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There is increasing evidence showing that antimicrobial consumption provides a powerful
selective force that promotes the emergence of resistance in pathogenic, commensal as well as zoonotic
bacteria in animals. The main aim of this study was to develop a modeling framework that can be
used to assess the impact of antimicrobial usage in pigs on the emergence and transmission of resistant
bacteria within a finisher pig farm. The transmission dynamics of drug-sensitive and drug-resistant
bacteria among pigs in the herd were characterized by studying the local and global stability properties
of steady state solutions of the system. Numerical simulations demonstrating the influence of factors
such as initial prevalence of infection, presence of pre-existing antimicrobial resistant mutants,
and frequency of treatment on predicted prevalence were performed. Sensitivity analysis revealed
that two parameters had a huge influence on the predicted proportion of pigs carrying resistant
bacteria: (a) the transmission coefficient between uninfected pigs and those infected with drug-
resistant bacteria during treatment (f3,) and after treatment stops (f3), and (b) the spontaneous clear-
out rate of drug-resistant bacteria during treatment (7,) and immediately after treatment stops (y5).
Control measures should therefore be geared towards reducing the magnitudes of f, and f; or
increasing those of y, and y,.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

There is increasing evidence showing that antimicrobial usage
provides a powerful selective force that promotes the emergence
of resistance in both pathogenic, commensal and zoonotic
bacteria in animals (Barbosa and Levy, 2000; Angulo et al,,
2004; Asai et al., 2000; Delsol et al., 2005; Jensen et al., 2006). The
emergence, persistence and spread of resistant bacteria is of
growing concern since it might compromise the control of
infections by reducing treatment options for infected animals.
This may lead to an overall increase in disease transmission,
morbidity, mortality and sometimes to economic losses to the
animal production industry where tonnes of antimicrobial agents
are consumed yearly (McGowan, 2001).

Most foodborne zoonotic infections are caused by Salmonella,
Campylobacter and pathogenic Escherichia coli residing in the gut
micro-flora of animals (Altekruse et al., 1999; Engberg et al., 2006;
McDermott, 2006). Salmonella has main reservoirs in cattle, pig,
chicken and turkey, Campylobacter spp. (especially jejuni and coli)
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has reservoirs in chicken and turkey while pathogenic E. coli has
main reservoir in cattle (Angulo et al, 2004). Antimicrobial
usage in animals increases the frequency of resistant genes in
target bacteria as well as in commensal and zoonotic bacteria
(via horizontal gene transfer). Bacteria carrying these resistant
genes can be transferred to humans via the food chain (White and
McDermott, 2006; Teale, 2004). Since the farm is the only point
along the food chain where antimicrobial agents are prescribed
and used, an assessment of the impact of antimicrobial usage in
animals on the within-herd transmission dynamics of resistant
bacteria (or their determinants) is key to limiting the emergence
and spread of resistant bacteria within the herd and consequently
the amount of resistant bacteria input to the food chain (Delsol
et al., 2005).

Very few attempts have been made to assess the impact of
antimicrobial consumption on the transmission dynamics of
resistant bacteria among animals (Kavanagh et al., 2005). The
few studies that have characterized the dynamics of resistant
genes and bacteria and the effect of antimicrobial usage have been
in human populations in intensive care units or closed commu-
nities. For example, Austin et al. (1997) proposed a mathematical
modeling framework for studying the relationship between
resistance in commensal organisms and antibiotic consumption.
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Their model characterized the colonization of a human host
population (in an intensive care unit) by commensal bacteria in
the presence of antimicrobial agents. Similar models have also
been defined and used to study the transmission dynamics of
resistance in commensal bacteria in humans (Levin and Andrea-
son, 1999; Lipsitch and Samore, 2002; Smith et al., 2002). These
models assumed that the treatment effect was constant over time.
However, due to the fluctuations in drug concentration over time
resulting from absorption, distribution and elimination in the
animal, it appears more appropriate to assume that the treatment
effect is time-varying (Huang et al., 2003; Rong et al., 2007).
Lower resistance selection intensities are known to be associated
with intramuscular injections as compared to oral drug admin-
istration in animals (Wiuff et al.,, 2003; Bibbal et al., 2007).
However, when large groups of animals are treated, the most
common mode of administration is oral, via medicated feed or
water. This study focuses on pigs which account for the majority
of antibiotic consumption in Denmark as a result of pigs being the
largest part of the livestock production industry (Anonymous,
2007).

There is a need for a modeling framework based on current
knowledge of the epidemiology of antimicrobial resistance in
animals and on important factors which can be used to
characterize the dynamics of resistant bacteria in animals in the
herd under the influence of antimicrobial pressure. Knowledge of
the impact of antimicrobial usage in animals on the transmission
dynamics of resistant bacteria will improve the understanding of
the influence of on-site farming practices on the dynamics of
resistance in bacteria in animals and will also form the basis for a
release assessment (component of a risk assessment).

The main aim of this study was to develop a modeling
framework that can be used to assess the impact of antimicrobial
usage amongst pigs on the emergence and transmission of
resistant bacteria within a finisher pig herd. Some simplifying
assumptions were used in the model building process as
described in Section 2. This section also discusses threshold
parameters and the two treatment strategies investigated; first-
line (recommended drug) and episodic treatments (first-line
followed by second-line). Transmission dynamics of drug-sensi-
tive and drug-resistant bacteria among pigs in the herd were
characterized by studying the local and global stability properties
of steady state solutions of the system under first-line and
episodic treatments as discussed in Section 3. Results of numerical
simulations demonstrating the influence of factors such as initial
prevalence of infection, presence of pre-existing antimicrobial
resistant mutants, and frequency of treatment on predicted
prevalence are also presented. In addition, the estimation of the
fraction of pigs with drug-resistant bacteria in the herd prior to
transport to slaughter for various levels of antimicrobial con-
sumption is discussed. This section ends with a discussion of the
results of the uncertainty and sensitivity analyzes. A discussion of
the main findings and some future perspectives are presented in
Section 4.

2. Material and methods

A deterministic model is presented to give an average of the
processes governing the dynamics of the spread of resistant
bacteria amongst pigs in a finisher herd. A herd was assumed to
consist of pigs assigned to different states based on their infection
status. They can be either uninfected (susceptible) (S), predomi-
nantly infected with drug-sensitive bacteria (I;) or predominantly
infected with drug-resistant bacteria (Ig). Some simplifying
assumptions of the model are described followed by the model
building process in which the various transitions to and from each

state are discussed. A discussion of a function which describes the
time-varying treatment effect is presented and threshold para-
meters governing the dynamics of resistant bacteria within the
pig population are derived.

2.1. Assumptions

The model is based on the following assumptions which were
made in order to improve understanding of the dynamics of
resistant bacteria among pigs in the herd (Ivanek et al., 2004).

e During treatment, all animals are treated and there are no
deaths, be it infection-related or natural.

e There is random contact between pigs in the herd.
No predefined pattern and contact may or may not lead to
infection.

e Once an animal becomes infected, it immediately becomes
infectious to other animals. We thus ignore the time delay
between acquisition of infection and becoming infectious.

e Treatment does not offer immunity against infection, thus after
successful treatment the animal recovers from the infection
and immediately becomes susceptible again.

e It was assumed that, after treatment stops, pigs with drug-
resistant bacteria spontaneously clear-off bacteria faster than
those with drug-sensitive bacteria do but rather have a slower
transmission rate due to fitness cost incurred by antimicrobial
resistance (Banhoeffer et al., 1997; Lipsitch and Samore, 2002).

e Drug is assumed to have no effect on pigs with resistant
bacteria and offers a metaphylactic advantage to uninfected
pigs.

e Pharmacokinetic properties such as volume of distribution and
elimination rate of the drug are ignored. Only pharmacody-
namic properties are considered. The daily recovery rate is
assumed to be proportional to the quantity of antimicrobial
agent (dose) used.

The implications of relaxing one or more of these assumptions
will be discussed.

2.2. Model formulation

Uninfected pigs enter the infected class at a per capita rate of
P11, with 8; denoting the transmission rate parameter and given
by the contact rate multiplied by the probability of infection per
contact and I;, the number of infected pigs. In a similar manner,
uninfected pigs acquire resistance and move into the drug-
resistant class at a per capita rate of f,Ix with 8, given by the
contact rate between pigs infected with susceptible bacteria and
those infected with drug-resistant bacteria multiplied by the
probability of infection per contact. Bacteria in infected pigs
acquire drug resistance through plasmid transfer at rate al; with «
denoting the product of the contact rate between pigs infected
with drug-sensitive bacteria and those with drug-resistant
bacteria and the probability of infection per contact. The above
explanations are all based on the mass action principle (Hethcote,
2000). Following antimicrobial treatment, infected pigs recover
from the infection at a time-varying recovery rate of #(t) or due to
spontaneous kick-out of pathogenic bacteria at rate 7y,. Pigs
infected with resistant bacteria may spontaneously clear off
bacteria at rate y, and move into the uninfected class. Pigs with
drug-sensitive bacteria also develop resistance via amassed
spontaneous mutations at the rate of ¢ per day.

The flux of pigs from one state to the other is as shown in Fig. 1.
The total population at any time t is assumed to be constant i.e. no
introduction of new finishers or removal until transport to
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slaughter. The herd is said to be at an adiabatic state and thus
(1)

The dynamics of the spread of resistance within the herd can be
described by the following set of coupled differential equations:

IR( t)

S@t) + Ij(t) + Ir(t) = N, Vvt=0

1
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The parameters ¢, 7;, 7,, which are positive real constants,
characterize the flow of pigs from one state to another. These
parameters can be described as representing exponentially
distributed waiting times in the states involved. For example, },
can be interpreted as the probability of residing in the infected
state t days after movement into this state due to spontaneous
clear-off by pigs of drug-sensitive bacteria and is given by P(t) =
e”it with 1/y, as the mean waiting time in this state (Hethcote,
2000).

Rather than working with the population as a whole, fractions
were used so that the force of infection, which is the per capita
rate at which susceptible pigs contract the infection (e.g. f;1(t)/N)
becomes independent of the population size (Hethcote, 2000).
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Fig. 1. Flow of pigs from one state to another. S stands for uninfected pigs, I; for
infected and drug-sensitive pigs and I for infected and drug-resistant pigs.
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Setting x = S(t)/N(t), y = I;)(t)/N(t) and z = Ir(t)/N(t) we have the
following system of equations:

dx _
dt —

= Bxy — oyz — (n(t) + y1 + )y

—B1Xy — BoXz + () + 71y + ¥22

dt:ﬁzxz+ocyz+¢y—yzz wherex+y+z=1, vt=0

X(0)=x0>0, y0)=y,>0 and z(0)=2z,>0 3)

Given the constraint 1 = x +y + z, system (3) can be reduced to
the following system of two equations:

d
T=Pi1—y -2y —ayz— O +7, + )
%_ﬁz(l— —2)Z+0yz+ ¢y — v,z withx=1-y—z, Vvt=0

x(0)=%,>0, y0)=y,>0 and z(0)=2,>=0 (4)

2.3. Treatment of infected pigs

Since our analysis is focused on finisher pigs, it was assumed
that the age and weight are approximately the same for each of
the pigs. It was also assumed that the daily recovery rate is
directly proportional to the drug concentration at the infection
site. This implies that only concentration dependent drugs such as
fluoroquinolones and amino-glycosides such as gentamicin and
streptomycin could be considered. During therapy, the change in
average treatment effect against time was modeled based on the
bi-exponential model (Wong et al., 1979; Greenblatt et al., 2002;
Davies et al., 2006):

(5)

A and B are parameters usually estimated from concentration-
time data points and t* is the time (in days) during treatment.
Arbitrary values were assumed for A and B to depicts behavior
typical of concentration-dependent drugs. Fig. 2(a) depict the
change in treatment effect with time for a concentration-

N(t*) = T+ eXp(—A x t*) — T % exp(—B = t¥)
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Fig. 2. (a) Single treatment effect (1) as a function of the recovery rate (t) and time. After treatment stops, the effect decreases exponentially with time. (b) Episodic
treatment effect as a function of the recovery rate and time. The first-line treatment with recovery rate t = 0.5 was followed by a second-line treatment with recovery rate

T = 0.8 after 20 days.
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dependent drug with recovery rates of 0.5 and 0.8, respectively.
The infected pigs were expected to recover after approximately
3 days when the recovery rate was 0.33, 2 days with recovery rate
of 0.5 and 1.25 days with recovery rate of 0.8. It was assumed that
immediately after treatment stopped, the treatment -effect
decreased exponentially until it hit zero. Eq. (5) was modified
for each recovery rate such that the maximum attainable effects
were obtained.

In the event of treatment failure following the first-line
treatment regime for a given number of days, an alternative
therapy could be applied. Fig. 2(b) shows the situation where first-
line therapy was followed by second-line therapy (increase in
dose for current treatment or use of an alternative, more effective
drug). By considering the recovery rates only, any drug can easily
be modeled ignoring its pharmacodynamic and pharmacokinetic
properties.

2.4. Threshold parameters

The transmission dynamics of any infection in the herd is
governed by the basic reproduction number (Ry) which is defined
as the expected number of secondary infected pigs resulting from
the introduction of one infected pig in an entirely susceptible pig
population in the herd (Hethcote, 2000; Edelstein-Keshet, 2005).
It is given by the product of the rate at which newly infected pigs
arise and the average infectious period. For pigs with drug-
sensitive bacteria R; = 8, /(n(t) + ¢ + ;) and for those with drug-
resistant bacteria R, = (8, + ®)/7,. It can be immediately seen that
R; is dependent on the treatment effect # whereas R; is not.

In order for an infection to be established in the pig population
in the herd, dy/dt>0 which leads to the following inequality:

MO+ +dtaxz nO+)+¢ 1
Bi Bi R;
For an infection-free herd, x=1, y =0 and z = 0 from which it
follows that for an infection to be established, R; must exceed 1.
Otherwise, the infection will vanish from the finisher pig farm
with time.
For antimicrobial resistance to persist, dz/dt>0 i.e.

Baxz +oyz + ¢y — 7,2>0

which is true only if ,x —y,>0 or oy — 7y, >0. Basic algebraic
manipulations (and using the implication: f,x>7, = fx+
oax>7y, since >0 and x>0 or ay>y, = oy+ fy>y, since
>0 and y>0) yield that the inequality holds true if x>1/R, or
y>1/R,. Combining these two inequalities (using the property of
additivity of inequalities), and using the equation x+y =1 (for
resistant-infection-free herd), it follows that R, >1. Thus for pigs
carrying antimicrobial resistant bacteria to persist in the herd,
R, >1.

3. Analysis of system (3)
3.1. Boundedness of solutions

The boundedness of the solutions of system (3) guarantees its
mathematical and epidemiological validity over the entire dura-
tion of stay of the pigs in the herd prior to transport to slaughter
(Esteva and Vargas, 1998). To show that system (3) is bounded, it
suffices to show that the region, Q= {(x,y,z: x>0, y>0,
z>0, R;=0, R >0, and x +y + z = 1} is positive invariant. This is
trivial since for all t >0 the solution paths of system (3) all fall in 2
i.e. the vector field of the boundary does not point to the exterior.
Therefore system (3) is mathematically and epidemiologically
well posed.

3.2. Existence and stability of equilibria

Equilibria (steady states) represent behavior that persists in
time for the system and were obtained by setting the right hand
side (r.h.s.) of all the equations in system (3) to zero. The following
steady state solutions were obtained: infection-free steady state
given by Ey =(1,0,0) which exists for all parameter values,
resistant free steady state E; = (x,y*,0) which makes sense
biologically for R;>0, the resistant steady state E, = (x=,0,z7)
which exists for R,>1 and the non-trivial co-existence steady
state E3 = (x*,y*,z*) which exists for R;>1, i <o and Rr<1.

By local stability is meant the convergence of any solution of
the system in the neighborhood of a steady state to the steady
state whereas global stability implies convergence of solutions
anywhere in the region @ to the steady state. Local stability is
studied by linearizing the system around the steady state and
global stability by defining a Lyapunov function (Esteva and
Vargas, 1998; Hethcote, 2000; Korobeinikov, 2006). Because we
assume a bilinear incidence rate (mass action), the Lyapunov
functions defined are based on those given by Korobeinikov
(2006).

3.2.1. Stability of infection-free equilibria

The trivial infection-free equilibrium is often of interest since it
is the desired equilibrium state. It reflects successful treatment
where neither pigs with sensitive nor resistant bacteria persist in
time.

The local asymptotic stability of Eq = (1, 0, 0) can be studied via
the reduced steady state Egg = (0,0) and is determined by the
signs of the eigenvalues of the Jacobian matrix obtained by
linearizing system (4) around E. The Jacobian represents the best
linear approximation of system (4) at Egy = (0,0). The following
Jacobian matrix was obtained:

mqq 0
J(Eoo)=< b m22>

where my; = (1 — 1/R;) and my; = f5 — )5
The eigenvalues are given by the roots of the characteristic
equation:

deta(Eoo) — /Ll) =0
where I is the 2 x 2 identity matrix. This gives
(my1 — A)(mxp —4)=0

from which the eigenvalues were: A; = my; = (1 —1/R;) and
Ja =My = B — 7,

This steady state will be locally asymptotically stable if 1; <0
and 4, <0. 21 <0if R;<1 and 4, <0 if 5, /y, <1. But then, f3,/y, =
Rr—oa/y, = Rr<1+o0/y, from which it follows R, <1.

Thus, if pigs infected with drug-sensitive and drug-resistant
bacteria arise at a rate lower than the rate at which they loss their
infection status, then the infection will not invade the pig
population. This means therefore that any solution of system (3)
in the neighborhood of (1,0,0) will approach the infection-free
equilibrium.

The global stability of the infection-free steady state is
established in the following proposition:

Proposition. All solutions in the region Q approach the infection-
free equilibrium Eq = (1,0,0) for R;<1 and R, <1.

Proof. Consider the Lyapunov function: V:Q - R, V=y+z
which is well defined and continuous in Q. V=0 at (x,y,2) =
(1,0,0) and positive if (x,y,z)##(1,0,0). Also for any solution ¢(t),
V(¢ (to)) = V(h(t1)) for t1 > to, where ¢(t)) € V((X0,Y0,20)\ (X0, Yo, Z0)-
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The Lyapunov derivative of V is given by
V=y+z

=[Bix — (O + 71 + O + [Box — y.)2 + dy
On Q, we have that f,x — y, <(o + )X — 5, SO

V<@ + 71 + QIRx — 11y + [(By + X — 9,1z + ¢y
= () + y1 + PIRix — 1y + y,[(Rex — 11z + ¢y <0

for R;<1 and R, <1.

IfRi<1and Rr<1: V=0iffy=0and z= 0.
IfRi=1and R, =1: V=0iffx=1andy=0.

It thus follows from the Lyapunov-Lasalle (LaSalle, 1976) theorem
that Ep is globally asymptotically stable in  and so every
trajectory of system (3) approaches the infection-free equilibrium
for R;<1 and R, <1. Ey is the unique steady state for system (3)
when R;<1and R, <1. O

3.2.2. Co-existence (endemic-resistant) steady state

The previous steady state solution represented a scenario
where neither pigs with drug-sensitive nor drug-resistant bacteria
persisted in time. The non-trivial steady state, where both
uninfected pigs, those with drug-sensitive and drug-resistant
bacteria co-exist is denoted by E; = (x*,y*,z*) where for system

(3)

Ri—1) ( Of)
X=1—-y*—2z* y*= —(1+-+)z¢ and
Y Y R; B
o _—bi\/bz—4ac
2= 5,

2a

witha = (B, —o)ot/By — o, b= (By — ) /Ry — p(ot/ By + 1) + (ot — 7)
and

(%)

z* is real and positive only if a<0, b<0, b<V'b? — 4ac, and ¢>0.
a<0if f,<o; b<0if B, < and Rr<1 and c>0 if R;>1. E3 is thus
defined on the region Q.

The variational (stability) matrix of system (4) at the reduced
steady state, E33 = (y*,z*) is given by

myp My
J(E33) = <m21 mzz)
where  myy = Bi[(«/By + DzF —(Ri = D/R)],  mpz = (o + B4)
[(@/B1+ Dz — (R — D/R)], may =(x—Pr)z*+¢ and my =
Bz = 72) + (By — 0[(e/ By + 1z* — (R — 1)/R)] — 2B,2*.

The eigenvalues of J(E33) satisfy: det(J(Es3) — Al) =0, from
which the following characteristic equation is obtained:

LA +A =0
where Ay = —my; — My, and Ay = my1myy — MyaMy1.
It follows that A; =-A;+ A% —4A,/2 and ;= —Ai—

\JA? — 4A,)2.

A1 and 4, are real if and only ifA% — 4A, >0. This holds true if
A;<0.A;<0if and only if R;>1, R-<1, and f, <a. It immediately

follows that A; <\/Af —4A,. Also, A;>0 for a<f;, Ri>1, and
R, <1. Therefore, the eigenvalues are all real but have opposite
signs. This leads to an unstable steady state called saddle point.
This steady state has two manifolds, one stable (corresponding to
the negative eigenvalue) and the other unstable (corresponding to

Table 1
Existence of steady states for system (3) and conditions for their local and global
asymptotical stability.

Steady state Existence LAS GAS

Eo =(1,0,0) Always Ri<1and R, <1 Ri<1 and R <1

E; = (x*,y*",0) Ri>1 Ri>1, Rr<1 and Ri>1, R-<1 and
a<f a<p,

E; =(x",0,z7) R >1 Ri<1and R, >1 Ri<1and R, >1

E3 = (x*,y*,2%) Ri>1,R-<1 and Unstable NA

Ba<a

LAS, local asymptotic stability; GAS, global asymptotic stability; NA, not assessed.

the positive eigenvalue). For the saddle point, the global stability
was not investigated further.

Stability analysis of the resistant-free steady state
(E; = (x*,y*,0)) revealed that local asymptotic stability holds
only if R;>1, R-<1, and a<pf, and global asymptotic stability
holds provided that R;>1, R, <1 and o< f3,. Also, for the resistant
steady state (E; = (x~,0,z7)) to be locally asymptotically stable,
R;<1 and R,>1 and for global asymptotic stability, R;<1 and
R,>1 (see Appendix). Table 1 summaries the results of the
stability analysis.

3.3. Numerical simulations

Numerical simulations were performed to illustrate the
analytical findings and also to assess the effects of first-line and
episodic treatments on the transmission dynamics of drug-
sensitive and drug- resistant bacteria among pigs within a finisher
herd. Infections in pigs may arise at any time point during their
stay in the herd but in this study a time frame of 50 days prior to
transport to slaughter was considered. Transmission parameter
values were assumed in order to generate varying threshold
parameters used to investigate the analytical results of system (3).
In all the simulations, for a treatment with recovery rate 0.3, the
effect varied according to: #(t*) = c; + 0.3 x exp(—0.2 * t*) — 0.3
exp(—0.3 xt*) and with recovery rate 0.5: n(t*)=c; + 0.5%
exp(—0.2 x t*) — 0.5 x exp(—0.3 x t*). The parameters c; = 0.26
and c; = 0.43 were chosen such that the maximum attainable
treatment effects were approximately 0.3 and 0.5, respectively.
The fitness cost incurred by antimicrobial resistance in pigs was
reflected in the simulations by a reduced transmission coefficient
between pigs infected with drug-resistant bacteria and those
infected with drug-sensitive bacteria (o). A faster recovery rate
was assumed for pigs with drug-resistant bacteria immediately
after treatment stopped (y;). Lastly, since it was assumed that
during treatment, the susceptibles were resistant to colonization
by drug-sensitive bacteria but not by drug-resistant bacteria, the
transmission coefficient between susceptible pigs and those
carrying drug-sensitive bacteria, f;, was assumed to be zero
during treatment.

3.3.1. No pre-existing mutants: first-line treatment

Dynamics of pigs in the herd were studied for first-line
treatments with varying recovery rates; 0.3, 0.5 and 0.8,
respectively, and for different initial proportion of infected pigs.
It was assumed that prior to treatment, the proportion of pigs
infected with resistant bacteria was zero i.e. zg = 0. It can be seen
from Fig. 3(a) that following treatment with a daily recovery rate
of 0.3, the proportion of infected pigs decreased to about 1%.
However, the infection started re-emerging 10 days post treat-
ment. At the end of the study period, there were no pigs infected
with resistant bacteria but about 4% of pigs infected with drug-
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sensitive bacteria persisted in the herd. This represented a
significant reduction from the initial 15% infected prior to
treatment. On the other hand, under the same conditions, for a
drug with an average daily recovery rate of 0.5, no pigs infected
with drug-sensitive bacteria re-emerged post treatment. The
proportion of pigs infected with drug-sensitive bacteria was zero

a
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at the end of the study period compared to the initial prevalence
of 15% (Fig. 3(b)). If prior to treatment, 50% of the pigs were
infected with drug-sensitive bacteria, a treatment with a recovery
at rate of 0.3 led to a higher proportion of infected pigs (about
12%) compared with that of a daily recovery rate of 0.5 (about 2%)
prior to transport to slaughter (Figs. 4(a) and (b)). There were no
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Fig. 3. Solution trajectories for system (3) with initial proportions: xo = 0.85, y, = 0.15, zo = 0 and selected parameter values: §; = 0.1, f, = 0.01, o = 0.001, y; = 0.04,
v, = 0.04, and ¢ = 0.001. The shaded region represents the treatment window. The infection was found to persist following treatment with recovery rate t = 0.3 (a) with
complete eradication with recovery rate T = 0.5 (b). During treatment, in (a) R; = 0 and R, = 0.28 and after treatment 0.34<R;<2.17 and R, = 0.10. In (b), during treatment
R; = 0 and R = 0.28 whereas after treatment 0.22<R;<2.02 and R = 0.10. (a) 7 = 0.3 with treatment effect #<0.3. (b) 7 = 0.5 with treatment effect #<0.5.
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Fig. 4. Solution trajectories for system (3) with initial proportions: xo = 0.5, yo = 0.5 and zy = 0 and selected parameter values: ; = 0.1, f, = 0.01, « = 0.001, y; = 0.04,
7, = 0.04, and ¢ = 0.001. The shaded region represents the treatment window. With 50% of pigs carrying drug-sensitive bacteria prior to treatment, treating at a daily rate
of 0.3 led to a higher proportion of infected pigs as compared to that when treating at a daily rate of 0.5 prior to transport to slaughter. During treatment, in (a) R; = 0 and

R, = 0.28 after treatment 0.34<R;<2.17 and R, = 0.10. In (b) R; = 0 and R, = 0.28 during treatment whereas after treatment 0.22 <R;<2.02 and R, = 0.10. No pigs were
found to carry resistant bacteria. (a) t = 0.3 with treatment effect #<0.3. (b) t = 0.5 with treatment effect #<0.5.



E.N. Abatih et al. / Journal of Theoretical Biology 256 (2009) 561-573 567

a
1.0
0.8 - T
ey 0.6 //
© ’ x:uninfected
S - - --yiinfected
2 ) , z:resistant
g 04\ K
L \ ,
\ /
\ ’
\ //
0.2 - Y )
\ 4
0.0 o DS PRSP PPP PR
[ [ I I I I
0 10 20 30 40 50
Time (Days)

b

1.0
0.8 -
& 4
2 0.6 ,
S —— x:uninfected
c - - -- yiinfected
2 ¥ z:resistant
8 04\
IC \ /'
\ ’
\ ’
\ '/
0.2 - \ L
\ ,/
\ s
\ - -
00 o Smrmmm s m T
! [ T T T I
0 10 20 30 40 50
Time (Days)

Fig. 5. The initial proportions were xo = 0.5, y, = 0.5 and zy, = 0 and the selected parameter values were: §; = 0.2, #, = 0.08, « = 0.04, y; = 0.02, y, = 0.02, ¢ = 0.001 and
Ry > 1. The shaded region represents the treatment window. Almost 3% of the pig population carried resistant bacteria at a recovery rate of 0.3 compared to almost 2% at a
recovery rate of 0.5 prior to transport to slaughter. During treatment, in (a) R; = 0 and R, = 6 whereas after treatment 0.73<R;<7.66 and R, = 2.5. In (b), during treatment
R; = 0 and R, = 6 whereas after treatment 0.45<R;<6.76 and R, = 1.75. (a) t = 0.3 with treatment effect #<0.3. (b) r = 0.5 with treatment effect #<0.5.

pigs infected with drug-sensitive or drug-resistant bacteria
following treatment with recovery rate = 0.8 prior to transport
to slaughter (not shown). Overall, It was observed that a higher
initial proportion of pigs infected with drug-sensitive bacteria led
to a higher proportion of pigs still carrying drug-sensitive bacteria
prior to transport to slaughter.

In all the previous simulations, it was assumed that R, <1 for
which pigs with drug-resistant bacteria did not surface in the
herd. The case where pigs with drug-resistant bacteria persisted
prior to transport to slaughter (R, > 1) was also considered. Almost
2% of the total pig population possessed drug-resistant bacteria
prior to transport to slaughter with a daily recovery rate of 0.3
compared to about 1% for a treatment with daily recovery rate of
0.5 (Figs. 5a and b).

3.3.2. No pre-existing mutants: episodic treatment

When animals are prescribed first-line treatment, the pre-
valence of infection is expected to decrease. However, due to the
emergence of drug resistance, the infection may persist and
alternative therapy (new drug or increase in dosage of first line
treatment) may be employed. An episodic treatment, starting
with a treatment with recovery rate 0.3 followed by 0.5 was
evaluated for different values of the threshold parameters. In
general, there is no standard waiting time between the first-line
treatment and the second line treatment. This is decided upon by
the veterinarians based on their observations of the health status
of the infected animals and on experience. A waiting time of up to
15 days was used in the simulations. Assuming that 50% of the
total pig population was infected with drug-sensitive bacteria and
transmission parameters chosen such that R;<1 and R, <1, the
infection was found to persist after the first-line treatment (about
2% on day 25) with recovery rate 0.3. Following the second-line
treatment that started at day 25 with a recovery rate of 0.5, the
infection died out by day 30 (Fig. 6(a)). The situation changed
when the parameters were such that R, > 1. On day 25, about 10%
of the pig population was still harboring drug-sensitive bacteria
(Fig. 6(b)). On day 35 when treatment stopped, the fraction of

infected pigs reduced to 0. At the end of the study period, only
about 0.5% of the pigs were infected with drug-resistant bacteria.

3.3.3. Pre-existing antimicrobial resistant mutants: first-line and
episodic treatments

Given that the pig micro-flora is a huge reservoir for
antimicrobial resistant genes, it is very likely that prior to
treatment, resistant genes are already present in the pig
population in the herd. With 10% of the pig population harboring
resistant strains prior to treatment, administration of first-line
treatment cleared out the resistant strains and some of the drug-
sensitive strains (about 15%) at a recovery rate of 0.3 at the end
of the study period (Fig. 7(a)). On the other hand, as shown in
Fig. 7(b), at a recovery rate of 0.5, almost all drug-sensitive and all
drug-resistant strains were cleared out of the herd at the end of
the study period. The threshold parameters R; and R, were all less
than 1.

Next, a scenario was considered in which the threshold
parameter R,>1 and the values of R; varied between 0 and 1.
During treatment, the proportion of infected pigs was observed to
decrease and those with resistant bacteria was observed to
increase. Immediately after treatment stopped, the proportion of
infected pigs was observed to increase steeply whereas those with
resistant strains decreased only slowly (Figs. 8(a) and (b)). The
increase in the proportion of pigs infected with drug-sensitive
bacteria was steeper with a recovery rate of 0.3 as compared to
that at a recovery rate of 0.5. Forty days post treatment, there
were more infected pigs for treatment with recovery rate of 0.3
(about 58%) as compared to that of a recovery rate of 0.5 (about
22%). However, the proportion of pigs infected with drug-resistant
bacteria at the end of the study period was almost the same for a
treatment with recovery rate 0.5 (about 12%) as compared to that
with a recovery rate of 0.3 (about 11%).

Finally, in the next scenario, the effects of an episodic
treatment were tested where 10% of the pig population carried
resistant bacteria and 20% carried drug-sensitive bacteria prior to
treatment. Choosing transmission parameters such that R- <1 and
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R;<1 through out the treatment duration, the infection was 22% of the pigs were still infected with drug-resistant bacteria
cleared out prior to transport to slaughter (Fig. 9(a)). However, 1% (Fig. 9(b)).

of the total pig population was still infected with drug-resistant

bacteria at the end of the study period. Increasing the threshold

parameter such that R,>1, the proportion of pigs infected with 3.3.4. Uncertainty analysis

drug-sensitive bacteria was reduced to zero at the end of the Uncertainty analysis was performed to investigate the un-
study period. However, prior to transport to slaughter about certainties in the choice of parameter values for the simulations
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Fig. 6. Episodic treatment effect with no pre-existing antimicrobial resistant mutants. Initial proportions were xo = 0.5, y, = 0.5, zop = 0 and the selected parameter values
were for (a) f; = 0.1, f, = 0.01, 2 = 0.01, y; = 0.04, y, = 0.04, and ¢ = 0.001 and for (b) f; = 0.2, f, = 0.08, o = 0.04, y; = 0.02, y, = 0.02, and ¢ = 0.001. The shaded
regions represent the treatment windows (lightgray = first-line treatment and darkgray = second-line treatment). In (a), R; =0 and R, = 0.28 during the first line
treatment whereas 0.34<R; <0.96 and R, = 0.12 post first-line treatment. During the second-line treatment, R; = 0 and R, = 0.28 whereas 0.21<R;<0.68 and R, = 0.12
post second-line treatment. In (b) R; = 0 and R, = 6 during the first-line treatment whereas R; = 0 and R, = 1.8 post first-line treatment. During the second-line treatment,
R; = 0 and R, = 6 whereas 0.44<R;<1.57 and R, = 1.8 post second-line treatment. (a) T = 0.3 followed by 7 = 0.5, R, <1. (b) T = 0.3 followed by 7 = 0.5, R, > 1.
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Fig. 7. Solution trajectories for a finisher herd with pre-existing antimicrobial resistant mutants. xo = 0.7, y, = 0.2, zo = 0.1 and the selected parameter values were:
p; =0.1, p, =0.01, « = 0.001, y; =0.04, y, = 0.04, and ¢ = 0.001. The shaded region represents the treatment window. During treatment, in (a) R; = 0 and R, = 0.28
whereas after treatment 0.34<R;<2.17 and R, = 0.09. In (b), during treatment R; = 0 and R, = 0.28 whereas after treatment 0.22 <R;<2.02 and R, = 0.09. (a) T = 0.3 with
treatment effect #<0.3. (b) t = 0.5 with treatment effect 1<0.5.
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and also to control for their influence on the outcome
variable namely, the proportion of pigs infected with drug-
resistant bacteria prior to transport to slaughter. Parameter values
were chosen to reflect thresholds for the occurrence of an
epidemic and the persistence of antimicrobial resistance
in the herd. Little information was available about the distribution
of the transmission parameters used in our simulations.
Therefore, the simulation results of Fig. 8(a) were used with
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parameter values sampled from the Triangular distribution
(Table 2). The mode of the triangular distribution in each
setting was the assumed value of the parameter estimate
in Fig. 8(a) and the maximum and minimum values were
arbitrarily chosen. We generated 10> samples from the assumed
parameter distributions and used these to estimate the variability
around the predicted proportion of pigs with drug-resistant
bacteria.
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Fig. 8. Solution trajectories for a finisher herd with pre-existing antimicrobial resistant mutants. Initial proportions were xo = 0.7, yo = 0.2, zo = 0.1 and the selected
parameter values were: f;; = 0.2, f, = 0.08, a = 0.04, y; = 0.02, y, = 0.02, and ¢ = 0.001. The shaded region represents the treatment window. During treatment, in (a)
0.62<R;<0.72 and R, = 6 after treatment 0.73<R;<7.66 and R, = 1.4. In (b) 0.38<R;<0.45 and R, = 6 during treatment whereas after treatment 0.45<R;<6.76 and
R, = 1.4. (a) T = 0.3 with treatment effect #<0.3. (b) T = 0.5 with treatment effect #<0.5.
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Fig. 9. Episodic treatment effect for different initial proportion of infected pigs. xo = 0.5, ¥, = 0.5, zo = 0 and the selected parameter values are: f;; = 0.2, f, = 0.08,
o =0.04, y; =0.02, y, = 0.02, and ¢ = 0.001. The shaded region represents the treatment window. In (a), 0.29<R;<0.34 and R, = 0.28 during the first line treatment
whereas 0.34 <R; <0.97 and R, = 0.11 post first-line treatment. During the second-line treatment, 0.18 <R;<0.21 and R, = 0.28 whereas 0.21<R;<0.68 and R, = 0.11 post
second-line treatment. In (b) 0.62 <R; <0.72 and R, = 6 during the first-line treatment whereas 0.73 <R;<2.40 and R, = 1.4 post first-line treatment. During the second-
line treatment, 0.37<R;<0.43 and R, = 6 whereas 0.44<R;<1.57 and R, = 1.4 post second-line treatment. (a) T = 0.3 with treatment effect #<0.3. (b) 7 = 0.5 with
treatment effect #7<0.5.
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Table 2
Specification of minimum, mode and maximum of the triangular distribution (Tr.)
characterizing each parameter in Fig. 8(a), Dist., distribution.

Parameter Label Min. Mode Max. Dist.
Transmission rate (x xy) b1 0.11 0.2 0.35 Tr.
Transmission rate (X * z) P 0.05 0.08 0.12 Tr.
Transmission rate (x * z) Bs3? 0.02 0.05 0.09 Tr.
Transmission rate (y * z) oy 0.01 0.04 0.06 Tr.
Transmission rate (y  z) o 0.005 0.02 0.05 Tr.
Sensitive clear-out rate Y1 0.005 0.02 0.05 Tr.
Resistance clear-out rate 72 0.005 0.02 0.05 Tr.
Resistance clear-out rate 73° 0.01 0.05 0.12 Tr.
Mutation rate ) 0.0006 0.001 0.0017 Tr.
2 Value of parameter after treatment stops.
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Fig. 10. Uncertainty analysis. Solution trajectories of system (3) with 95%
confidence bands.

Fig. 10 shows the solution trajectories of system (3) with
95% confidence bands. The estimated proportion of pigs that
were uninfected, harbored drug-sensitive or drug-resistant
bacteria prior to transport to slaughter were about 0.33
(95% CI = (0.26,0.41)), 0.55 (95% CI = (0.45,0.65)) and 0.12 (95%
Cl = (0.10,0.13)), respectively.

3.3.5. Sensitivity analysis

A sensitivity analysis was conducted to determine the relative
contribution of each parameter in determining the proportion of
pigs carrying drug-resistant bacteria (P;). This was done by
calculating the partial rank correlation coefficients (PRCC). The
magnitude of the PRCC indicates the importance of the un-
certainty in estimating each parameter as they independently
contribute to the imprecision in predicating P, (Blower and
Dowlatabadi, 1994; Sanchez and Blower, 1997; Ivanek et al., 2004;
Rong et al., 2007). The PRCCs were estimated in R using the
‘sensitivity’ package. The estimated PRCCs are as shown in Table 3
in descending order of magnitude. PRCCs >|0.5| indicate strong
correlations between the model parameter and P;.

The parameters f,, ff3, 7, and y; were found to exhibit high
correlations with P;. This corresponds to a high level of statistical
influence these parameters have on P, due to their own estimation

Table 3
Partial rank correlation coefficients (PRCCs) between each model parameter and
the estimated proportion of pigs carrying resistant bacteria (P;) at the end of the

finishing period using 10> replications.

Input parameter PRCC 95% confidence interval
Y3 —0.975 (—0.979,-0.973)

P 0.900 (0.886,0.915)

Ba 0.817 (0.798,0.846)

Y2 —0.746 (—0.782,-0.716)

o 0.204 (0.130,0.275)

B —0.154 (—0.216,-0.084)

Y1 0.058 (0.002,0.111)

o 0.016 (—0.040,0.082)

13 0.010 (—0.062,0.070)

uncertainty. An increase in the value of f, or f; will lead to a
corresponding increase in the estimated P, whereas an increase in
the values of ), or y; will lead to a corresponding decrease in the
value of P, (Table 3).

4. Discussion

In this study, a mathematical model was established for
understanding the dynamics of drug-sensitive and drug-resistant
bacteria in a finisher pig herd and for predicting the proportion of
pigs with drug-resistant bacteria prior to transport to slaughter.
The model is similar in formulation to those of Austin et al. (1997)
and Kavanagh et al. (2005). However, the models by Austin et al.
(1997) and Kavanagh et al. (2005) assumed that the treatment
effect was constant whereas in our model, a more realistic time-
varying treatment effect was assumed. Our model can be adapted
to study the transmission dynamics of a commensal bacteria such
as E. coli as well as a zoonotic bacteria such as Salmonella in
animals following the models proposed by Austin et al. (1997) and
Kavanagh et al. (2005), respectively.

Our model predicted that the higher the initial proportion of
infected pigs, the greater the likelihood that resistance will
emerge and the higher the proportion of pigs still carrying drug-
sensitive bacteria prior to transport to slaughter. In addition, if a
fraction of the pig population already carries drug-resistant
bacteria prior to treatment administration, the resistant strains
will die out if the magnitude of the transmission parameters are
small (R <1) and may persist otherwise.

For the first-line treatment, it was observed that when no pigs
carrying drug-resistant bacteria were present in the herd,
increasing the recovery rate led to an increase in the number of
days post treatment at which the infection starts to re-emerge in
the pig population. This implies that prior to transport to
slaughter, the prevalence of the infection will be low. This is
desirable because an infection with a low prevalence will have a
lower chance of escalating. Also, at the same recovery rate,
treatment was more effective for a herd with a smaller fraction of
infected pigs. This is a suggestion that in the event of an infection
in the pig herd, a drug with a high recovery rate should be
employed. Also, it was derived that to arrive at an infection-free
state, where no pigs infected with drug-sensitive or drug-resistant
bacteria were present in the herd prior to transport to slaughter,
R;<1 and R; < 1. This can also be interpreted to mean that if the
proportion of drug-sensitive and drug-resistant pigs are small,
then a combination of appropriate treatment and host’s defense
will clear off bacteria from the pigs and drive the system to the
infection-free steady state. Similar conclusions have been ob-
tained in other studies (van den Driessche and Watmough, 2002).
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However, the effect of the host’s immune system, which has been
shown to play a key role in treatment success (Alavez-Ramirez
et al., 2007) was not included in our analysis for the sake of model
simplification.

Several simplifying assumptions were made during the
modeling process. Provided that the death rate was the same for
all pigs in the different infection states, the assumption of zero
mortality is considered to have little effect on the transmission
dynamics of resistant bacteria in a pig herd. However, if different
mortality rates are associated with pigs in the different infection
states, the assumption of zero mortality might lead to incorrect
estimates for the proportion of pigs in the different infection
states in the farm. For such infections, the mortality rates should
be included in the model. By ignoring the details of the
pharmacokinetics and pharmacodynamics, and considering only
the treatment effect, it was feasible to model the effects of
different drugs. This offered a platform for combining several
therapies. However, this assumption might have caused the model
to fail to capture the true treatment effect of the drugs under
consideration. It is the hope that, tailored experiments be
conducted in the future to support this assumption. In addition,
the bi-exponential model was used to describe the dynamics of
the treatment effect since it usually provides a better fit to
compared to other models such as the mono-exponential and
poly-exponential models (Davies et al., 2006). Future studies in
which the fit of several models are compared are warranted. It
was assumed that drug-resistant pigs recovered spontaneously
faster than drug-sensitive pigs although they have a lower
transmission rate. The energy burden associated with mutations
and plasmid transfer thus rendered drug-resistant bacteria less
competitive (Austin et al., 1997; Banhoeffer et al., 1997; Lenski,
1998). However, it has been argued that due to the fast adaption of
drug-resistant bacteria ushered by compensatory mutations, the
competition ties up (Levin et al., 2000). The predicted proportion
of pigs with drug-resistant bacteria prior to transport to slaughter
might therefore have been under estimated. The numerical
simulations presented in this study were based on chosen
parameters (not strictly from experimental studies or expert
opinion). These were selected so that the threshold parameters
(R; and R;) could reflect the steady state solutions of the system.
The parameter values might therefore not give a true reflection of
actual dynamics in the herd. This was, however, due to the fact
that studies of such nature have not been published in the
literature. This highlights the need for designed experiments to
estimate model parameters. Finally, the assumption of random
contact amongst animals might have overestimated the predicted
proportion of pigs with drug-resistant bacteria. This is the case,
provided pigs were grouped in pens of very small sizes. However,
the model presented here considers a large herd where pen
partitioning was not considered.

The mathematical model we developed was based on the
underlying assumption that pigs in the drug-sensitive class were
infected with predominantly drug-sensitive bacteria whereas
those in the drug-resistant class were assumed to be infected
with predominantly drug-resistant bacteria. This clear-cut dis-
tinction was for the sake of simplicity because pigs are usually
infected with both drug-sensitive and drug-resistant bacteria at
the same time. This implies that the infection status of the
animals may change rapidly if one of the strains out-competes the
other. Our model did not take account of such state transitions
and this might have led to an under/over-estimation of the
proportion of pigs in each of the infection states. An integrated or
nested model where the effects of antimicrobial usage on the
within and between host dynamics are linked can be used to
resolve the aforementioned concern (McKenzie and Bossert, 2005;
Gilchrist and Coombs, 2006).

Sensitivity analysis yielded that two parameters had a huge
impact on the predicted proportion of pigs with drug-resistant
bacteria prior to transport to slaughter: (a) the transmission
coefficient between susceptible pigs and those with drug-
resistant bacteria during treatment (f3,) and after treatment stops
(f3), and (b) the spontaneous clear-out rate of drug-resistant
bacteria during treatment (y,) and after removal of antimicrobial
pressure (y5). Therefore to reduce the proportion of pigs carrying
drug-resistant bacteria prior to transport to slaughter, control
measures should be geared towards reducing the magnitudes of
the former and increasing those of the later. This is already being
achieved in many animal production systems in the world today.
For example, in Denmark pigs are housed in pens partitioned such
that the likelihood of pen to pen transmission are reduced
(Anonymous, 2006). Also, most farms are equipped with hospital
pens where sick animals can be treated in isolation and thus
reducing the transmission of the infection.

It has previously been observed that so long as antimicrobial
resistant mutations are present in a host, drug resistance will
always emerge once a new drug is introduced (Austin et al., 1997;
Rong et al., 2007). In our study, it was demonstrated that this
depends in turn on the recovery rate and on the magnitude of the
transmission parameters. Using first-line treatment, resistance
was observed to die out when the transmission parameters were
such that R, <1. However, pigs with resistant bacteria persisted in
the herd when R, > 1. When a second-line treatment was used, the
proportion of pigs with drug-resistant bacteria was completely
eradicated from the pig herd if transmission parameters were
such that R-<1. Pigs with drug-resistant bacteria, however,
persisted in the farm prior to transport to slaughter when R, >1.

The proposed model was deterministic in nature. The advan-
tage of modeling in this platform is the simplicity of the analyzes.
However, these models described the transmission of resistant
bacteria in the herd under the assumption of the mass action
principle. Because this in turn relies on the law of large numbers,
the model can best be used for large herds (Anderson and Britton,
2000). Otherwise, stochastic models could be more suitable for
example if modeling smaller units in the herd such as pens. Also,
stochastic models can be very useful for estimating model
parameters since the transmission process is modeled in terms
of probabilities. Even though stochastic models are best for
estimating uncertainties around parameters or target quantities,
it was possible to do same using our deterministic models.

In spite of the limitations of the proposed modeling frame-
work, it was demonstrated that the persistence of drug-resistant
bacteria in a finisher pig herd depends on the magnitude of the
transmission parameters and whether or not antimicrobial
resistant bacteria were already present in the pig population
prior to transport to slaughter. In addition, it was shown that two
parameters influence the estimated proportion of pigs carrying
drug-resistant bacteria prior to transport to slaughter (a) the
transmission coefficient between susceptible pigs and those with
drug-resistant bacteria during treatment (f5,) and after treatment
stops (fi3), and (b) the spontaneous clear-out rate of drug-resistant
bacteria during treatment (y,) and after removal of antimicrobial
pressure (y3). Any control measure that will reduce the transmis-
sion rate or increase the spontaneous clear-out rate will definitely
reduce the proportion of pigs with drug-resistant bacteria prior to
transport to slaughter.
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Appendix A
A.1. Stability of resistant-free steady state

For E; = (x*,y",0) where x* = 1/R;, and y* = 1 — 1/R; reduced
to E11 = (y*,0). The variational (stability) matrix of system (3) is
given by

my; m
JEEn) = < (;1 mz>
where  my; = —B1((R; — 1)/Ry),
M1 = ¢, and

Mz = —(& + (R — 1/Ry),

Ri—1
ULVY) =(ﬁ2*?)+< IR' >(OC*/32)

The eigenvalues of J(E11) satisfy: det(J(E;1) — A~ I) = 0, from which
the following characteristic equation is obtained:

0=2A"2+A1 +A;

where A =—mq — My and Ay =mqyimyy — ¢m12.

Solving this, we obtain that
)7_—A1+‘/Af—4A2 —A —«/ZAf—4A2

L = 5 and 4, =

These eigenvalues are all real and negative if \/Af —4A,>0,A1>0

and A; > \/Af —4A,. These conditions are all true only if R;>1,

Rr<1, and o< f3,. It follows therefore that the eigenvalues are all
real and negative from which it can be concluded that E; =
(x*,y*,0) is locally asymptotically stable.

The global stability of the resistant free steady state is
established in the following proposition:

Proposition A.1. All solutions in the region Q will approach the
resistant-free equilibrium E; = (x*,y*,0) for Ri=1 and R, <1 and
o< fy.

Proof. Consider the Lyapunov function: V: Q — R,V =z which is
well defined and continuous in Q. The orbital derivative of V is

V==
= Poxz +oyz+ ¢y — yz
=Z[Box — Y]+ yz + Py

Adding and subtracting oxz, and using the equation (x + f3,)/y =
R, we have

V = 9z[Rx — 1] + ayz — oxz + ¢y

= Z[Rix — 114 0zly — X] + ¢y

=7Z[Rix — 1]+ ozly =y~ +y — x|+ ¢y

=7Z[Rix — 1]+ ozly —y~ 1 — az[x — y~ ]+ ¢y

<yZ[Rex — 1]+ azly =y~ 1+ ¢y
At E; = (x7,y7,0), Eq. (2) of system (3) yields ¢y~ =0 i.e. ¢ =0
since y~ >0 so,

V<yzIRx — 11+ ozly — y 1<0

for R;>1 and R, <1 and a<f3,.

IfR;>1and R, >1: V=0iffz=0.
IfR, =Ri=1:V=0iffx=x andy=y".

It thus follows from the Lyapunov-Lasalle (LaSalle, 1976) theorem
that E; is globally asymptotically stable in Q and so every
trajectory of system (3) approaches the resistant-free steady state
for R;>1and R,<1 and a<f,. O

A.2. Stability of resistant steady state

The resistant steady state E; = (x~,0,z~) where x~ = y/f3,, and
z==1-1y/p, is a state of the system where the pigs with drug-
resistant bacteria are dominant in the farm. The stability of E; can
be studied via the reduced system E;; = (0,z7). The variational
(stability) matrix is given by

E _ mqq 0
J(E22) = My My

where mqy = B[R — 1)/Ri — (B — 1)/ B2(1 +0/B1)], M2y = (B2~
/B, — 1)+ ¢, and

My = (Y — fip)

The eigenvalues of J(E,») satisfy: det(J(E»») — A™T) = 0, from which
the following characteristic equation is obtained:

0 = (my; — A"y — A1)

For E»; = (0,z7) to be locally asymptotically stable, all eigenvalues
of J(E;2) must be negative.

i =my1<0ifRi<1and B, —y>0,i.e.if B, >y or f, + >y for
o>0. This is equivalent to saying that R, > 1. It therefore follows
that A7 <0 iff R;<1 and R,>1. In addition, A3 = my, <0 if y —
p,<0 which is equivalent to R.>1 following the previous
explanations.

It can thus be concluded that E,, is locally asymptotically
stable if and only if R;<1 and R, > 1 and unstable otherwise. When
Eo and E, both exists, and E, is stable, then Ey will be unstable.
This steady state reflects complete failure of drug to triumph over
sensitive bacteria.

The global stability of this steady state is established in the
following proposition:

Proposition A.2. All solutions in the region Q will approach the
resistant equilibrium E; = (x=,0,z7) for R;j<1 and R, >1.

Proof. Consider the Lyapunov function: V: Q@ — R, V =y which
is well defined and continuous in Q. The orbital derivative of V is
V=y
=Py —oyz— (T 47+ P)y)
=piy|x— 1 OLZ}
L R B
_ (XBoRi — By %]
W pR B
[Xf5R; — (ot + f35) o ocz}
= —_— + —_—
i PR B
[ (x R ) ﬁ1(“+ﬁz)—“ﬁzRi2—ﬁ1ﬁ2}
= 1 —_— +
(- g BiBak,
[ YRy ) B1yRr — o Riz — B4 ﬁz}
= X— +
(v~ ik BiBaF,
I R; +> B1yRr — afyRiz — [31.32}
= pY xt )+
o BibaR:
AtE; = (x*,0,z%), Eq. (2) of system (3) yields 1/R; = x* — (at/f)z"
so,

O )

using the fact that

1

Pa
Xt =~
P2

= [(gr) i (5 1) e 2] =0
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for R;<1 and R, >1.

IfR;>1and R, >1: V=0iffy =0.
IfRr=R =1:V=0iffx=x" and z = z*.

It thus follows from the Lyapunov-Lasalle (LaSalle, 1976) theorem
that E, is globally asymptotically stable in 2 and so every
trajectory of system (3) approaches the resistant steady state for
Ri<landR,>1. O
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