizer and positively correlated ZD (pcZD) strategies, which are well-
known subclasses of ZD strategies. We found that ZD strategies exist only when a discount factor remains
high as the error rates increase. Next, we derived the conditions for the expected payoff of the opponent
enforced by Equalizer as well as the conditions for the slope and base line payoff of linear lines enforced
by pcZD. As a result, we found that, as error rates increase or a discount factor decreases, the conditions
for the linear line that Equalizer or pcZD can enforce become strict.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Mutual cooperation, competition, and exploitation are often
observed in human societies and interactions of biological organ-
isms. Cooperation gives benefits to others while exploitation (de-
fection) obtains the benefits without paying costs. The Repeated
Prisoner’s Dilemma (RPD) game is a theoretical framework to study
strategic behaviors in social dilemmas (Mailath and Samuelson,
2006). The rule is simple: First, each player selects Cooperation
(C) or Defection (D), respectively. Then, depending on the combina-
tion, the payoff is allocated to each player. Mutual cooperation
yields higher benefits than mutual defection. However, from the
individual point of view, cooperation is always exploited by defec-
tion. Thus, in the one-shot prisoner’s dilemma, defection is the
unique Nash equilibrium, resulting in mutual defection between
self-interested players. The situation changes when the game is
repeated. In the RPD, cooperation becomes a possible choice
because future payoffs are important. This is called direct reciproc-
ity (Trivers, 1971; Nowak, 2006; Sigmund, 2010). Cooperative
behaviors in the RPD games have been studied in game theory
and evolutionary games.

In 2012, the discovery of Zero-determinant (ZD) strategies by
Press and Dyson changed the way of studying direct reciprocity
(Press and Dyson, 2012). In contrast to the approach used in evolu-
tionary games where a population of individuals is considered,
they studied a one-to-one interaction in the RPD and showed that
one of the two players can unilaterally enforce a linear relationship
to the opponent. Recently, the general properties of ZD strategies
and broader classes of strategies including ZD have been studied
and these properties have gradually been unraveled (Hilbe et al.,
2018; Murase and Baek, 2018, 2020; Chen and Zinger, 2014;
Ueda and Tanaka, 2020; Ueda, 2021).

Due to the linear payoff relationship, a subclass of ZD called
Equalizer can fix the opponent’s payoff. Another subclass of ZD
called Extortion can obtain a larger or at least equal payoff than
the opponent. The slope of the line between Extortion and the
opponent is positive, which means that if the opponent adapts
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his strategy to improve his own payoff, he improves the payoff of
Extortion even more. Another subclass of ZD called Generous also
enforces a positive relation between two players’ payoffs, but now
the opponent’s payoff is higher than the payoff of Generous
(Stewart and Plotkin, 2013). In this case, as the opponent adapts
to improve his own payoff, both players move toward mutual
cooperation (Stewart and Plotkin, 2013; Hilbe et al., 2018). Thus,
facing ZD strategies with the positive slope of the line, when the
opponent adjusts his own strategy to increase his payoff, he
increases the ZD player’s payoff even more. Moreover, when he
achieves his own maximum payoff, the ZD player’s payoff is also
maximized. These strategies are called positively correlated ZD
(pcZD) strategies (Chen and Zinger, 2014). These characteristics
have attracted much attention from researchers in evolutionary
games. Thus, ZD strategies have been studied in the context of evo-
lutionary games (Akin, 2016; Adami and Hintze, 2013; Hilbe et al.,
2013a,b, 2015a; Chen and Zinger, 2014; Szolnoki and Perc, 2014a,
b; Wu and Rong, 2014; Liu et al., 2015; Xu et al., 2017, 2019; Wang
and Guo, 2019; Stewart and Plotkin, 2013; Mao et al., 2018).
Besides evolutionary games, ZD strategies have been studied from
various directions. Examples are games with a discount factor
(Hilbe et al., 2015b; McAvoy and Hauert, 2016, 2017; Ichinose
and Masuda, 2018; Govaert and Cao, 2019), games with observa-
tion errors (Hao et al., 2015; Mamiya and Ichinose, 2019), multi-
player games (Hilbe et al., 2014a, 2015a; Pan et al., 2015;
Milinski et al., 2016; Stewart et al., 2016; Ueda and Tanaka,
2020) continuous action spaces (McAvoy and Hauert, 2016, 2017;
Milinski et al., 2016; Stewart et al., 2016), alternating games
(McAvoy and Hauert, 2017), asymmetric games (Taha and
Ghoneim, 2020), animal contests (Engel and Feigel, 2018), human
reactions to computerized ZD strategies (Hilbe et al., 2014b;
Wang et al., 2016), and human–human experiments (Hilbe et al.,
2016; Milinski et al., 2016; Becks and Milinski, 2019).

In those studies, Mamiya and Ichinose showed the existence of
ZD strategies in games with a discount factor and observation
errors (Mamiya and Ichinose, 2020). These two factors are an
important generalization because they are better able to capture
real life interactions which are often noisy. In their analyzes, how-
ever, the conditions for the existence of zero-determinant strate-
gies are not mathematically analyzed although some numerical
examples are shown. Here, we analytically derive those conditions
and study how these two factors affect the existence of ZD
strategies.
2. Model

We consider the symmetric two-player two-action RPD game
with imperfect private monitoring. Each player i 2 fX; Yg chooses
an action ai 2 fC;Dg in each round, where C and D imply coopera-
tion and defection, respectively. After the two players conduct the
action, player i observes private signal xi 2 fg; bg about the oppo-
nent’s action, where g and b imply good and bad, respectively. Let g
(b) be the correct signal against the action C (D). rðxjaÞ is the prob-
ability that a signal profile x ¼ ðxX ;xYÞ is realized when the
action profile is a ¼ ðaX ; aYÞ (Sekiguchi, 1997). Let � be the proba-
bility that an error occurs to one particular player but not to the
other player while n be the probability that an error occurs to both
players. Then, the probability that an error occurs to neither player
is s ¼ 1� 2�� n. We assume that the probability of observing a
correct signal is higher than that of an incorrect one;
1=2 < s < 1. For example, when both players take cooperation,
rððg; gÞjðC;CÞÞ ¼ 1� 2�� n;rððg; bÞjðC;CÞÞ ¼ rððb; gÞjðC;CÞÞ ¼ �,
and rððb; bÞjðC;CÞÞ ¼ n are realized.
2

In each round, player i’s realized payoff uiðai;xiÞ is determined
by his own action ai and signal xi, such that
uiðC; gÞ ¼ R;uiðC; bÞ ¼ S;uiðD; gÞ ¼ T , and uiðD; bÞ ¼ P. Hence, player
i’s expected payoff against the action profile a is given by

f iðaÞ ¼
X
x

uiðai;xiÞrðxjaÞ: ð1Þ

The expected payoff is determined by only action profile a regard-
less of signal profile x. Thus, the expected payoff matrix against
actions is given by

ð2Þ

According to Eq. (1), RE; SE; TE, and PE are derived as
RE ¼ Rð1� �� nÞ þ Sð�þ nÞ; SE ¼ Sð1� �� nÞþ Rð�þ nÞ; TE ¼ T
ð1� �� nÞ þ Pð�þ nÞ; PE ¼ Pð1� �� nÞ þ Tð�þ nÞ, respectively. We
assume that

TE > RE > PE > SE; ð3Þ
and

2RE > TE þ SE; ð4Þ
which dictate the RPD conditions with imperfect private monitor-
ing. In this paper, T;R; P, and S are chosen such that TE;RE; PE, and
SE are fixed.

We introduce a discount factor to the repeated game. The game
is to be played repeatedly over an infinite time horizon but the
payoff will be discounted over rounds. Player i’s discounted payoff
of action profiles aðtÞ; t 2 N is dt f iðaðtÞÞ where d is a discount factor
and t is a round. d can also be interpreted as the probability that the
next round takes place (Wang et al., 2015). Finally, the average dis-
counted payoff of player i is

si ¼ ð1� dÞ
X1
t¼0

dt f iðaðtÞÞ: ð5Þ

Consider player i that adopts memory-one strategies, with
which they can use only the outcomes of the last round to decide
the action to be submitted in the current round. A memory-one
strategy is specified by a 5-tuple; X’s strategy is given by a combi-
nation of

p ¼ ðp1; p2; p3; p4; p0Þ; ð6Þ
where 0 6 pj 6 1; j 2 f0;1;2;3;4g. The subscripts 1, 2, 3, and 4 of p
mean previous outcome Cg, Cb, Dg and Db, respectively. In Eq. (6), p1

is the conditional probability that X cooperates when X cooperated
and observed signal g in the last round, p2 is the conditional prob-
ability that X cooperates when X cooperated and observed signal
b in the last round, p3 is the conditional probability that X cooper-
ates when X defected and observed signal g in the last round, and
p4 is the conditional probability that X cooperates when X defected
and observed signal b in the last round. Finally, p0 is the probability
that X cooperates in the first round. Similarly, Y’s strategy is speci-
fied by a combination of

q ¼ ðq1; q2; q3; q4; q0Þ; ð7Þ
where 0 6 qj 6 1; j 2 f0;1;2;3;4g.

Define vðtÞ ¼ ðv1ðtÞ;v2ðtÞ;v3ðtÞ;v4ðtÞÞ as the stochastic state of
two players in round twhere the subscripts 1, 2, 3, and 4 of v imply
the stochastic states (C,C), (C,D), (D,C), and (D,D), respectively. v1ðtÞ
is the probability that both players cooperate in round t;v2ðtÞ is the
probability that X cooperates and Y defects in round t, and so forth.
Then, the expected payoff to player X in round t is given by vðtÞSX ,
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where ST
X ¼ ðRE; SE; TE; PEÞ. The expected per-round payoff to player

X in the repeated game is given by

sX ¼ ð1� dÞ
X1
t¼0

dtvðtÞSX ; ð8Þ

where 0 < d < 1.
The initial stochastic state is given by

vð0Þ ¼ ðp0q0;p0ð1� q0Þ; ð1� p0Þq0; ð1� p0Þð1� q0ÞÞ: ð9Þ
The state transition matrix M of these repeated games with obser-
vation errors is given by

M ¼

sp1q1

þ�p1q2

þ�p2q1

þnp2q2

0
BBB@

1
CCCA

sp1ð1� q1Þ
þ�p1ð1� q2Þ
þ�p2ð1� q1Þ
þnp2ð1� q2Þ

0
BBB@

1
CCCA

sð1� p1Þq1

þ�ð1� p1Þq2

þ�ð1� p2Þq1

þnð1� p2Þq2

0
BBB@

1
CCCA

sð1� p1Þð1� q1Þ
þ�ð1� p1Þð1� q2Þ
þ�ð1� p2Þð1� q1Þ
þnð1� p2Þð1� q2Þ

0
BBB@

1
CCCA

�p1q3

þnp1q4

þsp2q3

þ�p2q4

0
BBB@

1
CCCA

�p1ð1� q3Þ
þnp1ð1� q4Þ
þsp2ð1� q3Þ
þ�p2ð1� q4Þ

0
BBB@

1
CCCA

�ð1� p1Þq3

þnð1� p1Þq4

þsð1� p2Þq3

þ�ð1� p2Þq4

0
BBB@

1
CCCA

�ð1� p1Þð1� q3Þ
þnð1� p1Þð1� q4Þ
þsð1� p2Þð1� q3Þ
þ�ð1� p2Þð1� q4Þ

0
BBB@

1
CCCA

�p3q1

þsp3q2

þnp4q1

þ�p4q2

0
BBB@

1
CCCA

�p3ð1� q1Þ
þsp3ð1� q2Þ
þnp4ð1� q1Þ
þ�p4ð1� q2Þ

0
BBB@

1
CCCA

�ð1� p3Þq1

þsð1� p3Þq2

þnð1� p4Þq1

þ�ð1� p4Þq2

0
BBB@

1
CCCA

�ð1� p3Þð1� q1Þ
þsð1� p3Þð1� q2Þ
þnð1� p4Þð1� q1Þ
þ�ð1� p4Þð1� q2Þ

0
BBB@

1
CCCA

np3q3

þ�p3q4

þ�p4q3

þsp4q4

0
BBB@

1
CCCA

np3ð1� q3Þ
þ�p3ð1� q4Þ
þ�p4ð1� q3Þ
þsp4ð1� q4Þ

0
BBB@

1
CCCA

nð1� p3Þq3

þ�ð1� p3Þq4

þ�ð1� p4Þq3

þsð1� p4Þq4

0
BBB@

1
CCCA

nð1� p3Þð1� q3Þ
þ�ð1� p3Þð1� q4Þ
þ�ð1� p4Þð1� q3Þ
þsð1� p4Þð1� q4Þ

0
BBB@

1
CCCA

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ð10Þ

Then, we obtain

sX ¼ ð1� dÞvð0Þ
X1
t¼0

ðdMÞtSX ¼ vTSX ; ð11Þ

where vT � ð1� dÞvð0ÞðI � dMÞ�1, which is the mean distribution of
vðtÞ and I is the 4� 4 identity matrix. Additionally, we define

M0 ¼

p0q0 p0ð1� q0Þ ð1� p0Þq0 ð1� p0Þð1� q0Þ
p0q0 p0ð1� q0Þ ð1� p0Þq0 ð1� p0Þð1� q0Þ
p0q0 p0ð1� q0Þ ð1� p0Þq0 ð1� p0Þð1� q0Þ
p0q0 p0ð1� q0Þ ð1� p0Þq0 ð1� p0Þð1� q0Þ

0
BBB@

1
CCCA: ð12Þ

Because v1 þ v2 þ v3 þ v4 ¼ 1;vð0Þ ¼ vTM0 holds. By substituting

vð0Þ ¼ vTM0 in vT ¼ ð1� dÞvð0ÞðI � dMÞ�1 and multiplying both
sides of the equation by ðI � dMÞ from the right, we obtain
vTðI � dMÞ ¼ ð1� dÞvTM0. Thus, we obtain vTM0 ¼ 0, where
M0 � dM þ ð1� dÞM0 � I. We immediately obtain an expression for
the dot product of an arbitrary vector f T ¼ ðf 1; f 2; f 3; f 4Þ with the
fourth column vector u of matrix M0 as a consequence of Press
and Dyson’s formalism, which can be represented by the form of
the determinant
u � f ¼

dðsp1q1 þ �p1q2 þ �p2q1 þ np2q2Þ � 1þ p0q0ð1� dÞ dðlp1 þ gp2Þ � 1þ p0ð1� dÞ dðlq1 þ gq2Þ � 1þ q0ð1� dÞ f 1
dð�p1q3 þ np1q4 þ sp2q3 þ �p2q4Þ þ p0q0ð1� dÞ dðgp1 þ lp2Þ � 1þ p0ð1� dÞ dðlq3 þ gq4Þ þ q0ð1� dÞ f 2
dð�p3q1 þ sp3q2 þ np4q1 þ �p4q2Þ þ p0q0ð1� dÞ dðlp3 þ gp4Þ þ p0ð1� dÞ dðgq1 þ lq2Þ � 1þ q0ð1� dÞ f 3
dðnp3q3 þ �p3q4 þ �p4q3 þ sp4q4Þ þ p0q0ð1� dÞ dðgp3 þ lp4Þ þ p0ð1� dÞ dðgq3 þ lq4Þ þ q0ð1� dÞ f 4

���������

���������
� Dðp;q; f Þ;

ð13Þ
where l ¼ 1� �� n and g ¼ �þ n. Furthermore, Eq. (13) should be
normalized to have its components sum to 1 by u � 1, where
1 ¼ ð1;1;1;1Þ. Then, we obtain the dot product of an arbitrary
vector f with mean distribution v . Therefore, we obtain their per-
round expected payoffs:
3

sX ¼ v � SX ¼ u � SX

u � 1 ¼ Dðp;q; SXÞ
Dðp;q;1Þ ; ð14Þ

sY ¼ v � SY ¼ u � SY

u � 1 ¼ Dðp;q; SYÞ
Dðp;q;1Þ : ð15Þ

When we set d ¼ 1, Eq. (13) corresponds to Eq. (2) of Hao et al.
(2015). By using Eq. (13), we can calculate players’ per-round
expected payoffs when 0 < d 6 1 by the form of the determinants.
d ¼ 1 is the case where future payoffs are not discounted.

3. Result

We analytically study conditions for the existence of Equalizer
and pcZD strategies as a function of observation errors and a dis-
count factor in Repeated Prisoner’s Dilemma games with imperfect
private monitoring.

A player X can choose a strategy p so that he unilaterally
enforces asX þ bsY þ c ¼ 0 to Eqs. (14) and (15) for any opponent’s
strategy q. As shown in Mamiya and Ichinose (2020), such a strat-
egy of player X is given by

dðlp1 þ gp2Þ � 1þ p0ð1� dÞ ¼ aRE þ bRE þ c;

dðgp1 þ lp2Þ � 1þ p0ð1� dÞ ¼ aSE þ bTE þ c;

dðlp3 þ gp4Þ þ p0ð1� dÞ ¼ aTE þ bSE þ c;

dðgp3 þ lp4Þ þ p0ð1� dÞ ¼ aPE þ bPE þ c:

ð16Þ

Strategies which satisfy Eq. (16) are ZD strategies. a;b, and c are
parameters determined by player X. Equalizer, Extortion, Generous,
and pcZD strategies are derived by giving appropriate values to a;b,
and c. In this paper, g satisfies g ¼ �þ n < 1=2 because of assuming
1=2 < s < 1.

3.1. Equalizer

3.1.1. Expression
We substitute a ¼ 0 into Eq. (16) to obtain Equalizer:

dðlp1 þ gp2Þ � 1þ p0ð1� dÞ ¼ bRE þ c;

dðgp1 þ lp2Þ � 1þ p0ð1� dÞ ¼ bTE þ c;

dðlp3 þ gp4Þ þ p0ð1� dÞ ¼ bSE þ c;

dðgp3 þ lp4Þ þ p0ð1� dÞ ¼ bPE þ c:

ð17Þ

Equalizer can fix the opponent’s payoff no matter what the oppo-
nent takes, which means that sY ¼ �c=b. From the four equations
in Eq. (17) we have
b ¼� ð1�dp1þdp4Þðl�gÞ
lðRE�PEÞ�gðTE�SEÞ ;

c ¼ð1�dp1�p0þdp0ÞðlPE�gSEÞþðp0�dp0þdp4ÞðlRE�gTEÞ
lðRE�PEÞ�gðTE�SEÞ :

ð18Þ



Fig. 1. Minimum discount factor dc against error rates g.

Fig. 2. Ranges of expected opponent’s payoffs sY which Equalizer can enforce.
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Also, p2 and p3 can be rewritten as

p2 ¼ p1 lðTE � PEÞ � gðRE � SEÞð Þ � ð1d þ p4ÞðTE � REÞ
lðRE � PEÞ � gðTE � SEÞ ;

p3 ¼ ð1d � p1ÞðPE � SEÞ þ p4 lðRE � SEÞ � gðTE � PEÞð Þ
lðRE � PEÞ � gðTE � SEÞ :

ð19Þ

We substitute Eq. (18) into sY ¼ �c=b to obtain

sY ¼ ð1� dp1 � p0 þ dp0ÞðlPE � gSEÞ þ ðp0 � dp0 þ dp4ÞðlRE � gTEÞ
ð1� dp1 þ dp4Þðl� gÞ :

ð20Þ
Eq. (20) is a weighed average of ðlPE � gSEÞ=ðl� gÞ and
ðlRE � gTEÞ=ðl� gÞ with non-negative weights. Therefore, when g
satisfies lðRE � PEÞ � gðTE � SEÞ > 0, that is

g < gc �
RE � PE

TE þ RE � PE � SE
; ð21Þ

Equalizer can impose any payoff value sY such that

lPE � gSE
l� g

6 sY 6 lRE � gTE

l� g
: ð22Þ

If player X sets p4 ¼ p0 ¼ 0, he can impose sY ¼ ðlPE � gSEÞ=ðl� gÞ.
If player X sets p1 ¼ p0 ¼ 1, he can impose sY ¼ ðlRE � gTEÞ=ðl� gÞ.
In the previous study (Mamiya and Ichinose, 2020), the condition of
error rates for the existence of Equalizer was not analytically
obtained. In this study, we analytically derived the condition, that
is Eq. (21). Any Equalizers no longer exist when g satisfies
gc 6 g < 1=2 (Appendix A).

3.1.2. Existence condition
In this section, we identify the condition for d under which

Equalizer can exist. When g satisfies g < gc;g also satisfies
lðTE � PEÞ � gðRE � SEÞ > 0 and lðRE � SEÞ � gðTE � PEÞ > 0 because
of the RPD condition TE > RE > PE > SE. As you can see in Appendix
A, any Equalizers no longer exist when g satisfies gc 6 g < 1=2. Eq.
(19) indicates that an Equalizer strategy exists if and only if

0 6 p1ðlðTE � PEÞ � gðRE � SEÞÞ � 1
d
þ p4

� �
ðTE � REÞ

6 lðRE � PEÞ � gðTE � SEÞ; ð23Þ

0 6 ð1
d
� p1ÞðPE � SEÞ þ p4ðlðRE � SEÞ � gðTE � PEÞÞ

6 lðRE � PEÞ � gðTE � SEÞ; ð24Þ
for some 0 6 p1 6 1 and 0 6 p4 6 1. Independent of d;p1 and p4 sat-
isfies the second inequality of Eq. (23) and the first inequality of
4

Eq. (24) because they are satisfied in the most stringent case, i.e,
p1 ¼ 1 and p4 ¼ 0. The first inequality of Eq. (23) and the second
inequality of Eq. (24) lead

p4 6 lðTE � PEÞ � gðRE � SEÞ
TE � RE

p1 �
1
d
; ð25Þ

and

p4 6 lðRE � PEÞ � gðTE � SEÞ
lðRE � SEÞ � gðTE � PEÞ

þ p1 �
1
d

� �
PE � SE

lðRE � SEÞ � gðTE � PEÞ ; ð26Þ

respectively. From these inequalities, the feasible set ðp1;p4Þ
becomes smaller as d decreases. When d decreases, the last Equal-
izer left is the strategy with p1 ¼ 1 and p4 ¼ 0. Therefore, the condi-
tion for d under which Equalizer strategies exist is given by

d P dc

� max
TE � RE

lðRE � PEÞ � gðTE � SEÞ þ TE � RE
;

PE � SE
lðRE � PEÞ � gðTE � SEÞ þ PE � SE

� �
: ð27Þ

In the case that RE þ PE < TE þ SE is satisfied, the first element in Eq.
(27) is larger than the second one (Eq. (156) of Appendix F). In the
case that RE þ PE > TE þ SE is satisfied, the second element in Eq.
(27) is larger than the first one (Eq. (151) of Appendix F). Finally,
in the case that RE þ PE ¼ TE þ SE is satisfied, both elements take
the same value.

When there are no observation errors but a discount factor
(g ¼ 0 and d < 1), dc with g ¼ 0 corresponds to Eq. (32) in
Ichinose and Masuda (2018).

3.1.3. Numerical examples
Here we numerically show the minimum discount factor

dc against error rates (Fig. 1). We used ðTE;RE; PE; SEÞ ¼
ð1:5;1;0;�0:5Þ in the figure. As the figure shows, dc ¼ 1=3 when
there are no errors (g ¼ 0). Thus, Equalizer can exist within the
range of 1=3 6 d 6 1. However, as error rates increase, dc becomes
larger. Large error rates make the range of d narrow where
Equalizer can exist. As shown in the figure, dc ¼ 0:4167 when
g ¼ 0:1; dc ¼ 0:5556 when g ¼ 0:2, and dc ¼ 0:8333 when g ¼ 0:3.
When g ¼ 1=3, Equalizer can only exist at d ¼ 1.

Fig. 2 shows the range of the expected payoff of the opponent
which Equalizer can enforce as a function of error rates. When
there are no errors, Equalizer can fix the opponent’s expected pay-
off to any values between PE ¼ 0 and RE ¼ 1. However, when there
are errors, the controllability of Equalizer becomes weak. As error
rates increase, the range of the opponent’s payoff becomes nar-
rower. The ranges of the expected opponent’s payoffs are
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0:0625 6 sY 6 0:9375 when g ¼ 0:1;0:1667 6 sY 6 0:8333 when
g ¼ 0:2, and 0:3750 6 sY 6 0:6250 when g ¼ 0:3. When g ¼ 1=3,
Equalizer can only fix the opponent’s payoff at sY ¼ 0:5. When
g > 1=3, Equalizer no longer exists.

3.2. Positively correlated ZD strategies

3.2.1. Expression
By substituting a ¼ /; b ¼ �/v, and c ¼ /ðv� 1Þj into Eq. (16),

ZD strategies for player X can be rewritten as

dðlp1 þ gp2Þ þ ð1� dÞp0 ¼ 1� /ðv� 1ÞðRE � jÞ;
dðgp1 þ lp2Þ þ ð1� dÞp0 ¼ 1� / TE � SE þ ðv� 1ÞðTE � jÞð Þ;
dðlp3 þ gp4Þ þ ð1� dÞp0 ¼ / TE � SE þ ðv� 1Þðj� SEÞð Þ;
dðgp3 þ lp4Þ þ ð1� dÞp0 ¼ /ðv� 1Þðj� PEÞ;

ð28Þ
where /;v, and j are the coefficients. Eqs. (14) and (15) allow
player X using ZD strategies to enforce

sX � j ¼ vðsY � jÞ ð29Þ
for any strategy q of the opponent player Y. We call v a correlation
factor. The parameter j is called the baseline payoff. Player X can
make the payoffs between X and Y positively correlated with
vP 1. ZD strategies which enforce Eq. (29) with some fixed
vP 1 are called positively correlated ZD (pcZD) strategies in Chen
and Zinger (2014).

3.2.2. Existence condition
In this section, we analytically derive the condition for pcZD

strategies to exist according to the degree of error rates and a dis-
count factor. When d < 1 and v ¼ 1 hold, no solution
pj; j 2 f0;1;2;3;4g which satisfies Eq. (28) exists. Thus, ZD strate-
gies with v ¼ 1 do not exist when d < 1. Therefore, in the follow-
ing, we assume v – 1. By solving Eq. (28) for pj; j 2 f1;2;3;4g,

dp1 þ ð1� dÞp0 ¼ 1� /v̂ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
;

dp2 þ ð1� dÞp0 ¼ 1� /v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
;

dp3 þ ð1� dÞp0 ¼ /v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
;

dp4 þ ð1� dÞp0 ¼ /v̂ j� PE � g
l�g

TE�SE
v̂ þ PE � SE

� �n o
;

ð30Þ
are obtained, where v̂ ¼ v� 1 – 0. By applying
0 6 pj 6 1; j 2 f1;2;3;4g to Eq. (30)

ð1� dÞð1� p0Þ 6 /v̂ RE � j� g
l� g

TE � SE
v̂

þ TE � RE

� �� �

6 ð1� dÞð1� p0Þ þ d; ð31Þ

ð1� dÞð1� p0Þ 6 /v̂ RE � jþ l
l� g

TE � SE
v̂

þ TE � RE

� �� �

6 ð1� dÞð1� p0Þ þ d; ð32Þ

ð1� dÞp0 6 /v̂ j� PE þ l
l� g

TE � SE
v̂

þ PE � SE

� �� �

6 ð1� dÞp0 þ d; ð33Þ
5

ð1� dÞp0 6 /v̂ j� PE � g
l� g

TE � SE
v̂

þ PE � SE

� �� �

6 ð1� dÞp0 þ d; ð34Þ
are obtained. The sum of the first inequality in Eq. (31) multiplied
by l and the first inequality in Eq. (32) multiplied by g becomes

ð1� dÞð1� p0Þ 6 /ðv� 1ÞðRE � jÞ: ð35Þ
Similarly, the sum of the first inequality in Eq. (33) multiplied by g
and the first inequality in Eq. (34) multiplied by l becomes

ð1� dÞp0 6 /ðv� 1Þðj� PEÞ: ð36Þ
Summing up the obtained two inequalities shows
1� d 6 /ðv� 1ÞðRE � PEÞ. In particular, /ðv� 1Þ > 0, therefore
v > 1 and / > 0. / < 0 and v < 1 is omitted because if we assume
v < 1, no ZD strategies with 0 < v < 1 exist and ZD strategies with
v 6 0 are not pcZD strategies (Appendix B). Additionally, Eq. (35)
and Eq. (36) imply PE 6 j 6 RE when /ðv� 1Þ > 0.

Because all of the middle terms from Eq. (31) to Eq. (34) are
greater than or equal to zero, we obtain

PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
6 j

6 RE � g
l� g

TE � SE
v̂

þ TE � RE

� �
: ð37Þ

In the following, we analyze Eqs. (31)–(34) by dividing into three
cases (1) 0 < p0 < 1, (2) p0 ¼ 0, (3) p0 ¼ 1 as follows.

(1) Case of 0 < p0 < 1:
Eqs. (31)–(34) lead to

v̂ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

6 1
/

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

; ð38Þ

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

6 1
/

6
v̂ RE � jþ l

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

; ð39Þ

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0 þ d

6 1
/

6
v̂ j� PE þ l

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0

; ð40Þ

v̂ j� PE � g
l�g

TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0 þ d

6 1
/

6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0

: ð41Þ

The condition under which a positive / value that satisfies Eqs.
(38)–(41) exists is given by
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v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

; ð42Þ

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0

; ð43Þ

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0 þ d

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

; ð44Þ

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0 þ d

6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0

: ð45Þ

Solving the above inequalities for j, we obtain

j 6 RE �
1
d � 1
	 
ð1� p0Þ þ g

l� g
TE � SE

v̂
þ TE � RE

� �
; ð46Þ

j P PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
þ ð1

� dÞp0 RE � PE þ TE � SE
v̂

þ lðTE � REÞ � gðPE � SEÞ
l� g

� �
; ð47Þ

j 6 RE � g
l� g

TE � SE
v̂

þ TE � RE

� �
� ð1� dÞð1

� p0Þ RE � PE þ TE � SE
v̂

þ lðPE � SEÞ � gðTE � REÞ
l� g

� �
; ð48Þ

j P PE þ
1
d � 1
	 


p0 þ g
l� g

TE � SE
v̂

þ PE � SE

� �
; ð49Þ

(Appendix C). The condition under which a positive j value that
satisfies Eqs. (46)–(49) exists is given by

PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
þ ð1

� dÞp0 RE � PE þ TE � SE
v̂

þ lðTE � REÞ � gðPE � SEÞ
l� g

� �

6 RE �
1
d � 1
	 
ð1� p0Þ þ g

l� g
TE � SE
v̂

þ TE � RE

� �
; ð50Þ
6

PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
þ ð1

� dÞp0 RE � PE þ TE � SE
v̂

þ lðTE � REÞ � gðPE � SEÞ
l� g

� �

6 RE � g
l� g

TE � SE
v̂

þ TE � RE

� �
� ð1� dÞð1

� p0Þ RE � PE þ TE � SE
v̂

þ lðPE � SEÞ � gðTE � REÞ
l� g

� �
; ð51Þ

PE þ
1
d � 1
	 


p0 þ g
l� g

TE � SE
v̂

þ PE � SE

� �

6 RE �
1
d � 1
	 
ð1� p0Þ þ g

l� g
TE � SE

v̂
þ TE � RE

� �
; ð52Þ

PE þ
1
d � 1
	 


p0 þ g
l� g

TE � SE
v̂

þ PE � SE

� �

6 RE � g
l� g

TE � SE
v̂

þ TE � RE

� �
� ð1� dÞð1

� p0Þ RE � PE þ TE � SE
v̂

þ lðPE � SEÞ � gðTE � REÞ
l� g

� �
: ð53Þ

In this case, the above inequalities satisfy Eq. (37). From the above
inequalities,

ð1� dþ 2dgÞðTE � SEÞ 6 fdðlðRE � PEÞ � gðTE � SEÞÞ � ð1
� dÞðTE � REÞgv̂; ð54Þ

ð1� dþ 2dgÞðTE � SEÞ 6 fdðlðRE � PEÞ � gðTE � SEÞÞ � ð1
� dÞðPE � SEÞ � ð1� dÞp0ðTE � RE

� PE þ SEÞgv̂; ð55Þ

ð1� dþ 2dgÞðTE � SEÞ 6 fdðlðRE � PEÞ � gðTE � SEÞÞ � ð1
� dÞðTE � REÞ þ ð1� dÞp0ðTE � RE

� PE þ SEÞgv̂; ð56Þ

ð1� dþ 2dgÞðTE � SEÞ 6 fdðlðRE � PEÞ � gðTE � SEÞÞ � ð1
� dÞðPE � SEÞgv̂; ð57Þ

are obtained (Appendix D). Because the left-hand side of these
inequalities are always greater than zero and v̂ > 0, the coefficient
of v̂ must be greater than zero. Therefore, d > dc and g < gc must
hold (Appendix E). Eqs. (54)–(57) are transformed into

ð1� dþ 2dgÞðTE � SEÞ
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ 6 v̂; ð58Þ

ð1� dþ 2dgÞðTE � SEÞ
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ � ð1� dÞp0ðTE � RE � PE þ SEÞ
6 v̂;

ð59Þ

ð1� dþ 2dgÞðTE � SEÞ
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ þ ð1� dÞp0ðTE � RE � PE þ SEÞ
6 v̂;

ð60Þ
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ð1� dþ 2dgÞðTE � SEÞ
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ 6 v̂: ð61Þ

When RE þ PE > TE þ SE, Eq. (61) is the maximum. When
RE þ PE < TE þ SE, Eq. (58) is the maximum. When
RE þ PE ¼ TE þ SE, Eqs. (58)–(61) take the same value (Appendix
G). Therefore, when 0 < p0 < 1, pcZD exists if and only if d > dc
and g < gc , where the dc and gc values coincide with those for
Equalizer which are given by Eq. (27) and Eq. (21). Under d > dc
and g < gc , Eqs. (58) and (61) imply

vP vc � maxðv1;v2Þ; ð62Þ
where

v1 ¼ 1þ ð1� dþ 2dgÞðTE � SEÞ
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ ; ð63Þ

v2 ¼ 1þ ð1� dþ 2dgÞðTE � SEÞ
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ : ð64Þ

(2) Case of p0 ¼ 0:
In the case of p0 ¼ 0, Eqs. (31)–(34) lead to

v̂ RE � j� g
l� g

TE � SE
v̂

þ TE � RE

� �� �
6 1

/

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
1� d

; ð65Þ

v̂ RE � jþ l
l� g

TE � SE
v̂

þ TE � RE

� �� �
6 1

/

6
v̂ RE � jþ l

l�g
TE�SE
v̂ þ TE � RE

� �n o
1� d

; ð66Þ

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
d

6 1
/
; ð67Þ

v̂ j� PE � g
l�g

TE�SE
v̂ þ PE � SE

� �n o
d

6 1
/
: ð68Þ

The condition under which a positive / value that satisfies Eqs. (69)
and (70) exists is given by

v̂ RE � jþ l
l� g

TE � SE
v̂

þ TE � RE

� �� �

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
1� d

; ð69Þ

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
d

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
1� d

: ð70Þ

Solving Eqs. (69) and (70) for j,

j 6 RE �
1
d � 1
	 
þ g
l� g

TE � SE
v̂

þ TE � RE

� �
; ð71Þ

j 6 RE � g
l� g

TE � SE
v̂

þ TE � RE

� �
� ð1

� dÞ RE � PE þ TE � SE
v̂

þ lðPE � SEÞ � gðTE � REÞ
l� g

� �
ð72Þ

are obtained. If these inequalities hold, the second inequality of Eq.
(37) is automatically satisfied. Thus, we only need to consider the
two conditions above and the following condition:
7

PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
6 j: ð73Þ

These three conditions are the same as the inequalities from Eq.
(46) to Eq. (49) in the case of p0 ¼ 0. We obtain dc;gc and vc as
the case of 0 < p0 < 1. Therefore, in the case of p0 ¼ 0;gc is given
by Eq. (21), dc is given by Eq. (27) and vc is given by Eq. (62).

(3) Case of p0 ¼ 1:
In the case of p0 ¼ 1, Eqs. (31)–(34) lead to

v̂ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
d

6 1
/
; ð74Þ

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
d

6 1
/
; ð75Þ

v̂ j� PE þ l
l� g

TE � SE
v̂

þ PE � SE

� �� �
6 1

/

6
v̂ j� PE þ l

l�g
TE�SE
v̂ þ PE � SE

� �n o
1� d

; ð76Þ

v̂ j� PE � g
l� g

TE � SE
v̂

þ PE � SE

� �� �
6 1

/

6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
1� d

: ð77Þ

The condition under which a positive / value that satisfies Eqs. (78)
and (79) exists is given by

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
d

6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
1� d

; ð78Þ

v̂ j� PE þ l
l� g

TE � SE
v̂

þ PE � SE

� �� �

6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
1� d

: ð79Þ

Solving Eqs. (78) and (79) for j,

PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
þ ð1

� dÞ RE � PE þ TE � SE
v̂

þ lðTE � REÞ � gðPE � SEÞ
l� g

� �

6 j; ð80Þ

PE þ
1
d � 1þ g
l� g

TE � SE
v̂

þ PE � SE

� �
6 j: ð81Þ

If these inequalities hold, the second inequality of Eq. (37) is auto-
matically satisfied. Thus, we only need to consider the two condi-
tions above and the following condition:

j 6 RE � g
l� g

TE � SE
v̂

þ TE � RE

� �
: ð82Þ

These three conditions are the same as the inequalities from Eq.
(46) to Eq. (49) in the case of p0 ¼ 1. We obtain dc;gc and vc as
the case of 0 < p0 < 1. Therefore, in the case of p0 ¼ 1;gc is given
by Eq. (21), dc is given by Eq. (27) and vc is given by Eq. (62).

From the above, we derive the condition of g; d;j and v where
pcZD strategies exist. We reveal that the condition of d is d > dc , the
condition of g is given by g < gc , the condition for j is given by Eq.
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(37) and the condition of v is given by Eq. (62). The dc and gc are
given by Eq. (27) and Eq. (21).

vc with g ¼ 0 corresponds to Eq. (67) and Eq. (84) of Ref.
Ichinose and Masuda (2018). Ichinose and Masuda derived that
vc takes the same value in both j ¼ P and j ¼ R cases (Ichinose
and Masuda, 2018). Here we show that, not just j ¼ P and
j ¼ R;vc takes the same value for all j such that P 6 j 6 R when
there are no observation errors but a discount factor (g ¼ 0 and
d < 1).

When there are observation errors and no discount factor (g > 0
and d ¼ 1), Hao et al. have numerically showed the conditions for j
and v (Hao et al., 2015). In our study, we analytically show the con-
ditions for j and v, where j is given by Eq. (37) and v is given by
Eq. (62) when d ¼ 1.
Fig. 4. Minimum correlation factor vc for pcZD when the discount factor and the
error rates are varied.
3.2.3. Numerical examples
Fig. 3 shows the base line payoff j and correlation factor v

which pcZD can enforce when a discount factor and error rates
change. The figure represents Eqs. (46)–(49) and Eq. (62) when
the error rates are g ¼ 0:0;0:1 and the discount factor
d ¼ 1:0;0:9;0:8. T;R; P, and S are set so that
ðTE;RE; SE; PEÞ ¼ ð1:5;0:5;0:0;�0:5Þ are satisfied. Thus, the values
of T;R; P and S change depending on the value of g. The green
regions represent the possible pcZD strategies when p0 ¼ 0. When
p0 is arbitrary, the hatched regions including the green regions are
possible.

Fig. 3(A–C) are the cases of d ¼ 1:0;0:9 and 0:8 when the error
rate is fixed at zero (g ¼ 0:0). As seen in the figures, vc becomes lar-
ger when the discount factor d decreases. On the other hand, the
existing region of jwhich pcZD can enforce does not change when
p0 is arbitrary. In Fig. 3(B and C), when p0 ¼ 0, only j with j ¼ PE

can take v ¼ vc. This strategy corresponds to Extortion. p0 must be
properly set when j– PE is required. For instance, p0 must be
p0 ¼ 1 when v ¼ vc and j ¼ RE are required. This strategy corre-
sponds to Generous.
Fig. 3. Possible regions of base line payoff j and correlation factor v which pcZD can en
regions, which include green regions as their subsets, represent the possible j and v for p
set ðTE;RE; SE ; PEÞ ¼ ð1:5;0:5;0:0;�0:5Þ. Each panel represents Eqs. (46)–(49) and Eq. (62)
When d ¼ 1:0;j and v do not depend on p0 because there is no discount factor.

8

Fig. 3(D–F) are the cases of d ¼ 1:0;0:9, and 0:8 when the error
rate is fixed at 0.1 (g ¼ 0:1). As well as the case of no errors, vc

becomes larger when the discount factor d decreases. From these
figures, we can see the region of j becomes small depending on
g. When d ¼ 1:0, only j with j ¼ 0:5 can set v ¼ vc. This fact has
been numerically shown in Hao et al. (2015). In contrast, in the
cases of d < 1:0, the regions of j expand v ¼ vc , however, the
regions are small compared to the case of g ¼ 0. Moreover, vc

becomes larger depending on g and d. Thus, the regions of v and
j become small even though the regions of j expand which can
take v ¼ vc.

Fig. 4 shows vc for pcZD when a discount factor and error rates
are varied. As seen in the figure, when there is neither a discount
factor nor error rates, pcZD can take any v with vP 1. However,
when there are errors or a discount factor, the range of v becomes
force. Green regions represent the possible j and v for pcZD when p0 ¼ 0. Hatched
cZD when p0 is arbitrary. Blue lines represent the minimum correlation factor vc . We
when error rates are g ¼ 0:0;0:1 and discount factors d ¼ 1:0;0:9;0:8, respectively.
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narrow. As the error rate increases or the discount factor decreases
from 1, the range of v becomes narrower. When d ¼ 1;vc are
1:0;1:57143;3:0, and 13:0 in g ¼ 0; 0:1;0:2;0:3, respectively. When
d ¼ 0:9;vc are 1:2353;1:9655;3:9677, and 33:0 in
g ¼ 0;0:1;0:2;0:3, respectively. When d ¼ 0:8;vc are
1:5714;2:5652, and 5:7273 in g ¼ 0;0:1;0:2, respectively. When
d ¼ 0:7;vc are 2:0909;3:5882, and 9:9231 in g ¼ 0;0:1;0:2, respec-
tively. When d ¼ 0:6;vc are 3:0000;5:7273, and 33:0 in
g ¼ 0;0:1;0:2, respectively. When d ¼ 0:5;vc are 5:0 and 13:0 in
g ¼ 0;0:1, respectively. When v is large, if the opponent improves
his payoff, the payoff of the pcZD player is improved, more than the
opponent. Thus, for the opponent, the motivation that improves his
payoff becomes weak because the range of improvement
decreases.
4. Conclusions

In this study, we introduced observation errors and a discount
factor in the RPD games and analytically investigated the condi-
tions in which Equalizer or pcZD strategies can exist. As a result,
we obtained the conditions for the discount factor and the error
rate where those strategies can exist. As the error rates increase,
the payoff of the opponent which Equalizer can control becomes
narrower. Moreover, as the error rates increase, Equalizer can exist
only when a discount factor is high. On the other hand, the ranges
of the slope v and the baseline payoff j for pcZD becomes narrow
as a discount factor becomes small or the error rate becomes large.
In short, our results show that it is difficult for Equalizer and pcZD
to exist when those factors are considered and that the controlla-
bility of the linear lines for Equalizer and pcZD decrease due to
those two factors.

We have only considered observation errors but various other
types of errors occur in animal and human behaviors. The effect
of such errors on cooperation has been studied by using the PD
game (Stephens et al., 1995; Szolnoki et al., 2009; Nakamura and
Masuda, 2013; Szolnoki and Perc, 2014c). Implementation errors
in the RPD game (Stephens et al., 1995), noise for strategy updating
in the spatial PD game (Szolnoki et al., 2009), incomplete observa-
tion in indirect reciprocity (Nakamura and Masuda, 2013), and
deceitful defectors (Szolnoki and Perc, 2014c) have been incorpo-
rated. It is important to explore the existence of ZD strategies
under not just observation errors but also various types of errors.

It is well known that pcZD can change the adaptive opponent’s
strategy so that the opponent’s payoff is improved. As the error
rates increase, the minimum v becomes larger as we showed. This
means that pcZD exploits the opponent more, which decreases the
motivation of the opponent to change his strategy because the
improvement of the opponent’s payoff becomes small. If there
are errors, because j can only take a value in PE < j < RE, neither
Extortion nor Generous can exist, which also means that it is
impossible for pcZD to enforce an exploitative or a generous linear
payoff relationship. Chen and Zinger showed the existence of
adapting paths which lead to unconditional cooperation for the
adaptive opponent in the RPD game with T > R > P > S and
2R > T þ S > 2P in the case of no errors (Chen and Zinger, 2014).
It would be interesting to show the existence of such adapting
paths even in the case with errors and a discount factor.

ZD strategies can unilaterally control the payoff of the oppo-
nent. However, as we have shown, it would be difficult for those
strategies to exist in the real world because real interactions are
often noisy. Although some previous studies have shown the role
of ZD strategies in humans, one has to be careful how noises take
place in such a situation. Finally, our results are limited to the
two-player RPD games. Other studies have focused on n-player
games (Hilbe et al., 2015a, 2014a; Pan et al., 2015; Govaert and
9

Cao, 2019). Investigating the conditions for the existence of ZD
strategies in n-player games warrant future work.
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Appendix A. Any Equalizers do not exist when gc <g < 1=2

We prove that any Equalizers do not exist when gc 6 g < 1=2.
First, when gc ¼ g ( () lðRE � PEÞ � gðTE � SEÞ ¼ 0), Eq. (19) is
not defined. Next, we consider the case of gc < g < 1=2
(gc < g () lðRE � PEÞ � gðTE � SEÞ < 0). In terms of Eq. (19),
0 6 p2 6 1 and 0 6 p3 6 1 lead to

lðRE � PEÞ � gðTE � SEÞ 6 p1ðlðTE � PEÞ � gðRE � SEÞÞ

� 1
d
þ p4

� �
ðTE � REÞ 6 0; ð83Þ
lðRE � PEÞ � gðTE � SEÞ 6 1
d
� p1

� �
ðPE � SEÞ þ p4ðlðRE � SEÞ

� gðTE � PEÞÞ 6 0: ð84Þ
We divide it into two cases (1) lðTE � PEÞ � gðRE � SEÞ > 0 or

lðRE � SEÞ � gðTE � PEÞ > 0 and (2) lðTE � PEÞ � gðRE � SEÞ � 0 and
lðRE � SEÞ � gðTE � PEÞ � 0.

First, we assume lðTE � PEÞ � gðRE � SEÞ > 0 or
lðRE � SEÞ � gðTE � PEÞ > 0. From lðTE � PEÞ � gðRE � SEÞ > 0, the
first inequality of Eq. (83) is not satisfied for any p1 and p4. Also,
from lðRE � SEÞ � gðTE � PEÞ > 0, the second inequality of Eq. (84)
is not satisfied for any p1 and p4.

Second, we assume lðTE � PEÞ � gðRE � SEÞ � 0 and
lðRE � SEÞ � gðTE � PEÞ � 0. When TE � PE > RE � SE;
lðTE � PEÞ � gðRE � SEÞ � 0 lead to

g P
TE � PE

TE þ RE � PE � SE
> 1=2: ð85Þ

Therefore, g < 1=2 is not satisfied. When
TE � PE 6 RE � SE;lðRE � SEÞ � gðTE � PEÞ � 0 lead to

g P
RE � SE

TE þ RE � PE � SE
P 1=2: ð86Þ

Therefore, g < 1=2 is not satisfied. As a result, any Equalizers do not
exist when gc 6 g < 1=2.
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Appendix B. ZD strategies with 0 < v < 1 do not exist

Let us consider Eqs. (31)–(34) under / < 0 and v < 1. In this
case, we prove that ZD strategies with 0 < v < 1 do not exist.

We assume that / < 0 and v < 1. From here, we analyze them
by dividing them into three cases (1) 0 < p0 < 1, (2) p0 ¼ 0, (3)
p0 ¼ 1 as follows.

(1) 0 < p0 < 1:
From Eqs. (31)–(34),

v̂ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

6 1
/
6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

;

ð87Þ
v̂ RE � jþ l

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

6 1
/
6
v̂ RE � jþ l

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

;

ð88Þ
v̂ j� PE þ l

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0

6 1
/
6
v̂ j� PE þ l

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0 þ d

;

ð89Þ
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0

6 1
/
6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
ð1� dÞp0 þ d

;

ð90Þ
are obtained. For the above four equations, we need to check all six-
teen ways of inequalities for / to exist. As one of the conditions in
those equations, the following inequality must hold

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ

6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
ð1� dÞð1� p0Þ þ d

: ð91Þ

From the above, we obtain

v̂ 6 � ðð1� dÞð1� p0Þ þ dlÞðTE � SEÞ
ðð1� dÞð1� p0Þ þ dlÞðTE � SEÞ � ðð1� dÞð1� p0Þ þ dlÞðRE � SEÞ þ dðl� gÞðRE � jÞ

< �1;

ð92Þ
where the denominator is positive and
�ðð1� dÞð1� p0Þ þ dlÞðRE � SEÞ þ dðl� gÞðRE � jÞ is negative when
PE 6 j 6 RE. Therefore, ZD strategies with 0 < v < 1 do not exist in
the case of 0 < p0 < 1 because we obtain v < 0.

(2) p0 ¼ 0:
From Eqs. (31)–(34),

v̂ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
1� d

6 1
/

6 v̂ RE � j� g
l� g

TE � SE
v̂

þ TE � RE

� �� �
; ð93Þ

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
1� d

6 1
/

6 v̂ RE � jþ l
l� g

TE � SE
v̂

þ TE � RE

� �� �
; ð94Þ

1
/
6
v̂ j� PE þ l

l�g
TE�SE
v̂ þ PE � SE

� �n o
d

; ð95Þ

1
/
6
v̂ j� PE � g

l�g
TE�SE
v̂ þ PE � SE

� �n o
d

; ð96Þ
10
are obtained. For the above four equations, we need to check all
eight ways of inequalities for / to exist. As one of the conditions
in those equations, the following inequality must hold

v̂ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
1� d

6 v̂ RE � j� g
l� g

TE � SE
v̂

þ TE � RE

� �� �
: ð97Þ

From the above, we obtain

v̂ 6 � ð1� dgÞðTE � SEÞ
ð1� dgÞðTE � SEÞ � ð1� dgÞðRE � SEÞ þ dðl� gÞðRE � jÞ

< �1;

ð98Þ
where the denominator is positive and
�ð1� dgÞðRE � SEÞ þ dðl� gÞðRE � jÞ is negative when PE 6 j 6 RE.
Therefore, ZD strategies with 0 < v < 1 do not exist in the case of
p0 ¼ 0 because we obtain v < 0.

(3) p0 ¼ 1:
From Eqs. (31)–(34),

1
/
6
v̂ RE � j� g

l�g
TE�SE
v̂ þ TE � RE

� �n o
d

; ð99Þ

1
/
6
v̂ RE � jþ l

l�g
TE�SE
v̂ þ TE � RE

� �n o
d

; ð100Þ

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
1� d

6 1
/

6 v̂ j� PE þ l
l� g

TE � SE
v̂

þ PE � SE

� �� �
; ð101Þ

v̂ j� PE � g
l�g

TE�SE
v̂ þ PE � SE

� �n o
1� d

6 1
/

6 v̂ j� PE � g
l� g

TE � SE
v̂

þ PE � SE

� �� �
; ð102Þ

are obtained. For the above four equations, we need to check all
eight ways of inequalities for / to exist. As one of the conditions
in those equations, the following inequality must hold

v̂ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o
1� d

6 v̂ j� PE � g
l� g

TE � SE
v̂

þ PE � SE

� �� �
: ð103Þ

From the above, we obtain

v̂ 6 � ð1� dgÞðTE � SEÞ
ð1� dgÞðTE � SEÞ � ð1� dgÞðTE � PEÞ þ dðl� gÞðj� PEÞ

< �1;

ð104Þ
where the denominator is positive and
�ð1� dgÞðTE � PEÞ þ dðl� gÞðj� PEÞ is negative when
PE 6 j 6 RE. Therefore, ZD strategies with 0 < v < 1 do not exist
in the case of p0 ¼ 1 because we obtain v < 0.
Appendix C. Transforming Eqs. (42)–(45) to Eqs. (46)–(49)

C.1. Transforming Eq. (42) to Eq. (46)
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Multiplying both sides of Eq. (42) by 1/v̂; ð1� dÞð1� p0Þ þ d and
ð1� dÞð1� p0Þ, we obtain

ð1� dÞð1� p0Þ RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o

6 ðð1� dÞð1� p0Þ þ dÞ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
:

ð105Þ

Transposing the terms of j to the left-hand side and transposing the
other term to the right-hand side, we obtain

ðð1� dÞð1� p0Þ þ dÞj� ð1� dÞð1� p0Þj
6 ðð1� dÞð1� p0Þ þ dÞ RE � g

l�g
TE�SE
v̂ þ TE � RE

� �n o

�ð1� dÞð1� p0Þ RE þ l
l�g

TE�SE
v̂ þ TE � RE

� �n o
:

ð106Þ

The above inequality can be simplified into

dj 6 dRE � ðgdþ ð1� dÞð1� p0ÞÞ

� 1
l� g

TE � SE
v̂

þ TE � RE

� �
: ð107Þ

Dividing both sides of the above inequality by d, we obtain

j 6 RE �
ð1d � 1Þð1� p0Þ þ g

l� g
TE � SE

v̂
þ TE � RE

� �
: ð108Þ
C.2. Transforming Eq. (43) to Eq. (47)

Multiplying both sides of Eq. (43) by 1/v̂; ð1� dÞð1� p0Þ þ d and
ð1� dÞp0, we obtain

ð1� dÞp0 RE � jþ l
l�g

TE�SE
v̂ þ TE � RE

� �n o

6 ðð1� dÞð1� p0Þ þ dÞ j� PE � g
l�g

TE�SE
v̂ þ PE � SE

� �n o
:

ð109Þ

Transposing the terms of j to the right-hand side and transposing
the other term to the left-hand side, we obtain

ð1� dÞp0 RE þ l
l�g

TE�SE
v̂ þ TE � RE

� �n o

þðð1� dÞð1� p0Þ þ dÞ PE þ g
l�g

TE�SE
v̂ þ PE � SE

� �n o

6 ðð1� dÞð1� p0Þ þ dÞjþ ð1� dÞp0j:

ð110Þ

The above inequality can be simplified into

PE þ g
l� g

TE � SE
v̂

þ PE � SE

� �
þ ð1

� dÞp0 RE � PE þ TE � SE
v̂

þ lðTE � REÞ � gðPE � SEÞ
l� g

� �

6 j: ð111Þ
C.3. Transforming Eq. (44) to Eq. (48)

Multiplying both sides of Eq. (44) by 1/v̂; ð1� dÞp0 þ d and
ð1� dÞð1� p0Þ, we obtain

ð1� dÞð1� p0Þ j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o

6 ðð1� dÞp0 þ dÞ RE � j� g
l�g

TE�SE
v̂ þ TE � RE

� �n o
:

ð112Þ

Transposing the terms of j to the left-hand side and transposing the
other term to the right-hand side, we obtain

ð1� dÞð1� p0Þjþ ðð1� dÞp0 þ dÞj
6 ðð1� dÞp0 þ dÞ RE � g

l�g
TE�SE
v̂ þ TE � RE

� �n o

þð1� dÞð1� p0Þ PE � l
l�g

TE�SE
v̂ þ PE � SE

� �n o
:

ð113Þ
11
The above inequality can be simplified into

j 6 RE � g
l�g

TE�SE
v̂ þ TE � RE

� �

�ð1� dÞð1� p0Þ RE � PE þ TE�SE
v̂ þ lðPE�SEÞ�gðTE�REÞ

l�g

n o
:

ð114Þ
C.4. Transforming Eq. (45) to Eq. (49)

Multiplying both sides of Eq. (45) by 1/v̂; ð1� dÞp0 þ d and
ð1� dÞp0, we obtain

ð1� dÞp0 j� PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o

6 ðð1� dÞp0 þ dÞ j� PE � g
l�g

TE�SE
v̂ þ PE � SE

� �n o
:

ð115Þ

Transposing the terms of j to the right-hand side and transposing
the other term to the left-hand side, we obtain

ð1� dÞp0 �PE þ l
l�g

TE�SE
v̂ þ PE � SE

� �n o

þðð1� dÞp0 þ dÞ PE þ g
l�g

TE�SE
v̂ þ PE � SE

� �n o

6 ðð1� dÞp0 þ dÞj� ð1� dÞp0j:

ð116Þ

The above inequality can be simplified into

dPE þ ðð1� dÞp0 þ dgÞ 1
l� g

TE � SE
v̂

þ PE � SE

� �
6 dj: ð117Þ

Dividing both sides of the above inequality by d, we obtain

PE þ
1
d � 1
	 


p0 þ g
l� g

TE � SE
v̂

þ PE � SE

� �
6 j: ð118Þ
Appendix D. Transforming Eqs. (50)–(53) to Eqs. (54)–(57)

D.1. Transforming Eq. (50) to Eq. (54)

Transposing the terms of v̂ to left-hand side of Eq. (50) and
transposing the other term to right-hand side of Eq. (50), we obtain

g
l�gþ ð1� dÞp0 þ

1
d�1ð Þð1�p0Þþg

l�g

� �
TE�SE
v̂

6 RE � PE �
1
d�1ð Þð1�p0Þþg

l�g TE � REð Þ
� g

l�g PE � SEð Þ � ð1� dÞp0 RE � PE þ lðTE�REÞ�gðPE�SEÞ
l�g

n o
:

ð119Þ

Multiplying both sides of the above inequality by ðl� gÞd, we
obtain

fdgþ ðl� gÞdð1� dÞp0 þ ð1� dÞð1� p0Þ þ dgg TE�SE
v̂

6 ðl� gÞdðRE � PEÞ � ð1� dÞð1� p0Þ þ dgf g TE � REð Þ
�gd PE � SEð Þ � dð1� dÞp0 ðl� gÞðRE � PEÞ þ lðTE � REÞ � gðPE � SEÞf g:

ð120Þ
The above inequality can be simplified into

ð1� ð1� dÞp0Þð1� dþ 2dgÞ TE�SE
v̂

6 ðl� gÞdðRE � PEÞ � ð1� dÞð1� p0ÞðTE � REÞ � dgðTE � REÞ
�gd PE � SEð Þ � dð1� dÞp0ðl� gÞðRE � PEÞ � dð1� dÞp0ðlðTE � REÞ � gðPE � SEÞÞ:

ð121Þ
Factoring out a common factor of the above inequality, we obtain

ð1� ð1� dÞp0Þð1� dþ 2dgÞ TE�SE
v̂

6 ð1� ð1� dÞp0Þdðl� gÞðRE � PEÞ � ð1� ð1� dÞp0ÞgdðPE � SEÞ
�ðð1� dÞð1� p0Þ þ dð1� dÞp0lþ dgÞðTE � REÞ:

ð122Þ
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The above inequality can be simplified into

ð1� ð1� dÞp0Þð1� dþ 2dgÞ TE�SE
v̂

6 ð1� ð1� dÞp0Þdðl� gÞðRE � PEÞ � ð1� ð1� dÞp0ÞgdðPE � SEÞ
�ð1� ldÞð1� ð1� dÞp0ÞðTE � REÞ:

ð123Þ
Dividing both sides of the above inequality by 1� ð1� dÞp0, we
obtain

ð1� dþ 2dgÞ TE � SE
v̂

6 dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞ

� ðTE � REÞ: ð124Þ
Multiplying both sides of the above inequality by v̂, we obtain

ð1� dþ 2dgÞðTE � SEÞ 6 ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1
� dÞðTE � REÞÞv̂: ð125Þ
D.2. Transforming Eq. (51) to Eq. (55)

Transposing the terms of v̂ to left-hand side of Eq. (51) and
transposing the other term to right-hand side of Eq. (51), we obtain

g
l�gþ ð1� dÞp0 þ g

l�g þ ð1� dÞð1� p0Þ
n o

TE�SE
v̂

6 RE � PE � g
l�g ðTE � REÞ � ð1� dÞð1� p0ÞðRE � PEÞ � ð1� dÞð1� p0Þ lðPE�SE Þ�gðTE�RE Þ

l�g

� g
l�g ðPE � SEÞ � ð1� dÞp0ðRE � PEÞ � ð1� dÞp0

lðTE�RE Þ�gðPE�SEÞ
l�g :

ð126Þ

Multiplying both sides of the above inequality by l� g, we obtain

ðl� gÞð1� dÞp0 þ 2gþ ðl� gÞð1� dÞð1� p0Þf g TE�SE
v̂

6 ðl� gÞðRE � PEÞ � gðTE � REÞ � ðl� gÞð1� dÞð1� p0ÞðRE � PEÞ
�ð1� dÞð1� p0ÞðlðPE � SEÞ � gðTE � REÞÞ
�gðPE � SEÞ � ðl� gÞð1� dÞp0ðRE � PEÞ � ð1� dÞp0ðlðTE � REÞ � gðPE � SEÞÞ:

ð127Þ

The above inequality can be simplified into

ð1� dþ 2gdÞ TE�SE
v̂

6 ðl� gÞðRE � PEÞ � gðTE � REÞ � ðl� gÞð1� dÞð1� p0ÞðRE � PEÞ
�lð1� dÞð1� p0ÞðPE � SEÞ þ gð1� dÞð1� p0ÞðTE � REÞ
�gðPE � SEÞ � ðl� gÞð1� dÞp0ðRE � PEÞ � lð1� dÞp0ðTE � REÞ þ gð1� dÞp0ðPE � SEÞ:

ð128Þ

Factoring out a common factor of the above inequality, we obtain

ð1� dþ 2gdÞ TE�SE
v̂ 6 ðl� gÞð1� ð1� dÞð1� p0Þ � ð1� dÞp0ÞðRE � PEÞ

þð�gþ gð1� dÞð1� p0Þ � lð1� dÞp0ÞðTE � REÞ
þð�lð1� dÞð1� p0Þ � gþ gð1� dÞp0ÞðPE � SEÞ:

ð129Þ

The above inequality can be simplified into

ð1� dþ 2gdÞ TE�SE
v̂ 6 dðlðRE � PEÞ � gðTE � SEÞÞ

�ð1� dÞðPE � SEÞ � ð1� dÞp0ðTE � RE � PE þ SEÞ:
ð130Þ

Multiplying both sides of the above inequality by v̂, we obtain

ð1� dþ 2gdÞðTE � SEÞ 6 ðdðlðRE � PEÞ � gðTE � SEÞÞ
�ð1� dÞðPE � SEÞ � ð1� dÞp0ðTE � RE � PE þ SEÞÞv̂:

ð131Þ
D.3. Transforming Eq. (52) to Eq. (56)

Transposing the terms of v̂ to left-hand side of Eq. (52) and
transposing the other term to right-hand side of Eq. (52), we obtain

1
d�1ð Þp0þg
l�g þ

1
d�1ð Þð1�p0Þþg

l�g

� �
TE�SE
v̂

6 RE � PE �
1
d�1ð Þð1�p0Þþg

l�g ðTE � REÞ �
1
d�1ð Þp0þg
l�g ðPE � SEÞ:

ð132Þ
12
Multiplying both sides of the above inequality by ðl� gÞd, we
obtain

ð1� dÞp0 þ dgþ ð1� dÞð1� p0Þ þ dgð Þ TE�SE
v̂

6 ðl� gÞdðRE � PEÞ � ð 1� dÞð1� p0Þ þ dgð ÞðTE � REÞ � ð 1� dÞp0 þ dgð ÞðPE � SEÞ:
ð133Þ

The above inequality can be simplified into

1� dþ 2dgð Þ TE�SE
v̂

6 dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ þ ð1� dÞp0ðTE � RE � PE þ SEÞ
ð134Þ

Multiplying both sides of the above inequality by v̂, we obtain

1� dþ 2dgð ÞðTE � SEÞ
6 ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ þ ð1� dÞp0ðTE � RE � PE þ SEÞÞv̂:

ð135Þ
D.4. Transforming Eq. (53) to Eq. (57)

Transposing the terms of v̂ to left-hand side of Eq. (53) and
transposing the other term to right-hand side of Eq. (53), we obtain

1
d�1ð Þp0þg
l�g þ ð1� dÞð1� p0Þ þ g

l�g

� �
TE�SE
v̂

6 RE � PE � g
l�g ðTE � REÞ � ð1� dÞð1� p0ÞðRE � PEÞ

�ð1� dÞð1� p0Þ lðPE�SEÞ�gðTE�REÞ
l�g �

1
d�1ð Þp0þg
l�g ðPE � SEÞ:

ð136Þ

Multiplying both sides of the above inequality by ðl� gÞd, we
obtain

ð1� dÞp0 þ dgþ dðl� gÞð1� dÞð1� p0Þ þ dgf g TE�SE
v̂

6 ðl� gÞdðRE � PEÞ � gdðTE � REÞ � ðl� gÞdð1� dÞð1� p0ÞðRE � PEÞ
�ð1� dÞð1� p0ÞdðlðPE � SEÞ � gðTE � REÞÞ � ðð1� dÞp0 þ gdÞðPE � SEÞ:

ð137Þ

Factoring out a common factor of the above inequality, we obtain

ð1� dÞp0 þ dgþ dðl� gÞð1� dÞð1� p0Þ þ dgf g TE�SE
v̂

6 ðl� gÞð1� ð1� dÞð1� p0ÞÞdðRE � PEÞ þ ðð1� dÞð1� p0Þg� gÞdðTE � REÞ
þð�ð1� dÞð1� p0Þdl� ðð1� dÞp0 þ dgÞÞðPE � SEÞ:

ð138Þ

The above inequality can be simplified into

ð1� dþ 2dgÞð1� ð1� dÞð1� p0ÞÞ TE�SE
v̂

6 ðl� gÞdð1� ð1� dÞð1� p0ÞÞðRE � PEÞ
�dð1� ð1� dÞð1� p0ÞÞgðTE � REÞ þ ðdl� 1Þð1� ð1� dÞð1� p0ÞÞðPE � SEÞ:

ð139Þ

Dividing both sides of the above inequality by 1� ð1� dÞð1� p0Þ,
we obtain

ð1� dþ 2dgÞ TE � SE
v̂

6 ðl� gÞdðRE � PEÞ � dgðTE � REÞ

þ ðdl� 1ÞðPE � SEÞ: ð140Þ
The above inequality can be simplified into

ð1� dþ 2dgÞ TE � SE
v̂

6 dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞ

� ðPE � SEÞ: ð141Þ
Multiplying the both sides of the above inequality by v̂, we obtain

ð1� dþ 2dgÞðTE � SEÞ 6 ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1
� dÞðPE � SEÞÞv̂: ð142Þ
Appendix E. Condition of discount factor d and error rate g for
the existence of pcZD strategies

Because the coefficient of v̂ of Eqs. (54)–(57) must be positive,
we obtain



A. Mamiya, D. Miyagawa and G. Ichinose Journal of Theoretical Biology 526 (2021) 110810
dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ > 0; ð143Þ

dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SE þ p0ðTE � RE

� PE þ SEÞÞ
> 0; ð144Þ

dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � RE � p0ðTE � RE

� PE þ SEÞÞ
> 0; ð145Þ

dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ > 0: ð146Þ

In this case, solving Eqs. (143)–(146) for d, we obtain

d >
TE � RE

lðRE � PEÞ � gðTE � SEÞ þ TE � RE
; ð147Þ

d >
PE � SE þ p0ðTE � RE � PE þ SEÞ

lðRE � PEÞ � gðTE � SEÞ þ PE � SE þ p0ðTE � RE � PE þ SEÞ ;

ð148Þ

d >
TE � RE � p0ðTE � RE � PE þ SEÞ

lðRE � PEÞ � gðTE � SEÞ þ TE � RE � p0ðTE � RE � PE þ SEÞ ;

ð149Þ
¼ PE � SE
lðRE � PEÞ � gðTE � SEÞ þ PE � SE

� PE � SE þ p0ðTE � RE � PE þ SEÞ
lðRE � PEÞ � gðTE � SEÞ þ PE � SE þ p0ðTE � RE � PE þ SEÞ

¼ fðPE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ PE � SE þ p0ðTE � RE � PE þ SEÞ
�ðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðPE � SE þ p0ðTE � RE � PE þ

=fðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ PE �
¼ �fp0ðTE � RE � PE þ SEÞðlðRE � PEÞ � gðTE � SEÞÞg

=fðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ PE �
> 0:

¼ PE � SE
lðRE � PEÞ � gðTE � SEÞ þ PE � SE

� TE � RE � p0ðTE � RE � PE þ SEÞ
lðRE � PEÞ � gðTE � SEÞ þ ðTE � REÞ � p0ðTE � RE � PE þ SEÞ

¼ fðPE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ ðTE � REÞ � p0ðTE � RE � PE þ S

�ðTE � RE � p0ðTE � RE � PE þ SEÞÞðlðRE � PEÞ � gðTE � SEÞ þ PE �
=fðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ ðTE

¼ �fð1� p0ÞðTE � RE � PE þ SEÞðlðRE � PEÞ � gðTE � SEÞÞg
=fðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ ðTE

> 0:

13
d >
PE � SE

lðRE � PEÞ � gðTE � SEÞ þ PE � SE
: ð150Þ

For Eqs. (147)–(150), due to
d < 1;lðRE � PEÞ � gðTE � SEÞ > 0ð () g < gcÞ must hold. Thus,
there are no pcZD strategies when g > gc . gc is the same as the
one defined in Eq. (21). In the case of RE þ PE > TE þ SE, Eq. (150)
is the maximum. In the case of RE þ PE < TE þ SE, Eq. (147) is the
maximum. In the case of RE þ PE ¼ TE þ SE, Eqs. (147)–(150) take
the same value (Appendix F). Therefore, we obtain d > dc . dc is the
same as the one defined in Eq. (27).

Appendix F. Magnitude relationship of Eqs. (147)–(150)

In this section, we check the magnitude relationship of Eqs.
(147)–(150).

F.1. Case of RE þ PE > TE þ SE

We first check the case of RE þ PE > TE þ SE. Each of the differ-
ences between Eq. (150) and Eqs. (147)–(149) is

(Eq. (150)–Eq. (147))

¼ PE � SE
lðRE � PEÞ � gðTE � SEÞ þ PE � SE

� TE � RE

lðRE � PEÞ � gðTE � SEÞ þ TE � RE

¼ � ðTE � RE � PE þ SEÞðlðRE � PEÞ � gðTE � SEÞÞ
ðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞ > 0:

ð151Þ

(Eq. (150)–Eq. (148))(Eq. (150)–Eq. (149))
Þ
SEÞÞg
SE þ p0ðTE � RE � PE þ SEÞÞg

SE þ p0ðTE � RE � PE þ SEÞÞg

ð152Þ

EÞÞ
SEÞg
� REÞ � p0ðTE � RE � PE þ SEÞÞg

� REÞ � p0ðTE � RE � PE þ SEÞÞg

ð153Þ
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Therefore, in this case, Eq. (150) is the maximum.
F.2. Case of RE þ PE < TE þ SE

Next, we check the case of RE þ PE < TE þ SE. Each of the differ-
ences between Eq. (147) and Eqs. (148)–(150) is

(Eq. (147)–Eq. (148))
¼ TE � RE

lðRE � PEÞ � gðTE � SEÞ þ TE � RE

� PE � SE þ p0ðTE � RE � PE þ SEÞ
lðRE � PEÞ � gðTE � SEÞ þ ðPE � SEÞ þ p0ðTE � RE � PE þ SEÞ

¼ ð1� p0ÞðTE � RE � PE þ SEÞðlðRE � PEÞ � gðTE � SEÞÞ
ðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞðlðRE � PEÞ � gðTE � SEÞ þ ðPE � SEÞ þ p0ðTE � RE � PE þ SEÞÞ
> 0:

ð154Þ

(Eq. (147)–Eq. (149))

¼ TE � RE

lðRE � PEÞ � gðTE � SEÞ þ TE � RE
� TE � RE � p0ðTE � RE � PE þ SEÞ
lðRE � PEÞ � gðTE � SEÞ þ ðTE � REÞ � p0ðTE � RE � PE þ SEÞ

¼ fðTE � REÞðlðRE � PEÞ � gðTE � SEÞ þ ðTE � REÞ � p0ðTE � RE � PE þ SEÞÞ
�ðTE � RE � p0ðTE � RE � PE þ SEÞÞðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞg
=fðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞðlðRE � PEÞ � gðTE � SEÞ þ ðTE � REÞ � p0ðTE � RE � PE þ SEÞÞg

¼ p0ðTE � RE � PE þ SEÞðlðRE � PEÞ � gðTE � SEÞÞ
ðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞðlðRE � PEÞ � gðTE � SEÞ þ ðTE � REÞ � p0ðTE � RE � PE þ SEÞÞ
> 0:

ð155Þ

(Eq. (147)–Eq. (150))

¼ TE � RE

lðRE � PEÞ � gðTE � SEÞ þ TE � RE
� PE � SE
lðRE � PEÞ � gðTE � SEÞ þ PE � SE

¼ ðTE � REÞðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞ � ðPE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞ
ðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞ

¼ ðTE � RE � PE þ SEÞðlðRE � PEÞ � gðTE � SEÞÞ
ðlðRE � PEÞ � gðTE � SEÞ þ PE � SEÞðlðRE � PEÞ � gðTE � SEÞ þ TE � REÞ > 0:

ð156Þ
Therefore, in this case, Eq. (147) is the maximum.

F.3. Case of RE þ PE ¼ TE þ SE

In the case of RE þ PE ¼ TE þ SE, Eqs. (151)–(156) become zero.
Therefore, Eqs. (147)–(150) take the same value.

Appendix G. Magnitude relationship of Eqs. (58)–(61)

In this section we check the magnitude relationship of Eqs.
(58)–(61).

G.1. Case of RE þ PE > TE þ SE

We first check the case of RE þ PE > TE þ SE. Each of the differ-
ences between Eq. (61) and Eqs. (58)–(60) is

(Denominator of Eq. (58))–(Denominator of Eq. (61))

¼ dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ
�ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞÞ

¼ �ð1� dÞðTE � RE � PE þ SEÞ > 0:
ð157Þ

(Denominator of Eq. (59))–(Denominator of Eq. (61))

¼ dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ � ð1� dÞp0ðTE � RE � PE þ SEÞ
�ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞÞ

¼ �ð1� dÞp0ðTE � RE � PE þ SEÞ > 0:
ð158Þ
14
(Denominator of Eq. (60))–(Denominator of Eq. (61))
¼ dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ þ ð1� dÞp0ðTE � RE � PE þ SEÞ
�ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞÞ

¼ �ð1� dÞð1� p0ÞðTE � RE � PE þ SEÞ > 0:
ð159Þ
Therefore, in this case, Eq. (61) is the maximum.
G.2. Case of RE þ PE < TE þ SE

Next, we check the case of RE þ PE < TE þ SE. Each of the differ-
ences between Eq. (58) and Eqs. (59)–(61) is.

(Denominator of Eq. (59))–(Denominator of Eq. (58))

¼ dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ � ð1� dÞp0ðTE � RE � PE þ SEÞ
�ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞÞ

¼ ð1� dÞð1� p0ÞðTE � RE � PE þ SEÞ > 0:
ð160Þ

(Denominator of Eq. (60))–(Denominator of Eq. (58))

¼ dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞ þ ð1� dÞp0ðTE � RE � PE þ SEÞ
�ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞÞ

¼ ð1� dÞp0ðTE � RE � PE þ SEÞ > 0:
ð161Þ

(Denominator of Eq. (61))–(Denominator of Eq. (58))

¼ dðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðPE � SEÞ
�ðdðlðRE � PEÞ � gðTE � SEÞÞ � ð1� dÞðTE � REÞÞ

¼ ð1� dÞðTE � RE � PE þ SEÞ > 0:
ð162Þ

Therefore, in this case, Eq. (58) is the maximum.
G.3. Case of RE þ PE ¼ TE þ SE

In the case of RE þ PE ¼ TE þ SE, Eqs. (157)–(159) become zero.
Therefore, Eqs. (58)–(61) take the same value.
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